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STRONG POINT-BLASTS IN A COMPRESSIBLE MEDIUM 


(0 SIL’ NOM TOCHECHNOM VZRYVE V SZNIMAEMOI SREDE) 
Vol.22, No.1 (1958) pp. 2-145, 


N.N. KOCHINA and N.S. MEL’ NIKOVA 
(Moscow) 


(Received 22 October 1957) 


The problem of a strong point-blast in a perfect gas was solved by 
L.I. Sedov, who found the exact solution for plane, cylindrical and 
spherical waves [1-3]. 


L.I. Sedov also formulated the problem of a point-blast in a more 
general ideal medium, and gave the solution for the particular case 
of an incompressible fluid fa). These formulations and results can be 
used to study the problem of a point-blast in a medium like water. 


In the following we obtain self-similar solutions to the problem 
of a point-blast for three concrete new forms of the equation of 
state of the ideal medium. 

1. In order that the problem of a strong blast in a compressible 


medium have self-similar solutions, it is sufficient that the internal 
energy of the medium satisfy 


p) = +- const (1.1) 
Po * \ Po 
where & is an arbitrary function of its argument [1,4]. In this case the 
following relations hold. 


l. The adiabatic equation has the form: 


p=¥(S)z(2) (1.2) 


where '¥(S) is a certain function of the entropy. Below we develop a 
mechanical theory independent of the form of ¥/S). The function W/S) is 
connected with physical properties of the medium, and can be determined 
from additional physical investigations. The relation between the 
functions ¢(R) and y(R) is defined by 


where C is an arbitrary constant. 
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In view of (1.1), the equation of state must have the form: 


an > dR = \ 
= exp \ | pe (2) exp \ | 


where ® is a function related to ¥/(S) through ¥’(S)=0,0[W/S)] . 


Let us examine the one-dimensional time-dependent motion of an ideal 
compressible medium. Because of (1.2), the equations of motion have the 


form: 


(1.5) 


ape 
(e / Po) 


where v=1,2 and 3 for plane, cylindrical and spherical waves, respect- 


ively. 


The equations of motion do not contain dimensional constants other 
than the density p_. The remaining dimensional constants enter only 
into the boundary conditions. We assume the blast to be concentrated at 
a point (i.e. the energy of the blast is released instantaneously at 
the center of symmetry at time t = {%), and to be strong (i.e. the 
pressure, p,, in the undisturbed medium is negligible compared to the 
pressure at the shock front). In this case the boundary conditions 
reduce to conditions at the shock front 


— = (%2 —¢), 


where c is the speed of the shock wave; the subscript 2 denotes 
quantities behind the shock front; 1 in front of it. 

Thus, the problem contains only two quantities with independent di- 
mensions: and =ML-3, [E.]=MLY-1T-2; consequently, as was 
already stated above, the problem has self-similar solutions. In 
this case we can look for the velocity, density, and pressure in the 
form 


where r.is the radius of the shock wave: 


(2 (1.8) 


with E a certain constant, with dimension of energy, proportional to 


9 
a a | Op fale Cor pv 
x 
4 oye? = + (v2 (1.6) 
1 P2 Pe ar \ 
: E 
Po / 
i 
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the energy of the blast: £,=a8. 


Employing (1.7) and (1.8), we can transform the shock conditions 
(1.6) to non-dimensional form: 


\ 


From this we will get an equation connecting V, and R, at the shock: 


Ve 
Roe (Ry) = (1.10) 


Substituting expressions (1.7) for v,p, and p into (1.5), we obtain 
a system of three ordinary differential equations 


d\ 


1 
R dinx =! R 


(3 — y) dink d\ 
d |n> d 

P 


(6—V) 


= vi (1.12) 


2(V —1) (1.13) 


These equations have two independent integrals: the energy integral 
and the adiabatic integral [1]. In view of the shock conditions (1.9), 
and of the second of relations (1.3), these integrals take the form: 


"8 
p 4 ) As PR) (4 14) 
(8 — | ) Re (R)| RBs 


K — Ps (4.45) 


i.e. K is a constant, chosen to make A equal to one on the shock wave. 
If R(V) is known, the integrals (1.14) give two equations for the 
determination of the two quantities, P andA, as functions of V. 
Eliminating A from equations (1.11) and (1.12), we have 


W/@—V)— 4 Vv) — 1] (1.16) 


Replacing P in (1.16) by its expression in terms of R and V from the 
energy integral (1.14), we get the following equation: 

dR‘ R®e(R) 

dv ~ (§—V) * (1.17) 
{V [(1 ~v) V — 8] —(8 —V) [(1 —v) V + 1/, (v — 2) 3] RO(R)) 


[1 — (Ry + VV — + 1) Rak) V) (8 — V) 


¥ 
oy, 
where 
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In this way, the problem is reduced to integrating (1.17), after 
which P and A can be found from (1.14). 


The behavior of the solution of the system of equations (1.17) and 
(1.14) depends essentially on the character of the singularities of 
equation (1.17), which in turn is determined by the analytic properties 
of the function d({R) in the neighborhood of the singularities of 
equation (1.17). 


For the problem of a strong blast in a gas, the function A(R), is 
determined by the relation 


1 1 


= 


(1.18) 


where y is the adiabatic exponent. 


The exact solution of (1.17), under the condition (1.18), was found by 
L.I. Sedov [1]. In this case the function Inf is found by a quadrature; 
for motion with spherical symmetry, we have 


13y* ~7¥-+12 


R=C(V—1) - 3 1— ry] 


< 


The shock conditions 


V : 
5+) 


From equation (1.19) it can be seen that all the integral curves in 
the RV plane are similar to each other. The solution of the problem 
depends essentially on the parameter y. 


If the function @{R) has a more general form than given in (1.18), 
the solution of the problem, given by each integral curve, is determined 


by the parameter R,=?,/p,. The first of the shock conditions (1.9) gives 


R, 
Ri = (1.20) 


For any function @{R), the parameter R, depends explicitly on the 
parameter R,; consequently we will write the expressions for the velo- 
city, density and pressure at the shock front in terms of A>: 


2cRep (Re) (Re) 9 


Here 


4, 
3 3 
(1.9) vive 
8 
= | R P | 
emt 
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In the formulas obtained above there occurs the constant F, which can 
be expressed in terms of the blast energy E. (which, in the present 
formlation, is equal to the total energy of the disturbed medium). If 
the solution can be continued to the center of symmetry, then 


where o, = 2(v + (v — 3) (vy -2). 


If at the center of the blast there is created an expanding cavity of 


radius r., enclosing a vacuum, we get the following formula instead of 
(1.22): 


Making use of (1.7) and (1.8), we can transform the formulas (1.22) 
and (1.23) to dimensionless form: 


am, + Pp (R)| dh (1.24) 
v+1 ‘ 
amo, \R + Pe(R)|) dh (Ey = 2B) (1.25) 


where A. = r./r,. In the problems examined below, the constant @ is 
computed from formulas (1.24) and (1.25). 


2. It is easy to verify that for any function d(R), equation (1.17) 
has the solution: 


BRe(R) 
~ 4+ Re(R) (2.4) 


At each point of the integral curve (2.1), we have P=, A = 0, 


Equations (1.14) and (1.17) also have the following two solutions: 


arbitrary, V= 5, P= 0,A = « (2.2) 
V— arbitrary, R= 0, P= 0 (2.3) 
(the value of A in formula (2.3) depends on the behavior of the function 
@(R) in the neighborhood of the point R = 0). From this it follows that 


in the RV plane, the integral curves for which P > 0 are confined between 


the integral curve (2.1) and the lines V = 5 and R = 0, which give the 
solutions (2.2) and (2.3). 


If the function has the form = (R F(R), where k > 0, 


Py 
2) 
¥ 
22 
10¢ 
"$a 
14 
a 
34 i Ae 
as 
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f(1) #0, the system (1.14), (1.17) has another solution: 


R= 1 P=+V(i—V), \A=0 or (2.4) 


(if k= 


that case, if f{l) > 0, the integral curves for which d{R) > UV are 


l and f(1) = OU simultaneously, the (2.4) is not a solution). In 


confined between the integral curve (2.1) and the lines (2.2), (2.4). 


Since the internal energy of the medium is zero at every point of 
the integral curve R lL (A(R) 1), the formulas (2.4) give the solu- 
tion to the problem of a strong blast in an incompressible fluid, which 


was found by L.I.Sedov |1!. The dimensional quantities, velocity, 


lensity, and pressure are determined in the case of spherical symmetry, 


by the 


formu! as 


where EF’ is a certain constant, proportional to the kinetic energy of 


the fluid FE’. = 4/25 EF’, and r, is the radius of the empty sphere, which 


expands as time goes on. 


3. We will now find the curve of weak discontinuities in the RV- plane; 


on this curve the particle speed relative to the speed of the shock wave 


is equal to the sound speed, i.e. 


dp / do 


From this, making use of (1.7) and (1.8), the energy integral (1.14), 
the adiabatic equation (1.2), and the relation (1.3) between the 


functions @{R) and y(R), we get 


8Ro(R) [1 + 2Re + V (R)— 1) 


any 3.4 
1 — (fh) + (1 + 


If 2R? d’(R) 1 for all values of R, there does not exist a real 
curve of weak discontinuities for the given function A(R). 


The variable parameter A in the function V attains an extreme value 
along the curve (3.1). Consequently, for motion along an integral curve, 


a continuous transition across curve (3.1) is impossible; the transition 


can be effected only be means of a shock wave. 


4. In the present section and in the two following ones, we will 


i 

¥ 

2 0 0 (2.5) 

— 3 

9 5 R’ 5 ; 
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investigate the spherically symmetric case. 
At the present time there does not exist a 
adiabatic equation of state for water. Usually 


the form 
pe ¥(S)(.* — pe") 


with the value of x close to 7 (e.g.,see [ 5],. 


It is always possible to choose the constant , i such a way that 
(4.1) yields 


It can be shown that if the adiabatic equati is the form (1.2 
and the equation of state the form (1.4), then ® expression for the 
internal energy is given by (1.1), and the relations 1.3) hold. Taking 
into account (4.2), the first of relations (1.3 given an expres- 


sion for A(R) 
*+C,R 
x 
(x— 1) R(A*— 1) 
where C, is an arbitrary constant. Setting Cc, 


(R) = - 
(x— 1) R(R*—1) 


In the neighborhood of the point R= 1 


(R) = +-(R—1) (x 


and in the neighborhood of R ~ 


| 


" 


From results of experiments [ 6, 7] which give the density and the 
temperature of water under high pressure, we obtained the values 
x = 20/3 for the exponent in formula (4.2), and p 0.93894 g/cm’ for 


the density p occurring in (4.1). 
For simplicity, let us assume that 4(R) has the form 


R 
(R) (4.7) 


In the neighborhood of the point R - the function (4,7) has the 
following asymptotic behavior: 


(R) = +. (R—1)[1—2(R~1)4 


4 
‘eee 
Iniversally accepted 
“ae this equation is taken in 
4 
(4 1) 
4.2) 
al (4.3) 
«K, we have 
(4.4) 
(65) 
+ (4 6) 
(4.8) 
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In the expansions (4.8) and (4.5), the first terms coincide. 
The (4.4) can be approximated by (4.7) with a known accuracy. 


Now let us examine the problem of a strong blast for the function 


function 


(4.7). The system of integral curves of (1.17) is shown in Fig.1. (The 


heavy line in Figs.1,5 and 7 represents the curve (1.10).) 


The curve of weak discontinuities (3.1) passes through only one point 


a! Oo, R 1) in the domain of values of (R,V) under examination, The 


equation (1.17) has five singular points in this domain. 
1 


this 


neighborhood of 


The point C(} 0.4, R 1) is a node. In the 


point we have 


4, 


R=1+4+C,(0.4—V)’, P — 0.5V (0.4 — V), (5C, KP? (4.9) 


constant, and 


arbitrary 


Here 


(0.4 — Vs) P» 
R.(R, 1) 


(4.10) 


From the asymptotic form of (4.9) it is clear that the point C 


corresponds to the boundary between the moving fluid and the cavity. 


The point D (V= 0.4, R=) is a saddle point. Only one integral 


curve, V = 0.4, passes through it. The point B (V= 2/15, R ©) is also 
SOF 


a saddle point. The only integral curve passing through it is 


which, for the function A(R) in question, is determined by the equation 


(4.11) 


point F (} 0.25, R=) is a node. 


The point A (V= 0, R= 1) is a compound singularity; here we have 


node and a saddle point. 


The asymptotic formula for R as a function of V has the form 


V (R — 1) _(R—1 ) | R—1 V . 


0.4 — DK } (4.12) 


Making use of the integrals (1.14), we can find the values of P and A 


in the neighborhood of point A: 


2.5KC (R —1)*]"*;R—1 V 
A 
ve | k 0.4 V/ 


From these formulas we obtain different asymptotic behavior for 


different integral curves. The asymptotic formulas (4.12) and (4.13) for 


the integral curves entering point A, and therefore corresponding to a 


node, can be written in the form 


0.4—V 

0.4 — 3h 

both a 

C (R — 1) 0.4 — 

(4.123) 
| 

i 
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(C, is a new arbitrary constant) 


4 


We note that the coefficient of V in the expression for R depends on 
the analytic properties of the function f(R) in the neighborhood of 
R= 1, if the function d(R) is determined by the equation G(R) = %(R -1) 
[1 + f(R)], with f(1) = 

It can be seen from (4.14) that the point A corresponds to the center 
of symmetry. The curves entering the point A give a solution to the 
problem, which can be continued to the center of symmetry, where the 
velocity vanishes, while the pressure and the density remain finite. 


Furthermore, the integral curves belonging to the saddle point enter 
the point C, and are separated from the curves entering point A by a 
curve tangent to curve (1.10) at point A; curve (1.10) gives the condi- 
tion at the shock, and in the present case has the form: 

(4.25) 

For the separating curve, the asymptotic formulas in the neighbor- 
hood of point A have the form: 


R= 1+ 2.5V + 13.75V2, P=V 0698 


R=1+5V + 37.5v?+ 
P = ——— = 
P 
VOL. 
L195 20 
| 
ree 
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(4.16) 
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At the center of symmetry there is formed a region of fluid at rest, 
expanding as time goes on, where the density is constant and equal to 


p., and the pressure vanishes. 


Now let us examine those integral curves which give the solution to 
the problem of a strong blast. As we have noted above, the point A 
corresponds to the center of symmetry (A 0), and the point C (A = const, 
p 0) to the boundary of the cavity. From the point (V= 0, R= R,), 
which characterizes the state of the fluid prior to the blast, it is 
possible to get to an integral curve entering either A or C only ‘by means 
of a jump at point (V>, Ro) of the curve (4.15). All integral curves 
leaving points A and C (except for curves } 0.4 and (4.11) ), enter 
point F. At the point (V= 0.1, R= 1.5) one of these curves is tangent 


to curve (4.15). 


All curves which lie between this integral curve and curve (4.11), 
cross curve (4.15). Consequently, each one of these curves, character- 
ized by a given value of the parameter Rai gives the solution to some 
problem of a strong blast in a medium specified by (4.7). Furthermore, 
the parameter R, takes on all values between 1 and ~, 


10 


Fig. 2. 


Graphs of the functions v/v, and p/p,, p/p,, are shown in Figs.2 and 
3; curves labeled 1 correspond to AR, 1.0667, 2— 1.1250, 3 — 1.1910, 
4-—- 1.2921, 5 — 1.3333, 6 — 1.5625, 7 — 2.2042. 

Let us examine somewhat more closely the behavior of these functions 
for different values of R,- For R = 1 we get the integral curve 


R= 1, 0.51 (0.4 A 


The formulas (4.17) give the solution to the problem of a strong blast 
in an incompressible medium [i]. In view of (1.7) and (1.8), we get 


formulas (2.5) from (4.17) if we set V= 0.4(r /ry?, where r, is the 


\ 
// 
5 
x \ 
um 
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radius of the cavity (2.5). Corresponding to this, making use of (1.21) 
and (4.17), we get from (2.5): v/v,—» , p/p,—+~, p/p, —>1 


The integral curves corresponding to the values 0 R, 1.2921 leave 
the point C and enter point F, crossing the curve (4.15) at two points: 
to each value of R. there corresponds a point f intersection, These 
curves give the solution to the problem of a blast with spherical cavity 


expanding from the center (curves 1, 2, and 3 of Pigs.2 and 3). 


In the neighborhood of the cavity the fluid behaves as if it were 
incompressible. The compressibility is significant only in the vicinity 
of the shock wave, The ratio of the blast enercies for incompressible 


and compressible fluids is equal to 


where A, is the dimensionless radius of the cavity (A. = r./rs), and 
@= £,/E. The ratio (4.18) decreases from one to zero as R, varies from 
1 to 1.2921. 
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Consequently, near the cavity the fluid can be considered incompress- 
ible, with its blast energy given by (4.18). 


The dashed curves of Figs.2 and 3 correspond to curves 1, 2 and 3 for 
the case of an incompressible fluid. In the vicinity of the cavity, 
where they give good approximations to the values of v/vs. p/p,, and 
P/P>, these curves were used as asymptotes of the correct ones. 


The separating curve (curve 4 in Figs. 2 and 3) corresponds to 
Rk, = 1.2921. As A varies from 1 to 0.696, the density decreases to p., 
and the pressure and velocity to zero: for A - 0.696 the fluid goes over 
into a state of rest by means of a weak shock, and the curves therefore 
have a corner at this point. For A < 0.696 the velocity and the pressure 


vanish, and the density is equal to p.; corresponding to this, at any 


- 
VOL. 
4 / Po (4.18) 
is 
| | | | 
2 ji 
| 
ae 
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4 a2 a6 , 0 
3. 


19 -N. Kochina and N.S. Mel’nikova 


time the mass of the fluid behind the shock front is equal to the mass 
initially in this volume. Thus the separating curve gives the solution 
to the problem of a blast with a region of fluid at rest, expanding 


from the center according to the law r = 0.696 (E/p_)*/>? ¢4 


The curves entering point A and tangent at this point to (4.11), give 
the solution to the problem of a blast for 1.2921 < R€ »~ (curves 5, 6, 
7 of Figs. 2 and 3), corresponding to which the velocity vanishes at the 
center of symmetry, and the pressure and density are finite. 

If Ryo (the blast takes place in a fluid of infinite density), the 
speed of the shock front goes to zero, and the density behind it becomes 
infinite. 

Fig.4 shows th a 3 unctions = dE E. ((4.18)) 
as functions of R,. 


oo. Let us examine the cz when the function A(R) is given by the 


formula 
)a 
+- 
where y, y, and a are constants, with y and y, greater than one, 
Making use of the second of relations (1.3), we can find K(F): 


(R) = C (a? + RY) R 


We can write down the first few terms of the expansions of @(R) and 
x(R) in the neighborhood of R = 0: 


{ 
(R) = DR i! + 


\ 

t 
| + 

\yi—i/\a, (9.2) 
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In the neighborhood of R - 


the expression for the internal enerey and the adiabatic equa- 
\incide, p to quantities of second jer, with those for a gas 
with adiabatic exponent y and y, respectively. 
The exact solution of (2.1) and the shock c ndition (1.10) are given 


respectively by 


8 


wii y+ 


Let us examine the set of integral curves for (1.17) in the region 
where P O (see Section 2). The character of the singular points of 
(1.17) depends on the values of y and y,. 


For example, if }j 2, ¥; >2, equation (1.17) has the following 
singular points. 

The point A (J 0.4y-1, R 0) is a node. All integral curves enter 
this point with an infinite slope. The asymptotic formulas have the form 


G(V)=14 


and C is an arbitrary constant. 


The point C (V= 0.4, R= 0) is a saddle poir » the point D (V= 0.4, 
R=), a saddle point, the point B(V = 0.4y- , R= oo), a saddle point, 
and the point E(V = 2/(3y, — 1), R=), 4 node. 


Through the point B there passes only the integral curve ae as 
through C and D the straight line V = 0.4. All the other integral curves 


leave point A and enter point F. If y < 2 and y. 2, the point C is a 


| 
* 
Y l 
we get the following expansions: 
TF 
oe 
“* 
R a V } R, i/ 1) Vs 
4 
125y* G (V) 
\8 yc (I 0.4471) G(V)| (5.4) 


saddie point, the point D is or f hich 1] itegral curves 
meet, and the point EF does 1 he on in which we are 


interested. 


If } 2 and y, : and are nodes, while D is a saddle point. In 
addition, there appears the singular point F (V= 2/(3y — 1), R 0), a 
saddle point. Through the point F pass the straight line R = 0, and the 
integral curve which separates the integral curves emerging fromppoint 
A from the curves emerging from point C. All these curves enter point E£. 
Since the character of 1e Singular points A and B does not change in the 
cases under examination, the formulas (5.4) remain valid. 

Finally, equation (5.1) takes the form: @(R)=b* 
where a an are constants. 

In the case } 2 the points A and B { Oo, R co) are nodes, while 

and D are saddle points; when j le points F and D are 
ints, while A, B and C are nodes. 

Integral curves of equation (1.17), with G(R) defined by 


} 1.4, y; 3.2, and a 1, are drawn in Fig.5. The point at which 


A 
A 0, corresponds to the center of symmetry. If v and Yi 7, the 


integral curve which enters point A intersects curve (1.10), which gives 
the shock condition, at some point (V,, Ro). From the point (V - 0, 

R R,) on the R-axis it is possible to get to an integral curve passing 
through A-onky by means of a jump at point (+ , Ro). The motion along an 


integral curve from point (V>, R») to point A corresponds physically to 


= 
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a motion of the fluid, which can be continued to the center of symmetry. 
Here, as in the case of a gas, the density and velocity vanish at the 


center, and the pressure is finite. 


When y > 2, the point C corresponds to the boundary of the cavity 
(A = const, p= 0). If y > 7 and ¥Y; > 7, the integral curves, which give 
the solution to the problem of a strong blast, correspond to motions 
with an empty cavity, where the pressure and the jensity vanish: if 
2<y< 7, and y, > 7, or if 2 Yi 7, and y 7, some of these 
integral curves correspond to motions which can be continued to the 


center of symmetry, and some to motions with a cavity. 


From formulas (1.20) and (5.1) we get the following expression for 
the parameter A,: 


(y — 1) (v1 — 1) Ry (R32 + a2) 


(y — 1) (y1 + 1) — 1) (vy + 1) (5.5) 


Consequently, the parameter R,, belonging to the integral curves which 
give the solution to the problem of a strong blast, varies from zero to 
infinity. 

For the value R, = 0, we get a solution of (2.3), which corresponds 
to the limiting case of an incompressible fluid with vanishing density 
and pressure. In this case, as for a gas with adiabatic exponent Y. 
R,/R, = (y + 1)/(y — 1). Prom (5.5) it follows that the ratio R, /R, 
varies as R, increases, taking on its minimum value (y, 4 1/(y¥a- 1) 
when the density in front of the shock front is infinite, corresponding 
to which the density behind the front also tends ¢ infinity, while the 
speed of the front and of the particles behind it goes to zero, 

In the neighborhood of the point A, the asymptotic formulas (5.4) 
for R, P, and A coincide, except for multiplicative constants, with 
the analogous formulas for a gas with adiabatic exponent y. Since 
Ro /R, (y + 1)/(y — 1) only for R, 0, the behavior of the functions 
v/v>, p/p», and p/p, near A = 0 and A = 1 for any non-vanishing R 
differs quantitatively somewhat from the behavior of these functions for 
gases with adiabatic exponents y and Vee 


On Pig.6 are shown the graphs of v/v, and p/p, as functions of A, for 
an initial value of R, = 1,862. The constant @ in the energy formula 
turned out to have the value 0.533. For A = 0 p/p 0.3444, while for 
A = 0.5204 p/P, is at its minimum, and is equa] to 0, 2703. 


6. It is easy to see that the case d(R) = a = const can be reduced to 
the case f(A) = 1. 


H 
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The exact solution of (2.1) and the shock 


condition (1.10) are given 
in this case by the formulas 


R 


From the equation (3.1) it is clear in this case that there is no 
real sonic line. The set of integral curves for the 


case O(R) l given 
Fig. 7. 


D 
/ 


In the neighborhood of the singular point 0 (V= 0 


, R= 0) the equa- 
tion (1.17) can be written in the 


following form 
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dR 2R2(5V + R) 
dV + 


This is a compound Singularity, which consists of a saddle point 
a node, 


The point C (V= 0.4, R 0) is a node. The asymptotic formulas for 
V, P, and A in the neighborhood of ¢ have the 


P = 0.20; exp | - 


| 


V 0.4—p exp 


where C, is an arbitrary constant. Thus, this point corresponds to the 
boundary of the cavity. 


The point D (} 0.4, R=) is a node, at which all the integra] 
curves leaving C meet. At the point (} 1/10, R 1/6) one of these 
curves is tangent to the second of curves (6.1) curves with a large 
value of the constant C,, which enters formula .3), cross this curve 
at two points. From the point (y 0, R R,) i ls possible to reach 


the integral curve which enters the poir esponding to the center 


of symmetry, or the point C, correspon lg to e boundary of the cavity, 


only by means of a jump. 


The parameter R, varies from 0 to 0.5. 


As in the previous case (Section $) the value R. = 0 corresp 


the solution (2.3). 


The pressure and the density vanish at every point of the integra! 


curve; the shock wave immediately goes to infinity. 


If R, 0.5, the density behind the shock front becomes infinite 


while the speed of the shock wave goes to zer 


Fig.8 shows the graphs of v/v, P/P>, and p/p, as functions of A. 
The curves 1, 2 and 3, for the velocity, density and pressure respect- 
ively, correspond to the value R. 0.125, curve 5 and 6 to 
R, = 0.375. The value R, = 0.125 corresponds to the integral curve which, 
at the point (V= 1 10, R 1/6), is tangent ¢t the second of the 
curves (6.1), and which enters point C, There results a motion with a 
cavity, expanding from the center of symmetry, on the boundary of which 
both the pressure and the density vanish. 


In the second case the solution can be continued to the center of 
symmetry, where the velocity, density and pressure all vanish. 


The constant @ has the values 0.00274 and 0.05502 for the first and 
second case, respectively. 


‘ 
1 6 3 
a 
ay 
q 
ae 
7 


3 
a 


Kochina and N.S, Mel’nikova 


7. In the general case of a point blast, the boundary conditions con- 
tain the three-dimensional parameters p_, F_, and the initial pressure, 
p,, of the undisturbed medium. If this pressure, p,, is sufficiently 


small to be neglected, we obtain a problem with self-similar solu- 


tions. 


We will now try to estimate more precisely the distance which a shock 


wave can travel before the self-similar solution becomes inaccurate. 


Instead of (1.4) let us write the exact shock conditions: 


— fie = —C), + Py = (V2 —C)* + Po 


Eliminating p, from these equations by means of p,=p,a,° x(R, ) y’ (R,) 
and introducing a new variable q =a,‘/c*, where a, is the sound speed 


in the undisturbed medium, while ,(R) is determined from (1.3), we will 


get the following expressions for the density, velocity, and pressure 


as functions of the shock speed, c, the quantity 7, the density p,, in 


front of the shock wave, and the density p 


(7.2) 


Making use of (7.2) for a given function A(R) and a given value of 
R,, we can find a value q = 9., for which the relative error in com- . 


4? 
puting the characteristics of the motion on the shock wave, v,, p,, P5, 


by means of the formulas (1.21) and (7.2), is, for example, 0.95. 


Consequently, in solving the problem of a blast for q« q., the shock 
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conditions can be taken in the form (1.21), i.e. the self-similar 
solutions can be used for values of r, not exceeding 


E, liv f [ 4q (R ) liv 
o(R 4 = 
1) 1) tv)? >’ (Hy) a 
For the value of R, examined in Section 4, the quantity q, has the 
value 0.072. 


We feel it our duty to express our deep gratitude to L.I. Sedov for 
his direction of this work. 
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ON THE SOLUTION OF A DEGENERATE VARIATIONAL 
PROBLEM AND THE OPTIMUM CLIMB OF A 
COSMIC (SPACE) ROCKET 


(ORESHENIT ODNOI VYROZHDENNOI VARIATSIONNOI ZADACHI I 
OPTIMAL’ NOM POD”’EME KOSMICHESKOI RAKETY) 
PMM Vol.22, No.1, 1958, pp.16-26. 


V.A. EGOROV 


(Moscow) 


(Received 20 July 1957) 


The paper contains a solution of Mayer’s problem for 
Pfaff’s equation with one free function, and is applicable to the 
selection of the climbing trajectory of a rocket to a given altitude 
with maximum speed, The indicated problem is formulated in Section 1, 
and it is shown that the problems of the rocket flight without in- 
duced drag and of its motion, with zero angle of attack, on a rigid, 
ideally smooth track, are reducible to it. It is proved that the 
formulated problem is a degenerate one. In Section 2 the variation 
is investigated and a general solution of the problem is given, as 
well as basic special cases. In Section 3 the application of the 
general solution to the problem of rocket climb yields the optimum 
trajectory. The case of the motion on a launching track [ ramp] is 
considered separately. 


1. A series of problems concerning the determination of optimum 
regimes [ programmes] of the motion of the center of gravity of a rocket 
in a resisting medium are reducible to the following problem of Mayer 
for Pfaff’s equation. 


In the plane of the variables x,, x, there is given a simply 


connected region o, with a closed boundary o,°. There is to find, within 


piecewise smooth curve without multiple points x, = x,(r), 
x, = x,(r), with prescribed end points A,£ and B, € 
such that the value x,(1) of the function x,(r), determined along y, by 


t he equat 1on 


X Le, dx, + Xo (xy, Lg) dr, + (xX, Lo, Tq) dry = 0 (1.1) 


and the initial value x,(0) = *,., be a maximum, and that the direction 
of the tangent to the space curve p{ x; = r(r), OC rl, i= 1,2,3 

at each of its points belong to a prescribed space bundle [ pencil] 

@ (x,, Xo, x,) of admissible directions. Thereby, the functions 
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X (x,, x, x,) ( i = 1,2,3) are considered continuous, together with 
their partial derivatives and the function X, # 0 for the values of the 
variables considered. 


It is not difficult to show that several other classes or problems 
are reducible to the one stated above. The first class of problems con- 
cerns the optimum expenditure of fuel in rectilinear motions of rockets 
such as, for example, the interrelated problems of reaching maximum 
altitude with given fuel consumption [1], of reaching a given altitude 
with least expenditure of fuel [ 2 }, and of reaching maximum speed at 
prescribed altitude. 


Secondly, the general problem is reducible to the problems concern- 
ing optimum trajectories in the vertical plane for winged rockets with 
a prescribed thrust regime, but without taking into account, in the 
equations of motion, the second and higher powers of the angles of 
attack, in particular without taking inte account induced drag. These 
are problems which have to do with such a determination of trajectories, 
that the expended fuel (or the flight duration) be a minimum for 
prescribed terminal values of altitude and speed [4], or that for 
prescribed flight duration the speed be a maximum at prescribed altitude, 
or that the flight altitude be a maximum under the condition that the 
flight time and the final speed are prescribed. 


Thirdly, problems on the motion of a rocket with zero angle of attack 


on a rigid, ideally smooth track in which the shape of the track curve 
ts to be found are also reducible to the general problem. These are 
problems on the climb of a cosmic rocket on the launching track (or pad) 
in the absence of friction. The boundary parameters are in this case the 
parameters at the end of the track. 


To prove that the problems of the second class are reducible to the 
general problem, we consider the equation of motion of a rocket with 
given thrust regime, without taking into account the second and higher 
powers of the angle of attack (Fig. 1). 


gsin 9 (1.2) 


aY,(v, y) 
0 


v sin 4 


Here 2 is the angle of attack, # is the angle between the tangent to 
the trajectory and the horizon, p is the ratio of the thrust P to the 
mass g(t) G /g, v is the speed of motion, y us the altitude of flight, 
Y(v,y) is the frontal resistance and Y(v,y) = aY.(v,y) is the lift. 
Equations (1.2) to (1.4) contain v, 0, y and @ as unknown functions of 
time t. If one of them is given, the others may be determined from the 
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above equations. From the formal point of view, all these functions are 
mathematically on equal footing, and any one among them may be consider- 
ed as being free. However, physically free is only @, because the angle 
a(t) may be altered directly during flight in accordance with the 


prescribed program, while the other functions may be influenced only 
through a(t). 


We should note now that @ does not enter into equation (1.2) and @ 
may be eliminated from (1.2) with the aid of (1.4). After this 
elimination we obtain instead of (1.2) an equation of the type (1.1) 


which contains only v,t,y: 


up)dt+pgdy=0, o=& (1.5) 


Equation (1.5) may be separated from the others and variational 


problems of the second type may be formulated independently of the other 
equations. In fact, these problems concern merely the variables v, t,y 
and 1f one of the functions v(t), y(t) 1s considered as free, and is 
prescribed in an arbitrary fashion, then the other may be determined 
from (1.5), without use of the other equations. Subsequently, if it 
should be necessary, @(t) and a(t) may be found from (1.4) and (1.3). 


We also note that the condition | dy < vdt, which results from (1.4), 
1s not taken into account at all in (1.5) and therefore this should be 
remembered in the formulation of the problem. This means that in the 
space v,t,y the motion from the point (v,t,y) may continue only within 
a local space angle w’ [ formed by two planes] with the edge parallel to 
the v-axis and with sides inclined to the plane yconst through an 
angle * arc tan v, where the plus and minus signs correspond to ¢limb 
and fall along the vertical, respectively. 


Now, the problem on the climb to a prescribed altitude with maximum 
velocity, for instance, may be formulated as follows. 


A function y(t) is to be found in such a manner that the value v(T) 
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of the function v(t) determined by the initial value v(t.) = v. and the 
equation (1.4) should be a maximum and that the conditions be satisfied 


Y=¥Y fort 


to <7 
dt >0. dy vdt 


Comparing this formulation with the general formulation for equat ion 
(1.1), we see that in fact this problem is reducible to the general one. 
Since other problems of the second type for equation (1.5) may be 
formulated in an analogous manner, their reducibility to the ceneral 
problem is proved. 


To prove the reducibility of problems of the third type, 
that the totality of motions corresponding to all possible 
functions @(t) corresponds to the totality of motions with zero angle 
attack on all possible ideally smooth and absolutely rigid tracks of 


constraint (Fig.2). In fact, the first and the third equation of motion 
coincide in this case with (1.2) and (1.4), and the second equation of 
this motion 


is identical with (1.3), if the reaction of constraint is 


N=a\p+ 

For actual motion (v >), this condition may always be satisfied by 
choosing a track of suitable curvature if the function @(¢) is given, or 
by choos ing the function @(t) if the motion on the trajectory of con- 


straint is given. The coincidence of equations indicates a coincidence 
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of motions with like initial conditions and in particular the coincid- 
ence of trajectories. From this it follows, by the way, that in the 


problems of both types the normal forces may be of arbitrary magnitude 


and may be even infinite, and that the trajectories, correspondingly, 


may have corners. This last circumstance is explained by the fact that 


the magnitude of normal forces is not connected in the problems 


considered, in contrast to real problems, to the increase of losses due 


to resistance. 


We will show now that the general problem formulated above is a 


legenerate one. To this end, we express the variation 4x,, through &x. 


and 6x., i.e. through the variation of the curve y,. Integrating in 
general terms the linear variational equation associated with equation 
(1.1) along the solution of this equation, i.e. the curve y, which 


possesses an admissible curve y, of its own projection and which 


satisfies the condition ™.(0)) x,,, we obtain an expression of the 
variation 5x, in terms of Bay Bay and the 


functions of z,, x,, x, ( a dot indicates differentiation with respect 
to +r ). Substituting 1, we obtain = x,(1). Transforming terms 


with 5x,, 5x, through integration by parts, using equation (1.1) and the 


end conditions at A, and B,, we obtain the sought expression for the 


variation of the functiona 


= \k(M)O' (ay, 29, — (1.9) 


M 
| OX, OX, OXs 
k(M)= \dz, dx, + = dr, + drs) 
(1.10) 
OX, OXs OX; OX, OX, OAs 


We note that it is valid everywhere because of the condition X, 4 9. 
Since the integrand does not contain x,,%,,%,, we have in fact a special 


degenerate case of the variational problem[3]. The corresponding Euler 


equation, as 1s known, may have no solution in the region o,. Therefore, 


the solution of the problem should be sought by the method of direct 


investigation of the variation. 


2. It is not difficult to convince oneself, through direct verifica- 


tion, that the expression of the variation (1.9) may be written down in 


terms of a line integral, with weight k(M) (where W is an arbitrary 


point of the curve y ), as a function of the scalar product of the dis- 


placement vector d,, transformed by a matrix H, and the vector 8, of the 
variation of the point on the curve y 


1 ’ 
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dx Rr 


d 


Subscript 1, as before, will indicate the projection on the plane 
x,, x, of corresponding quantities in space. 


We note that the left-hand side of (1.1) represents the scalar 
product X-d where X (X,, X,, X,). andd dx,, dx,), such that, 


if relations (1.1) are satisfied, the vector d is in the plane 7, which 
is orthogonal to X. Let w (M)be the local angle determined by # and the 
space angle w'(M), and its projection on the plane x,, x, be w, (M), 
Obviously, the admissible, piecewise smooth curves with ends A. and B. 
in the region oc, will be then those whose tangents at each point a 
belong to the bundle w,(M). Let I’ (P) be a curve originating at pount 
P, which satisfies equation (1.1) and is in contact with the left 
boundaries of the angles where I’ (P). We shall call then the 
projection of this curve I’ (P) the left interna] boundary, and the 
analogous curve for the right boundaries of the angles w(M) will be 
called the right internal boundary (P), 


The matrix H is skew symmetric and rotates the vector d.(M) through 
an angle 7/2 in the clockwise sense, if the quantity (M4) 0 and in 
the counterclockwise sense if ®(M) < 0 and makes it zero if ® (M) U, 
let us consider the initial portion of the admissible curve y,. It is 
situated within the angle w,(A). To fix the ideas, let ® > 0 in a given 
point A. Then, since the function ®’(M) is continuous, it will be 
positive in points within a sufficiently smal] portion AM of the curve y. 


The vector Hd, on the corresponding portion A.M (Fig.3) is directed 
to the right of the curve y,. Using the fact that the portion A.M is 


situated within the angle w,(A) and the angles in the neighboring points, 
we shift it towards the vector Hd., i.e. we direct the vectors 6 to the 
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right in the portion A ,, and in the remaining points of the curve y, 
we put 6, equal to zero. Then the angle between the vectors H d, 
and é, will be acute, Hd,.8&, > 0 in the whole portion AM, and 


= \ k Hd, -8, >0 


AM 


It follows, that it is possible to "improve" the curve y, by means 


of such a variation. 


The improvement of the initial portion of y, throngh the described 
variation may be carried out as long as it does not pass along the 
internal boundary I; “(A). Further variation is not possible: the curve 
y, will cease to be an admissible one. Inasmuch as the given reasoning 
may be applied also for the neighboring portions of the curve y, as 
well, for which the sought solution of the problem 


, 


at the point A,, should pass along the internal boundary I", **(A). 
(Analogously, 1f g’(A) < O, the solution should pass along the left 
internal boundary). 


4 
, 


It may happen, however, that ©°(C) = O for some point C,¢« T,”” and 

® < O for points of this boundary further along, 1.e. the curve ry 

will encounter a surface ®’(x,, x,, x,) = 0. We construct then the 

angle w,(C). If the projection d, of the curve ©, determined by the 
point C and equations ®’(x,, x,, x,) = O and (1.1), passes outside the 
angle w,(C), then ® < O everywhere within the angle w,(C) and the solu- 
er f * trom the point C, on, should pass then along the left boundary 
iy , being broken at the point C, through an angle w, (C). 


Let now the curve ¢, pass within the angle w,(C), that is to the left 
of the curve | Wer along which the motion took plese so far. If a smal] 
portion C,M, of admissible continuation of Yy from the y C, on, is 
taken to the right of the curve %, that is in the region & 6, then 
the vectors Hd, will be directed to the left, to the curve a3 if on the 
other hand the portion CM, is taken to the left of the curve d,, then 
the vectors Hd, will be directed to the right, that is again towards the 
curve ¢,. This means that shifting the portion © ™, towards the curve 
d,, we will obtain necessarily in both cases 5x,, > O, and the portion 
C,M,€ d, cannot be improved any further. Thesefere, the solution I, will 
again be broken at the point C, and pass from it along the curve ¢, as 
long as it is an admissible one. 


It may also happen, however, that in some point N, the curve ?, 
will touch one of the boundaries of the angle w,(N) and then ceases to 
be an admissible one (its points M,, following the point N,, will be 
outside the angle w,(M)). Then it can be shown by veeiecten, that from 
the point N, on, the solution I’, should pass through that corresponding 
point N of the internal boundary, which was touched by the curve d, 
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at the point N,. If, however, the curve ?, remains an admissible one 
after the contact, the solution r, continues to pass along this curve. 


Furthermore, the exceptional case is possible, when ®’(A) = O. Then 
two alternatives present themselves. The first occurs when the point A 


liscussed. In the second 


is analogous to the point C, which we already 
case, which is essentially different, the curve ¢, 1s admissible, but 
® > O is to the right of d, and ® < O is to the left of ,, such that 
the vectors Hd, are directed not towards the curve ¢, but away from it. 
It can be shown then that the curve @, corresponds not to a maximum but 
to a minimum x,,. and that, under the conditions of the absence of 
multiple points [ of multivaluedness] on admissible curves, the maximum 
will correspond to one of the internal boundaries for the point A 
(which one in particular is cleared up by direct verification). 


It is obvious that the solution I, may pass only through those point 
M, of the curves ¢,, for which admissible end of 
motion exist, i.e. the curves M.B.. But, sooner or later, the solution 
on one of these curves 6 DT,’ ar ry will encounter a point D, such 
that the point B, will be on one of the internal boundaries I’, ‘t) or 
I.” (D) and for points M, fol lowing D, the point B, will be beyond 
this boundary, (Fig.4). As a result, the curves M.B. will cease to be 
admissible ones. In this case, with the aid of \ variation, it is possible 
to show that the solution I, must pass along a portion D.B. of those 
boundaries [’,*(D) or r,t), on which the point B, happened to be, and 
has to terminate at the point B,. (In a special case, the portion DB, 
may be equal to zero). 


From the solution obtained it may be seen that 1s can consist only of 
portions of the curves 4,I',’,I',”, following each other in a definite 
sequence. Inasmuch as all the conceivable cases of passing from one 


portion to the next were considered, the solution obtained is a general 


one. It is obvious that it always exists, provided at least one 
permissible curve AB. exists. 


a4 
uD 
Pig. 4. 


The maximum problem is solved analogously to the minimum problem. 


In this manner, having found the surface Ox, ,x,,%, ) = O, and depart- 
ing from point A,we always can find the solution r, with the aid of the 
method described above. 


Remarks. 1. It is easily observed that the method of solution 
described above is also applicable if the point B. is not fixed, but a 
curve 8} xz, (r),2,(r)} is given, on which it must be chosen in such a 
manner that the quantity Xp be a maximum, 


Suppose that for an arbitrarily fixed point B,« 8 some best curve v 
is obtained. Through variation of the point R, we obtain a variation in 
form of a sum of integral and non-integra] terms, whereby in varying the 
end §,, obviously, only the part D, B, of the solution I’, will be 
changed. The solution of the pre »blem with a moving end, obviously, is 
determined by the condition of mutual compensation of the integral and 


non-integral terms for an infinitely smal] displacement of the end. 


2. The equation ®(z,,2,,z,) = 0, as it follows from (2.1), is an 


analog of Euler equation for the degenerate problem considered. There- 
fore, the curves , satisfying the equations DM = 0 and (1.1) represent 
the essence of the extremals analogy. This analogy is also confirmed by 
the fact that they are the same for the corresponding degenerate prob- 
lems. In fact, in the variation expression for the corresponding problem 
of the extremum x,, the expression ®” analogous to ®’, must be 
obviously, obtained from (1.10) only by an interchange of subscripts one 
and two. But such an interchange, as a direct verification shows, yields 
an expression ®” coinciding with ® or differing only by a sign. Inas- 
much as equation (1.1) is the same for both problems, the extremals 
analogies coincide also. They differ from the usual extremals (solutions 
of usual Euler equations) by the fact that their projections, in general, 
do not pass through given points A, and B,, and their values are not 
sufficient for the construction of a solution of the degenerate varia- 
tional problem, 


3. Let us study the case ® = 0. If the condition is considered con- 
cerning the complete integrability of Pfaff’s equation (1.1), that is 
the condition of the existence of its integral] in the form F(z, xz, 2%3/) = 
c(where c const), then this condition turns out to be precisely the 
equality ® = 0. From the relation F= ec, x, may be expressed through 
x, and z,, whereby for various values of the constant ec we obtain 
different surfaces of the family x, = %{%,,%,,C). Obviously, fully 
determined surfaces = 2, and = (x, +%z,Cp) are passing 
through points A and B, In this case the coordinates ZR + %p Of the 
point B, determine uniquely the quantity aT independently of the form 
of the admfssible curve y,. (This is confirmed also by the identical 


vanishing of the variation 5z,,)- As a result, all the curves are seen 
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to be equivalent to each other and the problem of the calculus of varia- 
tions loses its meaning. 


4. Let us apply the stated method to the case when the angle w. 27 
and the function ® depends only on x, and x,, In this case, it not 
necessary to consider three-dimensional geometrical figures and we con- 
fine ourselves merely to the discussion of their projections on the 
plane x,,xz,. The factor k(M), entering the expression for the variation, 
which depends essentially on the position of the curve y in space, does 
not preclude such a simplified discussion because of its determined 
Sign. The simplicity of the investigation is based here on the fact, 
that the sign of the function ®(z,,z,) at the point M, of the curve - 
does not depend on the quantity x. , that is on the preceding behavior of 
this curve. Therefore, the curve ri O on the plane x »Z, may be 
indicated beforehand and it will be the same for al] admissible curves 
y,- If the curve ® = 0 intersects a given domain o., it subdivides it 
into subdomains 0 0 and 0. If, however, it does not intersect o,, the sign 
of ® within o, does not change. Let us consider this last case first, 
since it is the simpler one. To fix the ideas, we assume ® > 0 within 
o,, (Pig.5). Then, as it follows from Section 2, any curve YY,» connect- 
ing the points A, and B, should be varied to the right in order to 
obtain a maximum. Improving y, through such a variation, we arrive at a 
curve, coinciding with the portion A.C,B. of the boundary a” This 
curve represents the solution of the maximum problem on lens because it 
can no longer be improved. Analogously, the solution of the minimum 


problem is represented by the portion A,D.B. of the boundary oa, 


If ® < 0 within o. then A, C, B, corresponds to a minimum, and A, DB, 
to a maximum, 


To obtain the maximum rR in the case when the curve ® = 0 inter- 


sects the domain o,, through variation of an arbitrary admissible curve 
y, to the right in the sub-domain ® > 0 and to the left in the 
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sub-domain ® < 0 (as is indicated by arrows in Fig.6) we find, that the 
F solution is represented by the curve A, C, D, B, (it is impossible to 

5 improve this curve further). Analogously, the solution of the minimum 

problem is represented by the curve A, D,C, B, 


5. Let us consider now that special case of the foregoing, when the 
functions X,/X, and X,/X, do not depend on x,. Then, obviously, we can 
simply say that in equation (1.1) x, = I, while x, and x, do not depend 
on Xs: In this case, through integration along the curve Yq: it is 


possible to obtain not only the variation 


Ox 
\ — 823 dre) 


Yi 


but also the functional itself 


4 \ [M (xo, x3) + N (x2, 23) 473] 


Ys 


where M=- X,, N=— X,. It differs only through the constant additive 
term XA from the degenerate functional of the most simple problem [3 PF 
Considering the domain o, as being given by a portion of the strip 
a < x, < within non-intersecting curves Z_ * f,(%), = f,(2z,), 


d 
7), and applying the result obtained above, the solutions for the 


maximum and the minimum Xp can be obtained. For example, if ® < 0 
below the curve ® = 0, and if the problem is for the maximum Zip we 


obtain, as is easily verified, the solution A,C,D,B,, represented in 
Fig. 7. 


It is easily seen that if the strip a< x, < 6 is not bounded from 
above and below, only one of the two possible problems has a solution: 
the maximum problem, if ®’ < 0 below the curve ® = 0 (Pig.7), and the 
minimum problem, if ® > 0 below this curve. Obviously, this result does 
not depend on the location of the points A, and By on the straight lines 


= and b. 


6. In the case when the points A, and B, are both on the curve ®=<0, 
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this curve, obviously, represents the solution of the more simple 
problem for the degenerate functional and within the class of functions 
which do not possess corner points. For example, for the integra] 


J (x + dr + sin ay dy! 


where Y, connects the points A,(0,0) and B,(1,—1), (Pig.8), we have 
(= ) = 2(r4 y 
Oy Or 


Since ® < 0 is below the curve ® = 0, there exists the solution of 


the problem for the maximum J. It consists only of the portion of the 


curve ® = O0(y=-— x), since A, and B, are located on this curve. Let 
us verify, for example, that the straight line A,B. is better than the 
curve A,C.B,, which differs from it in the interval (0.1) by the varia- 
tion Sy = kz, where k = const. We obtain (Pig. 8) 


-+ sin ay dy} + 


{ff \ ad 2 


L' Os \ sin aydy ) = J[A,B, 
i+k 


There results A J = — 1/3k* < 0 as was required. 


We have thus corrected an error contained in the text [3 - in the 


first as well as in the second editions, which consists in the state- 


ment that the functional J does possess neither a maximum nor a minimum 


for O< {a | m . This error has arisen because, in calculating the 


increment AJ, the integral along the portion C.f. was not considered, 
(Pig. 8). 


7. The representation of the variation in the form (2.1) is interest- 
ing because it is conserved also for an arbitrary number n of free 


“~ 
Sed 
4 a \ sin ay dy 
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functions in Pfaff’s equation (1.1). Thereby, the rank of the matrix H 
is equal to n+ 1. An investigation of this case and its application to 


the problem of optimum rocket launching through choice of functions 


a(t) and w(t) is easily carried out. 


3. As an example, we solve the problem of maximum speed for equation 
5 


(1.5) formulated in Section 1. We put 


l 
= 


=, I 


= 0, 
\, = U, (> Lp), X, = ug, (3.1) 


From formulas (2.1) and (1.10) we obtain 


I 

= \k(t) Day M—ug|o +r — — —pp |= 

= \ k(t) Doydt I D’) (3.2) 


For simplicity, the law of resistance is approximated by a straight 


Then 


line. 


F 
= av — b, o(v, y) = H(y)(av—b}) (3.3) 


(F is the area of the midship). Putting Hly) = e ky) and P = const =P, 


we obtain 


y) = —e (av —b) (x= 8 Yo 


Substituting d (v,y), we obtain 


o2 { 4 
@(v, t, y) = av + (av — b)( 14 (3.4) 
From the equation ® = 0 we see that for an arbitrary v > 0, there 


will always be one such value y, that the brace will be zero. As a 
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consequence, equation ®= © determines a real curve in the plane v,y 
(see Fig.9), which corresponds to a = 100 m/sec, b = 2x 10m‘’/sec* 
k= 10? kg/m? and the value = 3300 sec‘/m*). Since 


u(t) # 0, the indicated curve does not depend on ¢ and is determined 
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exclusively by the adopted law of resistance, the law of decrease of 
density with altitude and the parameter x, which depends on absolute 
constants and the construction parameters. If, considering g = const, 
we solve equation ® = 0 with respect to y, we obtain 


ky? \ 
y=> In {[av + (av —b) += x} 


The different values x of the point (v_,y.), corresponding to the 
initial value of the portion of the trajectory to be varied, may be 


0 that ts to 


( 


situated in the general case either below the curve ® 


f) 


say, in the region ® as well as above, in the region ® 


Let us consider the motions (curves y,) in the plane (ty) (Fig. 1! 
The curves [,’ (A) and,” (A) are drawn in this plane. They correspond 
to a vertical climb and a vertical fall, i.e., to most rapid change of 
velocity with time. All curves for other motions starting at point A 
are located between the curves and 


Let us consider first the case ®(A) > 0, that is ® (A) < 0. In 
accordance with Section 2, the solution of the problem will leave point 
A along the left internal boundary [.’(A), that is, will start with a 
vertical climb. During the vertical climb, as may easily be verified, 4 
decreases, i.e. the point M(v,t,y) approaches the surface ®= 0. Assume 
that ® (v_,t.,y.) = 0 at some point C. Inasmuch as on the plane ty the 
curve ¢,, which is determined by the point C and which satisfies the 
equat ions ®= 0 and (1.5), passes within the angle w,(C), the solution 


must pass, in accordance with Section 2, along the curve ¢,. 


Depending upon the parameters T and y,, the curve ¢, may come to 
touch, as may be easily verified, either the boundary y y, or the 
boundary t = T. In the first case, the point B, is on the internal 
boundary [.,“(D), (where D is the point of contact with the boundary 
y= y, of the region of possible motion), and then the solution must 
terminate by the horizontal portion D.B,. Let us indicate this solution 
by , ‘Fig. 10) corresponding to the vertical (v) start and horizontal 
(h) termination of motion. In the second case, the solution, in order to 
reach point B, in accordance with Section 2, must leave the curve ¢, 
at such a point D, that the point B, can be reached along the internal 
boundary corresponding to this point. Such a boundary in the problem 
considered may obviously be only [',’(D). The solution obtained may be 
indicated analogously by Ss.6 (Fig. 10). 


In the case when ® (A) < 0, that is ®’(A) > 0, the solution must 
leave the point A along the right internal boundary [,” (A), that is, 
must start by a horizontal flight. Thereby v increases and y= y., such 
that ® increases in accordance with (3.4). Let ®= © in some point C. 
Then, by analogy with the foregoing, the solution must again pass along 


the curve ¢, , determined by the point C and equations (1.5) and ® = 0. 
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The solution, obviously, may terminate again by either a horizontal 


or a vertical flight and, by analoev to the foregoing, we obtain the 


_ 


/ 
4, 


cases S, , and S, | for the horizontal start of motion (Fig.10). The 


solution of the problem obtained, obviously. mav be considered as being 


general. Through a change of the constants of the problem, the region 


of the motion along the curve ¢, may be altered, and in the cases Suh 


| 
and S, » may even vanish (when the points C, and D, coincide). The 


portions D,.B, and A,C,, obviously, may vanish in all four cases. 


We note that under certain conditions (for example, if b = 0.9 = p_) 


1t may happen that the motion in accordance with the law ®= 0 becomes 


vertical at some point N. and becomes impossible any further (the curve 


9%, crosses the curve [’,*(N) ). In this case, in accordance with Section 


2, the solution must correspond to a vertical motion. If it leads to the 


intersection of the line y - y,, 1t must change to a horizontal and 
terminate for ft T; and if it leads to the intersection of the straight 
line t = T, then it cannot correspond to a solution. The solution, in 


accordance with Section 2, will be terminated by vertical motion, 


beginning at some point D, preceding N,, corresponding to reaching an 


altitude Y, for t = T,. 


The solution obtained is applicable, in accordance with Section 1 


to the determination of opt imum trajectory of free flight, and also to 
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the optimum choice of the shape of the launching track of given altitude 


Vp for launching of a cosmic [ space 1 rocket. For launching from a state 


of rest () 0), as is seen from (3.3), we have @’(A) > 0, for an 


arbitrary power law for drag and arbitrary thrust regime P(t). This 


means that only cases S P and Sh, h (Fig. 10) may be realized, that is, 


the motion will begin along a ae portion, changing at 1 t 


into a climb in accordance with the law 0 


If, in the formulation of the problem, the quantity y is not bounded 


from be low, then, as 18 easily checked by the method of Section # the 


launching tracks, which descend first and then rise again, will be even 


more advantageous than launching tracks without a downward portion, 


while a vertical start will be relatively disadvantageous. 


Remarks, 1. Inasmuch as for problems corresponding to the one con- 


Sidered (namely, the problem of maximum altitude y,* y(T) for 


prescribed terminal velocity and the problem of minimum time T for 


prescribed Y, and vs the equation ® 0 and the boundary curves 


I’ (A) and IA) (curves of vertical climb and fall) remain the same as 


in the problem considered, the corresponding optimum motions wil} 


consist of motions along the vertical and a motion in accordance with 


the law ® (v,t,y) = 0, and also, possibly, of horizontal motions at the 


ends, if the conditions of the problem so require (for the problem of 


min T this is confirmed by the recent paper by A. Miele [4 1). 


2. If @ is the angle between the velocity and a local horizon, the 


solution of the considered and the assariated problems may be general- 


ized almost without changes to the case of a central gravity field 


(merely the centrifugal term in (1.3) has to be added, which does not 


influence the resulting discussions and solutions). 


3. In obtaining the solution, it was assumed, only for simplicity, 
that 


const, P const, 


For real laws of resistance and functions g(y), p(y) and P(t), as 


well as taking into account counter pressure, the surface ® (v,t,y) 0 


resembles the one considered: the solution is obtained in the same 


fashion and yields results which are qualitatively analogous to the ones 


presented. However, the practical significance of the indicated example 


is not large. In Section 1, it was pointed out that in the idealized 


problems considered there, in contrast to rea] nes, the occurence of 


sharp turns in the trajectory and even of corner points is not connected 


with losses due to resistance. This explains why the solution has corner 


points, and this in turn diminishes considerably the practical sig- 


nificance of the example discussed, since in real problems concerning 


free flight and climb on a launching track, the decrease of the radius 


of curvature of the trajectory down to zero, as may be verified, leads 
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to partial or complete loss of speed due to fast increase of resistance. 


Therefore, the solutions of idealized problems cannot be close to the 


solutions of real problems (the same can he said about the solution of 
A. Miele [4]). 
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ON GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS 
POSSESSING DISCONTINUOUS SOLUTIONS 


(OB OBOBSHCHENNYKH OBYKNOVENNYKH DIFFERENTSIAL’ NYKA 
URAVNENITAKH, OBLADAITUSHCHIKH RAZRYVNYMIE RESHENITAMI) 
PMM Vol. 22,No.1, 1958, pp. 27-45. 


Ia. KURTSVEIL’ 
(Prague) 


(Received 12 May 1957) 


The following generalized differential equation is considered: 


This equation can be reduced to the ordinary equation dx/dtf (x,t), 
if the partial derivative OF / dt = f(xz,t) is continuous. The 
existence of a solution of the equation (0.1) will be established and 
it will be shown that the solution is a continuous function of the 
parameter if the function F(x,t) is continuous in x and of bounded 
variation in t when x is fixed. 


In particular, it is found that the solution of the equation 
dx/dt = f(z,t) + d(t) is near to some (completely determined) dis- 
continuous function, if f(x,t) is continuous, and the function d(t) 
is near the Dirac function, i.e. 


d (t)>0, d(t)=0 for \ d (t) dt 


We recall certain definitions and results given in an earlier 
paper [1] which will be used in the sequel 


Let 5(r) be a positive function defined for r,< r < r*. Let the 
real-valued function U (r,t) be defined forr.a< r<r*, — 
< t<r+8(r). The real function M (r), is called an 
upper function for the function U if there exists a positive function 


bir), te <7 such that 


(t — T.) (M — M — To) (U (70, T) 
for 
— (tT) < To + (To) 
A function a(r) will be called a lower function for U if the 
function -a(r) is an upper function for the function -U, For an 
Reprint Order No. PMM 3. 
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arbitrary upper function M(r) for U, and for an arbitrary lower 
function a(r) for U it is always true that 


M — M (t,) > m(t*) — (0.3) 


This inequality justifies the following definitions. 


If U(r,t) is such that there exists for it an upper function M(r ) 
and a lower function a(r), and if 


inf (M M (7,)) sup, (m (t*) — m(t,)) (0.4) 


where 


Mir) is the set of all upper, and a(r) the set of al} lower 
functions for U, then U is said to be integrable (according to 
Perrone in the generalized sense), and the number I inf,J M(r*) — 
wiry] is called the generalized integral (according to Perrone) of 
DU with the limits of integration from Fé ter?s 


\ DU (x, t) (0.5) 


For the P-integral 
proved, for example, 


thus defined, certain basic theorems can be 


\ DU (t t) 


DU t) +-\ DU t) (0.6) 


ifr.<o<r* and if the integrals appearing on the right-hand side 
or the integral on the left-hand side of the equation are defined. 


If U(r,t) = f(r)t, then the integral (0.5) exists only when 


-* 


\f(t)dt 


exists in the sense of Perrone, and in this case the two integrals 
are equal. 


If the function U(r,t) = ,t)) takes on values 
in a Euclidean space Ee then U(r,t) is said to be integrable if eack 


of the functions U, (r,t), ..., U,@,t) is integrable. In this case 


\ DU (+, 2) (| DU, (rt, | DU, 


We next give the definition of the generalized difterential equa- 


tion (0.1). Let G be an open subset of the Euclidean space Eni’ and 


let the function F(x,t) be defined for (z,t) € G, w= (84, 
and take on values in the Euclidean space Ee. Let the function xz(r ) 
be defined inr, <r<r.,, take on values in F and let (x(r),rj)e@ 


n’ 
for?r € 
i= 2 
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The function x(r) is said to be a solution of the generalized 
differential equation (0.1) if 
2 = 2(t3)+ \ DF (x(t), t) for ts, Te Te (0.7) 


Remark 0.1, The given definition of a generalized differential 
equation is a particular case of the definition introduced in an 
earlier article [1 ], where it was assumed that the function F was 
defined on some subset of the space Bus and depended on the vari- 
ables x, fT, ¢. 


It is proved that all solutions of the generalized equation (0.1) 
are also solutions of the classical equation 


dz/dt = f(z, t) (0.8) 


if the derivative OF(xz,t)/dt = f(x,t) is continuous: and, conversely, 
every solution of (0.8) is also a solution of (0.1). 


The existence of the integral (0.5) is proved below; the existence 
theorem of a solution for equation (0.1) is proved in Section 2. The 


proof is similar to the proof of the corresponding theorem under 
Carathéodory’s conditions. 


The continous dependence of the solution on the parameter is con- 
sidered in Section 3. In Section 4, the uniqueness theorem is proved 
under the assumption that =¢ > 0) 

1. Existence of the integral (0.5) 

We introduce the following notation: 

h.(t), h,(t) are functions, defined for t «<T,, T,>, non-decreasing 

and continuous from the left. 

aly) is a function defined for 0< n<7., 7, > 0, continuous, increasing, 
wn ) > cn (¢ > 0), @® (0) - 0. 

G is an open subset of the n-dimensional Euclidean space E(T,, T,), 

(T, > T,). F = F(G, w, h,) is the class of functions F(x,t) satisfying 
the tut lowien conditions: the function F(x,t) is defined for (x,t) « G 
and takes on values in E.: 


F (x, —F (2, te) | hy (te) — Ay |, it (x, ty), (2, 


| F (2, — F ,t;) — F ts) + F (z,, 
(| — 2, | Ay (te) — Ay 
if (21, te), (Zesty) (Lg, te) EG, 


10 
u(r) is a function defined for r «(o,, (0, >o,), ult) ec BE. 
(ulr G, |julr,) ulr,)|| for rit, €lo,, 0,). 


N(n) is the set of all points t « (T,,T,), for which 
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either ow (h.(t+) - 


h,(t)) >n, 


or h,(t+) — h,(t) 


’ 


where 7 is an arbitrary positive number and 


h, (t+) limhi(r) as r— >t, >t. 


(The cardinal number of the set N(y) is obviously finite). 


1(7, +,, 7,, h,) is the set whose elements are finite sequences of 


numbers 


A 


the following conditions are fulfilled: 


a 


y 


eee ? 


(9) 


(3) if te N@)N o,, 0, then there exists an index j such 
that ¢ and 7 . t;; 1m the case that t = o.«N(n), it is only 


required that t i for the appropriate ); 


(4) ifr, Nin), then 


(a5) hj n., @ (h (a-)- h(a. ,)) 


if N then 


he (%;) — +) < No, (Ny (a3) — he <7 (for 30) 


/ 


hy (75) — Ry < Tip, (hy (8;) — 


The sequence A will be called a subdivision of the interval < 0,0, >. 


+? 


For the formulation of the theorem on the existence of the integral 


we need the following lemma. 


Lemma 1.1. The set Alm, o,, o,, h,) is non-empty. 


For the proof of this lemma we select for every re o: 04, 3 2 
positive number 5(r) satisfying the following conditions: 
if r&@N(n), then 


(t) Nos w (he hy %, w (h. he 4) 
N(x), 
if reN(yn), then 
4 (t) << %, w (hy (5") 7 w (he — he 
where min t+ 4(*)), max 7 6 (7)) 


Obviously, the interval (¢’,C) does not contain a point of N(y) if 


r€N(y), and the intersection of the interval (¢’,¢) with the set N(y) 


contains only the point r if reN(y). 


By decreasing 4(r ), one can establish that the above assertion is 
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true also for the closed interval < ¢’(r), 


Let the intervals < ¢°(r,), >, < > cover the 

r r,, and suppose that the interval! 
7,, 9, > is no longer covered if one of the intervals < ¢°(r ;).¢(r ;) > 

is te is one t Les at aa » ) 

is omitted. This property implies that 


From these inequalities it follows that there exist numbers @ 


interval 


such that the subdivision } @ Sag. she 1 | satisfies all of our 
requirements. In particular, if <o,, 0,>f\)Nm), then there 
exists an index j such that t=r,;, for te < <°(r), C(t) > only if 


. Greater details of these considerations are given in reference 


t r 
,8 1, in the proof of Lemma 1.1. 


Theorem 1.1. The integral 


DF (u(t), 0) 


*xists if 
h,), then 
\ DF (u (t), < V nth, (2) hy (32) — hy 


Corollary 1.1. 


DE (u(t), < | hy (24) — Ay (35) for 
Proof: Let U(r ,t) be an arbitrary component of the vector function 
Flu(r ),t), and let > 0. @N(y) let us set 


33, % 31, 


1 


M (%, *) = U (to, + 4 (A, + (2)) 


m(t>, 7) = U t) — (Ay (*) 
a, >M Ny), let 


M (x, = U (%, + 4 (Ay + Ag (t)) for 
Y= U (em, +)+U 7) —U (4+ 


< TE 


m (%, = U t) — 4 (hy (t) + Ae for 


U0 (+, t)—U +)— (Ay (t) + Ag 


for “0 <t< 


fo 
where R; F (uw (t,), F (uw (tj), if (4) or = 2%, 
q R, = F (u(t; +), 2;) — F (u(t; +), +) + +)— 
q 
cect 
+. hy (t)) 
ae 
M (to, + 7 (A(z) 4 h, 
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We define the function M(r), for r « <o,, o,>, the following way: 


4? 


M (:,) () 


M (zt) = — M + M — M (ei, 


We prove that M(r) is an upper function for U(r,t). The inequality 


~ ~ 


is obviously satisfied if r.« <o,, 0, <1 <0, and 


ifr is near enough tor... 


Letr,ri,¢€ ,, if If Nin), letr, rie <a 
r, >. We obtain 


(< — (U (to, 7) —U (<9, %)] < — (U — U 4 
(to, t) —U (tq, — U + U (a, 


(t to) (U (<i, t) —U (%, %)] + | @ (|| | Ay 
— —U + (y(t) — hy = (= — to) (M(t) — M (x) 


i 


Here we have used the following inequalities 


u(t) — u(t) < Re (a4) — K 
(| — < (hy (a) — Ay <7 
U t) — U %) — U + U (%, to) 
| F (u(t), t) — F (u(t), — F (u(u), + F (u(r), 
w (| — | Ay — Ay 


The case that remains to be considered is when reN(y reé 


nm? 


;, 29>. In this case we obtain in a manner analogous to the one used 
above 


(t — t) —U (<9, < — to) +, t) —U (i +, 
t—%||U —U (25, to) —U (% +, t) +- U (% +, %%) 
— (U 4+-, t) —U (t+, + t — to! Ay — | 
= (t — %) (U +, t) —U (% +, %) + 4 (Ay (et) — Ay (%))] = 
(t — [M (=) — M (<,)] 


Here we have used the inequalities 


U t) —U (to, to) —U +, + U +, te) 
<i F (u(x), t) — F (u(%o), to) — F (u(t +), 7) + F(a (ti +), 
— hy (t) — hy (to) <w (=; +-)) hy(=)—hy(%%) 
< | hy (t) — hy 

Thus we have proved that for everyr. ¢ <0,, 0, > there is satisfied 
the inequality (0.2) if only r « <o,, > is sufficiently near tor.. 
This means that M(r) is an upper function for U(r,t). In an analogous 
manner we can construct a lower function m(t). From the inequality 
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M (2,) — M (3,) —(m(2,) — m(3,)) « 27 (hy (22) + (22) — Ay (2,) — hy (2,)) 


it follows that the integral (0.5) exists, for the functions Mr) and 
m(r ) can be constructed for an arbitrary positive 7 (and for the 

corresponding subdivision). Hence, the integral (1.1) exists. Further- 
more, im consequence of the inequality 


and from the representation of the functions M(r) and alr ) it follows 
that 


\ DU (=, t)— > P, 7 (hy (2,4) (s,) h, (2,) h, 


» 


where P; is the appropriate component of the vector Ri. This yields the 
inequality of Theorem 1. 1. 


2. Existence theorem for the solution of equation ((.1) 


let F(x,t) be a given function of the class F\G,a,h,). We denote by 
Gp the subset of the set G which consists of those points (x,t) for 
thich (x + Flx,t +) — Flx,t),t) «© G. Obviously, if for a fixed 
t, h, (t +) = h, (t) and (z,t)«G, then (x,t) « Gp. It is easily 
verified that Gp is an open set. 


Theorem 2.1. Let (x, t._) « G and let us select a number € > 0 which 
has the fol lowing properties: if t. < +f and + Fle 4) 


F(x — h,(t.+), then (x,t) Under these conditions 
there exists a function x(r), defined for t <r< t, + & which is of 
bounded variation, is continuous from the left, and satisfies the 
equat ion 
d 
5. = DI (z, t) (2.1) 


with the initial condition x(t.) = x. 


Remark 2.1. In consequence of (1.1) we find that every solution u(r ) 
of equation (2.1) which is of bounded variation and continuous from the 
left satisfies the inequality 


u (T2) — |] | Ay — Ay (71) (2.2) 


for arbitrary r,, 7, from the interval on which u(r) is defined. In the 


article [1 a Section 1, there is given another equivalent definition 


of the integral (0.5) by means of partial sums and a certain limiting 
process, From that definition it is easily deduced that the inequality 


(2.2) is valid for any function u(r) which is a solution of equation 
(2.1), without the assumption that the function u(r) be of bounded 


a 
re 
M (2,) —M(s,) > \ DU t) > m(2,) — m(2,) 
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variation and continuous from the left. This can be established on the 
basis of the fact that an inequality analogous to (2.2) can in this case 
be established for any one of the partial sums which enter into the 
earlier definition of the integral (0.5). 


Remark 2.2. Any solution x{7) which is defined on some interval with 
as its left endpoint, can be extended for increasing r (just as in 
the classical case) as long as the point (x(r),7) lies in the set Gr. 
But the solutions cannot always be extended for decreasing 7. Let us con- 

sider the most simple case. Suppose xe E, and F(x, t) x for t< 0; 

F(x, t) 0 for t 0. In terms of the concepts we have introduced, the 
following theorem is > 574g? r*, and the integral (0.5) exists 
for the interva! Pa; , then the integral (0.5) exists for the 
interval ‘ and if the lim U(r_,t) as t—>r. + exists, then 


lim \ DU (7, t) DU t)+ lim U (to, t) — U (to. (2.2%) 


(see [1), theorems 1.3.3 and 1.3.6). Im consequence of this it follows 
that lim x(7) = 0 asr-—®0 +, where x(t) is an arbitrary solution defined 
in some neighborhood of the number t = 0. For the given example, the 
solution z,(r), defined by the equation x,(r) = 1 for 7 > 0, cannot be 


Proof. We define a sequence of functions zi(r): 


X(t) = Lo for t,—&/i 


= \ DF (2; —&/i), t) for 
i, 
Making use of Theorem 1.1 and Corollary 1.1 one can verify that the 
functions x;(r) are uniquely defined for t, E/icr< t, + for all 
integers t> t., and that 


(t2) — 2 < | Ay (te) — Ay (%)| for 


0 


Xj (lo -) = Zo F (Zp, ty +-) - F (2p, ty) (t to) 


In consequence of the inequality (2.3), one can select from the 
sequence x;(r) a subsequence which converges uniformly in the interval 

+ € >. We, therefore, suppose that x (r )—>x(r ) uniformly for 
L 


Obviously, || x,(r,) x(r,) || < |h,(r,) - hy (r and x; (r 


x(r) (but not uniformly), for the function h, (r) is continuous from the 
left. 


Let us evaluate the integral (1.1), where t - 0,<0,<t, +. 


Let » be any positive number less than 7. Let us take a fixed sub- 
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By Theorem 1.1, the integral (1.1) differs from the partial sum 


[F (2x (=;), a;) — F (x(t;), 4+ 


or / 


LF (x (=; +), +) + (2.4) 


F (x (25), +) — 


by a term whose norm is not greater than Kn, where K is independent of 7. 


Let us set on ifr; N&), or j= s, = if 
s and €N(y). Let if t.< t< t. + &/t, and let 


g;‘t) h(t &/i) for t. + &/i t + &, 


yy Theorem 1.1, the integral 


be 
sufficiently large i, and, hence 


\ DF (2; —#/i), t) 


can be expressed as the partial sum 


(21 — i), — F (2: (=; — €/8), + 


&N(m), or] 


+ [F (xi + — (x; (<; +), + 


TIEN (n), 


+ F (x; (25), +) — F(2(*)j, 


to within an error whose norm is not greater than &, where K 1s 


independent of i and» for sufficiently large i. Since x: (r )—®x(r ), 


x.(r — &/i)—>xl(r) and Flz,t) « F, it follows that the sum (2.4) and 


2.5) are arbitrarily close to each other for i sufficiently large. 


Therefore, 


DF (2; (7 i), th—>{ DF (x (7), t) for i-> oo 


and x(r ) is a solution of the equation (2.1). This completes the proof 
of the theorem. 


3. The continuous dependence of the solution on the para- 
meter 
(The basic result is Theorem 3.1. The later theorems are obtained as 


special cases of it.) 
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Let F(x,t) be a function of class F(G, @, h) and F, (x,t) be a 
function of class F(G, a, hp), where k = 3, 4, 5, ..., Alt) and h,(t) 
are increasing functions in t «<0, TD, (G« E<0,T>). Furthermore, 
h(t) and h(t) are continuous from the left. Let H be the set of points 
of discontinuities of the function h(t), G, be some open subset of Gp 
which contains all points (x,t) « G for which t « H. 


We shall say that the sequence F, (x,t) converges unconditionally to 
the function F(x,t) in G, , and write Flx,t)—»Flx,t), if the following 
properties are exhibited 

(1) lim sup (hy (t.) — hy (t,)) < h(te) —A(t,) for 26H; ty<t, 
OD 
(I) Fy(x, t)-> t) for (2, t)€G,, tEH 

(III) if t.)« G,, t. H, then for every « > 0 there exist 
numbers 5,, 5, having the following properties: for arbitrary numbers 
ta» 8 t. +8. ¢, <t, < t, there exists a K > 0 such 
that 

(a) if lly - |< 8, and k > K then there exists a function xp(r ), 


defined in t, <1 < t,, which is a solution of the equation 


— DF, (z, t), (t;) 

(b) every function xp (r ) satisfying (a), satisfies also the 
inequality |x, (t, )— )— Flz., t. +) + t,) ll < and there 
exists a positive number p, independent of the solution x,(r), of the 
subscript k, and of the point y, such that the distance of an arbitrary 
point (xy (r )ir) (t,<7r < t,, k > K) from the boundary of the set G, 
is greater than un. 


Theorem 3.1. Let Fy (x,t) F(x, t) in G,, let x(t) a solution of the 
equation 


a? _ DF (2, t) (3.1) 


at 


be uniquely defined in the interval<o,, o. > by its initial condition, 
o,€ H, (xlr),r)e G, forr <o,, 0, >. Let ype E,, yp—>xlo,). 
Then: 


(c) for all large enough k there exists a solution x,(r) of the 
equation 
= DF; (2, t) (3.2) 
defined for r <0,, >, xp (o,) = yp, and the distance of an arbitrary 
point (xp(r),r) from the boundary of the set G, is greater than some 
positive number 


(d) if xp(r ) is a sequence of functions satisfying condition (c), 
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then 
ry (t) > z(t) for 


Remark: We shall say that the solution x(r) is uniquely defined by 
its initial condition if each solution u(r) of the equation (3.1) 
defined in some interval <o,. > 0, >, = x(0,), 
coincides with x(r) on<o,, 0,” 


First we prove the following lemma. 


Lemma 3.1. If the condition ‘c) of Theorem 3.1 is satisfied on some 
interval<o,, 0,°>C o.>, H, then the condition (d) is also 
satisfied on the same interval <o,, 0,’>. 


Proof: Let the sequence x,(r) satisfy condition (c) of Theorem 3.1 
on the interval<o,, 0,°>. Then there exists a subsequence u,(r ) which 
converges for each r «<o,, 0,°> 1) H. (This follows from the fact that 
the functions u,(r ) satisfy the inequality ||u,(A,) — upfA,) || < | 
— )], A, >, in consequence of 2.1). Suppose 

u(t) = lim uy, (7) H 
on 


Then we have 


U (dg) — (3.3) 


Let us extend the definition of the function u(r) in such a manner 
that the function u(r) be defined and continuous from the left in the 
interval<o,, o,°>. Then (3.3) will be valid for A,, A, e<o.,¢a > 
Let o, be an arbitrary number in the interval<o,, o >, 0,>0,, 04H 
Our ummediate aim is to prove that ; 

DF, (uy (+), t) \ DF (u(x), t) for oo (3.4) 


Suppose n > ©. Let be points of the set<o,, 0,> 
Nin). In consequence of our hypothesis it follows that (u(r. ), Fe G;. 
For the numbers « = n/i and the points (u(?; ), fr; ) we select numbers 
bj > 0, 5,; > 0 such that the condition (111), on the unconditional 


convergence, be satisfied; let 5; be such a positive number that 


hi (2;) hi (x i) ) f (3.5) 


(he h (2; — 6;)) Ge 


In a manner similar to the one used in Lemma |.1 we prove that there 
* 


exists a subdivision} @, Pgs aje Aly, O11 h) which 
satisfies the following conditions: 


(e) let < pr be numbers such that o,>f 


. 
‘ 
+: 
a 
ae 


Kurtsveil’ 


(go) 
(For the construction of the subdivision we start with a system of 
intervals J defined in the following way: the interval€¢’ (r), Clr >is 

one of the intervals J if rT € <o, . Ba SN Nin) and hence 4 

) - h( )) <n, or 1f +r e 

(r) are numbers satisfying the inequalities 


CG. 


g,°, w (h( 


the system J cover the 


when (r 
the intervals of 


It is easily seen that 


interval€o,, o,”> and sc on). 


Obviously, } 


Pi, 
and from Theorem fol lows that 
DF (u(z), t) (uc), 


< 27, [h (ap.-1) 


Furthermore, for all sufficiently large k 


[Fy (Ux (Ti), — (Ux (Ti), Fi 


yr! 
JI 


< 37 [h (a, 1) — h(a, 
follows from the hypothesis 


S ‘eT (r ) 
in A, and up (r ulr it 


on the sequence FS x,t) that 


[Fy (uy (ei), 
— 


48 lo, 

a Then =f f_, and hence 

: (f) if then H; 

Prot 

a;) — F (u(t), 4S 

(3.6) 

,)! 

: and making use of Theorem 2.1 we obtain 

(3.7) 

NS [F (u(x), — F (a (ti). as k-+x (3.8) 

i—p;_,+1 
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On the basis of (3.6), (3.7) and (3.8) we now obtain 


5-1 *pj 

DF (ux (2), — ) DF (w (2), t) || < 64 [h (a), 4) (3.9) 


which holds for sufficiently large k. and oo, Newt. let 


) be one of the integers 1, ..., n. On the basi: Corollary 2.1 and 


of the last of the inequalities in 


u (t,,) || K@(h(tp.) h (Xp, h (= \) 


for sufficiently large k. 


and, hence, 


because @ € H and u,la ula ) 
P;- Pi” 


On the basis of the definition of the unconditional convergence. we 


thus obtain the representation 


= F (u(tp,), tp; +) —F 


where <n/r for sufficiently large k 


From the definition of the integral and from Corollary 2.2 we obtain 


Pj j 
\ DF (u(t), t) = \ + lim \ . + lim = 


where (see (3.5)) 


h(a, .) )+ h (=, ) Aix 


Pj 


h (=p; t h h (- O)< 


From (3.10) and (3.11) 


Pj Pj 
| (j = 4, n) (3-12) 


there results 


x x 
! 


for large enough k. From (3.9) and (3.12) we obtain 


(1x (2), t) — | DF (u(=), t) | < 7, (2 + 6(h — 


6, 


: 
(3.5) 
oe) ; 
= 
Pj 
\ DF (un, (t), t) Uy Up (3.10) 
x 
| 
=F (u (ty), tp; +)— F (u(tp,), tp.) + 2; 


Kurtsveil’ 


Ta, 


Since 7 is any positive number, it follows that 


DF (u(t), t) as k— oo 


\ DF (u(t), t) for A (3.13) 


But the function ule.) and the integral in (3.13), considered as 4 
function of the independent variable o,, represents a function 


continuous from the left wna of hounded varlatior Hence {2 13) is 


for 0, «{o0,, 0,” >. Therefore, u(r) is a soluti n of equation (3.1]) 
ulo,) x‘o,), and because the solution x(;) is unique, u(r) for 
r ¢<e,, 

Since every convergent subsequence of the sequence x,(r ) converges 


to x(r), the sequence x,‘r) converges to x(r), and the Lemma 3.1 has 


thus been proved. 


Passing to the proof of the theorem, we call attent ion to the fol low- 


ing result. It follows from Theorem 2.1 and Corollary 2. 1, and from the 


facts that o, « A and 


[hy (ts) — Ry KA(te) — for ty< te 


that there exists a number 0,’ > o such that the assertion (c) of 
Theorem 3.1 is true on<o,, o,’>. 


Let o, be the upper boundary of such numbers oc.’ e<o,, o,>, for 


which the assertion (c) is true on<o,, o,°>,. and suppose 0, <o 


If 0» H, we take € H, 0. sufficiently close to Oy: 


By the established lenma, x, (o,°)—*>xlo,”), and since the distance of 


the point (x(o,), o,,) from the complement of the set G isa positive 


number, it follows from Theorem 2.1 and Corollary 2.1 that so lut ton 


<°, , >with the preservation of the validity of the assertion (« - 


(yr ) 


‘for large enough subscript) can be extended over the interval 


If o,€ H, then for every « 0 and for the point (xlo,), o,) « G,, by 


Theorem 3.1, one can find numbers 4 5. occurring in the definition of 


unconditional! convergence. Let the ers o > satisfy the 


conditions 


Since xlo.*) x(o_”) the solutions xp 


can be extended over the 


interval<o 


a. >with the preservation of the condit 10n ‘c) her ause of 


the definition of unconditional] convergence: Thus we arrive at a contra- 


) 
= 
\ DF (ay (2), 
a, 
id 
valid 
= 
= 
ae - a!’ , 2 j 
é 
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diction and the theorem is proved. 

The chief difficulty which one meets in trying to apply Theorem 3. ] 
is connec ted with the complicated corm ept of ur , litional convergence. 
For this reason we give certain criteria which are sufficient to insure 


unconditional convergence. 


Theorem 3.2. Let h,(t)—h(t) uniformly on€0, TDand Fix, ¢t 


Fix,t) iniformly in Then Pi (x, F(x, t) und ¢ Ce 
Remark 3.2, Under the conditions of Theorem 3.2, one can make use of 
Theorem 3.1 retainine the assumption that x lution tion 
uniformly, it follows that x, (7 )——bx(r niformly. In this case th 
requirement that o,, a,« H is not necessary. 


Proof. let i. £. 3 ‘Gp and let pop be a positive n mber not ereater 
than the distance of either one of the points (x t ) and 
(x + F(x t. +)— Fle, t.), t.) from the complement of G. Let « 0 


be given. We select positive numbers 5,, 5, such that 


8, h(t, —h(t, +) + h(t.) —hit + 
+ w (4, + h(t,) — h(t, —4,)) (h(t, +) — h(t.) min (2, 0) 
Let 
4, = max (sup| hy, —h(t)|, sup|i Fy, (x, t) — F(z, 
and let k > 0 be such that 
66, + 5, + h(t, + 2,)—h(t, +) +h(t,) h(t,—4,) + 
+ (26, + 8, + h(t.) — h(t, —%,)) [h (ty +) — (t,))< min (2, (3.14) 
dad tae y —2, || <8, 
According to Theorem 2.1 and Lemma 2.1 the solution x, (7 ) of equation 
(3.2), xp(t,) = ¥, exists on the interval€ ¢, , t >, k>K and we have 


— || < || || + |! (t,) (ts) + hy (t,) — (t,) 
+ + h(t.) —h(t, —3,) 
From this it follows that 
+ Fre (te (ty), ty +) — Fre (ae (to), — —F (te, to +) (ty, ty) 
+ «(5 + 2%, +- h(t.) h(t, —%,)) {h(t ) h 


and the solution x(t ) can be extended over the inter val<t 2g » . We 


thus obtain the final estimate: 


rp (te) Tp (t,) — F (xq, + ) + F (aq, ty) 
|| rp (t,) ry (t, +) r, (t,) F (z.. t. +-) + F (z.. t.) + 


2 

¥ 
Beis 
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inequalitie 


nr ra) 


) where / or 


a 


For 


Retaining the previous notation, we consider the subset consisting of 


this case we 


points (x,t) «e G such that 


/neorem 


lim sup [hy — hy (t,)] <h (te) — h(t.) << to, t,,t.€ HM) 


Suppose that for an arbitrary point t. ? H )for which there exists 


such that (x, t.) G,) there exist linear subspaces 
and E'“’ of the space E_, and an increasing function h.(t) (0< t< T) 


continuous at the point tf 


Let following conditions be satisfied: 


(ge) the spaces EF _E are orthogonal; their intersection 


contains only the origin, and their algebraic sum is the entire space 


E.. (In con sequence of this requirement every vector u « E. can be 


expressed in a unique way in the form 


We will write 


(x,t) = (x,t) + FE x,t), = 4 ete) 


(h) F(2z,t, +)— F(a, t,.) = F(x +u,t,+)—F (x+n, to) B® 


if (r,t) (7 


4 
4 

59 lo, 

< hy (to) h, (t,, 3.) 4 hy (t, + 3,) hy (t, +-) 26, 4 

|| F (xy, (t,.), to +) — F (xy (t,), t,) (x,, t, +) + t,) 

h(t.) hit 5,) h(t, 4 hit ) 6A ! 

+ (6, + 26, + A(t.) hit.) 

; The last of these MENNNNMs follows from (3.14). This completes | 
the 

; 

a Since the uniform convergence of the functions Fi(x,t) to Flx,t) is 

a requirement in Theorem 23 the function Flr. will be continuous if 

F are continnuony function Thi: me ary that The rer not 

app! far at io, #h, na wher in he equence of 
1} 
+ so-called Dirac function 

2: 
4 — 
. 

| estal Lish Theorem 3.3 and some corollaries to ut. 

4 

a 

a 
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converge nditionally to Fl. 


nypothe ce 


lat there 


and for the point 


we letermine 
hat the following inequalities are satisfied: 


by + 2hy (t + 4,) — 2h, (t —8,) 4 
-+ } h t.) h 4 (3 15) 
+ w (hy (1, 


— 6,)) [A - he (tg — + 


let t. — 8. 24 H, and let K > K be 
such a large number that 
Fy (%, ts) —F te) F, F (x,, t,) 


hy (ty) — hy (ty) << h (tz) —h(t,) +3, for 


We next prove that the condition (III), which enters into the defini- 
tion of unconditional convergence, is satisfied. 


The requirement (a) is 
satisfied because of the choice of the numbers 6 5.. Next, let 


y- x,|\| < 6,, k > K and suppose that x, (rt) is a solution of the equa- 
tion (3.12) withr « < t. > y. 


From requirement (j) and Corollary it follows that 


4 
(1) (x, te) — Fy (2 
(2, t,) — +u, t,) + 
a < (to) — (t,) 
f (2. t.) (2 
(7 + Ute), (7 +u,t,) EG, n 
22 Pr f. Let the G t € H. Qn the basi f the 
Theorem 2.1 and Corollary 2 one can ea ily iuce th ex) 
(3.2) on the interv > ( 
Let be given. For tl 
7 
. 
re (tz) — = |! \ (2), ONS 
(3.16) 
h, (ts) (ty) h, (t,, + 4,) 6,) (5 << << bs) 
Since 
Fe (ay (2) + ay (2), ts) — (ary + (2), — 
— (ty) + (2), ts) + + (2), INS 
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we have by Corollary 2.1 


\ DIF,” (2, (2) 4 


Hence 


where 


Furthermore, ‘it follows from requirements (1) that 


and by Corollary 2. 


\ (t)) - 


h, 


It is obvious that 


DF,” (t,) 4- (t,), 0) 
we obtain 
(3.19) 
where | w, 
(29,te) — + Sk + 2x + Wr (3.20) 
w (t, +-8,) — — + 49) 


Next, we have 


F (Zo, to 


54 lc, 

(hp (to 6,) (t, hy (t,) 

(t,, tg, t © Cty, ted) 

| 

(=), 0) — (ty) + (=), OVS 

> > } } 

(t+ 3,) h, (t, (itp (Le) Ny (t,)) 

V 

t 

t 

F, (4 +- x,” (2). (Tr (t,) (t,) t.) - 

— (x, (t,) r,‘*) (7), tg) 4 Fy (t,) (f,), Eg) Ny (ts) — hy (t,)! 

3 jo o t » 

(i.) h, (t,)- h, (t, + he (to oy) (3.18) 

+ ) (Zo, ty) (Zo, ty )— Ff ty CE 
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+(2) 


| F (20, to +) — F (x, to) — Fk (Zo, te) + FP (2, = 
=| F (2, tp +) —F (x9, to) — FY (20, te) + FE (xo, ty) 
(2p, te) — F (2p, to +) |] + F to) — F (20, ty) 
+ || Fx (2, te) —F (x, te) || + Px (2, — F (2, ty) 
h (ty + 8,) —h(ty +) + h(ty) — h(t.) + 4, (3.21) 


From (3.16), (3.20) and (3.21) we obtain 


(te) — (ty) — F (x, ty +) + F (2, 
he 
h (ty +- 8,) — h (ty +) + h(t.) — h(t, —3,) 2 


51) h, (t, — L Ww, 


where the last inequality follows from (3.17), (3.19), (3.20) and (3.15). 
This completes the proof of the Theorem 3.3. 


Let us now pass to the consideration of more concrete differentia! 


equations. Let 


be real continuous functions of their arguments defined for — « i 
—z¢t¢2z,2> land g;(x,, ..., 9 fori= 1, ... lL. (If l= 0, 


then all functions g; reduce to constants). 


Let d,(t) (k = 3, 4, 5, ...) be continuous functions defined for 


t<2z and satisfying the following conditions 


\ (t)|\dt<C <0 3.22) 


d,, (=) dz 


D, 


‘ 
\ d,.(t)\ dz \ d,(z)| 0<t<z 


We shall consider the system of differential equations 


t) +ei(z,..., 21) dy (0) (i= n. k=3,4,5) (3.23) 


Let us set 


F; 


B(th)=0 (or 1), if —z<t<0 ( of 


and let us write the system (3.23) in the equivalent forn (3.24) 
d 
Let us consider the "limiting" system 
dz; 


dt 


a 
a 
lie 
| 
123 
4 
> ( or 1), if or t > 0) 
— dz; 
= 
dt 
4 


as 


Ia. Kurtsveil’ 


Suppose that the solution of the system (3.25) is uniquely determined 


by the initial conditions. This is equivalent to assuring that the solu- 
tion of the system 
dz, 


dt 
has the same property. 


hi (23, ++) Tn, t) {, (3.25*) 


let (xy (t),...,2n(t)) +41) 
sup | x;(t)|< M, (€<—1, + 1) 


be the solution of the system (3.25). From the remark 0.1 and from (2.2*) 
is follows that (x,(t), ..., x,(t)) is a solution of the system (3.25*) 
on the interval 1, 0D>and<0, 1> separately and that 
limaj(t)=2;(0) (@=1,..,0 
t+o+ 
lim 2; (¢) = 2; (0) + gy (x, (0), ..., 7, (0)) +4, ..., m) 


t+o-+ 


We define the function (x, x1) in the following way: 


gi (%,---, =0 (i=1,..., 2) 


2%) = gi (2,,...-, if <M, (j 


ime +1,..., 2) 


Obviously, | gy 'x,, x1)| < M,. Let us consider the systems 


at 


dr, 
= (2, tn, t) + gi (2, 21) (3.27) 


dt 
Since the systems (3.26) and (3.27) coincide on the set 


|a;| <M, 1,...9l} —@< < 0; — 


with the systems (3.24) and (3.25), respectively, it follows that x(r ) 
is a solution of the equation (3.27). The set G is defined by the 


following inequalities 


|a;|< Ms, 
where M, > M. + CM, (see (3.22)). Obviously, C > 1. Let 
M,=max fi(%,...,: tn, t) for In, t)EG 
i=1, n 


and let us set 


t 
h(t) = hy (t)=) n(M,t + M, dy (x) | dz) 


56 
M, ————.  (j=1,... 
j=l,..., 
ae 
= 


uniformly if t 
that x, (r 


n 


(eG, 


lim sup — (ty) < k(t.) — 
k-+ & 


meter of the set G) 


such that 


In, t)— fi 


contains all the points, 


rn, 0), where x; 


let E\!) be the space of the points (x 
be the space of points (0, 
h, = 2/nM,t). 


That the conditions (g) to (j) of the theorem are satisfied is 


0; 


Since it is true that for 7 > 0 


M, 


let us prove that the conditions of Theorem (3.3) are satisfied. 


i’ 


hy (tg) — (ty) > h(t.) — hh (ty) 


| 21) — (21, ee ey (| 


as 


r 


i 


Obviously, the set H contains all the points t, 0 - 


= DF (zx, t) 
dz 
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Since it is true that if a function is continuous on a compact set it 
is also uniformly continuous on that set, it follows that there exists a 
function continuous on 9 < with w(0) - 


0 (. is the dia- 


am 


n 


~ 
(x — ) 


let us write the equations (3.26) and (3.27) in the vector form: 


= DF, (2, t), 


d 


(3.28) 


It can be verified that F(x,t) « F(G, w, k), Fy (x,t) F(G, hy 
and that the set G, (see the definition of G, before Theorem 3.3) 


mM) 


2, 


(t; 


and 


t, « <n, of if ty, t,e €- 1, 
r) uniformly as k— if 0< ¢ < 


te 


0, 


let 


ty, to 


and F,(x,t)—*F(x,t) where t « H because of our assumptions about the 
sequence d,(t). 


.,) and 


us set 


obvious. The requirement (j) is fulfilled because the terms that contain 
the functions vanish. Hence, (x, (x, t) in the region G,. 
Let y, be a sequence of points in E,, such that y,—>x(— 1) as kx, 
According to Theorem 3.1, there exist solutions x, (r) of the equation 
(3.28), x, (- 1) = yp on the interval <— 1, + 1>for all k sufficiently 
large, and x,(r )—>x(r) for 0< |r| 1. 


it follows 
l, 


Making use of the inequalities (3.16) we now obtain the result that 


(r )—>x\1/)(r) uniformly on the entire interval <- 1, + 1>. This 


uniformly to the corresponding coordinates of the fur 
interval <- l, + >. Taking into consideration the 


means that the first coordinates xp; (r ) of the functions xp (r ) tend 


ction x(r) on the 


ac 


that 


57 
» 
= 
n ' 
¥ 
q 
a 
ae l 
a 
as 
q 


Be 


Ta. 
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| xp, (r ) ¥. for k large enough, we conclude that the system of 
functions (x,,(r), ..., xh, 'F )) 1s a solution of the equations (3.24) 
and (3.23). Thus the solution of the svstem (3.23) converges to the 
solution of the system (3.25), ¢ 4 0, and the first functions converge 


uniformly. 


We call attention to the fact that all our considerations are app!ic- 


able also to the sequence of equations of the form 


(3.29 


const), for the substitutions 


will transform the equation (3.29) into the system (3.23). This means 
that the solutions x(t), and their derivatives up to the order s - | 
will converge uniformly. In regard to the derivative of order s it can 
be said that this function will converge for t ¢ 0 to a function which 
can be discontinuous. (If s = 0, then the solutions xp \t) converge only 
for t# 0.) It should be noted that x in equation (3.29) can be 


considered as an element in E 


1. Uniqueness of solutions 
We stipulate that 
awn ) = cn for n > 0, c> 0, 


Theorem 4.1. Let F(x,t) FUG, @, h), (x,, t,) © Gp. Then, for any 
given interval <t_, t. + o>,0> 0 there exists at most one solution 
x(t) of the equation 

DF (2,1), (4.1) 


Remark 4.1. The uniqueness is not always preserved for the solutions 


x(t) defined on the interval<t. —o t >, x(t.) = x (@ > 0) if such 


solutions exist. This follows from the example given in Remark 2.2. 
The Theorem 4.1 is a direct consequence of the following proposition. 


Let two solutions x(r), y(r) of equation (4.1) be given for « t 


n 


t. + @ >. Then the following inequality is valid 


| x(t) — [1 + c(h (t, +) —h(t,))] 


exp (4.2) 


In order to prove this inequality (4.2) we first establish two lemmas. 


Lemma 4.1. Let the function U(r, t) take on values } in some space EB» 


and let the fiinction Vir, t) take on values in E., and let the integrals 


a 

c 
58 

= 

ae 
. 

xe E, (if s = 0, we take g 
dr 
dt at 
> 
10 
2 

= 

& 

4 
2 

i 
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\ DU t) 


exist. Suppose that 


V(t. t)<V (t,t) for for 


and suppose there exists a function S(r) > 0 (r, < r < r,) such that 


U (2, t) —U(z, DIK if 


Then 


DU (=, ))<\ DV 


The proof of Lemma 4.1 can be carried out without difficulty on the 


basis of an equivalent concept of the integral as given in reference [ I], 


Section 


Lemma 4.2. 


h* (~) dh — (-,)] (A 


We assume, as always, that h(t) is an increasing function continuous 


from left and that 
\ (=) dh (=) = \ Dh*¥ (ey) h(t) 


(See [1], remark 1. 1. 2; the integral on the right side exists by 
Theorem 1.1, where Flx,t) = xh(t), ulr) (+ )). 


Lemma 4.2 follows from the fact that for every « 0 the function 


k 


is an upper function for h(t). 


We shall now prove the inequality (4.2). Since x(r) and y(r) are 


functions of bounded variation, ||x(r)-— ylr) K, re <t., t. +a>. 


Obviously, 
E(t) —y(t.) = 2z(t,) 4 F (x(t,), ly +) F (x (ty), to) y(t.) 


— F (y (to), te +-) + (to), te) lim \ (x(=), t) — (>), t)} (4.3) 


t,~ 


| r(t,)+ F (x (t,), lo +) — F (x (t,), t,.) — y(t.) F (y(t), +) 


F (y(t,), tol < r(to)—y(t,)i {1 + c(h(t, +) =u 
Since ||x(r) K 


[F (x (=), 1) — F (y (>), t)) — [F =) — F (y(s), h(t) — h() 


t 
| 
2 
| 
- 


Ta. 
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Lemma 4.1 yields 
lim D |F (x (), t) — F (y(*), t)} < cK (h(t.) — h(t, +)) 
Tre tot =, 
and from (4.3) we obtain the inequality 
| x(t.) — y(t) | u+ cK (h(t) — h(t, +-)) 


Let us assume that the following inequality already holds for some 
integer s. 


fe thir h s—1 
) 
le (hit) h(t, +-))}* 
LA (4.4) 
a From this it follows that 
(a(t), th) — F (y(*), O) — LF (2 — F (*), DNS 
| {c(h (t) — h (to +-))}° 
4+ —h(t, +)) + 
(h(t) — h (te 4-))}" 
+K h(t) — h(t) 
. 3 and by Lemmas 4.1 and 4.2 we have 
‘ 
lim \ D[F (x(t), t)—F (y(t), 
(h(t) — h(t, +)" 
< lim D ¢(h(t) —A(t, +)) 4 te -|4 
(s — 1)! 
2 fe (h(t) h(t. +-))}* 
t+ cA — (h(t) —h (ty +))= 
eth Te hit, + ie } Ts.) - 
2 ) R ¢ + 


From (4.3) it now follows that the inequality (4.4) is valid for 
s + l, Since it holds for s = 1, it is valid for all integers n. Taking 
the limit, we obtain (4.2). 


We call attention to the fact, that one can prove in an analogous way 
that the successive approximations of Picard will converge under our 
assumptions. 
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ON A METHOD OF INVESTIGATING THE STABILITY 
OF A NULL-SOLUTION IN DOUBTFUL CASES 


(OB ODNOM HMETODE ISSLEDOVANITA USTOICHIVOSTI 
NULEVOGO RESHENIIA V SOMNITEL’ NYKH SLUCHATAKH) 
PMM Vol.22, No.1, 1958, pp. 46-49. 

V.1I. ZUBOV 
(Leningrad) 


(Received 29 April 1957) 


A procedure of analyzing the stability of a null-solution 
of a system of n+ k ordinary differential equations, applicable in 
doubtful cases, is considered. 


This procedure consists in the study of the stability of the null- 
solution separately for k and for n equations resulting from the initial 


system. 


Let us consider the system 


(1) 
Yer (j= gees 


We assume that the functions f, and g; are given continuous functions 


in the region |X| < HW, |Y| < HA, t > 9. 
Furthermore we assume 
for 
gj=0 for |X 
Definition 1. A null-solution of the system (1) is called stable 


according to Liapunoy if for any « > % we can find 5 (e) > 0 such that 


for | < 6, | 5 we have € 


Here t.) indicate the set of 


functions «++, «+++ Tepresenting the solution of the 


system (1), subjected to the conditions 
yj for t=t, - d,..., &) 
If a null-solution of the system (1) 1s stable and ¥(¢,X'°) 
“09, v9) as t+ , then such a null-solution is 
called asymptotically stable. If in the first group of equations of 
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dy, 

| a £; nr 


system (1) the quantities x,, ..., x, are replaced by the continuously 
differentiable functions x. tt), .++, %,(t), which are given for t > 0, 
such that |X (t)| <H, then we obtain a system of k differential equa- 


tions of the type 


(t), YR) (3) 


possessing a nul!-solution 


Definition 2. A null-solution of system (3) is called strongly stable, 


if we can find a number H, > 0 such that for every «, > 0 there exists a 


5, > 0 characterized by <e, for 0«< < t and | 
for any continuously differentiable functions x,(t), ..., x(t) given 
for t > 0 and |X| <H,. If, in addition, Y 0 as t—>+ ~ , then the 
null-solution of system (2) will be called strongly asymptotically 


stable. 


Let us introduce a function 


(8, Bass he Yx) 
Definition 3. We shall say that the function W(t,x,, ..., %p, 


Y,, «e+, ¥p) is "strictly negative-definite" with respect to X if it is 


possible to find a function 


r..) X _k) 


such that the function W(t,x,.,..., nr n? badd 


will be negative-definite for any choice of continuous functions 


Bp ) satisfying the condition 


55 Za) wi,..., &) 


For example, the function W=— x* + y sin t will be strictly 


negative-definite. Here it is possible to assume ¢ = “x 
Theorem 1. If: 
>) 


(1) A null-solution of system (2) is strongly stable (strongly 
asymptotically stable), 

(2) there exists a continuously differentiable positive-definite 
function Vt,x,, x,), uniformly continuous with respect to t for 
¥= 0, Vit,X¥)-—*0 as uniformly for t 


(3) the function 
av 
(0, Se, Bas Mas Yk) = g;(t, X,Y) 


is "strictly negative-definite" with respect to X, then the null-solution 
of the system (1) will also be stable (asymptotically stable). 


Proof. According to condition (2),there exists a number h > © and 


such that for ( 
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infV(t, X)=m,(e)>0 (t>0,¢ X|<#H) 


Let us take a certain number « > 0, « > H and choose a positive 
number m < m, 


According to condition 2 of Theorem 1 there exists a number A < « 


such that the function V(t,X) < m for |X| <A, t > 0. 


On the strength of condition (3) there exists a number «, < ¢ such 


that for |Y| < €, we shall have (t,X,Y) < 0 fort > O ce. 


On the strength of condition (1) for a number «, > 0 it is possible 


to find a number 5, > 0, connected with €, by the relation indicated in 
Definition 2. 


let us assume 5 = min (A, 5,) < ¢€. We show that for | X‘°’| < 8, 


<8 inequality (2) is fulfilled. 


Assume that this is not true. Then it is possible to find a number T 
such that 


[X(t,X°, ¥™, T), |X(T, Y™, t,)| = 


4 There follows from Definition 2: 

since the set of the functions Y¥(t,X‘°’,Y can be assumed to be 
8 3 the solution of system (3) in the time interval [¢t_,7], in which 
= functions x;(t,X‘°’,Y¥‘°’,t,) are selected for the function x(t). 

a 7 Let us designate by V(t) the value of the function V(t,X) on the 


integral line under the study. Clearly V(t.) < m but V(T) > m. Function 


a V(t) is continuously differentiable, therefore there exists a number t, 

such that V(t.) mand V(t) > for t t ¢ T. Then [dV / dt ly 
q > 0 for t = t,, when inequality A ¢ ixte Vi?) ee is 


satisfied and consequently [dV / dt ly - < 0. This contradiction 


proves inequality (2), and then there folldws from the Condition (1) and 
Definition 2, 


y(t, X°,¥, for t>t,>0 


Thus, the null-solution of the system (1) is stable. 


If the null-solution of system (3) is asymptotically stable, then 
xo th) > as co 


Let , | > @> 0 for tast,. Then there exists a 
number > t, such that <-a< 0 
for t >r, therefore Vit) < Vir)-o (t-—r) for t which is 
impossible. 


\ 


Hence )—>0 for 


| 
a 
= 
99 | 
4 
q 4 
q 


Theorem 2. If there exists a non-empty set of points B of the (k + 1) 
dimensional space of points (t., y,‘°), ..., yp? ) which possesses the 
properties: 

(1) inf y, =O (s 

B 

(2) For a certain > 0 and any 5 > 0 there can be found a point 
» YE B such that |Y'°’| < 8 and 
does not occur for every t > t. for all possible choices of continuously 
differentiable functions x,(t), ..., x(t), |X(t)| < H, where H, < « 
is a certain positive number, then the null-solution of system (1) is 
stable. 


Proof. Suppose the opposite is true. Then for a number H, according 
to Definition ], a number 4 > 0 can be found such that 


la 


for t > t. for all X¥‘°) and Y‘°’ such that |¥% | 
take a point (t., y,'°/, De B. 


in) ir) 
The functions y,(t, x, & 


considered to be the solution of the system (3) in which x, (t), 
x(t) are replaced by the functions ly,), ..., y ) but then, 
according to condition (2) of the theorem, inequality (3) cannot take 
place for all t > t, 

The obtained contradiction shows that the null-solution of the system 
(1) is unstable. We note a series of special cases of the theorem 
formulated above. 

Theorem 3. If: 

(1) A null-solution of the system (3) is strongly stable (strongly 
asymptotically stable), 

(2) a null-solution of the system 


.,n) (5) 


is uniformly asymptotically stable, 
(3) functions g coer YR) are continuously differ- 
entiable with respect to all their arguments in thei domain 


t>0, |X|<A, |\Y|<H 


(4) functions 


g;(t, X. ¥,)—g;(t, X, 0) 
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YL 0) t_)may be 

dz. 

| 

| 

Oz; 

Ag; (t, X, Y) 
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are bounded with respect to t uniformly in the domain |X| < H, |¥ |< 4H, 
t > 0, then the null-solution of the system (1) also will be stable 
(asymptotically stable). 


Proof. For the satisfaction of conditions (2), (3) and (4) of the 
system (5) there exists a Liapunov function V(t, x 
to verify that the function 


pom 
pr x). It is easy 


W (t; X, 


is in this case strictly negative-definite; therefore in satisfying con- 
ditions (2), (3) and (4), conditions (2) and (3) of Theorem 1 are 
satisfied, which completes the proof of the present theorem. 


Remarks. The conditions (2), (3) and (4) of Theorem 3 can be mad: 


weaker by using the result obtained in reference [2 }. 


Theorem 4. If there exists a certain number ¢ > 0 such that inequality 
is violated for all t>t. > 0, and O is 
sufficiently small for any choice of the continuously differentiable 
functions 


H, t>0, H,>0 


x; (t) 


then the null-solution of the system (1) is unstable. Here, as above, 
¥(t,Y‘°’,t.) denotes the set of functions Veo 


of the system (2) possessing the property Y¥,= Ye for t=t.. 


which represent a solution 


Proof. Consider a domain t > 0, |Y! < «. It is easy to see that this 


domain possesses all properties of domain B, formulated in Theorem 2. 


Then, according to Theorem 2, the null-solution of system (1) is un- 
stable. We note that the first such method of analyzing the problem of 


the stability of a null-solution of the system of differential equations 
in doubtful cases was applied by Liapunov, in reference | 3 }. 


The same method was developed by I.G. Malkin in reference [4] from 
which the method of proof of Theorem (1) is taken. 
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OSCILLATIONS OF A SYSTEM WITH A RELAY OF 
ADVANCING CHARACTERISTICS 


(KOLEBANIIA SISTEMY, 
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SODERZHASHCHET RELE 
KHARAKTERISTIKOTI) 


PMM Vol.22, No.1, 1958, pp.50-66. 


I.B. CHELPANOV 


(Leningrad) 


(Received 15 June 1957) 


The subject of the paper is an investigation of the dynamic properties 
of a system with one degree of freedom, whose behavior is described 
by the differential equation 


d*u , d 


The function F(u) is the characteristics of a relay with a zone of 


non-sensitivity: it is double-valued at some values of the argument 
u. Fig.1 shows this function in idealized form, When u increases 
starting from zero, the relay will be connected at w= a. When u 


begins to decrease after having reached its maximum value Umax? it 
will be disconnected at u= a, if u < b, and at w= 6b, if w>b. 


max 


In the latter case the advancing effect takes place. In the following 


we shall consider the real characteristics (Fig.2) instead of the 


0 


idealized one. Here the fact is taken into account, that the dis- 
connection of the relay will actually occur at the dropping of the 


argument below — < 6b, not at u= a, but at a somewhat smaller 
value U= a(l - 5.). Analogously, if u starts increasing after having 
reached the minimum value wu, > a, the relay becomes connected at 


u= 6+ @,, and not at w= b, 
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pending upon the 


properties of the system without a relay, the 


latter may play different roles: (1) If the system by itself is un- 


stable (L <0or M 0), then the relay may secure the stability of 


motion at initial deviations, not exceeding definite limits: (2) If 


the system by itself is stable, the relay may considerably improve 


its dynamic properties. 


The 


problem in Section 


first 


problem is discussed in the Sections 2 to 6, the second 


Transformation formulas 


In the f vine we ¢ ner ley Iinstea ! of the or iginal equat ion (f). ] } 


more 


gener 


F (u) = 0 (1.1) 


assume that the functions g and f are subjected to restricting con- 


ditions of a very genera! character only, namely: 


l. The 


functions g and f are bounded in any bounded domain: 

2. The function f is odd, i.e. fl—w) — flu) 

3. The function g ts even with respect to u and odd with respect to 
du/dt. 


The assumptions 2 and 3 are not fundamental: thev are beine used only 


for the purpose of simplifying the subsequent derivations. 


Fig. 3. Fig. 4. 


We shall consider the passage of a representive point in the phase 


plane from a starting position on the u-axis to its final position on 


the same axis. Depending on the functions g and f and on the initial 


conditions, the consecutive points of intersection of the phase curve 


with the u-axis can be separated either by a single relay reaction 


(connection only or disconnection only), or by a double reaction(dis- 


connection followed by connection). Changes of position, which correspond 


to single relay reactions, will be considered in pairs, in order to 


obtain combinations consisting of disconnection and connection. Since 


the functions g and f are assumed to be even, it is permissible to dis- 


regard the question, whether the transformation starts from the positive 


or the negative semi-axis. There are altogether five transformation 
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aft-G) 


ni-axi 


conne 


| | | | 
| | 
possibiliti 
7. l. Transformation ba from one semi-axis to the other. The + o 3 
iti semi-axt ) elf. The relay i 
connected at u and connected at u a (Fig.4 
f 
me oe . Transformation aa from one semis to the oth: r. The relay i 
disconnected at u ) and emmmrcted at u (Fig. 5); 
41. Transformation a.a. to 
itt e same semi-ax iT relay 1 itsconnected 
at u r(] and mnected at u 2 (Fig. 
9. Transformation bb to the same semi-axi: 
at u ind connected at u (Fig. 7 
The al ute values of the ordinates rf nsecutive point the 
intersection of the nhace tr ct tr 
Boyd ne phase trajectory with the u-axis will be denoted by 
r irtiv the nature of the retatior etweet ny two 
values as 1. ., we formally interrate the equation (1.1), 
to the desire! formula 
4 
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= \ 


assume that 1, corresponds to a point on the 


u-axis. Then, if the transformation ha takes 


sumes the following values: 


There fore 


fe 


hitb 


ansformation h.a. » integral has the same value. 


rans format 


(un) du hat. + h(Aja, A;) 


(un) du has, 


obtain three fr rmulas. 


transformation ba or b,a, 


‘ 


 (A;4,)] — [h 1, +. 1;)] 


transformation aa or a,a, 


— + = had, 


— 
70 
(i+) 
/ ‘ 
1.2) 
j (n) 0 for } 3) V 
190 
pa 4 
+1 
\ / (7) au = a) fins 1;) 
For the ¢r 
orth 
(i+] 
a For the transformations aa and a,a, 
> i+! 
2 Thus ve 
= 
giu, d 4 
(1-4) 
For the 
(Ay \ glu du (1.5) 
al 
: (t) 
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For the transformation bb 


Analogously it is possible to link the v: 
ted by k transformations of any kind in anv 


resulting relation has the form 


where Ls a constant, depending on the number 


each type, while 


All formulas give only formal relations between the 


the path of integration in the phase plane is not known. 
2. Stability of motion. 
We will show that upon the choice of a suf fic tently 
the parameter h of the relay characteristic we 


ing general picture for the motion of a point in 


Fig. 


(1) If the representative point was originally he domain G, ef 
will be located in the domain A after further mo 
(2) If the representative point was originally in the domain A,it will 


not move beyond the limits of the domain BR. 


A domain D of divergent motions may or may not exist depending on the 


properties of the functions g and f. Py suita choice of the para- 


meters of the relay characteristics, the boundar » domains C and D 


--lay of rdvancineg haracteristics « 
| 
| 
= ue of { an { Ssepara- 
| 
a order, wit h each oft her The 
a | 
| 
| 
trans format Lor yf 
(i+1 line 
du \ giu, )du du (48 
aq 
A-values, since 
ain the fol low- 
| 
! 
| 
4 
As 
u 
| 
q 
q 
as 
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) exists) can | 


(if the domain / e removed from the origin of the system of 


coordinates as far as desired, and the boundary of the domains B and C 


can be moved toward the origin of the coordinate system. 


Let us prescribe the following conditions for h: 


l. The function [hd + (4) |] shall be positive and non-decreasing 


when d 


u \, where VN corresponds to the boundary of the domains D 


and C (it can be prescribed arbitrarily), while d is the minimum value 


of A, correspt nding to the transformation ha, The meanine of the con- 


dition is that the relay shall compensate for the static instability of 


the system in the given domain, if such an instability exists. 


Denote by g the maximum value of the function g in the domain, 
hen the value A < N 


undergoes a transformation. We require that hfh — a) 2 Ne. The mean- 


bevond whose limit the point 1s known not te move, w 


ing of this inequality is that the relay shall produce a sufficient 


idvancing" effect in order to compensate for the tendency of the non- 


conservative force (1f tt 1s non-dissipative) to intensify the oscilla- 


tions. 


If the system is by itself statically 


stable, then the first con- 


dition is satisfied by any positive h. The second condition is automati- 


cally fulfilled, if the force g is dissipative, 1.e. when g (along 


the part du/dt 1 of the phase trajectory considered) In the cenera! 


case both conditions can be fulfilled by assuming a sufficiently large 
for h. 


V alue 


Suppose an inittal value A, satisfies the condition d < A, VY. Then 


{. 1s obtained by transformation ba. The magnitude of A, is determined 


by formula (1.4). Since 


\du > 2Ng, 


we shal | have 


+ D(A,)] — [hA, + <0 


In consequence of the fact that [hA + ) (A) 1] is a non-decreasing 


function, we immediately conclude that A 4.. If A. is situated with- 


in the same limits as A i.e. 1f d { V, then we analorously can 


+? 


derive that A. 1,, and so forth. As a result we shall have a sequence 


he amp litudes will 


of values Rai eee 1, such that A { nes 1). 7 


decrease until the condition for the transformation ha becomes violated. 


This proves the first statement: the point moves from the domain C into 


the domain A. Note that stability "in the large" may not exist [occur |. 


The series of transformations ba is followed by one of the trans- 


) 
2 
u, 
3 
x 
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formations b,a,, aa,, a,a,, or bb. These transformations may lead, 


depending on the properties of the functions g and f, to 1), , 1), as 


well as to Ar, A}. In the latter case, after one or several trans- 


formations of such type, the point enters the zone B, which unifies 


states, obtained by the transformations aa, a,a, and bh, to be followed 


by the transformation ba. The latter returns the point, with the next 


oscillation, into the zone A. In this manner a point, originally located 


in the zone C, undergoes several times the transformation ha before 


arriving at the zone A; then it goes through combinations of various 


transformations, which do not lead it beyond the limits of the zone R. 


3. Stability of limit cycles 


We restrict the class of functions g under consideration, by imposing 


upon them the following conditions: 


(1) The product gdu/dt does not change its sign anywhere in the 


entire zone A; in other words, the force g is either dissipative or non- 


dissipat 


(2) The absolute maenitude of g 1s a non-decreasing function of du/dt 


at any u, in other words 


S| | wh =) < (8.4) 


We shall prove now the fundamental theorem: if there are limit cycles 


in the system, all of them are stable if g(u,du/dt)(du/dt)> 0 and they 
are all unstable if glu,du/dt)(du/dt) < 9, 

For the special case of a linear equation and of basically compatible 
relay characteristics, the particular feature of such systems - - the 


possibility of the existence of several stable limiting cycles in the 


absence of any unstable ones - - was stated in a paper by A.S. Alekseev 


[1]. He has also shown that depending on the relati mship between the 


parameters, the system may contain complex limit cycles. It is natural 


to expect the existence of such limit cycles in the general case as 


well, We are going to examine their stability independently of their 


omplexity. 


We refer to our formula (1.7), expressing the relationship between 


the values 1, and 1, p, separated from each other Ly any sequence of k 


The total differential of (1.7) is 


transformations. 


[h 


from which 


d fh + +a¥ 
LA f(A 


»? 


a 
14 
4 
4 
aA 
q aA i 
| 
4 


Assume that sequence A 1, be lones to a limit cycle, 


which closes at » kth, ose illation, so that A, = 1, be It is known 


that the stal ilityv of the cycle is letermined by the derivative 
vith A. , substituted into its right-hand side. This substitu- 


lea I> to 


The stability of the cycle depends on the sign of the derivative 
i “A. Differentiating with respect to F the first term in the 
expression for the function WY we find 


ad 


aA, 


du (3.4 


ful 
lu 


of the three terms just obtained have the same sten identical with 
of g on the portion of the phase trajectory considered. Indeed, the 
phase trajectories, starting from two points at infinitesimal distance 
from each other, cannot intersect each other: therefore dA «. dA , (), 
The phase trajectory starting from the point dA, foes upward. There- 


fore, taking into account that g is a non-decreasine function of du/dt, 


we find that the integral within the same limits along that path is 
absolutely larger, so that 


dg 
du —= Son 
dA 
(i) 
The Same consl lerat apply to the remaining integrals appear ing 
in the expression for '¥. Thus we finally have 


The result 1s instability of the limit ie ase an! 


its stability in the second case 


same 


The general picture of motion, derived in Section 2, remains the 
both cases: there is a region C, from which the phase trajectories 
into the region A, nearer to the origin of the system of coordinates. 
second case, when there m: be stable limit cycles in the system, 
not difficult te orm 1 idea about the further motion of the 
After having entered the region A, the phase curve travels around 
one of the limit cycles or approaches the origin of the system of 


coordinates, The motion becomes much more complicated, if there cannot 
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dA, h + £(A,) (3.3) 
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dA 
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be any stable limit cycles. After having entered the zone A, the phase 
trajectory does not cross the limits of the zone B, it does not approach 
any limit cycle (since there cannot be any stable limit cycles), nor 


does it travel around the origin of the system of coordinates (since the 


rigin of the system of coordinates is unstable, because gdu/dt 0). It 
is, therefore, natural to imagine that the phase trajectory, if continued 
indefinitely, fills out some region. To describe such a motion for 
extended periods of time it appears proper to use some ideas of the 


theory of probability. 


1. Representation of the motion by means of probability 
density 


We introduce into our considerations a function p(A ), the probability 
density, such that the element of probability dW(A) of the intersection 
of the phase trajectory with the u-axis in the interval {(A,A + da) is 


expressed by the formula 


dW (A) = p(A)dA (4.1) 


In the following we shall consider the motion only in the zones A and 
B, the duration of which can be unlimited, as shown above. Therefore the 


function p{A) just introduced has the property 


\P(A)dA = (4.2) 
z 
where @ is the inner boundary of the domain A, while @ is the outer 
boundary of the domain B. 


Assume the probability density p,(A) to be given in the interval 
(a,8); it is required to determine the probability density p,(A,) after 
transformation, if the transformation function A. = ¢ (A.) is known. To 
simplify the problem, we first consider the case when the function just 
mentioned produces a single-valued transformation of the interval (a, ) 
of the values of A. into the same interval of the values of A, and vice 
versa, so that only one value of A corresponds to one value of A.. and 
vice versa. Besides, we assume that &’ 4 0 and &’ 4 « in the entire 
interval. After transformation the value A. is changed to A. and the 
value A, + dA, to A, + dA,. Since the transformation is single valued in 
both directions, the elements of probability are equal in the intervals 


c onsidered, so that 
(Ay) dA, = po (Ag) dA, 


Thus we have for this simplest case the following formula for the 


transformation of probability density 


9(A,)=A, 
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(As) = 7, (A) =p, (4) 
Pi ( TA, Pi ( (4.3) 


I.B. Chelpanor 


This result can be generalized to include the case of transformations, 
which are not single valued in both directions. Assume that for various 


parts of the basic interval we have the following transformation 
formulas: 


when x < A, < 
(A) when A,< (4.4) 


—_ 


A, = (A;) when &n—; A;- 


We furthermore assume that the basic interval is subdivided in such a 


manner that for each separate transformation the mutual correspondence 


remains single valued. The superposition of the transformations violates, 


however, in the general case, the single-valued correspondence in the 


reversed lirect 1on ic. 9), some part e lea wn y” ) 


the transformation takes place several times from various portions of 
the original interval. On other parts (e.g. @’,a” ) there will be. on 
the contrary, no transformations from anv part ‘of the original interval. 
It is obvious that on all portions of the original interval of the 
values of A the probability densities from separate elemental trans- 


formations wil] add up. 


Pig. 9. 


This leads to the following generalization of the formula (4.3): 


Po (As) Pr (Ay) %(A,) = A, 


(A) 


The summation exten 1 on ear 7 part of the interval (a.A). over such 


values of 1, which correspond to transformation functions on the part 


As stated already above, there are five functions for the equation of 


the second orde1 each of which carries out a single valued t anstorma- 
f I 


tion ‘ba,6,a,,aa,a,a,,b6) in both directions. Therefore, the transforma- 


tion problem can become quite complicated in the general case. 


5. Stationary probability density 


In the general case, when the function Pp, 1s given arbitrarily, the 


function p, arising after transformation, will differ from the origina] 


Lion, Tr the fol lowing we ons. leo the mestin ow tn fy vl such 
f I n, ich a 
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probability density, that it remains unchanged after transformation by 
formulas (4.5), that is P, p, = p.. It is obvious that such a function 
will remain unchanged after any number of trans{ rmations, since the 
transformation formulas are always the same. Therefore we shal] cal] D 
stationary probability density. We assume that the stationary pro- 
bability density is finite at every point of the interval, that it exist 


and that it is unique. 


For a practical determination of the function + , the method of 
successive approximations can be used. To this end we start from ar 
arbitrary function p,, satisfying the integra] ndition (4.2), and we 
subject it to multiple transformation by formulas (4.5), continuing the 
process until the approximations start to coincide with each other with- 
in a prescribed degree of accuracy. The question of the convergence of 


the process is not to be examined here. 


Let us study some properties of the function p_ which become evident 
in the course of application of the method of successive approximations. 
For the purpose of simplifying the sul sequent discussion we exclude from 


consideration statically unstable systems. Then the five elementary 
functions of transformation reduce to onlv two: <4 , corresponding to the 


transformation ba, and o., corresponding to the transformation ac. 


Depending upon the properties of the transformation functions, we can 


obtain three fundamentally different types of transformation: 


l. The transformation of the first type produces single-valued 


correspondence in both directions in the entire interval] (Fig. } 


2. The transformation of the second type produces single-val ued 
correspondence in both directions in the entire interval 4 4 RB and 
in a part of the interval 4 1,<f (fora 1 RB’ and for 
¥° { fi). There are no transformations on the part f° 4. g 


(Fig. 11): 
3. The transformation of the third type is not single-valued: on 


parts {aa’) and (i) a single-valued transformation in both directions 
takes ce, but on part ) the transformati ns are superposed, 


(Fig. 12) 


a a 7 

> 


The transformation of the first type occupies a limting position 


between the transformations of the second and the third types. 


lie 
4 
a 
1 
ig. 10, 
4 
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It 1s possible to establish a relation bet ween the type of trans- 
formation and the stability conditions of the limit cycles, obtained in 
Section 3. We are going to show that gdu/dt ) necessitates trans- 


fy 


formations I ie second type, while pdau/dt leads to those of the 


third type, an to those of the first type. 


mence of two transformations of 
{the point A, 

transformations aa 

will have a sequence trans- 


f 


sequence of transformations 


y — 0 embraces the 
virtue of the same consider- 


proof of the stability of the limit 


Section 
[>| 
correspond to the transformations of the points y — 0 


respectively. 


The constant R in formula (1.7) does not depend on the sequence of 
the elemental transformations and has, therefore, the same value in both 
cases. Taking into account that [h4 + f(A)] is a non-decreasing function 
of A, we find 

B’ when g > a’ = when g==0, when 
at dt 

In other words, if only stable limit cycles are possible, then the 
transformation of the second type takes place, if only unstable ones are 
possible, we will have transformations of the third type; in the limiting 
case we have transformations of the first type. Let us consider the 
course of the process of successive approximations for each type of 
trans formations. 

Starting with the transformation of the second type, we assume that 
in the interval (@,f8) the function p, is arbitrarily given to be finite 


and never vanishing. After the first transformation there will appear a 


portion (f’a’), along which the function p, of the second approximation 
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| \ 

D 

0 
Pig. 12 Fig. 13. 

¥ Let us apy ly formula (1.7) to a se 

te the values A, y — 9 and A, y + 0 Lons 

gz of value A, , which are to undergo th 

e: respectively). For the point y — © we 

formations (aa ba), for the pointy + 

¥ (ba 1a). The phase trajectory of the point 

traivectory of the point U, (Fig. 13). Py 

cycles in 

andy +), 
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will be zero. With each new transformation the specific weight of the 
portions, where the function of the ith approximation equals zero, will 


rise. It is possible to imagine that in the limit after an unrestric- 


tedly large number of transformations, we will obtain a system of 5 


functions: this corresponds to one or several stable limit cvcles Of 


course, the procedures indicated are not appl 1 mie for pract.u al 


letermination of stable limit cycles; they are given here in order to 


establish a general point of view for al] types of transformation. 


Apparent ly the process of successive approximation tor transtorma- 


tions of the third type will not lead to a svster f S5-functior this 


corresponds to the fact of absence of stable Lin 


it cycles in the system. 


Tn the case of trans format ions of the first type there is no nee! for 


the method of successive ipproximations for determination of the 


Stationary probability density. It can be obtained from the fol lowing 


considerations. 


For the transformation of the first type we have Ve= 0, Therefore 


equation (3.2) assumes the form 


f (Aj) 
1A, } 


This formula is equally valid for the transformation ba and for the 
transformation aa. Thus we have the following single formula for the 
transformation of the probability density 


h (Ay) 


P2(A,) Px (Aj); 


(5.1) 


This relationship determines the transformation, single-valued in both 
directions, of the function p, from the interval (4.8) to the same 


interval. Consequently, having transformed by means of this formula the 
funct ion 


(A) = th + f(A)] 


where T is a constant, we obtain as a result the same function p*tA). 


This means that p*(A) represents the desired function p.‘A) multiplied 


by some constant factor. This constant factor is to he chosen in such a 
way as to fulfil the fundamental integral condition (4.2). 


Ultimately we obtain the following formula for the stationary 
probability density 


Po (A) = (h + 


\ 


-1 
\ + f(A)} dA) 


q a 
a 
9.2 
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The results of examination of the first type of transformation, 
corresponding to complete absence of a non-conservative force, may be, 


apparently used for an approximate description of the motion in the case 


of a transformation of the third type, provided the absolute magnitude 


of the function g is small enough. 


Thus, in the case of the transformation of the second type, the 


motion 1s described by means of limit cycles, and in the case of trans- 


formations of the first and third types by means of stationary 


probability density. A well-known analogy can be used for the behavior 


of the system when it has stable limit cycles and when it has none. In 
the first case the motion, having started under arbitrary initial con- 
ditions, tends in the course of time to assume a stationary state inde- 
pendent of the initial conditions. In the second case the motion ap- 
proaches again a stationary state, independent of the initial conditions 
for of the distribution of probability over the initial conditions). In 
the first case, however, the stationary state represents a fully defined 
periodical motion, fixed precisely in the phase plane, and in the second 


the motion is non-periodical, with varying non-repeating amplitudes; the 


latter state is described by stationary probability density. 


Apparently, if it is sufficient to have averaged characteristics of 
motion for large values of time, the description of the behavior of the 


system under consideration by means of probability density is by no 


means inferior to that by means of cycle parameters for systems with 


stable limit cycles. If we know the stationary probability density, we 


have the means of calculating the average "period", the average value of 


the amplitude, etc. We note that limiting values of some quantities 


(minimum period, maximum amplitude) can be obtained simply from inspec- 


tion of motion in the phase plane without searching for the stationary 


probability density. 


6. Linear equation (absence of stable cycles) 


Returning to the original linear equation (0.1), we change the vari- 


ables as follows: 


u 


e=tVar, 


a 


This gives 


t+ Fo =0 (6.1) 


where the function F_(u°) has the shape shown in Fig. 14. There are five 


independent parameters in the equation, namely ¢,r,k,d,,4,. 


In the present section we will consider the cases « < 9, which 


correspond to absence of stable limit cycles. 


Let us start with the simplest case « = 0. Under this condition, the 


ele. 
4 
RO 
dt 
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boundary of the domains C and D moves toward infinity and the system is 
stable "in the large". According to Section 5 the 


condition « = 0 leads 


to transformations of the first type. Formula (5.3) for the stationary 
probability density becomes 
i+rA 
pA) = (1+ rA) dA)? (6.2) 


The integration limits are to be established by inspection of the 


motion in the phase plane (Fig.15). The equations of the portions of the 
phase trajectories are of the form 


= C, on parts where F, (u°) = 0 


v?+ =C, on parts where F,(u°) = 1 sgnu 

After "sewing up" the portions of the phase trajectories along the 
straight lines u°= -(1—-— 8.) and u l for the 
along the straight lines u’= — k and u l for 
obtain 


transformation aa and 


the transformation ba we 


transformation ba) 
(transformation aa) (6.3) 


Using these formulas for the transformation of the quantity A,=k + 4 
» obtain the values of @ and 


(hk +b. 4 


(6.4) 


With the values of @ and f thus calculated,the mean amplitude becomes 


| | | | 
| 2 ° -§, | 
| 
4 Fig. 14, Pig. 15. 
10¢ 4 
1 2 
A, = (A, +—) ——(k—1)— 
ty ‘ r r 
J | i\? 2> 
iy 2 
4 
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1/, (93 — 
A = = - ) ( ~@ ) 5 
0 Ip, ( 1)dA (3 — a) + jar (3 — 2°) (6.5) 


Figs. 16 and 17 show the mean amplitude A 


as a function of k for 
5, 1.0 and 6, 9.5 and 


for various values of r. 
the maximum and minimum values of A(A 


When 1 0, the values of A in the 
ability and formula (6.5) 


The same figures give 
a and A =f). 


region (@,) are of equal prob- 
} ecomes 


Fig. 


The magnitude of the "half-period" as a function of the magnitude of 
the initial amplitude A 


, for r = 0 is expressed by the following 
formulas: 


for the transformation ha 


for the transformation aa 


— Z 5, 
7 = 2 2(A,- 1 + 4,) = - 


The mean hal f-pertod T. can be calculated from the formula 


R2 

2 

4 Ay = + 8) 

7 - - r=@ T 

2 4 4 

4 

4 

~ 

a 

7 —— 

2 J 4 A J 4 A 

7 = 2} 2(A, — k) — (6.6) 

2(A,—k 
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8 
\T (Aaa (6.8) 


a 


T. as a function of k for 5, 1.0 and 8, = 0.5 is shown in Fig. 18. 


Fig. 18, 


We turn now to a study of the characteristics of the motion when 
€ 0. The relation between A. and A,, to be obtained, as in (6.3), by 
means of the method of "sewing up" the solutiaqns, is not derived in 
explicit form. We confine ourselves to the case r = 0. In this case the 
equations, which determine A, in terms of A,, have the following form: 


for the transformation aa 


e* (A, — (1 —4,)] = +1n (1 
e* — 1] = ev, — In (1 + 2v,) (6.9) 


— = (2 — 
for the transformation ha 


— — k] = ev, + In (1 — 
— 1] = ev, — In (1 — ev,) (6.10) 
—v,=2(k + 1) 


The expression for the derivative for both transformations can be 
written in the form 


dAs v (1 — 


dA, (1+ 
Practically, the computation of A, in terms of A, is carried out in 
the following order: starting from a chosen value of v,, we determine v,, 


and then we find A, and A, 


In a study of the motion, the question concerning the boundary of the 
stability domain arises first. To determine that boundary it is necessary 
to find the periodical solution (A, = A,) of the system of equations 


(6.10) corresponding to the transformation ba, in other words to find the 


a 
OL. @ 4 
2 3 & 
— 
: 
4 
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amplitude of the largest unstable limiting cycle A+. The function As 
of « 1s shown in Fig.19 for various values of k. 


ymputation of the stationary probability density by means of the 
successive approximations represents in practice a very 
process. The formulas become too complicated already at the 
approximation, if the computations are carried out in genera! 
e convenient to proceed numerically using graphical con- 
A further complication is caused by the fact that it 
leal with discontinuous functions, and the number of 
les increases with each further approximation. In some cases, 
when great precision is not required, some ways of simplifica- 


be indicated. 


Thus, for instance, when r = 0 in the formula (4.5) for recomputation 


yvability, 


the coefficients of p,(A,) do not depend strongly on A. 
wide interval of variability of A 


_, Therefore these coefficients can 

nsidered as approximately constant, havine different values for the 
insformations aa and ba. If we take a constant as a starting approxima- 
then all further transformations reduce to a consecutive super- 


discontinuous fun ons. The computation consists in the 


A4 

— 

| 

40 
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7 

J 

2 
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Fig. 19. 
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determination of the points, where discontinuities appear, and in the 
determination of the magnitude of the discontinuities themselves. 


As an example we give here the results of computation of the station- 
ary probability density for the following values of the parameters 
(PFigs.20,21): 


1) k = 1.9, = —().1, 8, = 0.1, 
2) k = 2.9, = — 0.01, 8; 
The graphs show broken lines corresponding to the zero, the first, 


the next to the last and the last approximations. As is evident from the 


examples, the first approximation represents the course of the curve of 


10 


Stationary probability density, already in fundamental agreement with 

the general character of the curve, although there are, in certain spots, 
still considerable differences between the first and the last approxima- 
tions, 


In view of scarcity of calculated material, it is impossible to state 


conclusions concerning the necessary number of approximations, It is 


a 
22 | | 
/3) 
| (7) 
1255 20 25 A 
4 Fig. 20. 
| 
i: rT 7 
1/15) 
(4) 
025 
me 
| 
2 
rigs 
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merely possible to state that in some cases that number can be quite 


large. Referring to Fig.20, we see that the seventh and the eighth 


approximations differ still notably from each other. In actual problems, 


however, the exact knowledge of the curve of the stationary probability 


density will not be necessary, since the ultimate result of the computa- 


tion will consist of average values of quantities, and these values will] 


not be influenced strongly by fine variations of the shape of the curve. 


Thus for the two given examples 


the mean values of the amplitudes A, 


mnuted fram tho firet appr ximation are > 01 4 14 
I Lit I ion, i! 


respectively while the last approximation leads to A 2. 03 


It appears desirable to find ways of obtaining a rough approximation 
for the curve of stationary density of probability with a minimum amount 


of labor. This proves to be possible at least for such values of « and 


as compared with k, 


Let us investigate the procedure of transformation for small values 


of and somewh af more nm let (Fie. ) >). The zone fy whose 


points are to wn lergo the tr ans formation ha represents a smal | part of 


the total interval (4,8); it is the smaller, the smaller « and 4. are. 


Therefore, the portion, which at the second transformation becomes the 


portion A’y (this portion does not contain any transformation from 


portion (yf?) ) represent < the larger part of the entire interval. Assume 


that the point @” transforms consecutively into the values 
(k 


so that @‘*) y. but Af*-! y. The stationary probability density 


must satisfy the following condition: 


ar 


\ (A) dA ( po (A) dA 


4 


( p,(A)dA AW (6.11) 


The validity of this chain of equalities follows from the fact of single 


valued reciprocal correspondence for the transformation of the intervals. 
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0 6 
Pig. 23. 
The magnitude of the total probability for each interval is unknown; it 
is, however, possible to estimate it. The fundamental! integra! property 
(4.2) of the stationary probability density can be written, in the case 
considered, in the form 


(k—1) AW +W,+W,=—1 (6.12) 


where W and W, are the total probabilities for the intervals (a,A’) 


and (alt B), respect ively. 


(k)) 


Since a part of the portion (pf*-1 2 was transformed on the 


portion (8‘*) 8) at the preceding transformation, we must have 


0<W,< AW (6.13) 


It remains to estimate the magnitude of W.. We find the value of f°’, 
which gives 
and so forth, until we get fF that but +1 


which after transformation as gives A’, then of & 


We have then obviously 


AW <W,< (i+ 1) AW 


Substituting (6.13)and (4.14) into (6.12), we obtain an estimated value 
for AW: 


If k is large and i is small, then the value of AW can be determined 
with practically sufficient accuracy. Knowing \W we can obtain an 
approximation for the function p., say, in the form of a discontinuous 
curve, the discontinuities in the points A’, A”, ..., A°*) being 
determined from the conditions (4.11), or in the form of a continuous 
curve. The total probabilities W, and W, on the limiting portions remain 
undetermined in this method of calculation. 


7. Linear equation (possibility of stable cycles) 


We consider again the equation (6.1), in which we now assume « > 0. 


a ae 06 
(6.14) 
Aw 
q ae 
1 
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In this case the system may have stable limit cycles, as can be concluded 
from Section 4. A more detailed study shows that the system has either 

no cycles at all, or it has one stable cycle. Fig.23 shows, in a 5.¢ 
system of coordinates. the region P of no auto-oscillations, the region 
Q of simple limit cycles and the region R of complex limit cycles for 

the case r 0 and k 2. It is important to note that the system is 
always stable "in the large" and that for an arbitrary relation between 


the parameters, the amplitude of the limit cycle does not exceed the 


value k + 2 8. 

If the system has no limit cycles, then it is necessary to distinguish 
between the effects of the relay at small and at large deviations. At 
smal] deviations the presence of a non-vanishing 5. leads to a decrease 
of damping. At deviations in excess of k, when the "advancing" effect of 


the relay is being utilized, the damping rises sharply. Fig.24 shows the 


relationship of the ratio of two consecutive amplitudes for a system 

with r = 0 for various values of 5 in terms of the initial amplitude A, 
at r = 0. The broken lines in the domains A, > k show the ratio of the 
amplitudes for the case of a relay of usual characteristics. The curves 
show that the damping effects of the relay with advancing characteristics 
become most pronounced at initial deviations somewhat exceeding the 

value k + 5,. 
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this paper deformational anisotropy is meant to be that anisotropy 
levelops in a body as a result of its elastic deformation, Con- 
sidered is the problem of the state of stress in a body subjected, 
from a "natural" state, to two consecutive elastic deformations, It 
is shown, that if the first deformation is homogeneous and different 
f a hydrostatic tension or compression, then with the application 
second deformation the body deforms in general as an orthotropic 
yne; the principal directions of elasticity coincide with the 
principal axes of the homogeneous deformation, and the elastic con- 
stants of this body can be expressed in terms of the elastic 
onstants of the original isotropic body and its principal elonga- 
tions in first deformation. Thus, in solving this problem, the 
bility is opened to use the theory of elasticity of anisotropic 
bodies. As applications, torsion of an elongated bar and bending « 


an extended and sheared plate are considered, 


|. Netation 


Before and after its deformation, the body is referred to three fixed 


and mutually perpendicular axes 1,2 and 3. The coordinates of any point 


of the body before the first deformation fin the "natural" state) are 


designated by t (here, and in what follows, t = 1,2,3). The coordinates 


of this point after the first deformation (in the "initial" state, since 
this 1s what it 1s for the second deformation) are designated by Yi. The 
first deformation is characterized by displacements u;, such that y; 

x, + u; (Fig.1). The components of the first deformation are determined 


Ly formulas [1,2]. 
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Ou Ou, Ou 
i 


Or Or or, 


The second deformation is characterized by displacements of points 
of the body after the first deformation. The components of the second 


deformation are determined by formulas 


(1.2) 


The total deformation, as a result of the first and second de forma- 


tions, is Piven by lisplacements F us + v; of points of a body from 


their position in the natural state. The components of the total 


leformation are defined by formulas 


Ow 


mis 


(i,k, (1.3) 


Or, OX 


The components of stress after two deformations are Oi; Oj; +05” 


Here o.-” indicate the stresses corres nding to displacements u 


. 


These are called "initial" stresses, since this is what they are for the 


second deformation; o indicate stresses corresponding to displace- 


i 
ments v;. These shal] he called "secondary" stresses 


2. First deformation 


The first deformation is assumed to be homoreneous and pure. Generally 


in this case, the displacements of a point of the body will be u, = a,x,, 


4 


u. Mx , 1f the axes of coordinates 1,2,3 (see Section 1) 


are directed parallel with the principal! axes of deformation. The 


coefficients ts du; Ox; are the principal elongations. The coordinates 


of the point after deformation and the principal! components of strain 


will be, respectively 


1) 


e, = 2a, + Cy = 2a, + 2a, + 


The retention of quadratic terms, in the last expressions above, in- 


dicates that the first deformation is not asumed to be small, as in the 


linear theory of elasticity; thus, on the basis of certain considera- 


tions, it is necessary to take second-order effects into account in this 


de formation. 


The invariants of strain are given by 


Se +e," re," 2? 3 ) (2.2) 


r= 1, 3) (1.1) 
| 
22 
195 
Ou’, Cu, 


derived from expressions 


+ + + + 2ey,? + 
€33° + Sey) + + Se + C23") + 


(¢ 31° C23") + 6: 23°316 


components of strain with different subscripts are set 
and te « 
and S denoted by e.-. 
note 
linear theory of elasticity, the principal stresses and the 
potential (density of the potential strain energy ®, referred 
volume before deformation) are related by 


oe, O14; 
9) 


and the strain invariants are given by (2.2 


the components of strain (2.1) are taken without quadratic terms. 


Retaining these quadratic terms, we shall determine the principal! 
stresses corresponding to displacements u, @;x;, 1.e. initial stresses 
‘see Section |); the stresses o; will be taken per unit area of the de- 
formed body, | the formulas 


+e. (A9 + 2u)(1 a. — ae) 
(1 34 (Af + Qua.) (1 Rs 


with an accuracy including squares of the principal elongations. In 


contrast to (2.4), the relationship between the principal stresses and 


the elastic potential ®,, taken per unit volume of the body before its 


deformation, is expressed in the non-linear theory of elasticity by 
formulas [ 1 | 


(2.6) 


Dy, ,¥5,¥,) / Dlx,,x,,x,) is the ratio of the volume elements 


body before and after its deformation, and y; is riven in the 
case considered by formulas (2.1). Comparing (2.6) and (2.4), and ob- 


serving that, because of (2.1). 0 on, 2(1 4 Li) 0 de, we find 


Aan, dm, 


AD + dag 


ow, 
Quo, 
O14) 
Integrating equations (2.7), we obtain an expression for the elastic 


potential of the first deformation in terms of the principal elongations: 


To find an expression for this potential in terms of invariants of 
the first deformation, we expand the expression 1 


99 

‘ B.A. Berg 
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‘1 C11 + + C33, (2.3) 

in whick 

Thy 

a 

= + P= J; 4 = (2.4) 7 

so = (44 

(2.7) 
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obtained from (2.1), into a series of powers of e;, converging for 


e 


l 


Taking only the first two terms of this series. i.e. setting 


and substituting this expression into (2.§ 


j Js — (2.10) 


®, = 


Here the strain invariants are taken from (2.2). and the principal 
components of strain from (2.1). Because of the condition e. Ll, it 
follows from (2.9), that the elastic potential (2.10) and the formulas 


(2.5) corresponding to it are applical le to such le formations of I )- 


tropic bodies, for which the principal elongations @ 0.375. 


The elastic potential (2.10) may be compared with the one of the 


"five-constant" theory developed by Murnaghan [3.4 


(A + 2) e, — 2ue,, + le, (2.44) 


Here |, m, n are the new (in addition to A, mw) elastic constants, 


which should be determined from experiments or theoretical considerations. 


The elastic potential (2.11) is written in terms of Eulerian variables, 


i.e. the coordinates y of the points of the body after its deformation 


are taken as independent variables, in contrast to formulas (1.1). The 


invariants of strain fr € ‘ mn are also taken in a form different 
from the one adopted by us in (2.3). It can be shown that if written in 


terms of Lagrangian variables (the independent variables are the co- 


ordinates a of the points of the body before its deformation) and in 


terms of invariants given by (2.3), the elastic potential (2.11) will be: 


8 16 48 24 2/ 


me 
& 2 A 


Comparing this expression with (2.10), we find 


3u, om —(3A+9u), vn du (2.13) 


Consequently, with such values of the elastic constants, the elastic 


potential of the five-constant theory coincides with ours. It is of 


interest to note that N.V. Zvolinskii and P.M. Riz /5 | basing their work 


on different considerations, give values of the elastic constants in the 


five-constant theory which coincide with (2.13). 


3. Application of deformation 


Assume that the first elastic deformation is followed by a second, 


also elastic one. Designating, as in Section 1, by fp, and Bik the com- 


ponents of the second and total strain, we find the following components 


from (1.3), taking into account (1.1), (1.2) and (2.1) 


‘at 93 
a: = — 6; — (2.4) 
) 
n \ fl m n n 


(1 + (1 + a) Sa (3.1) 


Substituting into (2.10) in place of the invariants of the first de- 
formation the invariants of the total deformation, obtained from (2.3) 
by the exchange of Cip tO Bip» and dividing the result by (1 + t,? 
(14 a.) (14 @,), we arrive at the elastic potential of the total de- 


formation referred to the initial state 


The invariants >» first det are denoted 


2 


NN sre derived from K.. L., _ respect- 
acure ar permutation of scripts of and 

To sin li fv the caleulat 1ons, oe oO itted the terms hicher than those 


the eecond ower? we ¢ the le format as 


in (3. would be taken from (1.2) without 


madratic terms. ® * is the elastic potential of the first deforma- 


referred, as also other terms in (3.2), t a unit volume in the 


ate of the bodv. ®. expresses, ¢ . shown, the "partial" 

initial stresses in the second deformation. ®., representing 
wotential of the second deformation, also appears as the 

elastic potential of an orthotropic body }, whose principal directions 

f ela eity coincide with the principal axes of the first deformation. 
indicates that. bv the application of a second deformation, the 
ly defort an orthotropic one; that is, as a result of the first 

le fe rmation ut becomes orthotropi P The re fore, the stresses produc ed by 
lisplacements v; of the second deformation ‘secondary stresses) may be 
taken from the correspond tine solutions of the theory of elasticity of 


anisotrop. bodies. Tt will he our prol len to find expressions for the 
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elastic constants of this orthotropic body. 


Remark 1. If the first deformation were not homogeneous and pure, 


then the deformed body would be orthotropic at each of its points (i.e. 


in the infinitely small vicinity of such points however, the principal 


directions of elasticity and the elastic constant at various points of 


the body, in general, would be different. The principal elongations @ 
t 


would be functions of the coordinates of the points of the body, and the 


displacements u, tz, would define the deformation at point (x.), only 


with an accuracy within a rotation of its vicinity around this point. 


Remark 2, The statement, that , represents the elastic potential of 


the second deformation needs an explanation. During the second deforma- 


tion, besides the forces producing 4 F there ar 1lso present the forces 


which produced the first deformation (we shal] call them continuously 


acting forces). Therefore, to the density of the energy of deformation -- 


to the elastic potential (3.2) - - should be added the density W of 


that potential energy which corresponds to those forces that is the 


mechanical energy of the system associated with the first deformatior 


and the secondary stresses are expressed as derivatives of the sum ®+ ¥ 


with respect to components f of the second deformation. However, it is 


possible to show that 


aid 4") ¥ MD. 


if 


For this reason ®, was called the elastic potential of the second de- 


formation. Indeed, as it was shown, ®,. represents the specific work of 


initial stresses in the second deformation. Since this work is equal to 


the specific work of the continuously acting forces in this same 


deformation, so the density of the potential energy Y corresponding to 


them, decreases if this work is positive, and increases if the work is 


negative. Assuming f as being equal to zero in the initia] state (with- 


out loss of generality), we obtain P= -— ,., from which equation (3.3) 


follows. The absence, in the sum M+ WY, as a consequence of PY = — ® 
‘ 


of first power terms in f, expresses the stability of the initial state 


of the body relative to deformation, 


If the deformation is not small, then Va ?,.. Not having 


the possibility of entering int 


second 


details, we merely mention that in such 


cases we can expand PY into power series of the components f of the 


second deformation. Then, in the sup ®+ Y, due to stability of the 


initial state, will reduce by the first-power terms of f entering into 


Y, and terms with higher powers of f are added to Y,,. Moreover, the 


additional terms in ®,, appear also in (3.2), since f cannot be taken 


from (1.2) without quadratic terms, as it happened in the derivation of 


(3.2). 


Remark 3. The question relating to the type 


9S 
wa 
» 
195 
7 
q anisotropy, developed 


aS a consequence of an elastic deformation, was considered apparently 


first by Voigt [13 }. He came to the conclusion that after a large de- 


formation (to which subsequently a small one is applied) the body attains 


an elastic symmetry of a rhombic crystal if the first 


deformation is 
homogeneous, and of a hexagonal crystal if it is a uni-axial elongation, 


However, making use of the five-constant elastic potential suggested by 


him, Voigt takes the components of the deformation (which he does not 
consider smal!) without the quadratic terms, and the relation between the 
elastic potential and the stresses taken n the same forr as in the 


theory of Sticity. In our deductions above, we arrived by a 


different meth: 


a result walitatively equivalent Voiet’s 


clusi hal if it is + nken inte account that the elast ic otential 
generalized Hooke’s law for rhombic and hexagonal crvs 
form as for the orthotropic and transversly isotropic 

1. Elastic constants of an orthotropic body 

Hooke’s law for an orthotropic body, 

! 

> + Asofes + es), 35 
! 
(Agof + loaf oo + 153/33), 332 = Agel 1 


contains the "moduli of elasticity* Ai, which can be expressed in terms 


of the "components of strain" 


113 411713 


212403 — 
A 

{ 431932 — 412233 

— 


A 


As is known, the coefficients of deformation are related to the so- 


called "technical constants* of an orthotropic body by the relation | 


Ay) 
12 


where ip are Young’s moduli, shear moduli and Poisson’s ratios, 
respectively. Introducing (4.1) in the we!]-known expression for the 
elastic potential, we obtain 


after replacing in it ei, by “fiir Sipe Compar ing the derived equa- 
tion with ®, m (3.2), we obtain an expression for the moduli of 
elasticity A;, in terms of A, wp, a, and further after a substitution 
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/, 

(4.1) 

: 

A = A = = 

= 4333 = ’ = 

(4.3) 
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ove 
(1-~-v,) (1 


in terms of EF v.,a:;. Substituting the lerived expression for the moduli 


of elasticity A+, and expressions (4.3) into (4.9). we btain equations, 


from which the technical constants of an orthotropic body may be ex- 


pressed in terms of Young's modulus FE and Poi ns ratiov,, of an 


initially isotropic body, and by its principa meations in a homo- 


geneous deformation. Omitting all intermediate cal ilations, we give 


the expressions for these technical constants with an accuracy within 


the second power of elongations @ 


+ 


(4.6) 


Vo) 


(1 + 


and E. are obtained by permutation of subse ripts of 


f 3 + + 6— 1 2v, + 
na = + (1+ +4 + t 


2 


( 
T 


‘v,, and v,, are obtained by cyclic permutation; : hj are obtained from v5, 


by an interchange of subscripts i and k: 


v 


(for G., and G,, again cyclic permutation has to be applied). 


5. Special cases 


In formulas expressing the initial stresses (2.5), and in formlas 


(4.6) to (4.8) defining the elastic constants of ar orthotropic body, 


produc ed from an Lsotropic body after the first nomogeneous de format 1on, 


the principal elongat ions in this deformation are presumed to be in- 


dependent. Cases are given below, when they are connected by some 


relationships. 


l. Hydrostatic tension or compression. In this case a 1 a. 1: 


a > © for tension. As in equations (4.6) to (4.8) all quantities E; Gi, 


and v;, differ one from another only by the arrangement of subscripts 


of 4, Young’s moduli, shear moduli and Poisson's ratios of an ortho- 


tropic body will be alike, that is the isotropy of the body will not be 


disturbed by a hydrostatic tension or compression. This deformation will 


1 + vo — Sv,? 
— 2am 
2 
4vo (1 — vo) 1 — -+ Ivo" 7 
y ) ; ‘ 
i — dv, 
‘12 j + x2) + 
“a — -+ x, + 2.) 
+ i— 2v, m2 2 17 2) 


Se 
a. 


merely alter numerically the original values of Young’s modulus and 
Poisson’s ratio, which they had before deformation and — will be now 
— (1 — 
+ (1 + Vy) + (7 + a? (5.1) 


The initial stresses from (2.5) will be 
3, 33° = p = 3ka — (5.2) 
where k = (3A + 2p) 3 is the bulk modulus. 


2. Uniaxial extension or compression. An isotropic, prismatic bar, 


after beine extended or compressed (qa « ()), becomes transversely Lso- 
tropic with the planes of isotropy perpendicular to its axis. Assuming 
that the latter coincides with the axis of the coordinate 3 and by 
putting @, = 4, 4, a. =-— wv a, we derive from (4.6) to (4.8) the 
values of its technical constants (in the notation, adopted in reference 


{7 ]): 


2 — 5v, — 15v," + 2v — 4y,5 
E = E, = E,=E,|1—(1 + + 
volt + 9 — 2 2 4. 4y,3) 
E’ = Ey = + 242— (5.3) 


= = ¥g1 = + (1+ %)a— (3 — 5y, — 3y,”) 


9 — 18v, + 7v,3 — ‘| 
4 (1 — 


1 
G’ = Gos = Ga = — Vo) — 


The initial stresses from (2.5) will be 
3," =U, = + 2) (5.4) 
3. Pure shear. If the principal elongations a, and @, satisfy the 
condition (1 4 a) (1 + a.) 1 and a, = 0, then a deformation field of 
pure shear will be produced relative to axes 1,2,3. Suppose that com- 
pression takes place parallel to axis 1 and extension parallel to axis 2. 


We put [6 ] 
a, = sec 8 — tgp —1, & = sec$ +tanB — 1 (5.9) 


These expressions for principal elongations satisfy the set condition. 
Letting tan 8B = (a, —- a,) / 2 = s/2, we derive 


1 
a =—V44+s? —+s—1= -s\(i—-—s) 
(5.6) 
1 
a= i> +s (1+ 


with an accuracy to s* inclusively. If a plate with its edges parallel 
to the axes | and 2 is subjected to pure shear, then it becomes ortho- 
tropic and its technical constants are determined by substituting the 
value of @ previously derived into expressions (4.6) to (4.8). Among 


these technical constants we present the following: 
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7 — + — 


as 2v,) (1 + 


The initial stresses, by (2.5), will be 


We note that on axes 1’, 2’, 3, produced by the rotation of axes 1 


through an angle = 27/4 around the axis 3 (see Fig.2), the 


principal elongations (5.6) define the deformation field of simple shear, 
and s is the "magnitude" of this shear, i.e. the lisplacement of any 
point (x5), referred to axes 1’, 2’, 3, will be u;” = $Z,°, BU,” = U, 0 


4 
< 


4. State of plane stress. For a,’ = 0 


= - T &o) 
3 + 2u 


The initial stresses different from zero wil! be, from (2.9) 


Ey 


1 — 
6. Some applications 


l. Torsion of an extended or compressed bar. Let the relative elonga- 


tion of the axis of the bar, coinciding with the coordinate axis 3. be 


’ 


equal to a. The initial stresses may be found from (5.4). The bar wil] 


be twisted as a transversely isotropic one, with the elastic constants 
from (5.3), due to the action of a tensile force p = sF 4 2 va): 


where s is the area of the cross-section after elongation. However, in 


the case of a transversely isotropic rod, in first approximation, the 
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tensile force does not affect the magnitude and the distribution of 
shear stresses, and the latter is equal to the one in an isotropic bar, 


for given twisting moment M, [7]. Therefore, the non-vanishing 


secondary stresses 1n a bar, whose cross-section before elongation is 


bounded, for example, by a contour x,?/a? 4 x.*/b* 1, will be 


2 


{ eal 
{ 1 


2M ,2; 
—(1 + + Bv2a2) 


(4 


It Ls taken into account here that after elongation of the bar, its 


cross-section will be bounded by an ellipse y,2/[ a2(1 = v.a)?] 


1. The torsional rigidity of an extended or com- 


pressed bar will be 


G (1 ¥,2)'G’ =G, E + (6.2) 
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where G’ is given by (5.3) and G,” denotes the rigidity of a bar that is 


neither elongated nor compr essed 


Bending of an extended or compressed plate. A rectaneular aniso- 


tropic plate, extended (compressed) in two directions parallel to its 


edges, will bend under an arbitrary, normal load, as an orthotropic 


plate with its principal directions parallel to the edges, under the 


action of forces p, = 0,°h, 7 o.°h, uniformly distributed along these 
4 


edges, and taken per unit length, where o,’ and oc.’ are given by (5. 10), 


and the thickness of the plate from (5.9) is 


if h. is the thickness of the plate before elongation, and a. and @. are 


its relative elongations. The theory of bending of orthotropic plates is 


well developed (see references [8-11] ). The bending and torsional! 


rigidities, required for the analysis of the plate by this theory, 


D,= 


Ey h® (1 — 1204 
dD, Gh? /12, D., Dov, + 2D (6.4) 


are found with the aid of formulas (4.4) to (4.8), putting in them 


Gyo = G, t Ke) (1 — (6.5) 


1 + — vo" 15 6Ov, + 76v," — 26v,? 
49 (4 | 4. Yo 24 2v,) (4 + 
Vo" +- 4 10v_* + 24v,3 — 11 


Vo) (1 — 


= 
= 
| 
2 
| 
| 


Deformation anisotropy 


(for D, it is necessary to interchange the subscripts 1 and 2), 
1 + Sv 


(x, + a,) — 


2 (1 — 2ve) (4 


If the plate is stretched or compressed only in one direction, then 

it will bend as a tranversely isotropic one, with planes of isotropy per- 
pendicular to the direction of extensi m, under longitudinal forces. 
r Ehatl+ 2v.a@), acting on two opposite edges, [ see (5.4)]. In this 
@ 1s the relative elongation of the plate; andh=h (l-v.a@), ifh. is 
the thickness of the plate before extension. The initial stress different 
from zero is 

= (1 + (6.7) 


The rigidities necessary for the bending analysis of the plate, may 
be found by substitution of @, = a, @, = — ya, into (6.5), (6.6), to 


obtain 


2. 


Goh? 1 + 


= — —— | 
|° 0 — 2) 


3. Bending of a plate after application of shear. At first we assume 
that bending is applied to a plate subsequently to pure shear. Let the 
edges of the plate be parallel to axes 1, 2 in Fig.2, that is in the 
principal directions for pure shear. The initial stresses are determined 
from (5.8). During a subsequent application of normal loading, the plate 
will bend as an orthotropic one, with the principal directions, parallel 


to its edges subjected to arbitrary forces o,’h and o.’h, acting paralle! 


to these edges, where 0,” anda,” are taken from (5.8). The quantities, 


necessary for the determination of rigidities are found by substitutine 


expressions (5.7) into (4.4): 
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Now let us assume that two edges of a rectangular plate in a deforma- 


tion field of pure shear, coincide with axes 1’, 2’, rotated relative to 


the principal directions 1, 2 of pure shear by the angle JW = 42 -% 8 


and tan B= % s, where s is the magnitude of simple shear (see Fig.2). 


The plate will undergo pure shear (see the remark at the end of Section 


The stresses corresponding to this shear are found by formulas 


3, cos* + 3,’ sin? 2 


See 3,‘ sin® + 3,’cos® = (2. + (6.10) 


ocos® = us 


where o,°, o.° are taken from (5.8). Formulas (6.10) indicate that the 
deformation of pure shear cannot be caused by shear forces onlv: if it 


1s to be significant, also normal forces should be applied to the edges 
of the plate, proportional to the square of the magnitude of shear, s 
{ 


(regarding the insufficiency of shear forces, see, for example, Green 


[12 ]). The rigidities of the plate, relative to axes 1, 2, are given by 


formulas (6.9). D,.’, D..*, necessary for the determination of the bend- 


ing rigidity, the torsional rigidity D..’ and the relative Poisson’ s 


ratio y, = D,.°/D,,”, as well as the secondary rigidities D,,’, D,,’, 


‘ 


absent for axes 1, 2, are determined by formulas [8 } 


D,, D, cos* 2 4+- 2D, sin* 2 cos? + D, sin’ 


D, sin* 2), sin* cos* 4 D, cos (6.11) 


(D, + D, — 2D,) sin* 2 cos? 


2D.) sin® cos* © 


> — D, cos* o + D, cos 22) sin 20 


= + (D, cos? — D, sin? o — D, cos 22) sin 22 


Substituting the expressions (4.9) and d= %2 —- % A into (6.11), we 


obtain the rigidities, required for the analysis of a plate in bending: 


Vo") | 3(1— 1—vo) © 


{2 (1 Yo") | 2(1 2v_) (1 — vo) 


<2 
¥o~) 


2 (1 Va) 
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To check the calculations, we may use the relationships derived from 


(4.11) 
Dy,’ + + = D, + D, + 
D,,' — D,,’ —= dD, 


(6.13) 
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% As a condition of "active" deformation usually the following inequal- 
ity is accepted 

4 ) 

a Thus, the boundary which separates the region of elastic deforma- 
2 tions from the region of plastic deformations, is determined by the 


equation 
T = ¢ (0.3) 


where C is the intensity of the shear stresses T at the instant of 


: loading under consideration. According to (0.3) in the process of 
% active deformation the yield surface gradually expands in al! 
, directions, remaining similar to its initial shape. However, in real- 


ity, the deformation not only alters the dimensions of the yield sur- 
face but also changes its shape. Moreover, it causes the displacement 
of the yield surface as a whole, and as a result of this, the point 


ij = 0 ceases to be the center of the region of elastic deformations. 


Recently much attention was devoted to explaining the changes of 
shape of the yield surface {1,2,3 ]. Very little attention was devoted, 
from the theoretical point of view, to the problem of the displacement 


of the yield surface as a whole. The presence, however, of a very pro- 
nounced Bauschinger effect in most materials indicates the fact that 
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such displacements, without any doubt, take 

quite considerable. (Parenthetically, the usu 

boundary (0.3) gives a Bauschinger effect wit reversed 

leads to its erroneous evaluation not only } itatively 

tatively as well). The present paper contains 

a theory of plasticity which wou] nceorporat 

the center of the region of elas rmations. l] however, 
neglect the changes of the shape of the yield irface, ¢ g tha 
the role of this factor can be sufficiently apr ised } e basis 


the results obtained by other authors. 


The investigations o man and D.C. Drucker [4 
A.tu. Ishlinskii [11] tres e same problem. In [4 |] 
Structing the eo! pls icity which takes 
Bauschinger effect is 
version of the theory 
assumptions that the strain hardening is 
surface is displaced as a rigid body. Thi 
which deserves serious attenti 
the following theory as one of its limiting 


the classical theory f astic flow). 


1. Relations between stresses and plastic strains 


Let the yield surface at the instant the first plastic deformations 


occur be determined by the equat ton 


where 


and or is the yield stress in simple tension. If we assume 

process of deformation the yield surface remains similar to its initial 
form, but that it undergoes at the same time some t ranslatory dis 

ment, then its equation (at an arbitrary instant of loading) wil] 


pr essed as 


where 


and where a constant (© corresponds to the value of the invariant 7 
the instant of loadine considered. The components of symmetric 
tensor of the second rank Say introduced above, (it has dimensions of 
the stress tensor), are the coordinates of the center of the region of 


elastic deformations in the system o; 
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This tensor has the following obvious properties: 


fa) 1t is equal to zero at the instant of appearance of first plastic 


deformations, since then the equality (1.3) has to reduce to (1.1): 


(b) it remains constant at the neutral loading, (that is at a loading 


along the yield surface) 


since in this case the region of elastic de- 


formations must remain at rest: 
{c) s;; vary during the active loading, and are determined by the 
J 


plastic strains. 


We shall call s the residual microstress tensor, and o the 


L? 


active stress tensor. The meaning of this terminology will be clear from 


what follows. 


Let us assume that the plastic strain increment tensor is completely 


determined by the active stress tensor and its increment. Then, by 


analogy with the most accepted version of the theory of plastic flow, we 
can write, (for materials which exhibit isotropic behavior under simple 
loads), the following relations 


3 aj (T°) (1.5) 


Here f(T" ) is the loading function, to be determined experimentally. 


Its mechanical significance follows from the equality 


dA 3 ‘de; = 27 *d/ (| 


From this 


Thus, f(T° ) is directly related to the work of the active stresses 


along the plastic strain paths. Furthermore, as it follows from (1.7), 


in the relations (1.5) a hypothesis is made to the effect that the above- 


mentioned work depends only on the initial and terminal values of the 


intensity of the active shear stresses. 


The case when the yield surface is determined by the equation 


= const (1.8) 


should be considered separately. In this case it preserves, in the 


process of the deformation, not only its form, but also all its dimen- 


sions, thus being displ ac ed in the Oi; spac e as a rigid body. Here the 


procedure should be similar to that in Reuss’ theory, i.e. (1.5) is re- 


placed by a relation 


= (1.9) 


The material which obeys (1.8) will be called the material with "an 


ideal Bauschinger effect". For such a material this effect is precisely 


1oO¢ 
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equivalent to the effect of strainhardenine taken with reversed Siegen. 
Usually, however, the Rauschinger effect is less pr mounced than the 

strainhardening effect. The relationships (1.5) or (1.8), (1.9) are in 
themselves not sufficient to determine the plasti strain path from a 
given loading path (or vice versa), because at the loading the true 

stress tensor o0;; 1s given and not the tensor o;--. Thus, the al 
formulas should es supplemented by the relationships between the tensor 
$i and plastic strains. However, in connection wit! this, an immedia 
question arises: what should be the form of thi: relationship? Should it 
have a form of non-integrable differential relation: analogous to (1.5), 
or should it be thought of in the form of a functional dependence, which 
Ly} by « ; P? In the next section it will be lemons - 
trated, on the basis of physical considerations, that the latter appears 


directly expresses s 


to be more probable. Based upon this consideration, we shall write 


where g is a function of the invariants of the tensor Sij- 


In the sequel we shall assume that g is a function of T. only, where 
7 | | 1 ) 


The theory of plasticity based on the formulas (1.8), (1.9) and (1.10) 
(for g = g. = const.) was advanced by A.Tu. Ishlinskii, [1] ]. 


It remains to determine the elastic strains. We shal] assume, (as 
is always done in the theory of plasticity), that the tensor of elastic 
strains is connected with the stress tensor Oi; by Hooke’s law 


%6;; 26 (2;;")’ ‘ 12) 


where K is the bulk modulus, G the shear modulus, ( Y)’ are the com- 
ponents of the elastic strain deviator tensor. In conclusion of this 
Section, we would like to mention that according to (1.5) or (1.9) the 
plastic strain tensor is identical with its deviator. Thus, according to 
(1.10), the residual stress tensor s;; has the same property. It is 
possible to formulate a more complicated variant of this theory, which 
will not neglect the plastic changes of volume, and accordingly, will not 
neglect the residual mean normal stress. However, it would hardly be 
appropriate to dwell on this any longer in this paper, whose aim it is 
to present the basic ideas of the proposed theory and not to exhaust all 


the possibilities inherent in it. 


2. Some physical considerations which support the proposed 


formulas 


The relationships (1.5) were written down by analogy with the theory 
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of flow. The relationships (1.10), based on the notion that the tensors 
$5 and ey P depend upon one another according to the principle of 
elastic interrelation, were proposed without any supporting argument. 
However, neither the relationship (1.5) nor (1.10) is at all obvious. As 


a matter of fact, (1.5) asserts, for instance, that the plastic strain 
°. The 
question is asked, why is it similar to this tensor and not to the true 
stress tensor 0; ? It is also not clear why s;; and e. P should be 
connected by the relationships which are independent of the de format ion 
paths. To clarify all this we shall introduce the following considera- 
tions. 


increment tensor is similar to the active stress tensor, o 


It was noticed already long ago that there exists a certain analogy 
between the resistance to plastic deformation and dry friction. Thus, 
for instance, the behavior of an ideally elasto-plastic body in simple 
tension and compression could be represented by the displacement of one 
end of a spring, whose other end is attached to the body placed on a 
horizontal plane, (Fig. 1). 


YY 


~ 


Fig. 1. 
This analogy could be extended to the case of combined application of 


two stresses, say of a normal! stress 0. o and shear stress On, =f 


In this case the equation of the yield surface is 


(2.1) 


where 
(2.2) 


The components of the strain deviator tensor «’,, and «’,, correspond- 
ing to stresses o andr may be compared with the displacements u and v 
of the ends of two springs, attached at a right angle to a body placed 
on a horizontal plane. If the forces X and Y satisfy the equality (2.1), 
then the frictional force is balanced by the resultant of the forces in 
both springs. 


Next, let one of the forces (X, say) be increased by an infinitesimal 
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amount AX ( AF is considered to be always positive, AF > 0). Then the 
body starts to move on the plane in the direction of the resultant of 

the X and Y forces and not in the direction of the increased force. This 
is balanced. 


is because in the former direction the frictional force 


| 


Fig. 2. 

Thus, from the mechanical analogy presented above, it follows that 
the plastic strain increment tensor should be coaxial with the stress 
tensor, as it is commonly accepted in the theory of plastic flow, and 
not with the stress increment tensor. 


There are three possible ways to extend this analogy to materials 
which exhibit a strain-hardening effect: 


(a) to consider that strain hardening is an irreversible effect and 
can be interpreted as a continuous increase of the frictional force in 
the process of active deformation; 

(b) to consider that strain hardening is caused by the internal 
elastic forces which are resisting plastic deformation; 

(c) a combination of (a) and (b). 


If we accept (a), then the above shown mechanical model (based on 
considerations used previously) would lead us to the concept of the 
yield surface expanding uniformly in all directions, and to the coaxial- 


ity of the tensors de;-P and a;.P, i.e. would lead us to the hypotheses 


Lj 
of the plastic flow theory. 
If we assume that the effect of strain hardening is due to the elastic 


forces then we get another picture shown in Fig. 3. 


Consider, as before, a body which is placed on a plane and is under 
the action of two forces X and Y by means of two mutually perpendicular 
springs. In this case we have to attach two more springs to the body 
opposite to the previous ones (Fig.4). The conditions for balancing the 
frictional force (equation of the yield surface) in this case will be 
expressed in the following way: 


V(X —X,)*? + = 267 (2.3) 


where X, and Y, are the forces in the additional springs. 
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Fig. 3. Fig. 4. 
Thus, in the case under consideration, the yield surface (in the plane 
x = 2/30, y= 2/31) is represented by a circle with constant radius 
2/3 of anal with the center at 


If the force X is increased by an infinitesimal amount AX, (such 
that the resultant of the forces X, Y, x and Y, would exceed the 
frictional force), then the body starts to move to a new equilibrium 
position. The vector of this displacement will be directed along the 
resultant of the forces F(x,y) and F,(x,y) (shown in Fig.4 by a dotted 


line), and not alone the direction of the external force F(x,y) nor 
along its increment. This is so because the frictional force is balanced 


only in the direction of the resultant of the forces F(x,y) and F, (x,y). 


It is easy to notice that equations (1.8), (1.9) and (1.10) in the 
theory of plasticity correspond to the behavior of the above-described 


mec hanical system. 


In fact, the equality (1.8) asserts that the yield surface does not 
change during the deformation —— neither its shape nor its size. The 
relationship (1.9) asserts that the tensors d es P and o are 


similar and therefore coaxial. Finally, formlas (1.10) assert 


is an elastic strain tensor with respect to the stresses $;;- The physical 
significance of s;; consists of the following: they are these hidden 
"internal" ({ 5], pp. 136-137) elastic microstresses which appear in the 
body during the plastic deformation. After the removal of the loading 
these stresses remain in it since they cannot by themselves overcome 
frictional forces which oppose plastic deformation. 

It is also possible to analyze the behavior of a mechanical system 
represented by (c), where strain hardening is not totally an elastic 


effect. In this case the condition for balancing the frictional force in 
the two-dimensional case will have the following form 


(2.4) 
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where X, Y, xX, and Y, are related to the stresses oc. r,s and t as 
indicated above. In to. 4) p represents an invariant quantity which is 
monotonically increasing during the active deformation, and it is bounded 
by the following inequality: 

For the lower bound of p we will pet a yield surface (2.3), which 
corresponds to an ideal Bauschinger effect, and for the upper bound a 
uniformly expanding yield surface with stationary center given by (0.3). 


Applying to the case (c) the same considerations as previously, we 
come to the conclusion that in this case the plastic strain increment 
tensor should be coaxial with the active stress tensor Cig 855, 
ij» a8 in case 


represent elastic residual stresses which characterize the displacement 


and not with the true stress tensor o.., Moreover, s 


of the center of the yield surface. 


Formulas (1.5) and (1.10) correspond to the case (c). Furthermore, the 
function f(T° represents in these formulas the plastic part of the 
strain hardening, while the function g(T.) represents its elastic part. 


These two functions have to be determined experimentally from tension 
tests, followed by compression. 


The plastic characteristics of real quasi-isotropic bodies are best 
described by the scheme (c). 


Pig. 5. 

It should be mentioned that the material characterized by the scheme 
(b), i.e. material exhibiting an ideal Bauschinger effect is, because of 
its mechanical properties, closer to real materials than that which is 
characterized by the scheme (a). This is obvious from Fig.5, where OB=F, 


OD= F,, OC =F,. The circle (a) represents the yield surface with fixed 


center; circle th) represents the yield surface displaced as a rigid 


body; circle (c) represents the yield surface which exhibits the 
Bauschinger effect more or less in the same way as it is encountered in 
the real materials; the circle T is an initia] yield surface. In view of 
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this, the case of an ideal Bauschinger effect which is described by 
formulas (1.8), (1.9) and (1.10) represents considerable interest and 


deserves further study. 


From the foregoing it is now clear why in the proposed theory the 
plastic strain increment tensor was assumed to be of the same type as 


the active stress tensor and not as the tensor It 
is also clear why the components $;; were expressed in terms of the 


plastic strains in a similar way to the principle of elastic relation- 


ships. Furthermore, the terminology used to denote $;; as "residual" 
stresses is now clear, for the stresses s remain in the body even 
after the removal of the external loads, since they cannot themselves 
overcome plastic resistance. 

Remark 1. In paper [6] attention was directed to a contradiction in 


which one may be trapped in drawing an analogy between friction and 


resistance to plastic deformations, if an attempt is made to account for 
the influence of the mean normal stress on plastic shear. The modern 
theory of plasticity, however, generally neglects this influence, and we 


followed, like thers, this pattern. There is no difficulty, however, if 


it should be required in introducing into a proposed theory the corres- 


ponding refinement by including in the theory the well-known notion of a 


ne tant ial. 


In drawing above an analogy with dry friction, we limited 


urselves to the analysis of a particular case 


where only two stresses, 


0 o ando r, were different from zero, However, the same analogy 
xz 


van be extended to the most general case, namely, to any case of plastic 


resistance of the quasi-isotropic materials and for an arbitrary loading 


Indeed, it can be represented by friction acting on a body being dis- 


placed in five-dimensional space [7]. In this case to each deviator 


there corresponds some vector, and the initial yield surface is a sphere 


I 


with the center at the origin of the coordinate system. In a two- 


dimensional case the aforementioned space degenerates into a Euclidian 


plane and an abstract picture of a hyper-body which is displaced in a 


five-dimensional space is reduced to the simpler picture which we used 


before. 


3. Integration of relationships between the stresses and 
strains for some special forms of combined loading 


In the experimental work quite frequently the following loading paths 


used. 


(A) Thin-walled circular cylinder with initial stresses 0., C., 


oO rand initial residual stresses s,, = s_, $4; t. is subjected 


to additional extension up to o,, = 0 with a constant O.,=f P34 


(B) The same case, but instead of being subjected to the additional 


tension, the cylinder is subjected to an additional twist up to the 
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stresses 0,, =r (withe.. = 


(C) Thin-walled circular cylinder, initially prestressed into the 
plastic range up to the stress o = o., and then subjected simultaneously 


to tension and torsion, the stresses being varied in accordance with the 


law 


t—a,=cV3r (c = const) (3.1) 


We shall now determine plastic strains for these three cases assuming 
an ideal Bauschinger effect and a linear strain hardening. In all the 


tbove formulated problems 


741 = Seq = = 0, =F, S19 = = 0 


= Seq = = 0 (3.2) 


In accordance with this, (1.8) has the form: 


(20 = 407" (3.3) 


and (1.9) and (1.10) are reduced to 


de,,? 3 s) dk. de,.? = — t) dd (3.4) 


(3.5) 


Because of the assumption of linearity of the strain hardening, g. 1s 
constant. Eliminating « ij” from (3.4) and (3.5) we arrive at the follow- 
ing expressions which connect true stresses with residual stresses 


ds = dt =(t—t)drd*, = 3.6) 


(A) t= for A* = 0, and let co be in- 


creased andr kept constant. From (3.6) it follows then 


t= Ce + (fo — 4+ 3.7) 


Because of (3.7) and (3.3) we obtain further 
v= op V1 — ba (te — te) 3.8) 


3 


Suutituting (3.8) into the right-hand side of the first equality in 


(3.6) and integrating, taking into account the initial conditions and 


relatiouships which must exist between them because of (3.3), we have 


or (3.9) 


3 


where 


— 3/2: 
Zo = Se (3.40) 
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Formulas (3.7) and (3.9) may be reduced to 


§ 2 [c sr th ul, t= chu (3.114) 
Here 
u= — — 4 ae, th a» = 2, (3.12) 
Cp 


(B) This case differs from the previous one only in that during the 


process of loading r varies and o remains constant, and o = o.. Rela- 


tions (3.6) can be integrated in an analogous way to the case (A). The 
following are final formulas 


2 chV, V3 
where 
| v3 
| _"3 + Bo, thB, =— (t~—t,) (3.14) 
Sr 


{(C) To study this 
equations 


case, define a new variable & by the fol lowing 


—S= t—t = ——sing (3.15) 


Thus, (3.3) is identically satisfied. Determining s and t from (3.15) 
and substituting into (3.6) we get 


dz+crsinede cos (3.16) 


dz —cossdo=— odh* (3.17) 
V3 


From this 


V 3 cose dt — sineds = 0 (3.18) 
In the case (C) there exists a relationship between o andr during the 
process of loading, namely, relationship (3.1), which is 


dz = V 3 edz (3.19) 
Substituting (3.19) in (3.18) we geet 


dt = — 


where 


Integrating (3.20), we get 


COS Yo In V 


‘T4 sin 1 — SIN 
= + sin Yo In V i : (3.22) 


= 

i 1 + sin yo 
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Next, using (3.15), we express the residual stresses as 


2 | /t+sin ¥ T- Sin Yo | 
$= — 37 COS + o7 Sin In V | 


= j i | sin va | (3.23) 
t - SIN + cosy, In Sin ‘Yo 
V3 | 


{—sin ¥ 1+ sia Yo 


Furthermore, expressing from (3.22) in terms of r and substituting in 
(3.23), we arrive at the following final formulas 


| 
gua 3:4 <* 3.24 


sh sh V, 
—— 
V3 chVocht* 
where 
V3- 
+ Vo, thV,=siny, 25) 


The above problems could be also solved for a more general case where 
the strain hardening is linear but the Rauschincer effect is not ideal. 
For lack of space, however, we shall not dwell on this any longer. We 
mention only that the starting relationships in this case have the follow- 
ing form 


ds = dt dl 7) (3.26) 


where G, and G, are the moduli of elastic and plastic strain hardening 
respectively. After the determination of s and t, plastic strains are 
found from formulas 


“up = ! (3.27) 


4. Comparison of the theory with experiments 


There are very many experimental results on hand on combined loading. 


The basic conclusions reached from ther can be formulated briefly as 


fol lows. 


l. The experimerital results, as a rule, fall between the results 


computed from the theory of plastic flow and the theory of smal] plastic 


de formations. 


2. The experimental curves are usual ]v closer to the flow theory 


curves than to the deformation theory curves. This latter yields 


especially poor agreement with the experiments if during the process of 


loading the state of stress is varied rapidly. However, for relatively 


smooth loading paths the experimental curves are sometimes roughly 


equally close to the curves obtained from the flow theory as from the 
deformation theory. 


3. There is experimental evidence [8], which contradicts the assump- 
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tion of the coaxiality of the plastic strain increment tensor with the 
stress tensor 0 


ij’ 
To compare the proposed theory with experiments we sha!] use the 
‘esults obtained in £8, 9]. These results are sufficiently typical. 


try 
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Fig. 6. 


Fig.6 shows strain curves e,P and Ps which are obtained from a 
combined loading consisting of two stages: (1), compression to the stress 
= %,, and (2), simltaneous action of compression and shear vary- 
ing in the following way: 


0.052 


Curve (a) corresponds to the flow theory, curve (b) to the deforma- 
tion theory and curve (c) to the authors’ theory in which the Bauschinger 
effect is considered to be ideal and the strain hardening linear. In the 
same figure the dots represent experimental data from[9], (p. 510). It 
can be seen that the theory suggested presently gives results wiich are 
closer to the experimental data than either the flow theory or the de- 
formation theory results. Approximately the same picture is obtained 
from comparison of these three theories with the exverimental data given 
in [9] for other loading paths. 


In [8] the loading consisted of the following consecutively alternat- 
ing stages: (1) extension of a thin-walled tube subjected to a constant 
torque; (2) extension without torsion, etc. The author of [8] remarks 
that the second stage of loading was accompanied by a plastic untwisting 
of specimens, which clearly contradicts the flow theory. This result can 
be explainea only if we drop the assumption that the stress tensor and 
the plastic strain increment tensor are coaxial. In Fig.7 the experi- 
mental data in[ 8&1] of the first two stages of the loading are compared 
with the flow theory (curve a), with the deformation theory (curve 6) 
and with the present theory (curve c). (Here, as previously, it is 
assumed that the Bauschinger effect is ideal and the strain hardening is 
linear. ) 


It can Le seen that the present theory again satisfactorily agrees 
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with the experiments. Moreover, it predicts the untwisting of the speci- 
mens, the fact which puzzled the author of [8 ]. 


60 


(a) (b)(c) 


To evolve the present theory of plasticity, which accounts for the 


displacement of the center of the yield surface, it was necessary to 


introduce concepts of the residual microstresses and the active stresses. 


In the book by N.N. Davidenkov [5], already quoted, the micrdstresses 


tl ons idered 


are held responsible for the Bauschinger effect, and they are 
to be elastic. In book [10] (pp. 207, 210) reference is made to the 


microstresse; in metals subjected to plastic deformations. Thus, the 


existence of the microstresses and their basic properties are wel! known 


to the metallurgists. However, until now, they were not incorporated into 
a mathematical description of the theory of plasticity. The present paper 


closes this gap, and it shows that the inclusion of the microstresses 


permits an explanation of such facts as the Bauschinger effect, the effect 


of non-coincidence of principal directions of the increments of plastic 


strains with the principa! directions of the stresses, as was observed in 
[8]. Finally, it permits us to explain the fact that the experimental 


curves usually fall between the curves obtained from the flow theory and 


the deformation theory. 
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General equations for the theory of ideal plasticity were introduced 
by M. Levy [1 ]. Levy’s representation of the Tresca-Saint Venant 
condition of plasticity by a single equation appeared to be quite 
cumbrous and was not subjected to a detailed investigation. 


The Mises’ condition of plasticity, when used for a general 
problem, makes it statically indeterminate and its solution involves 
considerable difficulties. 


H. Hencky [2] solved certain problems and indicated that the 
application of the hypothesis of complete plasticity [3 ] makes axi- 
symmetrical problems statically determinate. 


For an investigation of a space problem, W. Jenne [4] used the 
hypothesis of complete plasticity and the Mises’ law of plastic flow. 
Jenne referred all his discussions to an isostatic coordinate system 
(system of principal stresses) and he obtained a set of relationships 
which is applicable to principal stresses and curvatures of isostatic 
curves, In doing this, Jenne ignored all the contradictions which 


would occur if the kinematic phase of the problem were to be considered. 


A.U, Ishlinskii[5, 6 ] substantiated the hypothesis of complete 
plasticity by having shown that the relationships for complete plasti- 
city are valid in the case when two out of three maximum shear 
stresses simultaneously reach their limiting value. In other words, 
an edge of Coulomb’s prism corresponds to the state of complete 
plasticity. This prism interprets the Tresca-Saint Venant condition 
of plasticity in a space of the principal stresses 0,, 0,, 0,. The 
same author [7 |] developed numerical methods for solution of axi- 


symmetrical problems. In a comparatively recent paper, R. Shield [3s] 
provided a detailed analysis of an axi-symmetrical problem using 
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Tresca-Saint Venant’s conditions of plasticity. He solved a number of 


new problems and supplemented certain solutions in paper [7 ] by con- 


structing velocity fields. 


he 


present paper deals with development and analysis of the 


general equations of ideal plasticity. The Tresca-Saint Venant condi- 


tion of plasticity and the associated law of plastic flow have been 


employed. 


shown that a problem is statically determinate for cases 


when the plastic state of stress corresponds to an edge of Coulomb’s 


The 


general equations of statics of granular media under c nditions 


of mnlets. limiting state are also considered in this paper. These 
are the cases when the limiting state f stress corresponds to an 
edge of the surface which interprets the condition of limiting 


quilibrium in the space of principal stresses. It is shown that 
ynder 


these conditions the general problem of the statics of granular 


media is statically determinate. 


that 


the associated flow rule, a flow law 


should be understood, which is regarded as a plastic potential. In 
such a case the work performed by stresses on corresponding incre- 
ments of plastic strains is a minimum and therefore such a deve lop- 


ment of the theory appears to be most correct and substantiated. 


1. According to the Tresca-Saint Venant yield condit ion, plastic flow 


may appear when the maximum shear stress reaches a certain constant 


value. 


y for the above condition of plasticity, only two types of 


lastic states of stress are possible; namely, the points O., 0.,, 0. are 


located either on the edges of the prism or on its faces. 


Then for any edge of the prism one of the conditions must be satisfied: 


and for its faces: 


The velocities of plastic strains for case (1.1) are determined from 
the condition of incompressibility 


+ fo + 0 


and from the condition of isotropy, which requires the coincidence of 


the principal axes of velocity tensors for strains and stresses. 


From the accepted flow rule, it immediately follows for case | 1.2) 


that «, = 9%. Therefore, the equation which determines velocities of 


a 

3 

) 
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It should be noted by 
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3;— 2k, 3) 3; (1.2) 
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& 
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Equations of the theory of ideal pla 


plastic strains, assumes the form: 


Hence, for the second case, the velocity field for plastic strains 
becomes quite constrained. This leads to a certain generalized state of 
plane strain. 


First consider relationship (1.1). With reference 


the Cartesian 
system of coordinates x, 


y, z, let €,n,¢ be the directions of principal 


stresses 0,, 0,, @.. 


The mutual orientation of these axes is defined the directior 
cosines as indicated 


Then, if 

2k 1.4) 
then in derivations that follow, all the quantities having the dimensions 
of stress will be referred to a constant + 2k, thus obtaining 


3,1,7 + + 


Note that here and everywhere below, wherever s convenient, the 
analogous expressions for the components: etc. are not 
shown. 


On the basis of (1.4), it follows from (1.5 


Sy = + n,*, + n.”, 


One easily obtains: 


3; —, 3 (3: Sy 3;) 


and, therefore, the three relationships among stresses may be obtained: 


1.7) 
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y } mel 
1 
7 
1 \/ ! 
or 
q : 


= Txy (35; 3+ 


Tax Txt Ty: (Sx 3s + ) (1.8) 


Also, obviously, there exist relationships 


“xy {3 >) (sy— 23+) (3: - 


(tyrtex)® + (tex 


ry) Tex 


(1.9) 


he equa- 


Assume n; = cos ¢; and substitute relationship (1.6) into t 


tions of equi librium: 


to obtain: 


q 
= 0,. 


he >} 
where y 
(1.11) 


Equation (1.19), (1.11) for the characteristic surface of the system, 


when represented in the form w (x, y, z), will provide 


(p — (grad 0 (1.12) 
where 
ay ar 
COS + — COS + — c0s2- 
Or oy Oz 


a Since the vector grad vw is perpendicular to the surface uw, it follows 

= from the equality = 0, that the direction of the vector (eos 

4 cos ¢,, cos },) (which is the same as the direction of the principal 


stress o0,)is a characteristic direction. 


From the second relationship (1.12), it follows that 


2 (grad - §)* — (grad 0 


From this, it follows that the directions forming a 45° angle with 


the direction of o, are the characteristic directions. 


Hence, the system of equat 1ons (]. 10), AF 11) will be always hyper- 


bolic. 


It 


is easily observed that the characteristic directions coincide with 


rf the planes of maximum shear stresses. 

- Consider again the condition of Lsotropy; according to this condition 
= + e,m,* + ..., Sry = Syl + + (1.13) 


From the condition of incompressibility and from (1.13) for the case 


4 
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TxyTy: = (Sy 3 + =) 
1 
+ + — = J... 
Ox dy * oz 
— sin 29, — sin COS — (1.10) 


From (1.14) and (1.6) it is easy to obtain 


Equations of the theory of ideal 


e, (1 — 3n,") 


Investigate further case (1.2). Let in the dimensionless variables 


=> 


= — 3e,ngn, (1.14) 


(1.15) 


(1.16) 


Introduce a certain curvilinear orthogonal svstem of coordinates 4, 


B, y. Let the mutual orientation of these axes and the axes E,n,¢ at 


each point be defined by the direction cosines. These cosines were given 


in the table above. Then 

Make use of (1.16) and (1.17) to obtain 
3, = 3, +/,7 + (2, 


In an analogous way, from (1.3) and (1.13) obtain 


Ll, + + ... 


rls + (¢3 — myn, 


e, (1,4, — mym,), .. 


Consider again the yield condition. Six relationships (1.18) and the 


(1.17) 


(1.18) 


(1.19) 


three relationships between the direction cosines together contain eight 


variables 
expressions 


q=—=(1—c 


where c = a, 


of stress deviator tensor, respectively. 


+ 


By eliminating the quantity c, obtain the desired M.Levy’s 


dition 


By using condition 


where 


which can be eliminated. 


20) as a plastic potential, obtain 


One can obtain 


3c? + 


and r are the second and the third invariants 


yield con- 


(1.20 
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q when ¢, = ¢, it follows that 
ex = & (1 — 3n,*), ty = (1 — 3n,), 
a 
q 
2 l «9 
(4q + 1) (q+ 1)? + 277? =0 
¢, = —A (aS, — 54r (5,7 —S,5,+— q)], (1.21) 
a= 6(9 + 1)(2q¢ + 1) 


Consider the Tresca-Saint Venant yield condition as a limit ing con- 


dition. Then, for the case of plane strain. it mav be shown that 


Hence, a case of plane strain is realized on the face of a prism along 


the line which is equidistant from the edges of this face 


However, the state of st ress as close as desired to the plane strain 


state, may correspond to the edge of the prism 


Consider an infinitely long cylindrical body in the direction of the 


z-axis and subjected to a loading independent of z. Then this body will 


be in the state of plane strain. Orient the x and y normally to z and 
denote by u and v, the displacements along x- and y-axes, respectively. 
Let L be the body’s contour in the xy-plane. Imagine a new body which 
would be formed by rotation of the contour L about some axis y, which is 
parallel to the y-axis. Denote by R the distance between these two axes. 
Assume that the loading in the plane on the contour L of the toroidal 


body coincides with the loading on the cylindrical body. Then for the 


toroidal body 


Hence for any finite value of radius R. the component «, = «, # 0 and 


7 


the plastic state of stress corresponds to the edge of Coulomb’ s prism. 


However. for sufficient t\ large R the state of stress of the toroidal 


body approaches as closely as desired the state of stress for plane 


straln. 


2. Consider general equations of statics for granular media under the 


condition of the complete limiting state. 


The basic equation representing the state of granular media can be 


written in the form! 9 ] 


max = k + s, tv o (2.1) 


are the tangential and normal stresses. k and p are constants, 


It can be easily shown that condition (2 


.1) can be written in the 


2k cos o +(3;+ 3,)sino i,j 123 (2.2) 


In the space of pring ipal stress o,, o0,, 0, condition (2.2) can be 


interpreted by a hexagonal pyramid with a vertex at the point 


5 — cig p 


All the lateral faces of this pyramid are inclined at the same angle 


. 
2 


with respect to the line o,=0,=0, 


It is obvious that any one of the lateral faces of this pyramid 


corresponds to the condition of complete limiting state. It is sufficient 


= 
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3, = —(s, + 3.) 

: n n 

form 


Equations of the theory of ideal 


to consider any two diametrically opposite 
Let o, o,, then for face A we obtain 


+ sino \ 


)+j 


and for face B 


- 2 4 
T 


may be ob- 


A system of four equations containing four unknowns P, >; 
cos ¢;; substitute into equations of 


tained a: lenote n 


equilibrium the relationship (2.5) and introduce condition (1.11). The 
equation of the characteristic surface for this svstem of equations, 
when represented in the form Ww (x,¥,2), would provide 


2.6) 


aw? grad = 0. 
sine 
From (2.6) it follows that the directions, forming angles 6 with the 


direction of the third principal stress are the characteristic dire tions, 


for which 


=+- '/, (1 — sino), 


For face B we obtain 


} 1/4 (4 Sino) 
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: as The three relationships among stresses can be obtained as 
“x — P)\Sy — P) Ty — p) — p) 
== — p)(c, — p 
or 
= tex (Sy — p), tystex = Sey (3, — p) 
Also 
of psine + kceoso} 
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Tvler 


Further, consider a general case when 


max {|t,!— = 0 (2.7) 


Then the condition of the limiting state can be written in the form 


—3;lsin20< f + — — (3; + 2;) cos (i +j, i, f = 1, 2,3) (2.8) 


where df do. = cot 2 a. 


n 


It is obvious that in the space of the principal stresses 0,, 0,, 0 


the condition of limiting equilibrium (2.8) may be interpreted by a 
certain curvilinear hexagonal pyramid, located symmetrically with respect 
to the line 0, =0,=0,. 

Consider two opposite faces of this pyramid and write the condition 
of the complete limiting state in the form 


= — 33) Sin 20 + [4 + 33) — (51 — 33) COS = 0 
It is easy to obtain 


T,, | (cos 2w +1) T,, | (cos 2 1) 
33 = 3, + 2 
sin 2 sin (2.9) 
From (2.3) and (1.5) obtain 
| 
*n 
Sy = + (cos ++ cos 
(2.10) 


Inasmuch as |r| and |@|may be expressed in terms of o,, the equa- 


n’ 
tions of equilibrium, relationships (2.10) and (1.11) lead to a system 


of four equations containing four unknowns On and dj: 


Following V.V. Sokolovskii [9], introduce a function S for which 


—-— dw 


as 


Then it is easy to obtain 


? n ‘ ‘ n . ‘ 
ds, = —,,5— (1 + cos 2wcos dS + sin 20, do, 


- COS 2@ COS COS S — 


——— siD 9, OS odo, 
sin 


n 
COS ©, SID God 
sin 20 ri Pay 


The differential equation of the characteristic surface w (x,y,z) 


of the equations of equilibrium and relationship (1.11) may be represented 


the form given by (2.6), where 


1 + cos 2w 
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*n 
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Equations of the theory of ideal plasticity 


Notice that for linear relationship ( 


To substantiate the anticipated attainment of a complete limiting 


state one should draw upon kinematics as is done in the theory of ideal 


plasticity. However, for the statics of granular media the above con- 
siderations have not been sufficiently developed as yet. 
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ON PLASTICITY LAWS FOR WORK-HARDENING MATERIALS> 


( 0 ZAKONAKH PLASTICHNOSTI DLIA MATERIALA S 
UPROCHNENIEM) 


PMM Vol. 22, No.f, 1958, pp.97-118 


D. KLIUSHNIKOV 
(Moscow) 


(Received 6 October 1957) 


This study is an attempt to trace the development of methods used in 
solving the problem of stress-strain relations in work-hardening 
plastic materials. 


This review does not deal with problems of large deformations, 
thermodynamics of deformations, or questions related to time-dependent 
properties of materials. Neither does it discuss methods of solving 
boundary-value problems on the basis of this or that plasticity law. 
Thus, while remaining within a fairly narrow scope of problems, we 
were as much as possible attempting to describe that logical path of 
the evolution of plasticity theory, which in a reasonably short period 
of time led researchers from the simple Hencky-Nadai theory to the 
contemporary, rather broad concepts. For the sake of a continuous 
description, we have sometimes found it necessary to sacrifice the 


mere history of the problem, 


In order not to obstruct this presentation with unnecessary details, 
we will only describe contributions which we nsider to be the more 
important ones. Moreover, it should be noted that in reference to 
these studies we found it sometimes convenient to change somewhat the 
form of presentation of the particular source, without, of course, 
changing the essence of the material,Specifically, in all instances 
where the original! source describes tensorial relations, we are con- 
sidering the relationship between the corresponding deviators, This 
interchange cannot cause any misunderstandings, since an independence 
of small plastic deformations from the median pressure is usually 
assumed, and at the same time a consideration of the immediate rela- 
tion between the deviators is more convenient, especially when a 
vectoral presentation of tensors is used. 

The origin of the plasticity theory of an initially isotopic material 
with strain hardening is contained in the most s le mathematical theory 
of the 1920’s. At that time, after the appearance of a number of papers, 
Reprint Order No. PMM 9. 
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among which the |] ling place was occupied by the works of Hencky [1 ] 


and Nadai [2], the following hypothetic 


law of relation between stress 


-pnlastic 


material was formulated: 


7) 


where s, is th str 3 deviator, J;;, the strain deviator, G_ the secant 
dulus of t he illustrating the Jonendenc: the shoaor stress 


from shear strain htainad 


a pure shear experiment, CG is the eldstic 


serimente 


among 


which those perform y Bridgman [3] were the most fundamental ones 


with a high degree f accuracy, where o is the mean or hydrostatic 


pressure K is th lastic proportionality coefficient » ie the dilat: 


ti n. Precisely the r ircumstance that the V lume chance ic elastic per- 
] hange i ; ! 

mitted to reduce the task of determining the relation between stress and 


strain to the task of establishing relations between the deviators of 


stress and strain, which is what was done in the law (1) 


Lacking experimental data on work-hardening materials under combined 


stress, the only guidance available was intuition and. where possible 


drawing of inferences from such well-known properties as described by 


the generalized Hooke’s law and the curve of simple tension-compression 


or torsion of plastic work-hardening materials. Hence, it is understand 


able that the above law (1) differs from the elastic law only insofar 


that instead of the constant modulus A a variable coefficient G is 


introduced. More cannot be deduced from generalized Hooke’s law, and the 


remainder of the formula (1) is essentially a generalization of the pro- 


perties of such a curve. Properties of such a curve with respect to 


stress-strain relations can be expressed by 


during a continuous increase of stresses, an by 


da 


during a decrease f stresses, following their continuous increase 


Thus, the increase r decrease of stress o can serve a criterion 
x 
for the selection of one or another relation. It could be stipulated 
that when do 0, the first relation is to be used ind when do. «< 0, Fs 
z 


the second. However, a consideration of the negative values of oa 
zx 
introduces a correction int this criterion, as it is easily understood 


that for simple tension-compression the sign of the expression odo, 


re d(o,") will serve as a general criterion, Hence, the sign of the 


quantity 0,®, in simple tension-compression serves as criterion of 


= 


LJ 

and strain for elastic 

2 Nee that in small deformations 

2? 

4 
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laws for work-hardening materials 13] 


On plasticity 


whether the material is governed by the law of the curve or by the 


elasticity law, i.e. serves as a loading criterion. 


Generalizing the expression o do for complex loading 
x x 


natural to replace it by o..doa where o is the stress tensor. Rut 


this would not be correct, since + 30 do and already 


then [3 ] it was kr wn, that the mean pressur r does not inf ence 


plasticity in small deformations. It follows that without contradictine 
the 
sign of the value) S..dS§ dJ,, can be, for general purr 
the 


Hencky-Nadai 


experiment in uniaxial loading, the value r to be more exact th 


taken 


as 


ncky-Nadai 


t was possible t leve fairly i mr r 


atioane 


problems. At thea same time if became necessary + verify the Her kw. 


Nadai law experimentally. A number of articles » levoted to t 


subject (see series of articles in collectior 5 ». It was experiment- 
ally determined, that when a proportional increase of stress takes place 
at every point of the body, then the Hencky-Nada law, as a whole, satis- 
factorily corresponds to the experimenta! data At the same time, how- 


ever, small systematic deviations were observed, which (Lode’s diagram) 


indicated some inadequacy of the law. 


The essence of the Hencky-Nadai law is the condition of proportion- 


ality of stress and strain deviators. This postulate can be substituted 


by a more general one, namely that the strain deviator is a function of 


the stress deviator 


Based upon considerations of tensor dimensior it can be shown [6 ] 


that this corresponds to the assumption 


F 


This 


generalizati 


previously di 


Both the Hencky-Nadai law, which is frequently called the law of 


small elastic-plastic deformations, as we! the Prager law are 


characterized by finite relations between stresse ar strains. Later on 


such plasticity laws were called laws of deformation. 


of 


& general case stresses and strains may be related by some integro- 


Laws deformation are the simplest variety of plasticity laws. In 


Bee 
Wwe 
law. 
| the He law attracted numer: us researchers, 
and based on that law 
a 
9g = Fiz (Su, Bes, Sus 
f the Henckyv-Nadai law wa andes feager 
q wed that an acceptance f thi generalivzat li inate the 
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differential operations. The simplest class of such general relations 


are the linear tensor relations. i.e 


relations in which tensor matrices 
are related by some linear operators, Prager [8 ] noted that if we stay 
within the framework of linear tensor relations, every plasticity law 
can be represented in the genera] form: 


where (S55),(9 ) are the deviator matrices and L and L’ are linear, 


scalar operators, 


While the Hencky-Nadai law is a special case of the relation (5), the 


law (3) cannot be represented in this f rm (5) and is thus an example of 
the simplest non-linear tensor relati 


preference 


which is given to the Hencky-Nadai law, compared to 
other plasticity laws which can be deduced on the basis of (5), is due 


to its simplicity and relatively good correspondence to experimental 


data. Moreover, in 1947 Il’ iushin [9 ] reported that if a proportional] 
levia 5 OF Stress or strain takes place at every point of 
leducible from (5) will 


latter, in the case of such 


law in the class of linear tensor 


plasticity laws. This type of loading at a point we will call in the 


basis of the Hencky-Nadai 


be found that would produce a simple 


loading at every point of the body. This problem was partially solved by 
Il’iushin [10], assuming the inc mpressibility of the material both in 
the elastic and in the plastic ranges » as well as an exponential law of 


the uniaxial loading curve. It was proved that with the given limita- 


tions, the loading will be simple at every point of the body, provided 


the external forces increase in _ roportion to one parameter (simple 


loading theorem). 


An important place among plasticity problems is occupied by such 


problems, for which the loading differs considerably from the previously 


mentioned simple loading process (stability problems, for example), so 


that the application of the Hencky-Nadai or of the Prager laws becomes 


unjustified. Even though combined loading tests conducted in those times 


offered, for all technica] purposes, a sufficient basis of adequacy of 


the deformation theory, insofar as it did correspond with the test data, 


the applicability of the deformation theory to loading, which differed 


considerably from simple loading, was questionable in view of the fact 


that according to the deformation theory, a rapid change of stress re- 


sults in an equally rapid change of deformations. This condition, while 


true for an elastic body, results in a contradiction of the basic 
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principle )f the mechanics of solids when applied to some types of 


loading in a plastic range. This was for the first time demonstrated by 


Lin and Prager [ 11 - 


All explorations of the mechanical properties of solids. and partic- 


ularly of plasticity properties, are always based on the supposition 


that small changes of the external influences will bring about sma 


two identical bodies, with identical propertie are 


loaded by two methods which differ little from each other, then the de- 


odies at each given moment must, too. differ very 


little. Let us assume that at some point of the body a state of stress 


is reached, as a result of continuous loading, and further, that I 


after subsequent loading at this point remains constant. i.e. d/ ). 


According to Hencky-Nadai, this is a limiting use differentiating bet- 


ween loading and unloading, and hence such loading may be called tral. 


Generally speaking, no matter what the criterior f loading, a neutral 


loading is a loading where the quantity which expresses the loa 


criterion remains constant. It would be natural t expect from re 


materials in case of such loading that the laws of plasticity and elas- 


However, the truth of the matter s that not a 


Single law of deformation theory satisfies this condition, which was 


termed the continuity condition. For simplicity purposes, we will, follow- 


ing Prager | 12 f consider here only the Hencky-Nadai law. 


mading is neutral, we will rewrite the law (1) in 


neutral ading wiil be 


26 a9 
ij 


the other hand, the elasticity law stipulates that 


= 2Gd9, . (7) 


and since G #4 @ (6) and (7) do not coincide. 


This situation could have been possibly avoided by selection of a 


different loading criterion. However, it turns it that the loading 


criterion is not arbitrary, but is determined by the very law of rela- 


tions between stresses and strains. Obviously the work of stress in the 


plastic components of strain (total work minus work in elastic strain 


components) is irreversible, which is also true for the plastic deforma- 


tion itself, which cannot be asserted for the total work. Therefore, in 


the plastic range the condition 


dw? > 0 (8) 


be satisfied, in which the equality sign is only possible in the 


a 
ae 
+ 
effect 
ve 
ticity » coincide, 
Assuming that the | 
a differential form: 
1G 
ds 26.49,.+ 2 M9 
il 2 
ae Since dJ, = 0, it follows that (1) at es 
AY = 
4 
has to 
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trivial case when the increments of plastic deformations themselves equal 


zero (we are not considering perfectly plastic materials). Condition (8) 


is usually known as the irreversibility condition. Applying this condi- 


tion to law (1), we will necessarily arrive at dI. 0 as our loading 
Indeed, 


criterion. from (1) we find 


dd, .' 19,.¥ - { 1S 


Nis 


ya G G Ld 


and condition (8) requires that 


G G7, aG 
in the plastic range. If, which is true for most materials, we assume 


that during loading 


(10) 


then the square bracket in (9) is positive and the irreversibility con- 


dition results in dI. 0 during loading. 


Thus, no other criterion (at least for materials that satisfy condi- 


tion (10)) can be proposed for the Hencky-Nadai law and the last possi- 


bility to satisfy the condition of continuity is eliminated. 


The same can be proved for a general case of the deformation theory as 


well. The continuity condition in any such law is not satisfied, and it 


was the search for a plasticity law which would satisfy the continuity 


condition that greatly influenced the development of the so-called flow 


theory or the incremental theory of deformation. 


The above-mentioned work of Handelman, Lin and Prager should be con- 


sidered as the initial step for the formulation of such a theory. It 


should be mentioned that it was discovered only later, that Laning had, 


as early as 1942, proposed in an unpublished paper the flow theory in 


its simplest form, While Laning’s theory was a generalization of the 


Reuss [ 13 ] theory and hence based ultimately on hydrodynamic analogies, 


the theory that was proposed by Hande!man, Lin and Prager was called flow 


theory only by inertia and was derived from other considerations. It 


should have been more correctly called a theory of increments of deforma- 


tions or the differential theory of plasticity. 


The derivation of stress-strain relations incorporated in the last 


paper can be interpreted as follows. It is assumed that:(1) the incre- 


ment of the strain deviator is fully determined by the stress deviator 


and its increment; (2) this relation is linear with respect to the incre- 


ments of the components of the deviators of stress and strain; (3) the 
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continuity condition is valid and, finally, (4) dI, > 0 is the critical 
loading criterion, 7 


It follows from the first two conditions that 


where Aiike depend on the stress deviator only. Assuming that 
a); ; = ad; ; a9, 


where a9," = dS;,;/2G is the reversible elastic part, and dd, is the 


non-reversible plastic part, we obtain for dJ, > 0 


= Ci net S re 


where C. 


ijke’ as well as Aijke’ is a fourth rank tensor depending only on 


tj 
It follows from the continuity condition at neutral loading that 
C. i = s 
ijke? ke 0 when 0. Since 0 means that ke 0, a 
simultaneous inversion of two linear forms with respect to dS,, leads us 


to 


Ciike = Gis Spe 
and hence 
a9,.? { G; (dI, > 0) (12) 
(dJ,<0) 


Tensor analysis permits to conclude that 
Gi; = Si; + Ist; ; (13) 


is the most general form of Gai 


But if we assume that I, has but little influence on the deformation, 
then we can consider Gi a function of I, only, so that 

f P (12) 8; (dJ, > 0) 
0) 


dd, (14) 


This is the simplest form of the law, as proposed by Laning. 


the attention of re- 


Following the work of Handelman, Lin and Prager, 
searchers was on one hand directed toward experimental checking of the 
law (14) at complex loading, whereby most of the subsequent experiments 
confirmed that this law is closer to reality than the deformation theory. 


Theoretical research was continued, on the other hand, the purpose of 
which, essentially, was to broaden the differential law of plasticity 
for an arbitrary loading criterion. An increasingly important role in 
this research was assigned to the vectorial tensor representation. 


Any tensor having n components, as any system of n numbers, can be 


represented in infinitely many ways inann-dimensional vectorial space. 
then the corresponding 


at 


If among the n components, r< n are independent, 
vector is located in a subspace having r dimensions. In this manner, 
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any given point of the body, both the states of stress and strain can be 
represented. Taking advantage of the numerous possibilities of vectorial 


tensor representation, the correlation between the tensor and vector 


systems can be so determined, that not only the tensors are represented 


by vectors, but that there is also a vectorial representation of the 


most important tensorial operations. In our case of the stress-strain 
State, it is convenient to proceed in the following way. 


We place the stress vector P with components P; in correspondence wi 


t 
the stress deviator Size and the strain vector 9 with components », with 


the strain deviator 9;., in accordance with the law 


= Pe Soe, = Sss, Ps Po 


a 2931, = Doo, Ia 


(15) 


Inasmuch as the stress and strain deviators have, in the most general 


case, only five independent components, the above-mentioned vectors P 


andQare in reality in a five-dimensiona] subspace of the nine-dimen- 


sional space. For some theoretical investigations it is essential to 


consider just that five -dimensional vectorial] space as a basic space, but 


then the relations between the vector and tensor components are not as 
simple as in (15). 


Further in the text we will] s.udy the relation between the stress 


deviator and the plastic part of the strain deviator 
ij ij ij 


ij 96 


and we will put the plastic strain vector 39” in correlation to the 
deviator 9.” , which is easily determined on the basis of (15) as 


2G 


When the dependence of Yp on P for an arbitrary loading path is de- 
termined, the problem of the relation of 9 and P is also solved. 


In 
certain path. The paths described by the tips of the vectors P, 9 and 3?, 
we will call loading,strain, and plastic strain paths, respectively. 


the process of deformation the tip of each vector describes a 


A special place among the loading paths is occupied by such a loading 
path, along which the stress deviator increases proportionally to one 
parameter. We have referred above to such loading as simple loading. In 
Simple loading the trajectory of the stress vector (loading path) is a 
position [or radius ] vector; the corresponding path of plastic deforma- 
tion and of total deformation accordingly, will also be radial, whose 
direction coincides with the loading path and, independently of the 
loading direction, 


P 
I= (16) 


In fact, for simple loading from natural state, the Hencky-Nadai law 


& 

>: 2: 
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is valid to a sufficient degree of accuracy, and it is easy to see that 


on the basis of (15) the vectorial representation of this law coincides 


with (16). Thus, the vectorial space is isotropic witt respect to any 


simple loading. Or, in other words, the properties of the relation bet- 


ween stress and strain vectors for simple loading are invariant with 


respect to the rotation group in vectorial space, 


Let us now consider some complex loading paths. For such paths 


likely, the same invariability is true, which now should be natu ally 


complemented with the invariability with respect t the reflection of 


trajectories in all possible planes and directions. The hvynothesis con- 


cerning the invariability of vectorial space was originally formulated 


by Il’ iushin [ 14 ] and called by him the postulate of isotropy. It should 


be noted that Il’ iushin formulated the postulate of isotropy as applied 


to the above mentioned five-dimensional vectorial space, where each co- 


ordinate is independent. But inasmuch as the space with which we are 


dealing (15) can be interpreted as a space in which such a five- 


dimensional space is imbedded, the isotropy postulate retains here the 


Same sense: if some loading path is obtained from a given path (to which 


the given deformation path corresponds) through some operation of rota- 


tions and reflections (orthogonal transformation), then the same opera- 


tion leads to the corresponding deformation path derived from the given 


deformation path. Or, in other words, the inner geometry of the deforma- 


tion path is entirely determined by the inner geometry of the loading 


path, and vice versa. 


The 


general tenso-linear relation (5). Using this postulate, only five 


postulate of isotropy leads us to more specific forms of the 


scalar functions of the invariants of the inner geometry of the loading 


path or deformation path (I!’iushin’s five-term formula) can be unknown, 


as compared to an infinite number of scalar functions in relations (5). 


We note that if the isotropy postulate is valid for the stress-strain 


relation, it is also valid for the relation between the vectors of stress 


and plastic strain, 


Let us return now to the question with which we are concerned regard- 


ing the connection between the loading criterion and the stress-strain 


relation, 


It is known from numerous experiments with a sufficient degree of 


accuracy, that plastic deformations begin to appear in an initially 


isotropic material when the value of the second invariant of the stress 
deviator J, increases beyond a certain critical value 
< 


ke (17) 


In vectorial space this condition is represented by a sphere of 
radius k. Indeed, by definition 


4a 
most 
an 
| 
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(19) 
Accordingly, condition (17) can be rewritten as 
Pj =k (20) 


Let the magnitude of the stress vector in the process of a subsequent 
change of stresses become somewhat larger than k. If the body were to be 
unloaded now (a homogenous state of stress is assumed), then the 
appearance of new plastic deformations in such a body which is plastic- 
ally deformed, will not correspond to (17) any more. This will be some 
new closed surface in vectorial space which is cutomarily called loading 
surface (or flow surface *). Such a characteristic surface exists at 
each loading moment. It separates all elastic states, i.e. those states 
which can be reached from the given one without change of the plastic 
part of the deformation. Shape and size of that surface change with the 
change of stresses, if at the same time a change of the plastic part of 
the deformation takes place, and can be analytically represented as 


rer: A const (21) 


Function f is usually called the loading function, 


It is known from experiments, that a material can be elastically de- 
formed from any state (elastic unloading). Hence it follows that ina 
continuous deformation process (9” changes continuously), the loading 
surface changes in such a manner that it passes all the time through the 
tip of the stress vector. The point on the loading surface which is 
touched by the tip of the stress vector in the plastic deformation 
process, we will call in the future the loading point. 


For changes of 39” at each given moment it is necessary to pass out- 
side the loading surface constructed for the previous moment. Thus the 
loading surface is intimately connected with the loading criterion. If 
the loading surface is taken according to (21), then in view of the 


aforementioned, the loading criterion will be the condition 


af 
ds 0 
when the equality sign corresponds to neutral loading. If (Of/dS, 
dS; 0, we have a case of unloading. In the Hencky-Nadai and Handelman- 
Lin-Prager laws the condition dl, > 0 was accepted as the loading 


criterion. The corresponding loading surface is a sphere of the radius 
p- |P|. Accordingly, the introduction of the criterion dI, > 0 pre- 


supposes that the elastic range is experiencing a simple isotropic ex- 

pansion in the process of plastic deformation, which corresponds to uni- 
form work-hardening of the material. This is, however, not true, or true 
only approximately. Generally speaking, the process of work-hardening is 


a directed process, and the work-hardening itself has to be anisotropic. 


tT 
The Mises sphere |P| = k is the initial loading surface. 


and since according to (15) = > hence 
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(Since we limit ourselves here to the review of small deformations only, 
the anisotropy which occurs in the plastic deformation process has to be 
explained by the influence of the state of stress. Such a form of aniso 
tropy is called the anisotropy caused by stresses [12 ]). 


The task of experimental investigation of such changes of the loading 
surface is rather complex, However, the mere concept of the loading sur- 
face, or loading function (which is the same), opens tremendous theo- 
retical possibilities. It turned out that the loading surface is not 
only used for determination of whether the material is being loaded or 
unloaded at the given point, but is related (associated) with the plasti- 
city law itself, so that a knowledge of the loading function permits to 
concretize substantially the stress-strain law. Furthermore, it became 
possible, using some rather general assumptions regarding the behavior 
of materials, to obtain some information with regard to the loading sur- 


face itself. 


Going somewhat back, we will note that when we derived formula (14), 
the loading criterion was formulated in advance, i.e. the law of changes 
of the loading surface was determined without consideration of assump- 
tions regarding stress-strain relations, It is interesting to see how 
the introduction of a different loading criterion will influence the 
final result, and to determine the relationship between the plasticity 
law and the loading criterion, 


Results of investigations of this type, given in Prager’s article [15] 
can be summarized as follows. We will assume, just as we deduced the law 
(14), that: (1) the increments of the components of the strain deviator 
are completely determined by the stress deviator and its increment, (2) 
this relation is linear with respect to the increments, (3) the con- 


tinuity condition is valid. 


loading criterion in advance, 


not formulate the 


Inasmuch as we will 
and in order to obtain the most concrete relation between stresses and 
strains, we will require that the following supplementary conditions be 
satisfied: (4) when given forces are acting on the surface of the body, 
small increments of plastic deformation within the body are uniquely de- 
termined by the given small increments of surface and body forces (con- 
dition of uniqueness in the small), (5) loading surface at loading point 
has only one normal (condition of regularity of the loading surface) and 
(6) the loading surface changes continuously during the plastic deforma- 


tion process (continuity condition of the change of the loading surface). 


Let us consider some given state of stress, characterized by stress 
vector P. We will consider only the case when the tip of the stress 
vector is touching the loading surface. Otherwise we would find ourselves 
in the elastic range, the laws for which have already been determined. 


If the tip of the stress vector is touching the loading surface, then an 
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infinitely 


small change of the state of stress d P will either cause 


loading, r neutral loading or unloading, depending on whether dP is 


directed inside, tangentially to or outside the loading surface. To every 


vector dP directed outside the loading surface, there corresponds uni- 


quely a vector d3”. The requirement of the continuity requires that as 


a3” —~ 0 the vector dP is approaching the tangential direction to the 


loading surface. A 


vector dP directed outside the loading surface can be 


represented as a sum dP= dP,+ dP ,where dP,and dP, are vectors 


‘ along the tangent and along the normal to the loadine surface, at loading 
: point P. But according to the continuity condition, the component d P, 
3 foes not affect a change of 3?, hence a change of the plastic deforma- 
& tion takes place only on account of dP. and the direction of d3” does 


not depend on the direction of iP. Tt fe llows that with each pe int Pp 


f the loadine surface there ie asenciated a « Yrresponding unit vector n 


in such a way, that the increment of plastic deformation is effected by 


an infinite? smal) increment of the etreee vwertar A in the reetion 
IT init sma n ra in n ctior 


n. Let us now inves tigate the relat ion hetween the unitt vector " and the 


loading surface, 


We will turn our attention to a body of work-hardening material with 


given surface and body forces T and F. The theorem of virtual work states 


hat 


x. Here T, F, o correspond to equilibrium, and u, €;,; are possible, 
. Assume that under the given increments of externa] forces, tw 
q | 
States do . dé . do , dé are possible within the body. 
t) 


can be substituted into (23), even though \ do; may not necessarily 


correspond to A de *., Hereby the left-hand side in (23) becomes zero, 
tj) 


and we obtain 


\ Ads, 
ij j 


Thus, to satisfy the condition of uniqueness the requiremnt that the 


integrand be non-negative, is sufficient. In fact, from (24) it will 


follow then, that the solutions coincide. If we consider separately the 


elastic part in the integrand, which is always positive, then it is 
sufficient to require that A do, \ de; ;P > 0. Since «;,° is a deviator, 
it follows that A dS; Ada; .P > 0 or, in vectorial form 
AdP.Ad3? > 0 25) 
Let us now consider three possible cases: (a) both solutions corres- 
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ading, unloading, the other loading, (c) 
in wu 
last case » accordingly, he ntegrand 
ositive. Taking advantage of re fact, that in the other two 
which the « lu i ‘ ‘ abor does not nfluence 
we ca selec mn such an order that AdP 
outward normal. In se (a), in view of the presur 
of stress nd strain 
\ dP. and. 
inequality 
vector nm by any vecti 
yn of the outward normal to loading surface be non- 
Consequently, vector nm can only be the unit vector of the outwar? 
the loading surface at point P. Accepting this definition for n 
easy to see that the expression AdP Ad3p becomes non-negative 


case (b) as well. 


Thus we arrived at the conclusion that the vector of increments 
deformation is directed along the outward normal to the loading 
at point P. 


It remains now only to determine the value of the scalar proportion- 
ality coefficient in the law d3”’ = dkn, which in tensorial] representation 
may be written down as: 


dd, dk (Af / (26) 


To determine dk we will use the continuity condition of the loading 
surface change, in view of which, if at the given state 
(Sy, . ) =const, 
then for a neighboring state 
+ dS + .. .) const 
and, therefore 
+ .. .)— 1 (Say, ..., O 


Hence, 
(Of / AS, ;) dS, + (Af 09, ;°) dd, 


Introducing (26), we arrive at a formula for dk 


a8,,) | 
and thus 


q 
14] 
u- 
is 
q ‘face 
(27) 
— 
(28) 
where 
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In deriving this law we have assumed an obvious dependence on plastic 
deformation. In the case when f obviously does not depend on plastic de- 
formations, it is impossible to determine the coefficient through f. 
Taking advantage of the indeterminacy of dk in that case, we can again 
represent the result in form (29). Of course, formula (30) is not applic- 
able in that event, and F has to be determined independently of f. 


The problem of investigation of various analytical expressions of the 
loading function has gained considerable importance. Research in that 
field has been conducted by Edelman and Drucker [16 iF 


Any loading function has to satisfy the law of simple loading. That 
means that the relation (29) for the given function has to correspond 
satisfactorily with the experimental results of simple loading. 
Naturally, the results will be more complete when the third invariant of 
the stress deviator is considered, rather than when this consideration 
is omitted. The most simple example of the loading function is f = I,, 
or f = f(I,). If, in addition to this, we assume that F = F(I,), Laning’s 
law will follow from formula (29). 


The function f = ft. 9°) corresponds better to simple loading data; 
however, as well as the preceding one, it does not take into considera- 
tion the anisotropy due to stresses. By introducing the plastic deforma- 
tions into the loading function, we can take into consideration the last 
effect as well as the Bauschinger effect, as for example 


f = — mS,,9? 


1)? 
or, if in addition to that the third invariant is also considered, 
= ® (1, T;*) — mS 


It becomes apparent here that certain limitations have to be imposed 


on ®, 


Thus it is quite obvious that a taking into account of the Bauschinger 
effect and of the anisotropy which takes place during the loading process 
leads to very complex plasticity laws which are scarcely applicable for 
practical use. Laning’s law is therefore the most frequently used plasti- 
city law, even though it is also the most approximate law of all. 


We have examined here in detail the logical considerations which 
result in the law (29), sometimes called the Hodge-Prager law. A change 
of the original assumptions results in a change of (29) and thus some 
other formulations of the plasticity law can be obtained. Assuming that 
deformations depend mainly on the loading history, Cunningham, Thomsen 
and Dorn [17] arrived at the law 

I, = F (\ Vat) (31) 
where K, is the second invariant of the deformation velocity [strain 
rate |] deviator. However, Prager [12 ] showed that this in essence co- 
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If F is a monotonous function we can write down 


\V Ks dt = ® (I) 


incides with (14). 


Upon differentiation we will obtain VK, = & (I.)(dI,/dt), so that 
introducing this into law (31), we will again arrive at Laning’s formula, 
where we only have to put 


P (Is) = 9 (12) 


system of assumptions 


The most important factor in the change of the 


was the introduction of the work-hardening postulate, which was contained 


in the finalized version in Drucker’s paper [18 - 


Below follows an interpretation of uniaxial work-hardening properties. 


In work-hardening materials the increments of strain and the corres- 


ponding increments of stress are such that their product is positive. If, 


in addition to the process of application of supplementary increments of 


stress, the process of their removal is considered also, then it can be 


said that in the indicated cycle the work of stress increments in strain 


increments is positive. The postulate of work-hardening is precisely a 


generalization of this property of the curve from a uniaxial test to the 


polyaxial case. It appears that the acceptance of that generalization 


puts some very rigid requirements on the plasticity law. As it was shown 


by Drucker not long ago, violation of the fundamental postulate of work- 


hardening can lead to an indeterminacy of the solution [19 ], and thus a 


fulfilment of it for real materials in all probability is necessary. 


Let vector P* represent a state of stress at a given point of an 
elastic-plastic body, and let the tip of this vector be either within 

or on the loading surface. Let us further assume that additional external 
forces create at the given point of the body additional stresses, which 
displace the tip of the stress vector from within the loading surface to 
some point P on this surface. Only elastic deformations are produced in 
this process, and since elastic deformations are reversible, the state 

of strain at point P will not depend on the path of the stress vector 


from point P* to P. Further, supplementary external forces bring the 


stress vector outside the loading surface up to the value P + dP, so 
that small increments of plastic deformation occur. Then the supplement- 


ary external forces are removed just as slowly as they were applied, and 


the stress vector P returns to the original condition P* along some path 


(we are considering a homogenous state of stress). Since elastic work is 
reversible, the total work for the complete cycle of application and 


removal of supplementary forces will be 


dW 3! 


this work will be positive. 


According to the work-hardening postulate, 


Since, in a particular case, we can take P* for P, the work-hardening 


4 
4 
lie 
>> 
4 
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postulate yields 
dP.d3? >0 (32) 


If P— P* 4 0, then this difference can be made arbitrarily larger 
than dP, and therefore . 
(P—P)-d3?>0 (33) 


Thus, on the basis of the work-hardening postulate, the vectors P—P* 
and d3” have to form an acute angle, and accordingly all possible 
vectors P — P* must be located on one side of the plane perpendicular 
to the vector d3?, and this should be true of all the P’s on the load- 
ing surface. It follows that the loading surface is non-concave through- 
out. If it is true that the loading surface at a loading point has only 
one normal, it is easy to see from (32) that d3” is directed along the 
normal to the loading surface at point P. It should be noted that d9” 
cannot be directed inward to the loading surface, since dP.d3” 0, and 
dP is directed outward. 


Thus, only from accepting the postulate of work-hardening and from 
the condition of regularity of the stress point it follows that 


a3... dk (of 


The condition 
ar 


==— dS,.> 
OS; ; tj 


remains, as previously, the loading criterion 


Inasmuch as dk is undetermined, it is justified to say thatt 


ar ar 
Pa F (35 
d);, = ae ) 
where F may depend on stress, strain and deformation history. This 
function, in particular, may also depend on dS; , but then it has to be 


homogeneous)f zero order with respect to dS; 5, since time effects in 
plasticity are excluded. For example ; 


3 
(dS d >mn) 


where g does not depend anymore on dS, . The function F does not have to 
depend on dS; at all, if we require differential linearity of the rela- 
tion between stress and strain. 


We have considered various forms of differential stress-strain laws 
or laws of flow, which express the increment or differential of strain 
through some stress operator. In some applications, such as in problems 
of stability beyond the elasticity limit, those relations have to be 
solved with respect to the increments of stress. Such inversions of the 
laws of flow are sometimes connected with considerable difficulties, 
hence the idea of direct establishment of flow laws in terms of depend- 
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ence of stress increments on strain, strain increments, etc., is quite 
justified. 


Such a theory of flow in terms of stresses was developed by Trifan 
[ 20 ] and was based on the following suppositions: (1) The increments of 
Stress are completely determined by strain and increments of strain, 

(2) this relation is assumed to be differentially linear, (3) the con- 
dition of continuity holds, and (4) the condition dq > 0 is accepted as 
the loading criterion, where q is a function of the invariants E, and E, 


of the strain deviator. For simplicity purposes, we limit ourselves to 


the consideration of only one specific case, namely when q is a function 
19 


of E. only and,accordingly, it can be assumed that dq = a:; 


(Taking into account the third strain deviator leads to a tens rially 


non-linear theory, which will not be considered here). 


If dq 
mentioned four suppositions is simply a reversal of the system used by 


9,,d9,, , then it is easy to see that the system of the above- 


Handelman, Lin and Prager. Therefore, the derivation of the expression 
for dS; will be almost a literal repetition of the deductions made by 
those thoes authors. As a result it is easy to obtain 

dS;;= 264 9,;— dq (36) 


where 


kg; = (37) 


ij 


Flow theories analogous to the one just presented have received little 


popularity, and as far as we know no attempt has been made to generalize 


them with respect to an arbitrary loading criterion. 


In the entire material which was discussed previously, the regularity 
of the loading function surface at the point of loading was assumed. 
However, already the application of the criterion of maximum shear stress 
offers an example of a loading surface with some singular points. It is 
true, though, that in this case the singular points are stationary and 


may not correspond with the loading point. It can be expected, however, 
that it is just the loading point that at all times is singular. It is 


possible that such a supposition occurred for the first time in the 


explanation of the torsional loss of stability; there is no doubt, how- 
ever, that the main role in establishing the concept of the singular 


loading point was played by investigations of plasticity properties, 


based on considerations of the microstructural] mechanisms of plastic 


slip. 


Essential in such investigations is the consideration of the crystal- 
line structure of the material. The real body is visualized as an 


aggregate of a large number of arbitrarily oriented monocrystals. Con- 
sequently, the plastic properties of the body may be assumed as 
statistical means of plasticity properties of individual crystals and 
also of the properties of their interaction. The last two groups of 
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properties we will] cal] microplasticity properties. Modern plasticity 
theories based on such an approach are frequently called physica] 
theories, which is a hardly justifiable designation. A truly physica] 
theory we would consider a theory which, based on microplastic proper- 
ties, would yield all the macrocharacteristics of the material. But con- 
temporary schools of thought in that direction follow a_ so to speak 
"semi-inversed" way to describe the combined loading process. Instead of 
giving completely the microplastic properties, they are prescribed with 
some amount of indeterminacy, and the latter is eliminated later only in 
an average way with the aid of reference to the macroexperiment. This 
leads to only a conditional acceptance of the term "physical" for the 
theories mentioned below, quite aside from the fact that the micro- 


Plastic properties with which those theories deal are rather primitive. 


It is known from experiments [21 ] that plastic deformation in a 
monocrystal is essentially determined by shearing along definite planes, 
called glide [ or slip ] planes, and the directions in them, called 
directions of slip. The slip plane, together with a direction of slip on 
it, is known as a slip system. The magnitude and orientation of slip 


Systems is determined by the form of the crystal lattice of the material. 


It 


a slip system, i.e. of a system consisting of a plane and a direction, 


should be stressed that in order to determine the orientation of 


three independent parameters have to be given. 


Since it has been 


established that the pressure normal to the slip 
plane has hardly any influence on plastic deformation of the crystal, its 
plastic properties are determined by the relation of shear stress com- 


ponents in slip systems to the plastic shear strains in those systems. 


Various theories differ in the manner in which they postulate the 
plasticity properties in the slip systems (in the following we will 
designate the summation of such properties by the letter A), and the way 
they determine the properties on crystal boundaries (B properties). The 
material is considered to be quasi-isotropic, and as a result of that 
any orientation of slip systems is presumed to be equally probable in 
volume, containing a sufficient amount of monocrystals (for example, the 


experimental tubular specimen). 


The first theory proposed by that school of thought for description 
of plasticity praperties at combined loading, was the so-called slip 
theory of Batdorf and Budiansky [22 ]. Following is the essence of the 


basic assumptions of this theory: 


A. it 


plastic shear y? in this system depends on the maximum component of 


is assumed that each monocrysta!] has only one slip system. The 


shear stress assumed during the entire loading history and takes place 


only if r becomes larger than some limiting value Ty 


B. The state of stress in each crystal is the same and coincides with 


set 

= 
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the state of stress of the entire aggregate. 


Let the parameters, which determine the orientation of some gs] 
system with respect to the fixed axes , bea, Bf, y. The componen 
the shear stress active in this system, can be expr ed through 
stresses in the fixed axes x, y, z with the aid of 


shea in this slip system will be by definition 
F 


where F is a still unknown function. Through y? and a, 8, y we 


determine the plastic strains 9. which occur along axes x, %, 2 


result of plastic deformation in systems with the given orientation 


where ¢ tj is a determined function of its variables. Since any 
tion of s systems is equally- probable, we can, by means of ave 


obtain &£ for macrodeformation 


af, =\\ VF 3, dy 


Actually, we performed a summation of all possible orientations, but 
in view of the indeterminacy of the function F we can consider this an 


averaging.? 


The function F, or the characteristic function, can be determined, 
for example, from an experiment on uniaxial tension by the method of 
series expansion and subsequent numerical integration. A specific form 
of dependence of F fromr ry and, accordingly, dependence of plastic 
shearing from shear stress in the unique slip system of a monocrystal, 


is shown in Fig. 1. 


U/l, 


Thus, to obtain a logical inference of the macro-connection "stress- 
strain" from premises A and B, which would not contradict the experiment 
on uniaxial loading, it is necessary to assume that the monocrystal 


possesses work-hardening in its unique slip system. 


T It seems to us that the method of deduction use 
from the one employed by Batdorf and Budiansky [| 22 


the "physics" (in the above-named limited sense) o 
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E, 


Authors of this theory have jointly with other researchers conducted 


an experimental check of the slip theory [ 24 - and established some 


~ 


its advantages compared to the flow and deformation theories. However, 


in the initial tests on experimental determination f the instantaneous 


shear sodulus Cie it was not possible to discover a sizeable deviation 


from the elastic value. A deviation (smaller though, than suggested by 
the slip theory) was only discovered somewhat later, and it is quite 
possible that lack of success of the initial tests in determining a. was 


due to the fact that the torsion of the tested specimens occurred a 


very small (elastic range) axial plastic deformatior P 


At any rate, it can be safely stated that the predictions of the sli; 


theory, as to the value of the instantaneous shear modulus, cou ind 


some improvement. As for the reason of the inadequacy of this theory, it 


is contained in its basic assumptions, First (point A), the supposition 


of the uniqueness of the slip system in a monocrystal i: a great simpli- 


fication of the actual state of affairs. Secondly and mainly, the 


Supposition expressed in point B as to the random orientation of 


crystals, in essence contains the possibility of fracture on crystal] 


boundaries and is chiefly responsible for the inadequacy of the theory. 


Even though the deficiencies of the basic assumptions in the final 


law relating stresses and strains are to some extent improved by the de- 


termination of the characteristic function from the macroexperiment, the 


slip theory still remains extremely simplified. 


In 1954 Lin proposed a new version [25 ], whose aim it was to improve 


some of the deficiencies of the slip theory. 


Lin’s basic assumptions are reducible to the following. 


A. Several slip systems exist in a monocrystal. The active ones (i.e. 


such systems in which a plastic shear takes place at the given moment) 


are systems which correspond to the minimum work at the given deformation 


of the crystal. The shear stress components in such active Systems are 


equal to each other, and their magnitude depends on the sum of slips in 


the given crystal. 


B. The deformation of all crystals is alike and coincides with the 


deformation of the aggregate as a whole. The state of stress of the 


aggregate is obtained as an average of states of stress of component 


crystals. 


The assumptions A and B are still too complex for the derivation of a 


+t This supposition was first expressed by A.M. Zhu 


in their paper [30 ]. 
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stress-strain relation. Therefore, the author introduces additional 
suppositions of a simplifying nature. Inasmuch as it is not our objective 
to obtain a mathematical formulation, we will not consider Lin’s simpli- 
fied theory. We will only state that in our opinion, contrary to Lin’s 
assertion, the equality of G; and of the elastic shear modulus does not 
follow from the simplified version of the theory,whereas it is probably 
true for the initial suppositions A and B. 


Some basic qualitative conclusions from the suppositions A and B may 
be easily obtained from the model of a "plane" polycrystalline body. We 
have in mind an aggregate of monocrystals, having the following proper- 
ties: in each monocrystal of the aggregate, the shears take place in one 
plane only, which is a common plane for all of the crystals. Otherwise, 
the orientation of the crystals is arbitrary. Of course, in order to 
fully utilize the simplifying properties of a "plane" body, we have to 
apply the externa! loading, 00 in a plane which is characteristic for 
this body. 


Let us assume that there are three possible directions of slip in the 
characteristic plane of each crystal which form 60° angles to each other. 
(This is characteristic for slip planes of metals with a face-centered 
cubic lattice, typical for aluminum and its alloys). The active 
directions will be only the two that are closest to the direction of 
the resulting shear. Inasmuch as the shear stress components along these 
are always equal, the resulting shear stress is always along the bisect- 
ing line of the angle, which is defined by those two directions. Since 


the direction of the resulting shear strain also lies within this angle, 


the maximum difference between it and the resulting shear stress can 


amount to 30°. In simple loading the direction of the resulting shear 
strain } is constant, and according to B equal for all crystals. In 
view of that, the active slip directions are constant in each crystal. 
Let us now assume that an increment of stress has been produced, which 
is other than simple. This will result in an additional shear strain in 
each crystal (Pig.2). If the direction of such an additional shear in 
some crystal does not go beyond the limits of the angle formed by the 
initial directions of shear, there will be no change of the active slip 
directions and the direction of the resulting shear stress in this 
crystal will remain unchanged. However small the angle @ made by the 
vectors Ay and y, might be, there will always be a crystal on the 
characteristic plane of the given crystal, whose active slip directions 


,- This will take place in such crystals 


will undergo changes, fy, toy 
where the direction y, is closer to y. than Ay). In these crystals a 
directional change of the resulting shear stress will take place, and 
consequently, an increment of the shear stress Ar will also take place. 
For the whole body these increments will result in some increment of the 


total (average) stress. It is not hard to notice that the relation bet- 
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ween this increment and the angle is continuous anc 


corresponds to @ = 0, 


(The process of averaging is to be kept in mind: for example, when @ 
is small, the amount of crystals in which a change of the active slir 
directions will take place, is also small, accordingly A Oi; total will 
be small, too). Hence it can be asserted that during any sharp change of 


stresses (broken loading curve) in the considered body, the deformation 


curve will be smooth. That means that the instantaneous shear modulus 


will equal to its elastic value. 


It is obvious from Fig.2. that without interrupting [| stopping | 
plastic deformation in a crystal of average orientation, Ar may have a 
component in a direction which is opposite to the direction of the initia] 
Simple deformation. This indicates the presence of a conical (angular) 
singularity of the loading surface (for a "plane" body of the loading 
curve) at the loading point. 


We have considered the applications of the basic stipulations A and 
B to a plane scheme. The same conditions, only in a more complex form, 
will be true for a three-dimensional model. 


Comparing the conclusions of the two theories considered, we might 
say that both the slip theory and Lin’s theory predict the occurrence of 
a conical singularity at the loading point, but differ insofar as the 
slip theory predicts a breaking of the plastic deformation path at ortho- 
gonal loading, and Lin’s theory does not. In Fig.3, a corresponds to slip 
theory and 6 to Lin’s theory. 


Finally, it should be mentioned that Lin’s simplifying propositions 
reduce essentially to the assumption that every plane in a real materia] 
has the properties of the above-mentioned "plane" body. The behavior of 
such planes is assumed to be independent, and the total plastic deforma- 
tion of the aggregate is obtained by summation of the plastic deformations 
on all such planes. In the case of orthogonal loading, besides the effects 
in a "plane" body, which we considered previously, the effect of inclu- 
sion of plastic behavior of non-hardened or not sufficiently hardened 


that \o 0 
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planes must take place, which, in principle, is similar to the slip 
theory. Hence, it is impossible to expect that the equation G; = € holds, 
as was pointed out above. 


A theory recently proposed by Malmeister [ 26 FP is rather close to 
the two plasticity theories described above, 


The following is the essence of the basic propositions of the Mal- 


meister theory. It is assumed that plastic deformation in the neighbor- 
hood of the given point of the body is determined by shears in al] 
possible planes. In every such plane the plastic shear depends on the 


shear stress on this plane only. The behavior in each plane is inde- 
pendent. 


It 


ter’s theory will differ from the slip theory formulation only insofar 


is not hard to see that the mathematical formulation of Malmeis- 


as one integration will be missing (integration along the angle on each 


plane). Naturally, in relation to this, the characteristic function will] 


be different from that in the slip theory. The qualitative result of 


that change will be such that the conicity of the loading point, as we)) 
as the breaking angle of the plastic deformation path at orthogona! load- 


ing, will be smaller than in the slip theory. Allthis is a result of the 


hardening process, which takes place uniformly in all directions on each 
plane, contrary to the slip theory. For an arbitrary change of shear 
stress on a given plane, plastic deformations do not take place with the 


decrease of its value. Thus, at orthpgonal loading, increments of plastic 
deformation occur only on account of the inclusion of the plastic be- 


havior of non-hardened or not sufficiently hardened surfaces (their 


number is co “), and not slip systems ( «7’). as in the slip theory. In 


connection with this, the total increment of strain will be smaller than 


in the slip theory, and a smoothing of all effects will take place. 


Hence, from the standpoint of any of the three plasticity theories 


mentioned above, the loading surface in the process of plastic deforma- 


tion changes so that the loading point in it is conical. From the mathe- 


matical formulation standpoint, their joint characteristic is that the 


relation "stress-strain" contains multiple integrals and involves con- 


siderable mathematical difficulties even in the determination of the 


dependence of deformation on loading for homogenous stress conditions. 


The concept of the conical loading surface enjoys a considerable popular- 


ity, and the natural tendency becomes apparent to evolve such a plasti- 


city theory, which, along with greater simplicity, would incorporate this 


main feature of the considered theories. 


The initial step in this direction was taken by Koiter [ 27 } and 


resulted simply in an expansion of the Hodge-Prager relations by way 


of introducing numerous loading functions. This school! of thought can be 


characterized as a "reconciliation" of the gradient principle (the plastic 
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strain increment vector is a gradient of the loading function for a 


portion of the loading surface with a continuous tangential plane) and 


the concept of the conical point on the loading surface. 


As 
mines the loading surface. In the case when the loading surface has some 


previously stated, the loading function in the stress snace deter- 


Singularities it can be represented as the envelope of some regular sur- 


faces. Each such surface determines some regular loading function f y 


and thus, in accordance with the Hodge-Prager law letermines the incre- 


ment of the plastic deformation vector with the accuracy to a scalar 


factor. If we were to assume the independence of each of the above- 


mentioned loading functions, the total plastic deformation could be 


described as a sum of plastic strain increments determined by each load- 


ing function 


Koiter showed that the slip theory is a special case of the above- 


mentioned concept and corresponds to an infinite number of plane loading 


surfaces 


loading surfaces are the most simple elements of such theory 


Plane 
and therefore future investigations of the relation proposed by Koiter 


were conducted on the basis of plane loading surfaces. Saunders’ [ 28 | 


paper is one of such investigations, where it is assumed that separate 


plane loading surfaces are displaced parallel to each other in the 


plastic deformation process. In this case each loading function is a 


linear function of stresses and the Hodge-Prager relations may be 


partially integrated for each one of them. (It is shown in the paper 


that conversely as well, unique integrated stress-strain relations wil! 


be those for which f = const. represents a plane in stress space). 


Saunders’ implications clearly permit to construct a loading surface for 


any given point of any arbitrary loading path. Clearly, only such plane 


loading surfaces, which have one common point with the stress vector, are 


displaced in the plastic deformation process. In view of the independence 


of their actions, each loading plane can move in one direction only, 


opposite to the origin of the coordinates. The supplementary supposition 


on the parallelism of displacement of individual] loading planes gives 
immediately the method for the construction of the loading surface, as 
is seen from Fig. 4 (plane case). This figure shows two versions for the 


loading surface: (a) if the initial loading surface 


construction of the 
(indicated by shading) is a polyhedron; (b) if the initial loading sur- 
face is smooth. In the last case the construction method is the envelope 
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method, or the method of external tangents. Insofar as the total plastic 
deformation is determined by the sum of plastic deformations, which 
correspond to individual loading planes, it stands to reason that it will 


1 for all loading paths which determine the same loading surface. 


is easy to see that if the initial loading surface is smooth and 
such as for example, the Mises surface, then for the determina- 
the initial and of all] subsequent loading surfaces an infinite 

of plane surfaces has to be considered. From the set assumptions 
ows then that a conical singularity appears at the loading point 


during a continuous plastic deformation. 


Initial elastic 
region;}) 


Fig. 4. Fig. 5. 
Below we will describe the results for a plane loading path when the 


plane surfaces can be represented as straight lines. 


First, only two loading surfaces f, and f, are relevant at loading 


point (Fig.5). Secondly, the direction of the plastic strain increment 


vector depends on the direction dPand on the normals to the surfaces 

f, and f, in the following manner. If dP is directed toward the elastic 
region 1, then the plastic strain increment equals zero. If dP is 
directed toward region 3, then the plastic strain increment vector d3! 
can be only within the angle y. If dP falls into the regions 2 or 4, 


then d3” coincides with the normal] to f, or f,. 


It is also important to clarify the problem of differential depend- 
ence in Koiter’s relations. 

The most widespread plasticity laws (Hencky-Nadai, Laning) are 
differentially linear *, if, as it is usually the case with the majority 
of questions of practica] importance, the unloading process is excluded. 
Thus, if we consider the continuous process of plastic deformation 
(active process), then the above-mentioned theories have all] the remark- 
able properties of differentially linear relations. Contrary to that, 
the differential relations of Koiter, even in an active process, cannot 
be considered differentially linear in the ful] sense of the word. The 
truth of the matter is, that for many loading functions the presence of 
a "partial plasticity" region, such as regions 2 and 4 in Fig.5, is 


Linear with respect to stress and strain increments, 
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characteristic. These regions play the same role in the violation of 

the superposition principle, as do elastic regions in usual plasticity 
laws. But inasmuch as the existence of such regions is determined by the 
loading condition, it may be said that the differential non-linearity of 
Koiter’s law is inherent in the loading conditions 


In this connection we will mention the plasticity theory recently 
proposed by Warner and Handelman [ 29 }. Even though this theory 
final formulation does not essentially differ from Koiter’s the 
claims more generality and independence from the Hodge-Prager relati 
by its development of more general implications from a lesser amount 
assumptions. However, the deductions themselves of Warner and Handelma 
relations seem questionable to us, since the authors use essentially the 
properties of differential linearity of the relation, which are sub- 
sequently violated by the accepted loading condition. Differential 
linearity of the relation "stress-strain" is obtained as a consequence 
of a series of assumptions regarding independence of plastic behavior 
from time and continuity of partial derivatives of strain rates as a 
function of stress velocities over the entire defined range. But as soon 
as a loading criterion, which accounts for the appearance of various 
plasticity regions is introduced, the second of the initial assumptions 
is violated. 


The above-mentioned considerations regarding the behavior of a load- 
ing surface and, in particular, the existence of a conical] point on the 
loading surface, require direct experimental] investigation. As mentioned 


previously, initial attempts to determine the instantaneous shear modulus 


resulted in the equality G; = G, This result appeared to be rather 


peculiar, especially in connection with the phenomena of torsional loss 
of stability. Therefore experimental attempts continue to prove that 
G. = G. In 1954 two papers on the subject were published, one by Zhukov 
and Rabotnov [30 ] and the other by Naghdi and Rowley [31 ]. The first 
paper explores the behavior of tubular steel specimens, the second that 
of aluminum alloys. Both papers establish that the instantaneous shear 
modulus depends on the magnitude of tensile stress and may be consider- 
ably smaller than the elastic shear modulus. The latter fact was sub- 
sequently supported by Sveshnikova’s experiments [32] with copper-brass 
and duralumin specimens. If the principle of continuity is to be con- 
sidered valid, then these results indicate the conicity of the loading 
point. At the same time they confirm the effect of a sharp break in the 
deformation path at orthogonal loading. 

Feigen [ 33 ] describes his experiments, conducted on aluminum alloy 
specimens with very small torsional] moments in relation to large tensile 


forces. The dependence of the instantaneous shear modulus on the tensile 
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s observed; however, the deviation from the elastic value was 
onsiderably smaller than in the two papers just mentioned. Feigen’s 
ments are interesting since they confirm directly the occurrence 
breaking effect of the plastic deformation trajectory. 


mparing experimental] data with deductions of the flow theory 


(Laning’s law) and of the deformation theory, Feigen concludes that the 


experimental data for stepwise loading which he performed, between 


the values ained on the basis of those theories 


experimental papers by Hu and Marin. In the first 
f a loading surface in the plastic deformation 
authors ascertained that during this process 
accounted for by mere isotropic 
lisplacement. It is not hard to see that this con- 4 
reiects he principle o independent action of every one of the 
numerous loading surfaces (this is particularly clear on the example of 


plane loading surfaces 


In the second paper by Hu and Marin | 35 | special attention is given 


plastic deformations 1 a special loading path which for purposes 
of brevi , Ct circular. is followed in this : the 
ateria 1¢ pla , then eginning of circular 


adine ese ve i} n enme plane of the vectoria 


nare 


nlastic de- 


ong this path. Contrarily to this, 
cular loading a change in the plastic 
r msiderable that ; cannot he 


the experiment or by anisotropy. From the 


the paper, the following qualitative picture of plastic deforma- 


n change at circular loading is obtained: if S is a measure of the 

length of the path traced by the tip of the stress vector, and e,P is 
the increase of the intensity of plastic deformations above the constant 


intensity which was achieved at the beginning of the circular loading, 


then the specific form of the relation between e,? and S may be repre- 
sented as follows (see Fig.6). It should be noted that the Hu and Marin 


experiments encompass al] states of biaxial] tension, from simple tension 
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THE INFLUENCE OF NON-UNIFORM HEATING ON THE 
STABILITY OF A COMPRESSED BAR 


(VLIIANIE NERAVNOMERNOGO NAGREVA NA USTOICHIVOST’ 
SZHATOGO STERZHNIA) 


PMM Vol. 22, No.4, 1958, pp.119-123 


L.A. SHAPOVALOV 
(Moscow) 


(Received 5 November 1957) 


Considered is the stability of a clamped, compressed bar of a 
rectangular cross-section undergoing small elastic-plastic deforma- 
tions under conditions of non-uniform heating, for an arbitrary com- 
pression diagram of the material. The temperature field T(x,y,z) is 
assumed constant along the length of the bar and varying linearly 
across the cross-section in the direction of buckling. For assumed 
boundary conditions the non-uniform heating does not cause the 
curving of the axis of the bar. The problem is reduced to finding the 
critical force from a homogeneous differential equation. 


For the case of an ideally plastic material and for a material 
with a linear strain hardening, results can be obtained in a closed 
form, The formulation of this problem is due to L.I. Balabukh. 


Suppose a clamped bar of a constant rectangular cross-section is non- 
uniformly heated by a steady temperature field 


ts 
P(e, y, (1) 


and is acted upon by a compressive force. Here, the x-axis coincides with 
the axis of the bar, y and z are principal] central axes of the cross- 
section, and t, are temperatures in the boundary fibers, measured 


1 
from some initial temperature T., h. is the height of the cross-section. 


Assume the total shortening of the bar to be uw. The compressive 
stresses causing this shortening are 
u ‘ 
—-+aT 
\ l } 


where | is the length of the bar. We introduce the notations 


u — 
aT=e 
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The 


independent. The compression diagram of the material for an initial 


coefficient of linear expansion @ is assumed to be temperature 


temperature is assumed to be quite arbitrary. 


In order to simplify the solution of the problem at hand we assume 


the following simple dependence of the stress-strain diagram, 0 — ¢€, on 


the temperature T: 


(e, T) Ay 


This dependence approximates with sufficient accuracy compression 


curves of such materials as high-strength steels and aluminum alloys. 


Consider a small deviation f(x) of the bar axis from a straight line. 


Infinitesimally smal] increments of bending stress in zones of addi- 


tional loading and unloading are 


Ese = E (y — yo) x, 8e< 0 


where k = —f (x) is the curvature of the elastic line of the bar, y. is 


the coordinate, determining the position of the neutral line of the 


cross-section, 


Assuming that the buckling of the bar occurs for a constant value of 


the axial force, we obtain 


0 Us 
Ji (©°, yo) + Je yo) =0 =: \ Zu Yo)dy, Je= \ E (y—ve) dy) (6) 
Vi 4 
Here 
w=(th—w), w= 2% 


The condition (6), together with relations (1) to (4), enables determi- 


nation of the position of the neutral line for an arbitrary diagram of 


,(€). 


determining the deformation « as a function of coordinate y accord- 


ing to (1) and (2) and performing a substitution of variables 


€ | 7 € € ) 


obtain 


— | (e — ee) de 


— (te — ty) wo] 


Considering expression (3), the integral J,(e°,¥_) may be expressed as 


—— = —— (y — Yo) e¢>0 
80 = (5) 
4 
in expression for J, («°,y.) we 
h dap 1 d& 
a(teo—t,;)} de ak, dl 
where 
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h? dE 
+ = —— —— (te 
24 Ey 
The solution of equation 
with respect to [= for various values of the parameter ¢°, can be ob- 


tained for the general case of the diagram 0. = o.(€) by means of 
numerical methods. 


The variation of the bending moment during the buckling of the bar is 
Vs 


0 
re de vr , 0) 
iM = — \ \ Bey dy de = = (y— yo)? dy +b \ y —KJx 10) 


0 


where K is the reduced modulus, analogous in its content to Engesser- 
Karman modulus, 6 is the width of the rectangular cross-section: 


Therefrom 


K = J3(e°, Yo) + Ja(e°, Yo) = Dz (e”, yo) (11) 
Here 
\ — dy, (y— yo)* dy 
Us 0 


Changing variables in accordance with (7) we obtain 


12 1 dF 
—— —— — a7 — d 12 
may be found by direct integration: 
1{, dk 1 dk 
3 dF 

ar (to — (1 — yo)* (13) 


The compressive force N in the bar and the corresponding mean stress 


on are: 


=\\o(e)ay ae, = (e)dy (14) 


+ 


+ aT o) | \ (e)de — 


| l 
oy (e’) 


8 Eq 38, av +4) — (ts yol} (1 — yo) 

4 
| 


4 
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{ dE 
©) ede (ee == -+- af 15 
a*(te—t;) dT Go 3 aty) (19) 


The critical value of the compressive force is 


N, = Ks \ de (16) 
0 0 


For boundary cunditions here considered 


f(x) = fy (17) 


The 


critical slenderness is 


Kie ) 
Ale )= an VY (18) 


Eliminating « from (16) and (18), we find the stability limit in the 
form 


= @ (2) (19) 


Here Oo, is the critical value of the mean compressive stress in the 
bar. 


Consider further a special case t, tr, = 0, t, @ t. 


the expression for o_(€) the elastic part, 


Separating in 


we will assume the compression 
diagram of material at initial temperature in the form 


Dp = 0 (e<¢,) 
Go (©) = Ege — where { (20) 
Po= Pole) (e>€,) 


and € » is the strain corresponding to the limit of elasticity. 


Equations (6), (11) and (15) are simplified thereby. Performing 


calculations we obtain the following equation determining the coordinate 


fy 
E (2B— 1 
[B —3(1— B) yo] — di + Yo) Po (€1) = \ Po (e) ede — Po (e) de (21) 
Here 


* The reduced modulus K is determined from its smallest value corres- 


ponding to the buckling of the bar in direction of the less heated fiber. 


or 
| |_| 
dE 
aT 


ofa 
ri 
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The expression for the reduced modulus and the mean compressive stresst 
is 


K = + + 3(1 — — (1 + goles) + 


+ (e) ae—20, (e)e de + Ds \ (e)de (22) 


A 


Coefficients D,. D, and D, are calculated from the following formulas: 


D; = [1 +3 +2B(1 — 
D, = ait [3.4 (e°)? + 2e° + (at + 4Be® 


For a material with a linear strain hardening 


Po (e) = 0, Po (©) = (Ey — Ey’) — e>e, (24) 


where c. is the deformation corresponding on the diagram o, = a, (€) to 
the point of transition into the region of plastic deformations with the 


modulus of hardening E,° 


fT The numerical] determination of the reduced modulus should be done with 


great accuracy, since the last four terms of relation (22) differ little 
in their absolute values. 


29 
= Tans 4 
6, 
6600 
| | 
| 
f | 
5200 
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— 1600 = | 
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In this case, in evaluating the integrals appearing in equations (21), 
(22) and (23), one has to remember that for eqe,=e +1/, at(1 Y,) 


expressions under the integral become zero. 


Fig. 2. 
The value y. =- 2 y. h corresponds to the limit between the elastic and 


plastic zones of cross-sections for given values of €. ¢ and «”. 


Expressions for the reduced modulus and for the stress Oy may be ob- 
tained in a closed form: 


K {1 B (A — + (Yo — + Eo + — (Yo — + 
7 
8 {{(1 — yo)* — (Yo y,)*] Fy ((1 + yo)* — (vo — (25) 


Cn Eo| (1 — Bye 


(Eo — Ee ; 3 B) (4 4+ 4 Bat (1+ | 


24 


where y. is determined from the equation 
1+ (H(i — — (2H [1 — + + 


= 
+ (1— By) (1 — 


Here 
H =3/(1 B)/2B 
Por y. « y, the plastic zone coincides with the zone of additional 
loading, hence in equation (27) one should set ¥. = F.. In this case we 


s 


have a third order equation with respect to a 


(3¥o — yo") + H — Eo) (1 + —2(1 + Bo) yo] = 0 


By putting in equations (25) to (28) EF.” = E. = 0, we obtain the solu- 


tion of this problem for the case of a material with a yield point. 
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Figs. 1 and 2 show results of calculations of the 


a material with a linear strain hardening, with 
- O.111 x 10° ke/em*’ = 0.0040, dE/dT - 


x 10 and for an ideally plastic materi 
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PRESSURE OF A CIRCULAR DIE [PUNCH] ON AN 
ELASTIC HALF-SPACE, WHOSE MODULUS OF 
ELASTICITY IS AN EXPONENTIAL 


FUNCTION OF DEPTH 
(DAVLENIE KRUGLOGO SHTAMPA NA UPRUGOE POLUPROSTRANSTVO, 


MODUL” UPRUGOSTI KOTOROGO IAVLIAETSIA STEPENNOI 
FUNKTSICI GLUBINY) 
PMM Vol.22, No.1, 1958, pp.123-125 


V.1I. MOSSAKOVSKII 
(Dnepropetrovsk) 


(Received 17 June 1957) 


In a paper by B.G. Korenev [1 PF one finds the formulation of the 
problem of a die, resting on a foundation whose modulus of elasticity 
varies with depth according to an exponential law. 


For an axisymmetric 
case, as indicated in reference [1], the pressure on the surface of 
the half-space and its settlement can be expressed, 


respectively, in 
the form 


Po(e) = \ (3) (p) = 


where J. is a Bessel function, mis the exponential index in the ex- 
pression for the elastic nucleus (1 > a> 0), 


For m= 0, one obtains the ordinary homogeneous half-space and in 
this case E = E/(1 — p*). 
In the following, a more convenient solution of the problem is pre- 


sented, which is better suited for practical calculations: one also 


will find corrections regarding certain inaccuracies in reference [1 3 


1. Assume the radius of the die equals unity, which always can be 


accomplished by introducing a dimensionless coordinate. Then the problem 
of determining the pressure under the die reduces to the problem of 
solving a "coupled" integra] equation 


\ \ (3e) = go = 0<e<1) 


m 
0 Je 


(1<e<a) 
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Pressure of a circular die on an elastic half-space 


For a die whose surface after impression is determined by equation 


z= w, (pe) cos ne (1.2) 


where @ is the polar angle, the pressure may be determined from the 
formula 


P(e. = P,, (p) cos no (1.3) 


Thereby, equations (0.1) and (1.2) and the "coupled" integral equation 


(1.1) retain their validity, except that subscript 0 has to be replaced 
throughout by subscript an. 


2. We have the following "coupled" integral equation 


@ @ 
(3) (Be)d3=gi(e) 1), \ f (3) \(e)d3=O (24) 
J, 9 Je 


We may use the following relations, well known in the theory of Besse] 


functions 


("/2 


\ 


Liao 
{ — Mes + + Yon) ds 


Bs | (89) = 


io 


We introduce the notations 


(8) = F (s) 


0 


Then from (2.1) we obtain 
c+ia@ 
F (s) — + + "/an) = g (0< p< 1) 


(*/2 + + "/on) 


c—ioa 


Using the formulas 


(22 — 2)?“ dp 


+1 (o? — 22)°-1 dp= r (+) (3) 27 


ou 


we obtain from (2.3) 


1 F(s) + + an) T An(r) (2.5) 
ori + 4/98 + 


- 


c—to 


q “a 
= — 
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Applying second formula (2. 4) 


Making use of the formula 


{ oe 


we obtain 


2+ T + 
(2/5 + 4/8 + 1/on) 


A” (x) (2? — 


By way of an example we consider the pressure of a plane circular 
an elastic half-space. Assume a force P acting on the die along 
its axis, in which case its deformation is constant and equal W_. The 
formula (2.9) then reads 


die on 


Po (r) = 


On the basis 


7 

ad ¢ 
— \ x (z* — dz 
dr. 


Whence 


7 

where 

x 

d 

An (z) = — \ g, — dp (0<2<1) (2.6) 

dz. 

0 

An (x)= 0 (1 < 2< 

(2.5) we obtain 

; t+ico 

{ + 1/on — Ves) (1/ea + 1)? 

c—ico ( /o+ + oN) 

= oo x 

=\ An(z) (x? — r2) * dz 

| > +. n— > AY = am (2 7) 
{ 1 (1 

c—ico 

| 

dr (2.8) 

r 

7 The final expression for P(r) has the form 

0 

(2. 4) 

‘ 
x 
a 

Then 2+ < 

Po (r) —— (a*— 


Pressure of a circular die on an elastic half-space 


Or finally 


Po (r) (aq? r2) 


The formula for the pressure under a plane circular die proposed by 


B.G. Korenev [1] is incorrect. 
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APPLICATION OF SLENDER BODY THEORY TO THE 
CALCULATION OF AERODYNAMIC PROPERTIES 
OF LOW ASPECT RATIO WINGS WITH 
NACELLES AT THEIR TIPS 
(PRILOZHENIE TKEORII TONKOGO TELA K RASCHETU AERO- 
DINAMICHESKIKH KHARAKTERISTIK KRYLA MALOGO 
UDLINENILIA S GONDOLAMI NA KONTSAKH) 

PMM Vol.22, No.1, 1958, pp.126-132 
V.V. KELDYSH 
(Moscow) 


(Received 3 August 1957) 


Lift and pitching moment coefficients of a plane wing of low aspect 
ratio with nacelles at its tips are determined by slender body theory 
and by application of the theory of functions of a complex variable 
[1]. Consideration is given to combinations shown on Pig.1, where 1 
and 2 are leading and central parts of the wing, 3 and 4 are the 
leading and central parts of nacelles, 5 and 6 are leading and trail- 
ing edges of the wing. 


The nacelles, which are bodies of revolution, have axes parallel to 

the axis of the wing and coplanar with it; the trailing edge of the wing 
is straight and is coplanar with the base of nacelles. The leading edge 
is intersected only at one point by a straight line paralle] to the axis 


of the wing. The notation of dimensions wil] be found on Fig.1. The unit 
of length was selected as the half-distance between the axes of the 
nacelles, with respect to which all other dimensions are normalized (a, 
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In genera] when | ¢ 1— a, the contour of the lateral cross-section 
of this system is transformed by conformal mapping on three segments of 
the real axis of the plane »: 

—iqwa—k, —dewecd, 


by means of the function 


where sn denotes the elliptic sine function. 


Constants of transformation k, C and d are determined from the follow- 
ing equations 


tVi-a 


VT- 


y= = 


d=wl(t= (3 

Here K(k) and K(k’) represent complete elliptic integrals of the first 
kind with conjugate moduli k and k’, a and ! represent the dimensionless 
radius of the nacelles and the half-span of the wing in the cross-section 
xz = const. 


Fig.2 shows planes of intermediary transformations: 


am =- 2 \ 
» =Inw,, wy = sn ,ki, w=- 
( j ws 


The complex velocity potential of the flow without circulation set up 
by the isolated wing (1) located normal to a stream having velocity A, 


is determined from Chaplygin’s [2] formula. 


1 


V — 1) — (x? — dd?) 


OF 
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The 


sents the wing, is 


velocity potential due to the segment — d¢ w<«< d, which repre- 


J 


The corresponding velocity potential! 


due to segments- l¢ k, 


1 which represent the nacelles is 


irc sin 


Here and below the plus sign in formulas (and also in indices) per- 
tains to upper and minus sign to lower surfaces; Fin, uy ) and FE(n, wr ) 
are elliptic integrals of the first and second kind, respectively; F(n) 

F (n, &m ), E(n) E (n, %7). Velocities in planes t and w are related 
as follows 


For a wing without yaw d®? dt =-— iVa for t ~ 


and 
yj 


f 


where V and @ are velocity and angle of attack of the undisturbed stream 


at a far distance. 


For the calculation of aerodynamic forces acting on the system here 


considered we use the relation between the coefficient of pressure and 


velocity potential stemming from linear theory. 


and we introduce specia! functions I! for the wing and [ for the nacelles 


\ sin (7) 


. 


where @ is the polar angle in the plane x = const. measured from the z-axis 


and the origin is on the axis of the nacelle, 


Values of these functions are listed in Table 1 and on Figs. 3 and 4. 


Table 1 also contains values of transformation constants k and C., 


‘ 
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TABLE | 


a~0.i1 a=.().21 a~0.32 


| k=0.423 C=1.960 | k—0.259 | 

0 0 0.175 | 0 | oO | 0.334 0 0 | 0.509 

0.100 0.004 | 0.175 0.100 0.004 | 0.333 | 0.10 0.004 | 0.513 

0.200 | 0.016 0.177 | 0.200 0.017 0.339 0.200 | 0.019 | 0.523 

0.300 | 0.035 0.1814 | 0.300 | 0.038 | 0.349 0.300 | 0.043 | o 542 

0.400 | 0.083 | 0.190 | 0.400 0.089 0.364 | 0.40 0.079 | 0.570 

0.500 | 0.100 | 0.201 0.500 0.108 0.386 | 0.500 0.130 0.618 

0.600 | 0.148 | 0.240 0.600 | 0.184 | 0.448 | 0.600 | 0.208 0.698 

P 0.700 | 0.203 | 0.247 | 0.700 0.232 0.493 | 0.650 | 0.264 | 0.773 

, 0.200 0.273 0.302 | 0.750 | 0.296 0.569 0.680 | 0.564 | 14.180 
0.850 | 0.321 | 0.357 | 0.775 0.330 0.623 

| 0.363 | 0.7 5 


017 


0 
0.012 
0.200 0.040 | 0.150 0.032 5903 0.075 
0.050 


0.272 


.376 


Lift and pitching moment coefficients of the front part of the wing 


4 


C_‘*’ and 


are determined from the formulas 


and of the leading part of the nacelles G_ *) and ", 


- — - — - - 
a=-0.4 a=0.50 | a=0.60 
k= 0.174 C k = (993 C =().044 + 
a 0.100 | 0.005 0. 653 9.4100 | 0.005 0.865 0 410 0.006 1.051 
a 0.200 0.022 0. 668 0.200 0.025 f) 0. 2% | 4.083 
0.049 0.694 300 0.059 0.932 0.300 0.077 1.142 
0.400 | 0.092 0.739 | 0.118 | 1.009 0.350 | 0.114 {222 
0 160 R1 0. 450 0.165 1.084 0 375 149 263 
a > 0 550 0.208 0 RRO | 0.475 0.249 1.155 0.400 0.456 1.728 
4a 0.575 | 0.249 0.930 500 0.520 1.608 | 
0.600 0.555 375 
—-— ~ 
| | 
| 
0.275 | 0.099 | 1.450 | 0.200 | | 2.185 | k=O, C=md 
— | 
— 
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cect n 

In the case 0f 0, co, 0, m0, 

aor: 1/8 7 I“, In the case of nacelles with internal flow (a. # 0), force: 
Sa icting from within the nacelle are not considered Then a 0 formulas 

und (9) reduce to known expression fer Lerodynamic coefficients of 

1 low aspect ratio wing as determined from slender bodbry. 
ge oi For the central part of the combination here consid we have 

1 — a, and its aerodynamic coefficients ar dete =the 

4 
— I (a;,1— a,) — 1 |G (a) I” (a, (12) 
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aerodynamic coefficients 


and 
Z 
ur 


rd refer to the central part 


-oordinate of he nacelle a a(x.). 


The aerodynamic coefficients of the entire combination are obtained 


by summation of the corresponding coefficients of its components. The 


(2?) ‘ ) 4b3 
m'‘*) 1. 42 (as, 1 tol? (ao, 1 )| 
d 
— 1 — —\ (a, 1 — a) — 20 (a) 
da 
I° (a, 1 a) ix\ (13) 
dz 
1 
J G (a) a*)(1 ke?) 
Here sof the central part 
of the wing, of the nacelles, 
Lie = base (i 
\ 
\ 
26 
4 \ 
q 
| \ / \ 
4 — 
an S - 
IS! ZZ | 
a 4 Pig. 3. Fig. 4. 
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analysis of obtained results indicates the following: 


The presence of nacelles at the ends of the wing usually increases 
the lifting force of the combination by comparison with an isolated wing 
having equal] aspect ratioA = 44¢ S. (Here S = surface plan area of an 


isolated wing, 6 = half wingspan). 


a6 
Pig. 5. 
example Fig.5 shows the aerodynamic characteristics of the front 


a combination consisting of wing and pointed nacelles at its 


(a 0, da/dx 3 0); C,, is the ratio of coefficients of the lift- 
force of wing with and without nacelles, C ( ’ are relative 


y* ey 


fficients of the lifting force of separate parts of the combination 
wing in presence of nacelles and of nacelles in presence of 


x, 1S coordinate of the center of pressure « he leading part of 


lar wing with nacelles at the ends, referred to its length x, 


In the case of pointed divergent nacelles the aerodynamic character- 
istics of the leading part of the combination, C, and M., are determined 
in terms of the dimensionless a, of the nacelles at the point of contact 
with the wing. The effect of the shape of wing and of the frontal part 
on the nacelles on the magnitude of the lift coefficient does not exceed 


5 per cent. In the case of nacelles with interna] flow ( * 0), their 
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also when a< 0.6, one encounters a 


compar 


i 


ir 


considerable 


win 


and 


The locatio 


g of 


sh 


The 


the 


decrease 


The 


ipe 


n 


aspect 


of 


of 


of the center 


ratioaA 


the 


center of pressure. 


length 


distribution 


central 


the combination: 


rttes 


tne 


ison with 


of wings 


case 


an 


4 


= 


of 


4b*/S: 


part 
Its 


displaces 


of le 


ading 


shows a 


widening 


the 


on 


pressure i 


a 


center 


the wi 


n 


the 


direct 


a. 


of 


ng 


and 


inf 


and 


jisplaces the center of pressure toward rear edge 


case 


lence 


increase 


if 


ure 


5S 


10 


of nacelle 


the 
of 


narrowing 


on 


forward. 


incr 


Ss W 


lif 
wh 


on nacelles dC /dz 


179 


it 


f sylindri- 


e 


isolaved 


ith 


nacelles 
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isolated 


internal flow depends only slightly on their shape and is determined 
mainly by the value of a.. 

2. The lifting force of the centra] part of the wing with 
does not depend on their shape but is determined solely by the 
of their relative radii a, in the front and e. in the rear. The 
force of the centra] part is positive when a 2 and negative 
a a., and equals zero when a. a,. Fig.6 presents the rati 
coefficients of the central] part of the combination and of an 


ae. . 
40 df 26 24 26 16 12 G8 
AL ASL A ‘A | 
a ZX, YAY 17 | 
an Y y SV SY | | 
A / | 
| 
C4 
| 
a2 a4 26 a8 
Pig. 6. 
4 
cs 


indicates that their mutua)] interaction increases with approach to the 
central part, in the vicinity of which the load on the wing increases 


rapidly by comparison with that on an isolated wing of a 


similar shape. 


4. Fig.7 shows the ratio o le lifti force of the combination of 


h i+ Ai “gen ; 
the wing with pointed divergent nacelles, in the general case of the 


presence of a separation between their bases and the wing (| ~ 1 ’ 
to the sum of lifting f ses of these nacelles and the wing performing 


separately from each 


the wing with nac 


their surfaces 


4 or 180 V. V. Keldysh 
= 
f ] T T t 
| | 57, 
| 
ot 
| | | 
4 2 ‘ | ; + + + | 
Pig. 7. 
ul 
3 
ee It follows from Pig.7 that the interaction of Me} ]es 
4 ape leads to the enhancement of lifting properties of ME by com- 
parison with isolated elements. 
a,=075 | 
= 
10 18 26 mM 
Pig. 8. 
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When 


the distance between them tends to zero: 1.—»1 


t 
action increases rapidly. The case | 0 corresponds to two bodies of 


revolution without a wing, for which the lifting force is independent of 


their shape and is determined merely by the relative radius a f their 


bases, 


5. In the case of supersonic velocities of flight,slender body theory 


is applicable to the part of the combination which is located within the 


region of disturbance spreading from its apex. If various elements f 


the combination are located outside the region disturbed by neighborir 


bodies, aerodynamic forces acting on them are the same as in case of 

isolated bodies, Considering this circumstance the ratio of liftir 

forces of two mutually interacting pointed bodies f revolution, yw Le 
ixes are parallel] and whose noses are in a plane normal to the ax: 


the lifting force of two isolated bodies equals 


— (a;, O) — (ao, Q) la O) da} 


where a. is the relative radius of the bodies in that cross-section 


where their mutual interaction begins. Fig.8 shows thi ratio for tw 


cones having vertex angles 8 


» &@S8 a function of Mach number M of the on- 


coming stream, The angle o of the shock at the vertex of the cone, with 


its axis, is assumed to be the same as in the cas: f an axisymmetric 


flow; the distortion of the shock in the region di turbed by the 


neighboring cone is neglected. The cones do not interact when 


o< arc tg/ —.— 1 )\tg 3 
ay 
When the bases of cones touch each other a, 1.0, and the cones 


interact for an arbitrary value of M. 


In analogous manner one can determine the aer lynamic characteristics 


of the combination of wing and necelles, separate elements of which do 


not interact 
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AERODYNAMIC CHARACTERISTICS OF THIN 
WEDGE- SHAPED 
PROFILES IN TRANSONIC FLOWS 


(AERODINAMICHESKIE KHARAKTERISTIKI TONKOGO KLINOVIDNOGO 
PROFILIA V ZVUKOVOM POTOKE) 
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been done in [1]. How- 
devise 
method was ba 
f Euler-Darb 
inconvenient 
surface of the profi! 
9f the solution was simila con- 
underlying simplifications) in [3], 
f pressure distributions the 


flat pla are presented. 


nuatior f the solution past the dividing character- 


d starting from the solution of a certain boundary- 


ie Eu! -Darboux equation, which takes on the 


assigned values on the dividing characteristic and the zero value on 
the straight 1i ‘orresponding to the contour of the profile. It is 
od that refe e [4 |] solved a similar problem of the Euler- 


equation sut for different, simpler boundary values. 

As part of the results the complete picture of the pressure dis- 
tribution over the wedge-shaped profile is obtained as a function of 
the angle of attack. Also, the limits of applicability of the invest- 
igated patterns of flow are shown, 


Reprint Order No. PMM 13, 


G. 

te 

(Leni 

4, 

(Received 17 

; soni 

‘a 

supe 

met} 

ever 

Nyt 

ati 

2 4 

str 

4 where 

= upper surface of 2 

Below, the cont 

value problem of 


Aerodynamic characteristics of thin wedge-shaped pr 


1, Problem of flow functions in the hodograph plane 


For simplicity, consider a thin Symmetric 
half nose-angle @., chord length 6, and angle 


the profile is studied by means of the \llowing 


The stagnation poin ccur at 


is gous to that at zero angle ittacl 


Il. The stagnation point is assu to occur wer fr 


of the wedge. The flow over upper and lower front faces of t 


is analogous to the flow over upper and lower surfac 


III. The ow over the complete profile is ana] 


around a flat plate, 


Ww ver the Supers 
is reached at the point A. 
the dividing characteristic 


the sonic curve St 


the terminal characteristic 
ly f characteristics 


et 
1 family, which passes thr 


ral ARC. The 


characteristic R. 


lownstream of R there 
above description of the f] field 

ever, visual studies of flow over such profiles 
angles of attack waves 
neglected. For larger angles of attack ow patterr 
discontinuities over the top surface are oblique s 
Supersonic flow over the upper front [ sic] face of 
served. Also their intensity is smaller, the smaller 

the firs ipproximation we shall] assume that the 
ownstream of the characteristic R. 


For our variables 


6 
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ay 
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louble-wedge airfoil with 
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For the unknowns we take 


where 


(Flow pattern I) 


(Flow pattern II) 


(Flow pattern IIT) 


Here, x,y represent the cartesian coordinates 


of the two-dimensional] 


ow field and vi»? the components of the 


. velocity. We note that, for 


sonic flows, up to terms of higher order and a scalar factor, w 
stream function and @ the velocity potential. 


equations of motion in the hodograph plane take the form[6 |]: 


or, with © eliminated: 


The characteristics of equation (1.2) in the hyperbolic region are 


expressible as 


(1.3) 
Pig. 2. 


In the plane mn, the roblem of 


smooth continuation from the subsonic 
ield to the 


reducible to the following two cases. 
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1. To find the solution u(?,n) of equation (1.2) in the strip 


which reduces to zero on the characteristic € t(n a°) and takes on 
the prescribed value v(@) [Aus On - 9 on the dividing (parabolic) 
line (Pig.2). 


2. To find the solution wu) (9.n) of equation (1.2) in the triangle 


abc(adc), which becomes zero on the line @ jt and matches the solution 


of the preceding problem on the characteristic 7 1° «é 1). The con- 


Stants above have the following lefinitions. 


Flow pattern I — lower (upper) rear face of profile 


0, 8 6;, u 1. 2 6,, 1 0. 2 1) (1 4) 


Flow pattern II —— lower rear (upper) front face of profile 


26, 


26, 2, 


Flow pattern III —— upper surface of profile 


(1 


Here, in all three cases, @, = - al, is the value of @ which corres- 


| 


ponds to the undisturbed free stream, 


In [2 ], the solution of the first problem was found, which takes on 


zero value on the characteristic = Zt 
a’ 3 
4 vit)dt Paps 
(t—r)'* (2 iT 


A 


In the same manner, we find that the solution of the first problem, 


which takes on the zero value on the characterist ix & % has the form 


(t)dt 
(E t) t)* 


z 


The solution of the second problem in the triangle abe can now be 
written as a simple linear combination of (1.7) and (1.8) 


vit)dt Du t) dt) 


Indeed, ifA = 4° = 2 #-@ it is seen that (1.9) matches (1.7) on 


the characteristic A = a’, Furthermore, if @ - “, we find from (1.3) that 


a 
4 
| 
| 
| 
, 


4 


w—-A; then, with the change of variable of integration ¢t’ 
in the second of integrals in (1.9), we conclude that [tw (&,A Na 9 


Similarly, the solution of the second problem in the triangle adc 
takes the form: 


(1.10) 


2. Return to the physical plane 


The return to the physical plane rests on the determination of the 
function } (O,n), which corresponds to the velocity potential and appears 
as the dimensionless coordinate x/l, in that plane. For a given function 
wu (6,n), which satisfies (1.2), the function d (0,7) is determined from 
equations (1.1) up to an additive constant. 


In order to find the pressure distribution over the airfoil one needs 
the values of d on the lines @ = m which correspond to one or the other 
face of the profile, depending upon the choice of pz. These values of re) 
can be computed as follows. Taking account of (1.1) and the fact that 
1d= (0d dyn along the line @ = p, we have: 


n n 


\ 4 \ ( (2.1) 


Ne Ne 


where C is the value of d at the point c and y_ the ordinate of ‘that 
point. Furthermore, from (1.3) follows that du) dWfdé +d /0A 
and equation (2.1) may be written either 


§ 
(=) \ t) (t, 2n — t) + (t, 24 de 


(24 —t, t)| dt 


Keeping in mind that along the line & +A = 2m the identity 


0 


applies, and that also 
df (r) f (2 — &) 
dd 
we arrive at the function uw (€,A), determined from (1.9) after some 
simple transformations: 4 y(t)dt 
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4 0. 
v (t) dt v (2u t)dt 
| 
+ yn) =C-+ 
(2.2) 
vai a 
4 et, (2.3) 
| =, | 
a 9 . (2.4) 
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Substituting (2.4) into (2.3), integrating by parts,changine the 
order of integration according to Dirichlet’s formula, and regrouping, 


we find: 


where 


The last integral may be expressed in terms of a hypergeometric 
function so that the result takes the form: 
F (xr) (1 x) [x (2 (@, (2) r 
\ 


The formula (2.5) finally is written: 


(u F) "ly v(t) (u t)'* @, 


> 


) | dt (2.6) 
The resultant expression represents & (u,7) as an integral operator 


of v(t), prescribed on the interval p< t¢ @’, A similar formula can be 


written for the interval @¢ t < pw utilizing (2.2): 


~ |! ry (2.7) 


\ 


In the case where the derivative of v(t) exists over the interval of 
its definition, the above expressions may be transformed by integration 


by parts into 


(u, | Je- u) de (2.8) 


) 


where 
11 2 
| 


® (zr) 6 (— 


‘ 


These last expressions are more convenient for computations because 
the function ® (x) is very nearly linear, namely y = 1.26%. 


In the cases of interest, one may set @= 0, @ = 1 in the formulas 
(2.8) and (2.9). 

3. Pressure distributions and limitations of the flow approximations 

The dimensionless coefficient of pressure is easily expressed through 


the variable 7 


F (x) = 2 — (2 — 

(2 
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a’ 
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n)=C = Y ~t)dt (2.9) 
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0 


(3.4) 


(x 4 {)'le 


In the Flow pattern I, we have » = 0 for the upper front face and 
# = 1 for the lower rear face. Since in the upper corner, d= 1, then 
(2.8) or (2.9) take the form 


1 and therefore the expressions 


1 


t 

5 
1—8 


6/3 \'ls a \ 
p(1, n) 1 = | } \ v(t) 1 t) dt (9.9) 


Wits 
— 


In (5 ], the expression for v(0) was derived. Differentiating v(@) 
and substituting into (3.2) or (3.3), one can obtain the pressure dis- 


tribution over the rear faces of a double-wedge profile under the con- 


ditions of Flow pattern I. Fig.3 displays the results of computations of 
n and dn /d@, for the rear face according to formulas (3.2), (3.3). The 
dashed line in#icates the results of [1]. 


/ 12 14 16 18 2p 

Fig. 3. 
Numerical integration of the resulting pressure distribution yields, 
for Flow pattern I, 


@ 
[Oo (* 1)] 
0.911 


= 
(y + A)" 


These formulas are applicable for sufficiently small ratios 4/0. 


In case of Flow pattern II over the upper front face, d= 0 at the 
leading edge. Then, setting p = a', C= 0 we have: 
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6 {3° 
9 


} 


Starting from the study of the flow over the lower front face under 
conditions of Flow pattern II when @ and 4. are ifficiently small, we 
have [5 }: 


v (6) 


280 


Substituting (3.5) into (3.4), changing the variable of integration 


t= at in the latter, and going to the limit as c—»0 (9—+30), we ob- 


tain: 


f (I, no 


r 


Along the lower rear surface of the profile @ = a and the coordinate 


of the lower corner will be d= 1. 


Setting p= a; C= 1 im (3.5) and (2.9) and proceeding to the limit 
as a->0: 


7 /3\'h 
2 (0, 2) =1— 5 "y f(l, [1 - (! t) dt (3.7) 
0 


Figs. 4 and 5 show the dependence of 7 6.2/7 on & for four values of 
the parameter @ = 4/0, calculated by formulas (3.6) and (3.7), which 
represent the pressure distribution on the upper front and lower rear 


faces of the profile. 


The formulas allow the assessment of the bounds on @/@. within which 
the Flow pattern II represents the flow realistically. Clearly, Flow 
pattern II obtains when there is no sonic point on the upper front and 
lower rear faces. In other cases, the flow is recomputed with representa- 
tion of local supersonic region near the nose or the lower corner of the 


profile. 


Setting p = 0 (» = 0) in (3.6) or (3.7) and carrying out the integra- 
tion we obtain the coordinates of the sonic point on the upper front 


face: 


= 
= 
a+s 
f(l.t (3 9) 
18 a? 
where 
§ = at, 6: = —al, = 
22 = 
10c 
7% W= — tae (3.6) 
Here 
e=8/a 
a 


(3.8) 


on the lower rear face 
(3.9) 


Graphically we discover that od 4 and ¢ > 2 occur when 


(3.10) 


72 14 
Fig, 


inequality determines the bounds of applicability of Flow 


In[5 ] it was experimentally established that the flow 


0 0.6 which agrees well with (3.10). 
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A SPECIAL CASE OF THE EXISTENCE OF SMALL 
PERIODIC MOTIONS OF TWO PENDULI, 
SUBJECTED TO UNIFORM ROTATION 


(OSOBYI SLUCHAI SUSHCHESTVOVANIIA MALYKH PERIODICHESKIKH 
DVIZHENIIT DVUKH MAIATNIKOV, PODVERZHENNYKH 
RAVNOMEKNOMU VRASHCHENIU) 


PMM Vol.22, No.4, 1958, pp.139-142 


S. MANOLOV 
(Sofiia) 


(Received 28 November 1955) 


The author has previously considered [ 2 ] the following system of 
penduli. A Cartesian, right-handed coordinate system Oxyz rotates with 
a constant angular velocity qm about the z-axis, directed vertically 
downward. At a point A,, lying on the horizontal y-axis at a distance 
R from the origin 0, a heavy rod A,A, of length 2a and mass a, is 
suspended such that OA, will be the oscillation axis. Attached to the 
end A, of this rod is another heavy rod A.A, of the same length and 
mass, with its oscillation axis parallel to OA, etc. Finally, at the 
end A, of the next to the last rod, the last rod A Ans is suspended, 
also restricted to oscillate about a line parallel to OA,, and whose 
physical properties are the same as those of all the other rods. It 
was shown in [2 ] that as long as the angular velocity satisfies the 
condition 


go 


a(n) (0.4) 


appropriate initial] conditions can be chosen so that this system of 
penduli can undergo smal! periodic vibrations about the vertical] 
position. So long as (0.1) is satisfied, this vertical position wil] 
be an equilibrium position of relative stability. Here @, is the 
lowest root of the equation 


Cy 
2 (n — 2) 4 


= = [3n — (3v 


vv 
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Small periodic motions of two penduli 


It was shown that the roots of equation (0.2) are not only negative, 


but are also simple. If we denote by 6, a 1, ..-, m) the angles 


the rods form with the z-axis, and if we write 6, A Us then the 


initial conditions for which the small periodic vibrations were ob- 


tained are of the form 


¥1 (9) —™ ¥n (9) ANT Pn WW) din (9.3) 


Here the numbers A,,, ..., Asa are given by the set of equations 


[2(n—v)+ 1] 
ke} 


1 


where o of + g/x,, and x, is the largest root of equation (0.2). 


If, however, one chooses initia] conditions which do not depend on 


the largest root of (0.2), the method suggested in the author’s 


previous paper [2] cannot be always used to solve the problem. Let 


us consider the case of two penduli. Let x, be the smaller root of 


equation (0.2) with n 2. If equation (0.4) is used to obtain A 


and A. with n 2 and with p* of + g/zx,, and if the initial con- 
ditions are chosen as ws, (0) vr, (0) = O, ur. * (0) A., + B,, and 
vs.” (0) A... + B., then the previously proposed method will lead to 


a solution only on the assuuption that 
sin + 0, k, = V —(@? + g/2;), {,2 (0.5) 


It will be shown below that the condition given by (0.5) is not 


always fulfilled, We shal! call] this a special] case, 


In the paper we show that with the appropriate initial con- 


ditions the problem of the existence of smal] periodic vibrations has 


present 


a solution also in the above-mentioned special case. Bradistilov [3 ] 


has treated the case of two physical penduli without rotation. 


We shall first show that the special case may actually occur. The 


1, 
roots of equation (0.2), with n 3, are —-14 + 4V¥7)a/9. Equa- 


tion (0.1) for as can be written, when n 2, in the form 


On the other hand, 


aed 
ae 193 
ek 
a—v) + [2(n—v) + 1] Vat + 1022, 
k=1 
n 
= |n—v- A, + ‘ [2 (mn — k) + 1] 2, 4 
: 
0 n 
195 (2(n—v) v=i,2,...2,, Yo PHO (0.4) 
I n+1 
3g (V7 2)/2V7a (1.1) 
ky 7 + 2) 2aV7 
7 7 
ks | 3g(V 7 2)—2aV7 


is easily shown that this ratio cannot take on the integral] values 
1, or 2. If, however, k is an integer greater than or equal to 3, and 


then k,/k, = k,which is the special case. We note that (1.2) does not con- 


if we choose 


tradict (1.1). The set of differential equations becomes 


(Ya, Ya, br’, Ye’, A) (i 2) (1.3) 


where f A) are completely defined functions. In the 
case A » equations (1.3) reduce to the simplified set of equations 


consider the particular solution of (1.4) with the initial con- 


(0) = (0) = An + Yo" (0) = doe + 


numbers A and Ai (where i Ba are given by equations (0.4) 


q 


2 and with p* = of + g/x, (with 1, 2). This solution is 


sin kket 4 Sin kot 


N kcos kkot 4-2, cos tol (1.5) 


2i 
)lution given by (1.5) is obviously periodic with period 2n7/k.. 
now show that it is possible to choose 8, 5, and N so that the 


of (1.3) with initial conditions 


Khyo(N-+-3) (4.6) 


with period 2(n ,- According to a fundamental theorem 


the solution of (1.3) with initial conditions (1.6) can be 


and equating the coefficients of ff, A‘ 
of differential equations for the functions 
Here we make use also of the initial conditions 
then calculate Q.(7/k,), and R.(m7/k.). 
d 
differential equations of motion have the property that if 


a solution, then so is - (2¢q — t). Therefore [1], if the 


4 = 
194 S. Manolovw 
0, 
36 
er o* = (1 2) 
<a ‘tA 1) 
J ” 
41 + 2y by — Dea? = 0 
4 4 (1 4) 
Let 
Jitions 
with 
Tio (t) 
ke 
The s 
We shal] 
hoy + (N + 3), v2 (0) = 
be period ic 
written as 
(t, 6 > (t) P.(t)4 {Q, (t) R,(t)3 ] 
Insert i 
(1.6). We 
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conditions 
= 0 (i 1, 2) (2.1) 


are satisfied, one may assert that there exists a periodic solution with 
period 29. In our case q = (7 + 5)/k,, and therefore conditions (2.1) 


become 


sin 4 


ke (2.3) 


Here ¢ is +1 or —1 depending on whether k is even or odd. Expanding 


(2.3) in a power series in 5, we obtain 


(2.4) 


This set of equations will be satisfied by values of 8 and A“ in the 
neighborhood of the point 4 Be=A 0, if the equation 


is also satisfied. 


Equation (2.5) can be used to determine A if the conditions 
l 


are satisfied. 


letermine the parameter WN fro 


on of third 


addition, j und ha e of the r 


and that P wo are determined by 


195 
, 
or, with (1.7), 
4 
ks “1 ks P 
ay ‘ Au k) Qs kes k, + k 0 (2.6) 
Be Ass 7 \ 
We (2.6). If 3, calculations 
show that (2.6) is at (i degree with respect to N. Ir 
the equatior 
(k*) N? + y(k*) = 0 (2.8) 
x (k*) 18 (1568—571 V 7 ) k* (22946+-19691 V 7) (259) 10) 
‘ 
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9(910—259 V 7 ) kt + (22946—19691 17) 4+ 18(571 V7 + 1568) 


Obviously x(k<) 0. Since k is an integer greater than 3, k* > 16, 
Direct verification shows that v(k 16) 0. On the other hand y(k<) 
1S a quadratic function of k* and therefore increases monotonically for 


19691 


{8 (910 


259 V7) 


number on the right-hand side, however, is less than 16, There- 


fore y(k°) > G, which means that the only real root of (2.8) is N= 0. 


Condition (2.7) is obtained from (2.6) by differentiating with 


respect to the parameter A 


V= 0, the latter condition is satisfied, since y(k2) > 0. Thus 


the results obtained above can be formulated as follows, 


Let us assume that we are dealing with the special case in which k is 


an integer greater than 3 and 


It is possible to choose 8 and 5 as functions of A in the neighbor- 


hood of the point 8 = 6 A = 0, so that the motion of the system with 
initial conditions (0) vs, (0) 0, %,°(0) =A,, 4 kA. and wi,*(0) = 
+ RA, be periodic with period 4 5)k,. As a first approximation 


we obtain the motion 


(9) Sin ke f, (t) Ag, COS kot (i= 1, 2) 


consider 


the case k 3. Here condition (2.6) becomes 


(Aer + V) | (Ave 4 Q, (= 0 (2.10) 


ulation we arrive at 


81 (11.578—3023 V 7) N3 + 2187 (47 V7 — 119) N2 


2187 (61 7 — 154) N (1351-41217) 7)=0 (2.11) 


Let us denote the left-hand side of (2.11) by the symbol 2(N). Direct 
verification will show that 2(— 1/6) 0, (0) 0, and 2(+ « ) 0. It 


follows from this that the equation 2z(N) 0 has roots N, and N, in the 
intervals —1/6 N, <). and N, 0. In addition, if — 1/6 < N<¢ 0, then 


~ 


z(N) 2187 (47 V 7 119) ( V)* + 2187 (61 V7 154) (— N) — 81 (11578 


23 V7) (— — (1351 +. 1217) 2187 (47 7 — 119) 4 


4 

which leads to V 
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It follows that (2.11) has only one real root, sitive and 


simple. Thus condition (2.7), which here takes on 2(N) # 0, is 


satisfied. We may therefore formulate the fol} 
3(14 5V7) ¢/28a, it 

Oo as functions of A in the neighborhood 

that with the initial conditions 


bs (0) = 0, 


the motion will be periodic with period 
root of (2.11). 


The first approximation gives 
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Considered here are properties of such solutions, of a system of 
linear equations with constant coefficients, for which the derivative 9 
of some known quadratic form of variables, taken with respect to these 
equations, is a form of constant sign. It appears that under certain 
easily verifiable limitations imposed on the form and its derivative, 
a conclusion may be reached concerning the instability, or the 
asymptotic stability, with respect to the part of variables for that 
motion which possesses a given linear system as its system of first 


: approximation for the equations of perturbed motion. 

3 Theorem 1. If the quadratic form W pertaining to the equation 

dr, 

—— = + ..-+ (p,; = const) (1) 
* has a constantly negative derivative dW/dt, and the ranks of the forms W 
a and dW/dt are equal and W may take on negative values, then the equations 
ca (1) will have a negative characteristic number. 

: Remark. The rank of the form is defined as by E. Cartan [2 }. It is 

= | the smallest number of linearly independent forms relating to Tye 


by which the form W can be expressed. 


Let us assume that the aforementioned rank equals p< n and Vise 
are the smallest number of linear forms through which W can be expressed. 


Then we can write 


on 
dv, 


w 
j=1 


Let w 


protte be the smallest number of forms by means of which dW/dt 
is expressed as 


dw 
dt = — (wi + ... 
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On a property of the first approximation system 


It is known that these forms yw, p 
assumed to be constantly negative. 


exist, since dW/dt 


It follows from equation (2) that dW/dt 0, if vw, 
from equation (3) it is seen that dW/dt 0 only when 


Consequently, from the system of equations vp. és 0 the system 


= "» is derived, and this can occur only when the forms 


are linear combinations of the forms vr 


This means that dW/dt can be expressed by ss ons @ whereby 


dt a" 


ij=1 


expressed by UV. will be a negative definite function of the 


variables 


It is not difficult to prove that there exists such a constant (5 


which will satisfy the inequality 


dW /dt< 3W 
and also the inequality 


W Wee) 


If W. can be made negative, then the basic theorem pertaining 
characteristic number of the sum and the derivative confirms that 


equations (1) have a negative characteristic number. 


The proof of this theorem may be repeated a! 


for the following theorem, 


Theorem 2. If under the conditions of the 
quadratic form W is constantly positive, the 


ally stable with respect to 1 


The presented propositions permit an estimate 
solutions of system (1) immediately after we 
dW/dt is constantly negative, and the minimum mir 
zero, of the two linear forms 
ou aw 


ir, 


are of the same order, 
precisely the rank of 

Remark. The established result permits us 
according to the terminology of N.G. Chetaev | 
the region W< 0. If W can attain negative val 


and dW/dt satisfy the Chetaev instability theorem. 
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ON THE CONSTRUCTION OF THE LIAPUNOV FUNCTIONS 
FROM THE INTEGRALS OF THE EQUATIONS 
FOR PERTURBED MOTION 


(0 POSTROENIIT FUNKTSII LIAPUNOVA IZ INTEGRALOV 
URAVNENIT VOZMUSHCHENNOGO DVIZHENITIA) 


PMM Vol.22, No.2, 1958, pp.145-154 


G. POZHARITSKII 


(Moscow) 


(Received 12 Decenhber 7956) 


l. Let the equations for perturbed motion be 
dr 


X, ees » t) 


It is known that these admit p <n first integrals 


which vanish for x, = x, = ‘ 


If we succeed in finding a function {U,, s6eu U,) of the known 


integrals, this function being definite with respect to the variables 
gr see, yy then the stability of motion [1] can be deduced without 
bringing into consideration other properties of the equations for per- 


x 


turbed motion. 


It is natural therefore to begin the investigation with an examina- 
tion of the conditions under which the simplest function of the known 
integrals, this function being a function of fixed sien, 


is definite. 
The following theorem holds. 


Theorem 1. In order that there exists any definite function ¢ (U,, 
.»+, UD), of the known integrals, it is necessary and sufficient that 
the function 


be definite. 
Necessity. Assume that a positive definite function & (U,, 
exists, whereas the function uv (U,, Tr U,) is not definite. 
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According to the assumption the function @ U,, ..., U)= f(x,, rT 
x,,t) vanishes for x, = to = wee = XD 0. Since all the functions 
U,, -++, U. also vanish for the zero value of the x's, it follows that 
the function (U,, U,) must necessarily vanish. 


In fact, U, (0, coc, t) U, (0, 0, t) = 0; consequently, 
(0, eee 0) = £(0, eee 0) t) =O 


If the function f(x,, 
a positive definite function f, (x, «++, X_), independent of the time, 
such that f(x,, t)> f nabs x) for all t >t,. 


t) is positive definite, there exists 


If 5 fe) is a positive minimum of the function f,'x,, saad x,) on the 
small sphere 4 =e, andif 4 fe) >, then there 
must exist a positive number 5,6) such that on the small sphere, 


us {U,, eee, U,) > 5 [dle 


In fact, if such a number did not exist, the function vw (U,, ‘rr 
could become as small as desired on the sphere x,* + x,2 + ... 4 a” = ¢ 


and, because of its continuous dependence on U,, ..., U_, the function 


(U,, x,, t) could also become arbitrarily small. 


Since the last function, according to the assumption, is bounded from 


below on the sphere, the function 1’ (/ ..-, U_) satisfies the condition 


4? 


(U,, U,) > 5,[8(e)] > 0 and is positive definite. 


The sufficiency follows from the statement of the problem. 


2. Continuing our discussion of the problem, let us prove the fol low- 
ing theorem. 


Theorem. The function w (U,, ..., U_) will be definite only when for 


at least one of the integrals, say, U; (x,, bess t), it is possible 


x 


n’ 


to find a pair of definite functions 


+... 


+2"), (2)? +... + Tn?) 


such that 


whenever 
ry°+...4+2,7>0 
UP <p; (21? +... + 


Necessity. If & (U,, ..-, U_) is definite and W(x,, ... x,) is also 


1 
definite and such that (U,, ..., U,) > W when asi > 0, 
then 


p(U,,..., > +... + 


where @ > iss is the minimum of Wlx,, ..., on the sphere 
=e, and also, as it is not difficult to show, is a 


continuous and definite function of the square of the radius. Since 


127+... 4+ 0,2 
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we can put 


Suffictency. The conditions of the theorem will be satisfied by the 
funct ion 


min [p, (4,7 +... + 2"), 7, +... + 


which, obviously, will be continuous and definite, provided there exist 
continuous and definite functions 


From the proof it also follows that, if it is possible to select such 
a pair of functions for any one of the integrals, then it can also be 
selected for any other integral. 


The practical significance of the mentioned theorem will become 
evident in that case for which Urs sey U, do not depend explicitly on 
time, 

Corollary. If U,, ..+, U. do not depend explicitly on time, then, in 
order that w (U,, ..., U.) be definite, it is necessary and sufficient 
that at least one of the functions U assumes only positive 

f) 


values at all points, other than x, sta = 9, for which 


Moreover, if the last condition is satisfied by at least one of the 
functions U;(x,, +++, X)), then it is satisfied by any other function. 
The proof of this proposition is omitted. 


The last result essentially simplifies the problem when, from any 
p - 1 equations 


Ui4= Vio = 


it is possible to express any p - | variables, say x 
terms of 
In—p+2 Ji 


If this can be done, then the problem of the definiteness of 
us (U,, 666 U,) will be determined from the definiteness of the function 


with respect to the variables x,, ..., *,_,,,- If, however, the above 


mentioned operation can be carried out, but with fewer variables, then 
the problem will be solved by examining the definiteness with respect to 
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of the 


function 


qe 


Fate... pz) = Ln—p4 Ip—k) + 


Here 


are the result of solving the equations » 


4? 


TTT x) = with respect to the last p- k variables. 


3. Assume that the time-independent integrals 


holomorphic functions of the variables x,, ..., x, are of the form 


n 


4+... 4+ + SV a, + X, (k= 1, 2... p) (3.1) 


where a; are constants, and X¥,, ..., functions which do not 


contain terms of lower degree than 3 with respect to the variables. 


Consider the following cases: (a) the rank of the matrix (a;*) is p; 
(b) the rank of the matrix (a,*) 
the linear forms 


is less than p. If the rank is p, then 


= +... + Up = +... + 


are independent of each other. 


Taking them as the new variables instead of x,, ..., x rewrite (3.1) 


in the form 


n 


n 
4 k k Q h 
1, i, j=p+l (3.2) 


X* are holomorphic functions of 


where B, are constants, and Xf, ..., 
proces which do not contain terms of lower degree 


than 3 with respect to the variables. 


If the first p — 1 equations of (3.2) are solved for Vir see) Uy as 
then this unique solu- 


power series of U,, ..., 1 


Te 
pai’ “p’ “ptt 


tion will assume the form 


n 


Ky, k qk , 


Sy eee 


where are functions of the same type as 


P 
are put equal to zero and the result so obtained is 


p-i 
If U,, U, 


J 
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substituted into the last equation of (3.2), then 


Bay the degree being 


is obtained, where Z is a function of Up» X, 


not less than 3. 


From the last equation it is seen that [/_’ can assume values of differ- 
ent signs, depending on the ‘sign of v_. Hence, on the basis of the 
Corollary of Section 2, we conclude that from the functions U,, 


it 1s impossible to construct a definite integral. 


41. If among the forms v., ..., v., p— 1 are in’ependent, which cor- 
responds to the case when the rank of the matrix | i) is p — l, then 
these p — 1 linear forms can be taken for the new variables. Let such 


forms be v,, ..., and let the form v_ in terms of them be of the 


» 
form = t ty * Then the equations (3.2) assume the form 


k 
i,j=p 
p-l T n 
i, j=1 


Solving the first p — 1 equations with respect to v 
obtain 


1 


p—1 Ti 
i=} i,j=7 


Putting U,, ..., U,.yequal to zero in these equations, we obtain 


are all equal to zero. 
Substituting the expressions (4.1) into the last equation of (3.2) we 


obtain 


I ) 


where Z is a holomorphic function with respect to Kr seen ® of degree 


n’ 
not lower than three. 
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If the quadratic form 


i, j=p 


is definite with respect to x, ..., x, then the function & (U,, ..., 
+ 4 will also be definite, and the unperturbed motion 
stable. 


If, however, this form is of variable sign, then it is impossible to 
construct from the given integrals a definite function. 


If the rank of the matrix (a,*) is p-r, then replace x,, ..., %,_ 


in the equations (3.1) by the new variables v,, ..., v,_, which are 
linearly independent linear forms. Solving the first p — r equations with 
respect to v,, we obtain 


p—1 p- 


UK = U; 8; "UW; — 


i, j=l 


i 
p—r+1 


Putting eee, equal to zero, we obtain 


n 
k 
3;; 2x; +-Y,° (k=1,...,p—r) 
i, j=p—r+1 

o Assuming that 1 can be expressed in terms of v 
in the form 

per 


after the substitution of v,”, ‘per into the last r equations of the 
system (3.2), we obtain 
= > — 
i, j=p—r+1 


where Y , «ee, X° are functions of X 
p-r+1 P 
ae are all equal to zero. 


As it was shown in Section 2, the function t’ (U,, ..., U,) will be 


definite only when the function 


Ae 
+... (4.2 


is definite with respect to 


The expansion of the function (4.2) in terms of the powers of the 
variables begins with the form of degree 4. 


4 
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For the definiteness of the function (4.2) it is sufficient that S,. 


be definite with respect to qe 


When the rank p— r (r > 0) of the matrix (a.") does not change with 
time and the modulus of at least one of the minors of order p — r of the 
given matrix always exceeds a certain constant, then the method outlined 
can be carried over completely to the case where a,” a," and the 
remaining coefficients of the expansion are continuous and bounded 
functions of time. 


Also it is not difficult to show that wv (U,, ..+, U_) will not be 
definite when the indicated rank for at least one instant of the time 
t > t, becomes equal to p. 


5. Consider now the question of the connection between the outlined 
method and Chetaev’s [2] method of selecting a definite linear bundle. 


Let us indicate briefly the method of Chetaev. If the given time- 
independent integrals are holomorphic functions of the variables, then 
the constants A,, ..., ro C,. vTT C, are selected in such a way that 
the expansion of the function 


=1,U,+... + + CUP +... + CU, 
begins with a definite quadratic form. 


By the theorem of Section 1 such constants can be selected only when 
the function wv U,, ..-, U_) is definite. 


If the rank of the matrix (a;*) is p- 1, the A. and C, can always be 
selected in such a way that the conditions for the definiteness of the 
quadratic form, with which the expansion of the function y (U,, ..., U_) 
begins, coincide with the conditions for the definiteness of the 


quadratic form R with respect to x, ..., *,. In fact, in this case the 


selection of sees is eniquely possible except for a common factor. 


Put 


hy — = — hy = | 
Then 
p-l 
A =i,U0,+... +AU p = R + >) — + Bis) 
ij=1 
nm 
+ (— — - - - — Tp—a Bij + Bis) 
j=P 
where Z’ denotes the totality of terms of order not less than 3, or, ae 
using some abreviated notations, 


n 


p—l 
i,j=1 i=! i, 
p 
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then* 


If R is definite, 


and, in addition, pe 


Since 


{the summation is to be performed up to p — 1, since v, depends linearly 


On «++, ¥p.,), it is clear that C can always be selected 


sufficiently large so that the inequalitics 


are satisfied. 


The fulfilment of these inequalities is sufficient in order for the 
expansion of the function y (U,, ..., U,) to begin with a definite 


quadratic form. 


A similar statement, however, cannot be made if the rank of the matrix 


la is less than p — l. 


It is easy to show that from the known integrals a definite bundle can 
be constructed only when it can be constructed from any system of p 
integrals, each of which is a linear combination of the initially given 
integrals, and the linear substitution is non-singular. 


In what follows it is more convenient to consider not the initially 


given system of integrals but the following linear substitution of them, 


which is, obviously, non-singular: 


+U, 


Since the expansions of the first p — r integrals begin with linearly 
independent forms, it is clear that A, = ... = Aner = 0, 

Consequently, in order to construct a bundle, the expansion of which 
begins with a definite quadratic form, it is necessary and sufficient 


that 


the function 


* The coefficients are assumed to be symmetric. 
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n 
= hp r+! > (— Bij — — Pi; + 
i p—r+l 


be definite with respect to x Za 


Hence the problem is reduced to the possibility of selecting a definite 
linear combination of forms with which the expansions 


begin. 


However, it is possible to give an example, where it is impossible to 
select such a linear combination, although the form S, aa definite. 


As an example consider the pair of quadratic forms 
M, r,* — z,*, M,= 22,2, 
Any linear combination of these 
222, 
is of variable sign. However, the form 
S, = (z,* — + 22,2,)7 = z,' + 2,' 
is, obviously, definite. 


Before giving an example, let us formulate a rule for obtaining the 
form R for the case where 


U, a BB; (h—1, 2,...,p) 


are holomorphic and time-independent integrals, and the rank of the 


system of forms v, = a, *x, ses ate (k - 1, 2, ..., p) is equal to 
p-l. 

(a) Solving the system of equations = (under the 
assumption that the minor made up of the first p — | columns of the 


matrix of the system of forms Vir coer Uy IS different from zero), we 
obtain 


. 


(b) Solving the system of equations 


0 
— 
¥ 
4 
4 
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(ce) Substituting into the forms 


a, 227 

ij—1 
Bas their expressions obtained after the operation (a), we 
obtain the forms 


Then R assumes the 


6. As an example let us prove by the method of N.G. Chetaev and by the 
proposed method a well-known theorem of Routh [3 ]. 


If the equations of motion of a mechanical system, which is conserv- 
ative and holonomic, are written down in the Hamiltonian form 


dp, 0H dq; oH 


dt” q,’ (0.4) 


and the function H does not depend explicitly on time and the last n—- k 
generalized coordinates Tair co Ine then the system of equations (46.1) 
assumes n— k + 1 first integrals 


If for fixed a,,,, ..., @ 


, the system of constants 


Pris Pr's Wk 


represents a solution of the system of finite equations 


0H oH _ OH 0 


then the equations (6.1) assume a solution of the form 


, OH 6H \o 
| = (——-\ (t —1,) 
It was shown by Routh that the kinetic energy T of the system in 
terms of the variables sees P, and q,, «++, % has the form 
k n 
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i.e. it will not contain terms of the form 99 iP ;- 


By virtue of the previous discussion it is easy to show that, if 


= Pi— (i=k+1, 


and H is a holomorphic function of its variables in the neighborhood of 


(6.2), and V denotes the potential energy of the system, then the ex- 


pansion of the function H — (H)° in terms of the powers of Cie és, n; 
will be of the form 


n 
H—(HY= leis + y+ 


ink+1 


i,jek+1 i,jmk+1 


Here y;; are functions which vanish when all the & Cir tees é, are zero, 
and al flq,. TTT denotes the variation of the function f(q,, 
in the transition from the position (q,° § S664 q,°) to the position 


Routh showed that, if for the values of (6.2) the function 


n 
F4aV= 4 (Gas Gu) + V Qe) 
i 


has an isolated minimum, then the motion is stable under the condition 
that the constants @arys see, @, are not perturbed. As it was shown by 
Liapunov [4], the last condition is not essential. Let us prove these 
propositions. Since the functions H — (H)°, are integrals 
of the equations of a perturbed motion and the (7,)° are constants, the 


function 


n 


M =H —(H)— 


representing an integral of the system of equations of a perturbed 
motion, will for sufficiently large C; be a positive definite function of 
+++) provided that the function 


Sy) eee, Gp 


is positive definite with respect to €,, ..., Cpe 


4° 
The first sum will always be a positive definite function with respect 


to ¢, for sufficiently small LAr because 
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Ty é,) vanish for é, 


represents a positive definite quadratic form with respect to the vari- 
ables €,, «++, 


4 


Hence the function M will be positive definite, and the motion stable, 
if the function F + V has an isolated minimum for the values °° 


0 
We 
The proof is completed by the method of Chetaev. 


Examination of the function 


it 


also leads us to the conclusion that it will be a positive definite 
function of €., ¢;, , provided that the function 


H —(H) In =0 


is positive definite with respect to the variables &,, ..., ey, 


Cy, see, Oy. The latter will be positive definite if the function F + V 


assumes an isolated minimum at the position [ (q,)°, q;°). 


This proof, as is easily seen, illustrates the case of Section 4, 
since p = n— k + 1 and the rank of the matrix of the linear parts of the 
known integrals is equal to n— k. 
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Certain results are established in the theory of stability on the 
basis of first approximations for systems with lag [ delayed systems}, 
Sufficient conditions are obtained for first approximation stability 
of such systems. 


1. Let us consider the following system of equations of perturbed 
motion: 
dz; 
ar = Fi(ti ti (t), (t), (t —*), —*)) =1,... (1.1) 
where F (t; x,(t), ..., x(t), x(t ~r) ) are holo- 
morphic functions of the variables x,(t), ..., x(t), x, (t -r), 
x(t —r), satisfying the conditions F(t; Gi 


Expanding the right-hand terms of the equations (1.1) in powers of 
the variables x(t), x,(t), we obtain 


n 
>) (Pig (t) (t) + + Xe em) (4.2) 

t 


where p..(t) and q.,(t) stand for OF ,/d x.(t) and OF./d 
ij i i i 
respectively, when = 0, x. (t-1) = 0; the = I, ..., n) are 


functions whose power expansions begin with terms of degree not lower 
than the second. 


Along with the system of equations of the first approximation 


dz; 4 

=5 (pi; (¢) xj (t) + (t) — t)) 

we shall consider the system 
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dz; 


n 
=> (pi; (t) + gis (t)) 2; (i=1,...,2) (1.4) 


j=l 


which is obtained from (1.3) by setting r = 9. 


Let us suppose that the null solution (i.e. the identically vanishing 
or trivial solution) of the system (1.4) is asymptotically stable, and 
that for it there is given a positive-definite quadratic form, with 
bounded coefficients, 


n 
V = > (0) 
i 


which satisfies the hypotheses of Liapunov’s theorem [1] on asymptotic 
stability. Under these conditions and by equation (1.4), the derivative 
of V is given by 


n 

dV 

5) 
i, 


where 


d 
(t) = [ais (t) (Pag (t) + ()) + (Psi (4) + 
1 


(i, 


Furthermore, the expression in (1.5) is a negative-definite quadratic 
form. 


We shall next explain under what conditions the quadratic form V will 
be a function satisfying Liapunov’s theorem on asymptotic stability for 
a system of differential equations of first approximations of the type 
(1.3). The derivative of the quadratic form V is, because of (1.3). 


n 
> bi; (t) xj (0) 2; (t) + ci; (t) x (t) (t — (1.6) 
4; j=1 i, 
where 
n 
bi; (0) > (ai, (t) poz (t) + (t) poi (t)) 


n 
(t) = 2 ais (t) 9s; 
s=1 
For the purpose of simplifying later computations, we make a change 


of variables and reduce the quadratic form V to the sum of squares, 


1 


It is well known that this can always be accomplished for definite 
forms by a non-singular linear transformation of the type 


a 
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(thy t+... + hin (0) yn 


Making the indicated change of variables in (1.6), we obtain 


n n n 
> Aj; (t)y (tf) y¥;(t) 4 B yi (t) ys (t— 7) (1.7) 
where 
n 
Ais (t)= (0) ky; (0), Bj; (t) = D>) Carpe (t — 2) 


On the basis of Theorem 5 proved in[2], the null solution of the 


system (1.3) will be asymptotically stable if there exists a positive- 
definite function V(t; x 


-, x_), which has an arbitrarily smal] upper 


bound, and which is such that its derivative Ls negative-definite for al] 


values x,(t-r), ..., satisfying the condition 


V (t—7, 2, (t; —*),..., (t—*)) V (t; 2, (1.8) 


This condition (1.8) takes the following form in terms of the new 
variables y,, ..., y 


yr) (£—t) +... + yt Yn? (t) (1.9) 


Next, let us determine the maximum of the function dV/dt for fixed 


values y,(t), ..., y,(t) and for values ..., y(t 
satisfying the condition (1.9). Let us set y,(t —~r)=2, 


Using Lagrange’s method [3], we construct the function 


® = (24, 5 Zn) Yn)! 


or by (1.7) 
n n n u 
;j=1 i; j=] i=! 


The values z,, ..., z,, for which the function dV/dt takes on a maximum 


are found from the system of equations 


n n 
> Bi; (t) yy — 22.2; = 0, (2? =0 (1.11) 


By determining the z. from the first set of equations, and substitut- 


ing their values in the second set, we find 


(1.12) 


Multiplying each of the first n equations (1.11) by z and adding the 


et 
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result, we obtain 


S Bij (0 — 22 27 =0 (1.13) 


But from the second equation of (1.11) it follows that 
9 


n n n 
B;; (t) yz yi? IS (> B, (t) ye (1.14) 


j=) j=1 it~] 


The quadratic form appearing in the square brackets of equation (1.14) 


by means of an orthogonal! trans- 


can be transformed to its canonical form 


formation. If this is done we obtain 


BuO => (Oe (1.15) 


where 


4? 


vr c. are linear functions of the variables y,, ..., 


euch thet + @ €,* + ice 4 Making the indicated sub- 


n 
stitutions un (1.14) we obtain 


S Ba PS (1.16) 


1 


Let A’(t) = sup |h,(t), h (eg, A” inf th, (t), h (ent. 
Then the following inequality holds [5 ] 


n n 
i=} i=] t=1 


On the basis of (1.16) and (1.7) it can be shown that the bilinear 
form which appears on the left-hand side of equation (1.14) satisfies 


the inequality 


n n 
ERS By VVOS (1.18) 
1 1, j=1 i=] 


* 


n “n 


Introducing the variables €,, ..., €, into equation (1.7) and taking 


into account the fact that y,* + ... 4 Y, = c,* + «ee + €*, we obtain 
j n n n 
it \ ( (QR Dy Vis (t) (t — 2) (1.19) 
| l 


Under the condition that (t-r) < (t) + 


(t) we have 
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n n n 
} A(t) > (ORDER SV &*(t) (1.20) 
i=] ; j=! t=] 
On the basis of (1.20) we can obtain an estimate for the derivative 
dV/dt, namely, 


(Bi; (t) + J h’ (t)) (0) 


i; 
d n n 
=— > (1) > (5 (OS (4.24) 
i=] i; 
(3;,= Owheni+j, 8,= 1), 

From this inequality (1.21) we can now draw the following result. 
Theorem 1. The trivial solution of the system of differential equa- 
tions of first approximations is asymptotically stable for all values of 

the lagging argument r if the roots A,(t), ..., A,{t) of the equation 


det 3;; (t) + 3; (Vh'() =0 


satisfy the condition A Bi GF ED to, where « is 
a fixed negative number of arbitrarily small absolute value. 


2. Considerably less rigid conditions for stability can be obtained 


on the basis of Theorems 6 and 7 of reference [2 }. 


4 


Because of (1.3) one may write the expression (1.6) for the derivative 
of V in the following form 


dV,_ 1 0 
a; ;° (t) xj (t) x; (t) + ei; (t) x(t) (2) (2-4) 
j=l t, j=1 
where the first sum on the right-hand side is the negative-definite 
derivative of V in consequence of (1.4). 


By a well-known formula of Lagrange for finite increments 
(¢—7)—2,;(t) = —* x; (3;) (2.2) 
From the equations of the first approximation (1.3) we obtain 
n 


(2.3) 


Making the appropriate substitutions in equation (2.1), we get 


n n n 
= >; (t) (t) — = >) cis (t) X 


i; j=l i=] 1 


x [ pis Zs + (2;) Zs (2; — *)] 
s—1 
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On the basis of theorems proved in [2], we have the following result. 
The stability of the null solution of a system of differential equations 


of the first approximation (1.3) follows from the negativeness of the 


function dV/dt along every integral curve satisfying the condition 


V (oe, % (@), tr, (s))< Vit, 2, (t),..., (t)) (2.5) 


Making use of the linear transformation 


where the y,, ..-, y, are such that V = 9" + ose 4 at we obtain 
dt > aj; (t) ys (t) ys (t) 
i=1 1; (2.6) 


n 
(t) (t) (0) Ay; (8) 
1 
n 
U= Cuy (t) (t) yi (0) [Pos (Sv) + 
+ (Sy) (8, — (2, — *)) (2.7) 


The stability of the system of first approximations is implied by the 
negativeness of the left-hand side of equation (2.6) under condition 


(2.5) or under the equivalent conditions 


n n n n 

(0). Dd) (23-7) < (j = 1,...,") (2.8 

vi < yy? (3; > y (2.8) 
1 | t=] i=} 


We shall determine the least upper bound of the factor r occurring in 
the right-hand side of equation (2.6). It is obvious that this bound is 
attained on the boundary of the region, and that for its determination 
one may replace the inequalities (2.8) by the corresponding equalities. 


Let us make the following change of variables in the expression (2.7): 


where y,5 +++, y, are the direction cosines of the radius vector of a 
? ? ? . 
point on the surface y,“ + ... + y,° = r°. We thus obtain the equation 


+ Gus (Sy) (34 — (89 — *)) 


Since ly,! < 1, it follows that in the region (2.8) the next in- 


equality holds: 


supU y Cay | Aus (0) pos (oy) | | 
y= 


(2.10) 


. 
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Therefore, the deri- 


Obviously, inf U = —sup U under condition (2.7) 
vative dV/dt must satisfy the inequality 
av (1) 
| 
n 
+73) wi | Aus (L)!| (sy) | 4 
Om] 
+ | (3,) ke (3, —*) 
Setting 
@(f, t) = sup (1) (1) [|p 3,) k,; 
i, j, s, 
+ Gus (2y) Ry; (2, (2.11) 


n) we obtain 


in the region t-—-r<o 
S aij (1) yy; + ¥ 
— 
i, j= 
or 
n 
d\ 4 > P 49 
a~ + % is Kronecker’s delta (2-12) 


Theorem 2. 
tions of the first approximation is asymptotically stable if the roots 


vr A(t, r) of the equation 


The trivial solution of the system of differential equa- 


6 
det | a; (t) 4+ 6; ; 
0 (i= 1, ..., n) t> t,, where « 


absolute value. 


satisfy the condition A(t 
1s a negative number of arbitrarily smal! 
is thus clear that there always exists a non-zero value of the lag 


It 
for which the asymptotic stability of the solution of the system (1.4) 
(1.3). 


r 
implies the asymptotic stability of the system 
3. Theorems 5, 6 and 7 of [2] permit us to obtain not only sufficient 


conditions for the asymptotic stability, as formulated in our Theorems | 
and 2, but they also yield estimates of the disturbances. Let us assume 
that the obtained estimate is of the form: 
(t)dl (3.1) 
The inequality (3.1) must then be implied by the values of the 


Be 
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derivative dV/dt which depend on the coordinates x, (t), pees x(t), 
x(t - r ) of two points lying on an integral curve. Be- 
cause of (3.1) these points must satisfy the inequality 


t 


V (t, 2, (t),...,%(t) exp \ (t) dt <V (t—t, 2, (4 —*t),... , (3.2) 
t—t 
Next, let the values of t, (t), «es, x(t) be kept fixed. Under this 
condition we shall determine the sup dV/dt in the region of values of 
x(t - r) given by the inequality 


t 


V(t —+, 2, (t—t),..., (t—t))<V 2, (t), ..., 2n (t)) exp \ —' (t)dt (3.3) 
june 


Constructing the function 


n n t 
iV 

=F — 29 (] (¢(t) = exp \ (1) dt) (3.4) 
i=—1 (—* 


and making computations analogous to those that were performed in Section 
1, we obtain the following inequality for the derivative dV/dt: 


n n 


t,j=1 
> (Bis (t) + V AP (3.5) 


i,j=1 


where €,* = V and the variables are connected with 


the variables Kip coer Xp by the same transformation formulas as those in 


Section l. 


The function d (t) has to be such that the equation (3.5) must imply 
the assumed estimate (3.1). Hence, for every t > t,, the function A’*(t) 
must not exceed the largest root of the equation 


det | (t) + (t) h’—d)] =0 
Suppose p“(t) is the largest root of the equation 
det | (t), — = 0. 


Then it is obvious that A’(t) will have to be determined from the 
inequality 


(3.6) 


But in accordance with the definition of d (t), the function A*(t) is 
actually determined by the inequality (3.6). 


The inequality (3.6) can be replaced by an equality. Replacing ¢ (t) 


A) 
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by its value from (3.4) we obtain 


t 
() =n () + VE exp(— dy (3.7) 


(—t 


The disturbance can thus be found in the form (3.1) where the function 
A’(t) is determined by (3.6) or (3.7). 


In an analogous manner one can obtain an estimate for the disturbance 
in the case when the estimate of dV/dt is found on the basis of Theorems 


6 and 7 of [2]. 


Let us suppose again that the resulting estimate has the form 
t 


V <Vpexp \ (0) dt (3.8) 
te 
Performing the orthogonal transformation of variables to the new 
variables we obtain, foro < t, 


n n t 
(2) < Fy?) exp|—Ar (t) dt (3.9) 


The inequality (3.9) implies that the variables 
Yy + Yn (2%), (9, —*), Yn (Sn — (v = 1,. n) 
which enter in the expression (2.6) for dV/dt, satisfy the nnaediatan 


n t n 
Dye (21) < (exp | — dt) ye?) 


cj i=! 


t 


(exp — A(t) dt) (3.10) 


i=! 


aj 0< 6;<1 


t—(1+65;)* 


t 
o(t) = exp —), (t) dt, = exp (t)dt 
t—t on 


and assuming that A,(t) < 0, we obtain 
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In this connection it should be noted that the inequalities (3.10) can 
be strengthened and given the form 


n n n n 
i=1 


One can then determine the sup dV/dt in the region (3.12). 
Performing computations analogous to those made in Section 2, we ob- 


tain for dV/dt the inequality (sup U = — inf U) 


di 


n 
(t) + [@, (t, t) V o (t) + w(t, 7) V =} Yiy; (3.13) 


where 


n 


@, (t,t) sup Ani (t) Pos 


\! 
— 


i,j,p,v,s—1 


(t,t) = sup > leuy(t) Aus (t) (2, —*)| 


in the region t- Tr < O,< t. 
The functions ¢ (t) and w (t) must be such that for every t > t, the 
funct ion A, (t) be not smaller than the largest root of the equation 


det aj; (t) [= (@, (t,t) Vp (t) + (t, 2) (t)) —Ajj=0 
Let p,(t) be the largest root of the equation 
det — = 0 
Then, obviously, 


t 


A, (t) tia (1) + (¢,2) exp 4 \- hy (t) dt + 


t—t 


+ w,(t,t) exp ; \ - dy (t) dt] (3.14) 


t—er 


The inequality (3.14) determines the function A, (t). Thus the estimate 
of the form (3.8) can be obtained, and the function A,(t) can be deter- 
mined by means of the inequality (3.14). 


For the determination of the function A’(t) by means of (3.7) and of 
A,(t) by the use of (3.14), one can apply the well known method of 
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successive approximations. (It should be noted that (3.14) may be re- 
placed by an equality). 

Let A,*(t), A,“(t), cess and A,‘°/(t), (1) 
be approximating sequences for A’(t) and A, (t) respect - 
ively. 


(0) 


Then, assuming that An” = 0, or A, = 0, we obtain 


hi’ (t) () + 


t—t 


Ay) (t) = pry (t) (t, t) +02, 


(t) = (1) [o, (t,t) exp + \ — (t) dt + 


t—t 


t 
+ w, (t,t) exp \ — (2) dt] 
t—2r 


(uestions on the convergence of the thus obtained sequences are not 
considered in this work. 


4. Returning to the original systems (1.1) and (1.2) we can formulate 


the following sufficiency criteria for stability. 


Theorem 3. Let the system of differential equations of first approxi- 
mations 


d n 
j-1 
be given. Let there exist, for this system, a positive definite Liapunov 
function whose derivative is dominated by a negative definite quadratic 
form. Then the perturbed motion is asymptotically stable and independent 
of the functions X,. 


The proof of this theorem is analogous to the proof of the correspond 
ing theorem for systems without lag [7]. 


It is obvious that Theorem 3 is true also if the functions X, are re- 
stricted, for example, by conditions [7] of the type 
| Xq(t; 2, (t),..., In (t), (4 


where A is a sufficiently small constant. 
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On the basis of Theorem 3 one can assert that the conditions, given in 
Theorems 1 and 2 for the asymptotic stability of the null solution of the 
first approximation equations, are also sufficient conditions for the 
asymptotic stability of the original system (1.1). 


5. As an illustrative example let us consider the second order differ- 
ential equation 


® (t) + 219 (t) + agp (t) + agp (t — t) = 0 (5.4) 


which describes transient processes in certain automatic control systems 


[8]. 
We introduce the notation 
(t) = 2) (t), (t) = (t), 


Then the equation (5.1) can be written in the form of the system 


b b dz, 
at == (t) + bare (t) + (t — Gp = 21 


If we let r = 0, we obtain the system 


d dz 
(t) + + bs) 22 (t), (t) (5.3) 


Let us suppose that the trivial solution of the system (5.3) is stable. 
Under this assumption we shall try to determine the Liapunov function as 
a quadratic form 


satisfying the equation 
dV / dt = — 2(z,* + z,") 


where the derivative dV/dt is computed on the basis of (5.3). Solving 
this equation we obtain 


1 — (bp + bs) 1 by? + (b2 + — + bs) (5.4) 
by (bg + 53) by (bz + 6s) 


Under the hypothesis that 


a; >0, a2 + a3 >0 


the quadratic form V will be positive definite. Let us evaluate its 
derivative on the basis of (5.2). We thus find that 
1 dV 
+ (t) + + Arab + Goo) (t) (t) + t)] + 
bg (t) + (t)] (t — (5.5) 


According to Section 1, one can obtain the stability conditions as 
the conditions that the function dV/dt be negative if Vix, (t -— 1), 
x,(t-—1) )¢ (t), ). For the purpose of finding a dominating 
function for dV/dt we transform V to the canonical form by the substitu- 
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tions 


212) 
= + koys, = Y2 ky = — kg = 


Then 


2 
V = — (ys* + 


Expressing the equation (5.5) in terms of the variables y,, ¥>, we ob- 
tain 


{ di 
Ge = + + + ara) hy + 


+ (Birds + + yo? (t) + (t) yo (t — 7) 
The largest value that dV/dt can attain in the region 
— ya? — tT) (t) + ys? (t) 
cannot exceed sup dV/dt in the region |y,(t-+) | < y,(t) | + |y,() 


The function dV/dt will be negative definite if those quadratic forms 
are negative definite, which are obtained from dV/dt by setting y,(t - 1) 
equal to ¥, = Y¥z, or - y, + y,. Noting that the first Sylvester inequal- 
ity is always satisfied, we obtain the following criterion for the 
definiteness of the two mentioned quadratic forms: 


+ + + + aoe) + 21353)? > 0 


k 


say Gnas k,, b,. b,, 6, wm terms of the 
coefficients a,, a,, a, of the original system, we find that 


Expressing a a 


[1—Jas|(1 + / a; (a + (ag + a) + + x (1 + + 
+ a3)*] — [a; / (1 + az + @g)+Jagi(1 + a2 + ag) / 3)]*>0 (5.7) 
Thus we have obtained conditions for the stability of the trivial 
solution of the equation (5.1) which are independent of the value of the 
lag r ; i.e. conditions (5.7), and a,> 0, a,+a,> 9, 
Making use of Theorem 2, one can obtain stability criteria that 
involve the lag r. 


Let us assume that in accordance with equation (2.2) the following 
condition is satisfied for (5.5) 


d 
(3) (o = t— 0< 6< 1) 


2, (t — T) = 22 (t) - 


From (5.2) we have: x,(t — 1) = x,(t) — rx,(o). Making the proper 
substitutions in (5.5) we obtain 


dV 
(xy? (t) + — byt (t) + (t)] 2; (0) (5.8) 


: 
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The conditions for stability can also be expressed as conditions that 
the function dV/dt be negative if 


V (23 (0), 2 SV (xy (t), (t)) 


Let us transform the quadratic form V to its canonical form by means 
of the substitutions 


— 
= = + love, ly = ly = V 23122 - 210" 


— + ye") 


1 dl 
2 dt 


* 


— (2) (2) QD, Lom (t) yo (2) + Lo? — 

bat + yr (t) + (t)) ys (2) 
The least upper bound of the derivative dV/dt in the region 

(a) + yo? (t) + yo? (t) 
cannot exceed the least upper bound of dV/dt in the region 
(o) | yy (t) | + volt) | 

Analogously to the above procedure we obtain as a sufficient condition 
for dV/dt to be negative, the condition of positiveness of the quadratic 
form 

[(1 + — | bg | yr? + — | bs + 4 

+ | bgt + Broly + (5.9) 


that is, the following condition 


Thus, on the basis of Theorem 2 we find that the trivial solution of 
(5.1) will be stable if a, > 9, a, + a, > 0 and condition (5.10) is 
satisfied. 


Reginning with a certain value r, the region of stability determined 
by the inequality (5.10) either intersects or lies entirely within the 
stability region determined by the inequality (5.7). 


This shows that the estimate of dV/dt by the method of Section 2 1s 
more exact than the one given in Section | for smal! values of the lag 
only. 
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A METHOD FOR THE CONSTRUCTION OF LIAPUNOYV 
FUNCTIONS FOR LINEAR SYSTEMS WITH 
VARIABLE COEFFICIENTS 


(OB ODNOM METODE POSTROENIIA FUNKTSII LIAPUNOVA 
DLIA LINEINYKH SISTEM S PEREMMENNYMI KOEFFITSIENTAMI) 
PMM Vol. 22, No.2, 1958, pp.167-172 


Ia. N. ROITENBERG 
(Moscow) 


(Received 16 November 1957) 


Effective methods for the construction of Liapunov functions for 
systems of linear differential equations with variable coefficients 
have been developed in the works of Chetaev [1]. The boundaries of 
the stability region, obtained with the help of these methods, have 
been studied by Razumikhin [2], 


A method for the construction of Liapunov functions for systems of 
the stated form is proposed below which is related to the above methods. 


1. Consider the system of linear differential equations 


(D) 2, =0 (1.4) 


where 
(D) = (t) DE + (t) DE (t) D (t) (4.2) 
Introducing the functions 


Li, (t)= (t) — (a;,(*) = const) (1.3) 


the operators 54D) may be represented in the form 


2jx (D) = fix (D) + (D) (1.4) 
where 
ix (D) = DL +a, + + D + ay!) 
L jx (D) = 1x (t) DE + (t) DE (O M(t) (1.6) 


The system of differential equations (1.1) may now be written 


n 


ke} k=1 
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Together with the system of equations (1.7), consider the system of 
linear, non-homogeneous equations with constant coefficients 


S fy (D) = (0) n) (1.8) 


Denote by A(D) the determinant of the operator matrix f(D) 
(D) In (D) 


fas(D) ... fan(D) 


The roots of the characteristic equation 
A(D) =0 (1.10) 


will be denoted as follows: the real roots by x_(g = 1, ..., N’) the con- 
jugate complex roots by « ~2 te (h = N’ + 1, ..., N° + N%”) the total 
number of roots by N= N’ + 2N”. For the saké of simplicity, we will 
assume that all the roots of the characteristic equation are simple. (One 
could also have admitted the presence of multiple roots, but with linear 
elementary divisors. ) 

The system of differential equations (1.8) may be transformed by 
transition from the original coordinates x. to the normal coordinates 
En. (g= 1, ..., N°’, h= WN’ + 1, N’ + N™). The formulas, re- 
lating the original and the normal coordinates wil! be as follows [3 |]: 


8 N N’+N" 
X jg = = cos (yj + Oa) 
= sin (yj + (1.12) 


where Nig’ ~ n,\,9; the quantities Ch and Ch are determined by the 


+ ito, = (1.13) 
f 
The quantity 
the adjoined matrix F(x_), constructed for the real root «_. The quantity 
N h) ety; ox th), ty\*) is the j’th element of the non-zero column 


is the j’th element of the non-zero column - of 


X, of the adjoined matrix Fle, + im), constructed for the complex root 
€, + to, The quantity m, is the order of the highest derivative of x 
occurring in the system of differential equations (1.8). As has been 
shown in the cited paper [3] by Bulgakov, the normal coordinates ce 
Ep n, satisfy the following system of differential equations: 


lie 
4 
1 
— 
— 
q 
: 
a 
a 
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dé D—x 
an tube - & S By yx (0) 


dat “A(D)— 
(D) ket 
dé 
at heh h iA 4 A(D) D tptio, k=} 
dn — 


n 


h 9 
—— == — — [— 
dt | 

{ go) 

Here B, ®) are the elements of the row matrix B_ and, analogously, 

(hh) 
B,\"™ the elements of the row matrix B,. These row matrices are introduced 
in order to satisfy the relations 


F (xg) = X F 1G), ) => (1.15) 


In an analogous manner, one may also construct equations in normal co- 
ordinates for the system (1.7). For this purpose, we transform the right- 
hand sides of the equations (1.7), replacing in them 9 by the express- 


ions (1.11), which in this way become t 
n N’ 
— SS Lx (D) ax = wig (t)ig + [thin (0) En + vin Mal (1.16) 


g=1 h=N’+1 


The functions (1.16) depend linearly on the normal coordinates eo 
€,, ,; for the sake of brevity, we will denote them by 


N N’+N 
tie be + [jn (t) En + (t) Hn) == Aj (Eg, Ens (1.17) 
g=1 h=N'+1 


Substituting in (1.14) for y jt) the functions (1.17), we obtain the 
system of equations in normal coordinates, equivalent to the original 
system of differential equations (1.1) 


n 
dé D—x 
dt = + A(D) a ) ’ 
k =1 
dé, OR Dp - io), Bum Ant %n, t) (1 18) 
dl h°h A(D) JD=t,+iep 4 ine 
ay D—e, 
ih ‘ h h h 
— Onth — 2Im (D) > By! ) Ay (Eg, chs Th» t) 


k=! 
(h = N’ +1,..., N’+N%) 


Like the original system (1.1), the system (1.18) is a system of 
linear differential equations with variable coefficients. However, for 

the system of equations (1.18), one may give a simple method for the con- 
struction of Liapunov functions which leads to sufficient conditions for 


. 
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the stability of the trivial solution of this system. 


We seek the Liapunov function in the form 


N’ N’+N" 
GP +m] (1.19) 
g=1 


The function V is positive definite. Its derivative with respect to 
time 


N’ 
dé dn, \ 
» ae + ) 
h=N’+ 


after replacing dé, /dt, dé, /dt, dn, /dt by their values (1.18), will 
itself be a quadratic form in the variables ee ey, "b 


N’ N’+N" 
V= > [— + Pog (t)) + > + Van + (1.21) 
g~l h=N’'+1 


+ +N" + + + +N" + 
+ ... + NEW 


The coefficients e,,{t + j) of the quadratic form (1.21) are combina- 
tions of the original variable coefficiefits | k */(#). If all the 
original coefficients Lik 5/(¢) = 0, the derivative V takes the form 


N’ N’+N* 
V= — en tn") (1 .22) 
g=1 haN’+1 


In the case when all the roots of the characteristic equation (1.10) 
lie in the left-half-plane, i.e. when all x. < 0, «€, < 0, the derivative 
V is itself a positive definite function (i.e., its sign is opposite to 

that of the function V), as must be the case for an asymptotically stable 


system. 


The quadratic form (1.21) has the discriminant 


| en CIN 
Beaks (1.23) 
| 
where 
Ci = (f), CNN = une Vv N **(t) (1 


The conditions for V to have a definite (positive) sign are that all 
principal, diagonal minors of the discriminant (1.23) must be positive 
at any instant of the time t. These conditions are also sufficient con- 
ditions for the stability of the trivial solution of the system (1.1) of 
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differential equations with variable coefficients. 


Since the above stability conditions are sufficient, and not necessary, 


we note that by varying the form of V one may sometimes extend the 


stability region, obtained from the conditions for the function V to have 


only one sign, in the space of the parameters of the system. In order to 


vary the Liapunov function, one may take it in the form 


N N’+N 
— Pere”? + + (1.25) 
g=1 h=N’+1 


where the coefficients p,, p,, 7, must be strictly positive. The choice 


of the values of the DP.» Par may he subiected toa 


definite requirement, for example, that any coefficients c,, in the 


quadratic form (1.21) mist become zero, etc. 


The choice of the coefficient sa b s in the expressions (1.3) must 


also be subjected to the requirement of the maximum extension of the 


stability region; the values of the coefficients a k 5) are conveniently 


selected in such a manner that the region of stability in the space of 


the interesting parameters, obtained by help of the Liapunov function, 


will be as large as possible. 


2. As an example, consider the system of differentia! equations 


az,+ 27, 23 + — 2, = 0 
u(t)z, + cz, = 0, =0 (2.1) 


Assuming the function p(t) to be bounded and denoting by fa its 


largest absolute value | p(t)! < fa, the system (2.1) may be rewritten 


= () 


— JAX, + CL, + + = 8 =0 


In this system, - 2fac¢ s(t) = p(t) - fas 0. For s(t) = 9, the 


system (2.2) becomes a system of linear equations with constant coeffi- 


cients with the followine characteristic equation: 


(D + ¢)[D* + cD? + b(1 — fk) D+ (1 — kh) de] =0 (2.3) 


The roots of the algebraic equation (2.3) will lie in the left hal f- 
plane of the complex variable D, provided f < 1. In this context, it has 


been assumed that the coefficients a, 6, c, k of the system of equat tons 


(2.1) are positive and, in addition, that k < 1, 


We confine ourselves to the case when the coefficients in (2.3) are 


such that this equation has two real and one pair of conjugate complex 


» Kyo, € + tw, where x, = — c. The 
? 1 


quantities «,, « and @ will then satisfy the relation 


roots. Denote these roots by x 


. 
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(D — x,) (D —: — iw) (D — 2 +iw) = D*+ +b (1 —fk) D + (1 — be (2.4) 


In order to transform the system (2.1) to the new variables ¢ , &. 


€,, 7, which represent the normal coordinates for this system in the 


case when s(t) = 0, one must, in accordance with (1.11), introduce these 
variables by means of the relations 


(Ke + ¢) 


+ My 24 
cla 


far) t— cw 


+ +c? + for) 


— + +c? + fa?) (2.6) 
n= — (1—/f), + 2ecfe + c- + 
The differential equations, satisfied by the new variables £,, &,, 


Cas n, will by (1.18) have the form 


dé, 
dt = 
des 


dt == + 


d Es 


it ~ bes (t) + [2 + + [o + bas 


dt CoS (t) =, + [— @ + cys (t)] + + 


a, = A,m,, a, = Am, 
b, = A,m,, b, = (2.8) 


Cz; = A,m,, Aym, 


A, = T, (fs + c) bk 
A, = [(fe ¢) Ts fol ,| bk 
A, = [(fe +c) — bk 
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1 
+ 
(2e — x, + c) 
{(e + c} (© — — w*|? + [(2e — x, + ¢) 2.10) 
T. = (¢ + c) — — w? 
@ + c) (e — — + [(2e — x, + w)?} 


Select the Liapunov function in the form 


Its derivative with respect to time 


V = 
1 dt 


after substitution of the expressions for the derivatives (2.7), takes 19) 
the form 


V = —x,2,? — [x. + aps (t)] — [2 + (t)] — + cys (t)] 43? — 


— (a3 + bp) s(t) — (ay + Co) (t) — (Dy + 8 (t) (2.12) 


The discriminant of the quadratic form (2.12) is 


| 


~ (a3 + 

2 (04 + ¢2) by + ¢s) 

S(t) = s(t) Ce s(t) 

1 The conditions for asymptotic stability of the trivial solution of the 


system of equations (2.1) are that at any instant of time t all the 
principal diagonal minors of the discriminant (2.13) mst be positive. 
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ON THE STABILITY OF A HEAVY SYMMETRICAL 
GYROSCOPE ON GIMBALS 
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GIROSKOPA V KARDANOVOM PODVESE) 


PYM Vol. 22, No.2, 1958, pp.173-178 


K. MAGNUS 
(Preiburg, G.F.R. ) 


(Received 14 December 1957) 


Stability conditions for the vertical position of a heavy symmetrical 
gyroscope (Lagrange’s case) were derived by Chetaev [4 F who used the 
second method of Liapunov without any simplifying assumptions (as it 
is used for example in the small vibrations method), and also by 
Rumiantsev | 2 l, who found stability conditions for Kovalevska’s case. 
This note supplements the above-mentioned results, presenting the 
derivation of stability conditions for the vertical position of a 
heavy symmetrical gyroscope on gimbals [in a Cardan mounting |. The 
solution of this problem can be regarded as a generalization of the 
Lagrange case, and it shows the existence of certain new effects 
noticed previously by Nikolai {3 - when he investigated a special 
case of a rapidly rotating astatic gyroscope. 


1. Statement of the problem. Assume that the gyroscope is suspended 
on gimbals (see Fig.l) in such a way that the outer axis of the gimbal 


system is vertical, i.e. it coincides with the direction of the gravita- 
tional force. The friction in the gimbal bearings is neglected. The 
system consists of a rotor, and the outer and inner gimbal rings, and it 
has three degrees of freedom. Its position can be uniquely determined by 
three coordinates. We shall use Fuler’s coordinate system consisting of 
the angles 4, / and 6, the initial position being when the planes of both 
rings coincide. We assume, as in the Lagrange case, that the center of 
gravity of both the rotor and the inner gimbal ring is on the axis of the 
rotor at a distance s from the stationary point of the suspension. We 
shall regard s as positive if in the zero position of the system the 
center of gravity is above the stationary point. The position of the 
center of gravity of the outer gimbal ring does not require any special 
assumptions. In the zero position i = @ = 9 and the moments of inertia 
about the axes x, y, z, as shown in Fie.1, are the principal moments of 
inertia and are denoted as follows: 
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for the rotor 
for the inner gimbal ring 
C, for the outer gimbal ring 


2. The initial integrals. Lagrange’ s problem of the motion of a heavy 


symmetrical gyroscope can be solved by quadratures because it is possible 


to find the first three integrals of the equations of motion. These 
integrals have a physical meaning. They express: 


(1) That the vertical component of the angular momentum is constant 


(2) That the component of the angular momentum in the direction of 
the gyroscope’s axis is constant 
(3) That the total energy of the whole system is constant. 
These three integrals could also be found in the case of a heavy sym- 
metrical gyroscope on gimbals. 
The system is conservative because the moments arising from friction 
in the bearings of the gimbal system are neglected. 


o 
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It can be shown easily that for a gyroscope on gimbals the vertical 
component of the angular momentum must also be constant. The time deri- 


vative of the vector of angular momentum equals the sum of the vectots 


of the moments of outside forces. The moment of the gravitational forces 


and the moment transmitted by the outer axis of the gimbals are acting 


on the system. Vectors of these moments must lie in a horizontal plane; 


therefore the tip of the vector of angular momentum can move only in a 


horizontal plane, and hence the vertical component of the total angular 


momentum must be a constant. 


The third integral shows that the component of the rotor’s angular 
momentum along its axis is constant (the total angeular momentum not being 


constant). The vector of the moment of gravity forces about the rotor’s 


axis is directed along the inner axis of the gimbal system (the so- 


called nodal! line), and the vector of the moment transmitted from the 


rotor to the inner gimbal ring is perpendicular to the rotor’s axis be- 


cause of the absence of frictional forces. In the coordinate system 


attached to the rotor the relationship between the angular momentum and 


outside moments is as follows: 


(D, is the vector of the rotor’s angular momentum and w, is the vector 
of the rotor’s angular velocity). On account of the symmetry of the 

rotor, the component of the Coriolis term [a.D.} along the rotor’s axis 
vanishes as well as both moments. The tip of the vector of the angular 


momentum D, moves in a plane normal to the rotor’s axis; hence its com- 


ponent along the rotor’s axis must be constant. 


In our case the three integrals are as follows 


bcos = fo 


+ + C3) (A, + B, C,) cos? + cos D, (2.2) 


§2 (A, + + +B, + Cy) — (A, + B, — C2) cos? 9] + 


+/2mescos? = } (2.3) 


where r. is the component of the rotor’s angluar velocity along its axis, 


D. is the vertical component of the total angular momentum and F is the 


double sum of kinetic and potential energies. The three integrals (2.1), 


(2.2), (2.3) reduce to the integrals of the Lagrange case when the 


> 


masses of the gimbal rings vanish (A, B C C. 1). It can be 


shown that the problem of motion of a gyroscope on gimbals leads 


quadratures as in the Lagrange case which we shal! not present. llere we 


are interested only in the stability problem. 


dD, 
dt (eo, 1} LM 
4 
j 
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Let us introduce a new variable 


u =cos? 


and also the following substitutions: 


__ 2mgs A, + B, + Cs 
i, + As = hy, A, + A; = ks, Ait Ay = ky 

D: E— A; + 
A; = k,, Ai As = ky = (2.5) 


Then the original integrals reduce to: 


o+ du =ry (2.6) 
(ks — Agu?) + kyu = (2.7) 
$2 4 — + kgu — ky (2.8) 


We are interested in the stability of the system when 
is vertical, a case represented by the conditions 


(u=1), $=0, s=m, h (2.9) 


The above conditions define in equations (2.6), (2.7), (2.8) the con- 
stants ry, k, and k, which depend on initial conditions. The constant k, 
also depends on initial conditions but it is already defined through r,. 

In order to investigate stability we must rewrite the integrals (2.4), 
(2.7) and (2.8) and introduce in them perturbations in the form of varia- 
tions x, in the variables 


$=0+%, 2 = + 22, = Yo + 3, 1— 2% (2.10) 


The initial conditions of a perturbed motion are changes; hence the 
constants may also assume different values: 


To = Too R, ky, kyo K,, ke = kop + Kg, kg = K, 


For a perturbed motion we obtain the following integrals: 


Yo + — —2,%,=R (2.11) 


— + 2k, — + 25 (ks - ky) + 
+ 24 —k;) = — Ky (2.12) 
— + 2k, + 14" (k, — ky) + r,t, — 


+2520 (hs — he) + 24 (Qbo%he — hey) — Ky (2.13) 
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3. Construction of the Liapumov function. We shal! seek the Liapunov 
function V of the variables x. in the form of a linear combination of the 
first integrals in (2.11), (2.12), (2.13) respectively. It is convenient 
to introduce a new variable Xe, defined as follows: 


z,* = 27, = 1—u*>0 (3.1) 


By introducing a new constant K,, we can rewrite (3.1) as follows: 
22, Ky = 0 (3.2) 


We can now construct the Liapunov function V in the form 
V = K,+,(K,— + + (3.3) 


The constants @,, @,, @, can be regarded for the time being as arbitrary. 
The time derivative of V vanishes identically because every term of (3.4) 
is a constant. By Liapunov’s theorem, the conditions for which V is 

positive definite, determine the sufficient conditions for the stability 


of the investigated system. 


Substituting (2.11), (2.12), (2.13) and (3.2) in (3.3) we obtain 


V = + (ay + hy — + 24° + 
— + (By + — he) — (hy + + + 
The linear terms of this expression vanish when 
Abo, 
In such a case the Liapunov function (3.4) becomes 
V = 2,2 + + 23)? + (ky — Keg) (dk; ks + + 
+2;° (Yok, hy bork, — + + 


The Liapunov function V consists then of a quadratic form of the 
variables x, plus the third- and the fourth-order terms. 


The quadratic form is positive definite if the following inequalities 
are satisfied: 


0, ks ke > 0, ; ks > 0, bok ks > 0 (3.7) 


q 
a 
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When the above conditions are satisfied, the multipliers of the pure 
quadratic terms are positive and in addition the Sylvester's inequality 
for the quadratic form of the variables x, + x 


, and Xy is satisfied: 


Yo2s 


— > 0 (3.8) 


The first condition (3.7) could be always satisfied by choosing a 
suitable value for the constant a,; the second condition (3.7) is auto- 
matically satisfied because of (2.5), as k, > 0; the third condition (3.7) 
is obviously satisfied if the fourth condition (3.7) is satisfied. Thus, 
the conditions (3.7) turn out to be sufficient for the stability of a 
ryroscope with respect to the variables A, dy 

4. Conditions of stability. The inequality (3.8) can be considered as 
the relation determining the admissible values of the quantity ,. 
Boundaries of the admissible region are as follows: 


bool 


or, using the original symbols 


; 


bee] 


The solutions are real when 


> 4mgs (A, + B, — 


and the real solutions correspond to a real physical motion. 


When B, = C, = 9, then the expression (4.3) reduces to the known ex- 
pression representing the necessary and sufficient conditions for 
stability in the Lagrange case. For a gyroscope on gimbals this condition 
is necessary but not sufficient. In order to have stability, one more 
condition must be satisfied, namely 


When the rotor is in vertical position, the rotational velocity of the 
gimbal system turns out to be the deciding factor, in the problem of 
stability of a gyroscope on gimbals. This result is physically plausible 
if we take into account that in the Lagrange case the quantities w and ¢/h 
are undefined when the rotor is in vertical position, and the nodal line 
and its azimuthal rotational velocity are only fixed parameters, whereas 
for a gyroscope on gimbals the angle yy becomes an important variable be- 
cause it defines the motion of the gimbal system. 
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Assuming, without any loss of generality, that r, > 9%, we obtain for a 
"standing gyroscope" (s > 1) 


< < don 


It is seen that a standing gyroscope on gimbals may lose stability 
without an initial push on the gimbal ring in the direction of rotor’s 
spin. For a *hangine gyroscope" (s < 9) we have 
Por KO < Yo 

In the last case with rr’, = 9 the motion is stable. In the Lagrange 
case the hanging gyroscope ts always stable, but a hanging gyroscope on 
gimbals could lose stability when it receives a push greater than ¢/,. in 


the direction opposite to its spin, or a push greater than v,, in the 


direction of its spin. The proof of instability in these two cases will 
not be here presented. 

The influence of the quantity th, on the stability could be easily 
demonstrated on appropriate models. Qne more remark should be added; 
namely, that the limiting values (4.2) for the azimuthal velocities 
correspond to velocities of "regular precession" of a heavy gyroscope on 


gimbals as 
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Considered here is the automodel] problem for the equations of one- 
dimensional, non-steady motions of ideal] non-heat-conducting perfect 
gas (Cauchy’s problem) and the problem of automode! motions of gas 
with properties mentioned above, created by symmetrical expanding 
piston contained in the gas. 


Automodel! presentation of the first problem was first given by 
Sedov [1 }. Special cases of this problem were considered by Sedov 


[2 ] (problem concerning the focusing of gas in one point and about 


its expansion from a point) and Kompaneetz [4]. 


The second problem, for the case where the velocity of the piston 
is constant, was discussed by Sedov [2 l. The case when the piston 
velocity is a power function of time was dealt with by Krasheninni- 


In this article we show that: (1) For certain given initial func- 
tions, the solution of Cauchy’s problem cannot be continued for al] 
instants of time t. (2) Under certain values of the exponent in the 
formula for piston velocity, the solution for the second problem does 
not exist. 


Translator’s Note. It is known that the problem on one-dimensional] 

motion of gases can be solved by integrating 
related partial differential equations, If, among parameters which define 
problem of motion, besides linear coordinates r and time ¢€ there are only 
two parameters (constants) with independent dimensions, then these 
partial differentia! equations can be reduced to ordinary differential] 
equations. The corresponding motion of gases bears the name of "auto- 
mode] motion".[1] p. 149, [3 ], p. 22. 
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I. Cauchy’s problem. We have the following equation: 
Ou Ou Oe (pu) (v—1) 
(1.4) 
a P P \ 
The initial conditions are: 
(1.2) 
P(r,0)=L,Ar*, u(r, 0) =M, V B r ? (r > 0) 
For motions with plane waves likewise 
P(r, 0) = L,A(—r)’, p(r, 0) = N,B(—r)? 
SA ‘ 
u(r, O)=M, R (—r) ? r<0) (1.3) 


Where a, A, L;, Ni. MA = 1,2) are dimensionless constants and A and B 


dimensional constants. 


Problem (1.1), (1.2), (1.3) is automede! [1,2 ] and its solution is 
reduced to integrating a system of ordinary differential equations 


dz an L y(- 2 
a = 7 nw l2(¥—1t) + —qyr— (1.4) 
—(y—1)V(V—1)(V —q)— 1) + 1))} 2} 
din)? (V—q)?—2z 
iv (1.5) 
Ww 
—4) din? - (I ar (1.6) 
where 
q= «= — (1.7) 
u(rt)= (A), p(ryt) = Bir *PQy) 
(1.8) 
f P = 
o(ryt)= Br &RO), t= ? 


Cauchy's problem, i.e. problem (1.1), (1.2) or (1.1), (1.2) and (1.3) 
has only one analytical solution near any finite point of the ¢t = 0 axis, 
except possibly point r = 9, according to theorem of Kovalevskaia. There- 
fore, close to A = 0, a unique solution analytical in A exists for the 
system (1.4), (1.5) and (1.6). 


At t + 1 from (1.8) we arrive at expressions of the type (1.2), i.e. 


functions V, P, R at A + 0 will have the following expansions: 


4 
¥ i 
j 
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It follows that the integral curve of equation (1.4) which corresponds 
to the solution of Cauchy’s problem, will pass through the point V= z = 0 
where it will have an asymptotic representation 


NM? 


for 


in addition for motions with plane waves we will have: 


— + ..., R—N.4 (1.11) 
vie 
In this manner, two integral curves correspond to the solution of ‘ re 


Cauchy’s problem. These curves, close to the point V= z = 0 have 


asymptotic representations (1.10) and (1.12), 


2. To aid in the solution of our problem it is necessary to conduct a 
preliminary qualitative study of the field of integral curves of equation 
(1.4). From this study we shal! establish the path for an integral curve, 
originating from formulas (1.10) or (1.12) for smal! values of V and z, 
and the point of its termination for a complete solution of our problem. 


If the integral curve is known, then with the help of equation (1.5) 


we can calculate the distribution of A along this curve. 


Displacement along the integral curve from point V = z= 0 should 
cause a monotonic increase of parameter A. This increase continues to 
infinity or to some finite value, corresponding to the moving boundary of 
the region, occupied by the gas, if such a boundary arises as in the case 


of a moving piston. 


In this manner, Cauchy's problem will be solved if the corresponding 
integral curve is so constructed that, moving along the curve parameter 


it goes monotonically through the set of values indicated above. 


’ 


In the most general case of automodel motion, with fixed values of y 
and v, the field of integral curves and the character of the variation 
of A along them can be determined by only two parameters q and « [ see 
(1.4) and (1.5)]. In the case of Cauchy's automodel problem, these para- 
meters are expressed through a and 8 in formulas (1.7) which have umique 


solutions for a and #3 


From here we can see that the field of integral curves and the distribu- 
tion of A along them for an arbitrary automode! motion are simultaneously 
valid for some automodel problem of Cauchy. By using well-studied fields 
of integral curves of several special automodel problems, it 1s easy to 
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describe a corresponding Cauchy problem. 


In the case of a strong explosion, we have: 
), «= 2v/y(2 +), 
which makes a=-—v, A= 0, 


In the case of problems of attenuation of an arbitrary explosion, in 
the case of a piston moving with a constant velocity, in the propagat ion 


of a flame front and a detonation, in the case of focusing at a point and 
expansion from a point in a gas [2] we have a= 1, x = 0 which makes 
a= 0, 8 = 9. Cauchy's problem in this case is the first one in the case 
of motion with plane waves and the last one among the ones mentioned 
above. This problem is developed completely and in every detail by Kochin 


and Sedov [2 ]. 


In the case of a strong explosion in a medium of variable density [2 } 


we have 


which makes a = — 3 and 8 = —- w. Here, w is the exponent in the formula 
for the initial exponential distribution of density along the coordinate 
axis. In the case of the problem of the motion of gas [3 ] compressed by 


" we shall have 


@ symmetrical piston, moving with a velocity U/ t 
q=n+ 1, «= and this gives 


a=2n/(n+1), 8=0. 


Finally in Ref. [4], Cauchy's problem is considered for the case of 
motion with plane waves with a = a, f= 0 and for the following special 
values of the dimensionless constants in formulas (1.2) and (1.3) M. = 


M,=L,=0, N, =N,=L, = 1. 


The investigation of the field of integral curves, without assigning 
concrete values to parameters q and « for v + | presents quite a difficult 


problem because for the solution of the problem, or to establish coordi- 
nates for some singular points, it is necessary to establish the number 
of real roots of a certain cubic equation, the coefficients of which de- 
pend on q and « in complicated manner, and to solve for these roots. 
However, for pu 1, the cubic equation degenerates into a quadratic, 

and the roots then assume a simple form. In this manner, for motions with 
plane waves, the coordinates of all singular points are known in the form 
of functions q and «x, and the problem of the integral curve field investi- 


gation is greatly simplified. 


Characteristic isoclines are 


for dz/d\ = (2 1) 


4 : 
4 
q=2 (S—w), x = 6/¥(5 
By 
a 
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for dz/ di 


The points of intersection of these isoclines are singular points. In 
particular the singular points are the points of intersection of curves 
z= f,(V) and z = f,(V)(the coordinates of other singular points are 
obvious). By dividing the relation f,V) - f,'V) through by V — q we ob- 


tain a cubic equation. In the case of v = 1, this equation will have the 
following roots 


— 


1=- 


z = 0 is a node in the most general case. 
The fan of integral curves emanating from this point, because of asymptoti 


relations (1.10) and (1.12), corresponds to any civen initial distribution 
Therefore, to solve Cauchy’s problem for all initial distributions, every 
curve out of this bundle has to be traced through to a point where A = « 
or where A = A, where A, is the value of A arising in the process of the 
motion of the boundary of the gas. It is known [2], that in the plane 

V, z points corresponding to such a boundary can only be the points 
located on the line V = q. Thus the problem is to trace the integral 
curves of the fan to some special points like V= q, z = 0, z = 

points at which A = « (including infinitely distant singular points). In 
addition A must monotonically change along the integral curves. 


It is known [2] that on the plane V, z exists a parabola 
2, = (V (2.5) 


on which, while moving along the integral curves that cross it, the para- 
meter A reaches a stationary value i.e. dA/ds = 0 (where s is the length 
of the are of the integral curve). This means that if on parabola (2.5) 

A assumes a maximum or a minimum value A., then as with a fixed rfor t) 
variations of A correspond to variations of tlor +), then transitions 
along the integral curve over parabola (2.5) correspond to folding of 
integral surfaces u = u(r,t), p= p(r,t), p = p(r,t) back into the region 
of parameters covered previous to the transition across the parabola (2.5), 
that is the solution is discontinuous for all instants of time t > 0. 
The line A = A, is the "limiting line" determining the region of corres- 
ponding continuous solutions. The intersection of the integral curve 

with the parabola does not always mean that the solution cannot be 
extended beyond the line A = A, It is often possible to cross the parabola 
(2.5) in a jump which corresponds to discontinuous-solution-motions with 
shock waves. In all the previously discussed cases of automodel motion 
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[2-4] the discontinuous solution was possible. This solution was set up 
in a unique manner. 


But sometimes it is impossible to set up either the continuous or the 
discontinuous type of solution; this may take place in the solution of 
Cauchy's problem as is shown below. 


3. Consider Cauchy’s problem for which the field of integral curves 
is the field of problems of a strong explosion. 


Case 1, v + 1. Careful study of the field of integral curves for 2 > 0 
reveals the following picture (Fig.1). All of the integral curves, 
emanating in a bundle from the origin of the coordinate system enter the 
singular point V= q = 2/(2+ v), z= 0 where they have a slope 
~ y/(2 + v) remaining integral curves going through the point V = 2/(2 4 v); 


z = 0 except for straight lines z = 0 and V = 2/(2+ v) have the same 
slope at this point. All except one of them go into the singular point 
V= 2/(2+0), 


The noted exceptional integral curve corresponds to the solution of 
the problem of a strong discontinuity and at z + « enters into a singular 
point (saddle) V= 2A y(2+v)}, z = 0. The equation of this curve is 
[2]: 

(y—1) 
(3.4) 
2[2/y7(2+v—V] 


The arrows on the integral curves indicate the direction of increasing A. 


From Fig. 1 we can see that as all integral curves come from the 
origin of the coordinates, cross parabola (2.5) (on which A reaches its 
maximum, but still remain finite); the continuous solution of Cauchy’ s 
problem cannot be continued for all values of t > 0. Discontinuous solu- 
tions of the problem, continuous for all values of t > 0 could be set up 
if a jump transition corresponding to the conditions of the shock wave 


could be made from the integral curves emanatine from the origin to those 
emanating from point V = 2/(2 + v), z = 0 and entering point V= 2/(2+4 wv); 
z = « Let us show that this is impossible. 


Because the relations on the shock wave map the region between the 
axis z = 0 and the parabola (2.5) into the region between this parabola 
and the parabola 

2y (y 2 2 , 
2=2,= 3.4 
2 y—1 \ 2+v/ ( 2) 
it is enough to show that the above mentioned integral curves (the ones 


that have to be transited to by a jump) lie entirely outside the above 
mentioned region. 


The region containing these integral curves is limited on the left by 
the integral curve of the problem about a strong discontinuity (3.1) which 
has only one point common to the parabola (3.2) different from point 
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Case 2, . For this case the field of integral curves for condi- 
tions 1 < y < 2 is represented in Fig. 2. This case differs from the 
case when v + | by the presence of curves emanating from points V = z = 0 
and V = 2/3, z = 0 and extending into infinity at V+ o. For this case 
the following asymptotic formulae hold 


CV?, (C, Cy = const) (3.3) 


But limiting ourselves to the case of symmetrical initial distribution, 
we shall note that it is impossible to set up a solution continuable for 
all instants t > 0, because according to the indicated curves the mapped 
points cannot extend to infinity as according to (3.3) and (1.8) we 
would have u(0,t) + 0, which contradicts the obvious conditions of 
symmetry. 


Now we arrive at the conclusion that the automodel problem of Cauchy 
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for the case when the field of integral curves coincides with the field 
of the problem of a strong explosion, has no solution continuable for 
instants t > 0. 


4. Let us consider the problem of automodel motion of gas that is being 
forced out by a symmetric piston expanding by a power law[3 ]. 


The field of integral curves for the problem about the piston coincides 
with the one about the problem of a strong explosion if n=-v/(2, v). 
In order to set up the solution of the piston problem, we have to find 
the integral curve (either continuous or discontinuous) that goes through 
the point V= z= 0 (which corresponds to a region in the physical space, 
not yet disturbed) and some point of a straight line V = 2/(2+ v) 
(corresponding to the piston) [2.3] such that the parameter A along it 
will vary monotonically. However, referring to Figs. 1 and 2 we can see 
that such curves do not exist. As established above, the region, which 
can be entered by a jump from the integral curves emanating from the 
origin of the coordinate system, touches the integral curve of the problem 
about a strong explosion in one point only, which is an image of the 
origin of coordinates. 


Therefore the integral curves through which wé can arrive at the 
straight line V = 2/(2 + wv) remain outside of this region. Hence, the 
piston problem for n= n, = — v/(2 + v) does not have a solution. Let us 
see how the solution possibilities of the piston problem will be affected 
if n varies in the neighborhood of n= n,. The study of the integral curve 
field for the piston problem reveals that with the value of n close to np 
the character of singular points and the distribution of integral curves 
remain the same as with n= n.. At n= n, curves (3.1) and (3.2) touch 


one another in the point 


When the value of n is close to n,, there exists an integral curve (only 
one) that goes through points V= n+ 1, z = 0 and V= ~ 2nfy, z= ~, 
this curve at n= n, coincides with curve (3.1). Just as for n = No» 
this curve bounds on its left a region of integral curves that emanate 
from the point V= n+ 1, z = 0 and go to point V = z=. The 
parabola 


coincides with (3.2) at n= n,, and bounds a region on its right into 
which a transition can be made by a jump from the integral curves that 
emanate from the origin of the coordinates. 


At n =n, these curves have a common point of tangency and as the 


0 
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right-hand sides of these equations are analytical functions of parameter 
n, when n is close ton, , [for the first curve this follows from the 
analytical character of its [5] differential equation (1.4), for the 
second curve it is obvious from its implicit equation (4.1) ], then the 
difference of these right-hand sides has an isolated zero for V = v, at the 
point n= n,. 

If it were possible to prove that this zero is simple, this would mean 
that if n varied in one direction from n, (namely increase) then as shown 
in calculations performed in Ref. [3 ] the curves intersect, that is in 
the above mentioned regions a common part is created and it becomes 
possible to set up a unique, discontinuous type of solution; with decrease 
in n, the curves no longer have any common points and the regions no 
longer have a common part. Therefore the solution ceases to exist. 


In Ref. [3] for several values of n> n, a solution is set up, but 
with two values n<¢n, (n = — 0.5, vy = 1, v = 2) a solution was impossible 
to set up. In this work, a solution is set up ‘by means of numerical 
integration) for n = — 9.5, vy = 3, that is for n-n, = 9.1. This shows 
that if the above mentioned zero is not simple and not the first one en- 
countered with decrease in n, then the next zero is larger than n, and is 
quite close to the first one (not further than 9.1). . 


In the article by Cherny [6] it was established that, during the 
solution of this problem by his approximate method, when n approaches n 
from above, the terms of the series, that give the solution of the problem, 
become of the same order, that is the series becomes divergent. This fact 
does not imply that the approximate method with n = n, becomes inadequate 
for the solution of the problem, but that the solution for n<n, does not 
exist. On the other hand, as the divergence begins at exactly n= n, and 
not earlier (when n approaches n, from above), this shows (although it 
does not prove) that the zero under consideration is not a simple one and 
the first one from above, that is the solution of the problem ceases to 
exist exactly at n= n, and not earlier. 


Based on the discussion above, we can formulate the following state- 
ment: 


A solution of the problem of motion of an ideal, nonconducting perfect 
gas, displaced by a symmetrical piston that has a velocity U = Ct” for 
- lg n<-—v/(2+4 v) does not exist. 


At n > — v/(2 + v) one discontinuous solution of the problem exists. 


5. The preceding considerations show that in working with some initial 
and initial-boundary problems about motions of an ideal, nonconducting 
perfect gas, it is impossible to set up a solution. 

In these cases for initial problems the solution exists only near the 
t = 0 axis. In the space of variables of r and t limiting lines appear. 
We can call them "limiting" because of analogy to a similar phenomenon 
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that is known for adiabatic steady state planar motions of gas. Here the 
solution cannot be continued beyond these lines. In the considered class 
of initial problems, the initial functions are unlimited at r = « or at 
r= 0, Sedov stated that in the case when the initial functions are un- 
limited at r= 0, Cauchy’s problem does not have a solution continuable 
for all instants of time t > 0. This is connected with the fact that 
either the initial mass or the initial energy of gas at r = 0 is un- 
limited. Investigations of special cases confirm this statement, which 
will be proven below. It would be interesting to check this for a general 
case. 


It is easy to establish that the conditions for having finite initial 
mass and energy in the neighborhood of point r = 9 area >-—v; B>--v. 
Let us consider Cauchy's problem with a field of integral curves coincid- 
ing with the field of problems about a piston for n close to n,. 
Previously we established that the solution of this problem does not 
exist for n= n,. From the discussion of the character of the field of 


integral curves near n= n, it follows that the solution of Cauchy's 


problem does not exist for n <n, but with n> nm, a jump can be made onto 
integral curves going to point V= n+ 1, z = « and onto a single curve 
going to point V = — 2n/vy, z= «. Also if the two curves, between which 
the jump is made, are defined, the jump can be made in only one manner. 
Consideration of asymptotic formulae for solutions near point V = n+ l, 
z = «, shows that the solution with a jump on curves leading to that 
point, do not correspond to Cauchy’s problem, but Cauchy’s problem with 

a piston moving from the center of symmetry according to the law 

A(r,t) = A* as at point V= n+ 1, z= 0 gives finite values for A and 
pressure. 


To Cauchy's problem corresponds the jump onto the unique curve, as 
according to asymptotical formulae close to point V = — 2n/vy, z= «© we 


0. This shows us that at 


get that here A = «~, that is r = 0 and u(f0,t) - 
n > n. Cauchy's problem has a unique discontinuous solution and does not 
have any solution at n<¢ n,. In this case n = n. corresponds to a = - v 
that is the solution ceases to exist, when we violate the condition of 

limitation of initial energy in the neighborhood of r = 0, that is, the 


statement of Sedov is confirmed. 


let us investigate the solution for n+ n, + 0. It is easy to show 
that here the points on the integral curves from which the jump is made 
reduce to point V= z= 0. A varies continuously on the jump. At point 
V=2= 0, A= 0, this means that in the image of this point A is also 
equal to zero. But this image is not a singular point, hence A = 9 on the 
whole integral curve, onto which the jump was made for n= n., except for 
singular point V = — 2n,/vy,z = «. Using the conditions for shock waves, 
we can find the distribution z(V), R(V), and P(V) for n= n, (they are 
elementary functions and are given in[2]). For the transfer from argu- 
ment V to A we can use the function V(A). 
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For n= n, it is the following: 


V=-—- 2n,/y, A + 0 and V = V, A = 0, which means that in all space, 
the quantities Z, P and R do not depend on A. In order to find these 
quantities we must substitute V = - 2n,/ry into Z(V), R(V) and P(V) 

(see formas (7.14), (7.15), (7.16) and (7.17) Chapter 4 of Ref. [2]). 
This gives Z= 0, R= 0, P=. This is the limit approached by our 
solution for n+ n, + 0. 


Similarly we can watch the behavior of the solution of the problem 


about a piston for n+ n, + 0. The limiting integral curve is then re- 
presented by (3.1) and the segment z = ~,- 2n,/vy ¢ V< 9 + 1. The 
distributions of A and R along this segment are: 
1 
= An, = (My) + 1) (Mo + 1 + vy) (V + vy)” (5.1) 
1 
R=c|(n,+1—V) | vy) (C = const) (5.2) 


Here the condition A for piston = n, + 1 is satisfied. From (5.1) we can 


see that A = 0 for V = — 2n,/v, z = = Since A must increase monotonically 
along the whole integral curve which describes the solution, then A = 0 
on every part of the integral curve which coincides with (3.1). 


The distribution of Z(V), R(V) and P(V) along (3.1) should be mapped 


n, + l. This gives for constant C a value of zero because from R(V) along 


(3.1) it follows R(-2n,/vy) = 0. The limiting solution will be Z = ~, 
AX=A,. 


continuously on the distribution along segment z = ~,-— 2n,/vy < Vc 


The meaning of that solution is as follows: because on the shock wave 
A = 0, the shock wave is going to infinity instantaneously, leaving dis- 
tributions of parameters in the form 


; J = Co, p= co, 


Because here, as everywhere, the pressure on the piston is equal to 
infinity, then to accomplish its motion according to the prescribed law 
with n= n, it is necessary to apply an infinite amount of work. Thus, 
to move piston for n <n, according to r = [c/(n + 1)] t™! is impossible 
i.e. making the statement of a problem for these values of n loses all 
meaning, which shows the senselessness of solving the piston problem for 
n< no. 

In conclusion I sincerely thank L.I. Sedov for his interest in the 
present work. 
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; 1. In a previous paper [1] consideration was given to plane travelling 
= wave systems associated with quasi-linear equations such as 


% We call the travelling wave of rank r a solution of system (1.1) if 

a for it the m— r functional dependencies are satisfied: 

(igs (am 1,..., (1.2) 


“ In the given classification the travelling wave of rank | coincides 
a with the plane travelling wave [1]. 


In the present work are considered travelling waves of rank m~ I. The 
following algorism (formal treatment) is suggested to find them. 


Let 

Z be the functional dependence determining the travelling wave of rank 

m— 1, 


From equation (1.3) there follows that We @= 
functions have common level lines. Let these lines satisfy the differential 
equation 


where A. represents any of several functions of x 
function flu,, ..., u,) we must have 


1 ’ 
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; 

az. dz 

q i 

+ Ange =O (h=4,...,m—1) (1.5) 

m 
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The relations (1.3), (1.5) allow us to eliminate in system (1.1) the 


function and the derivatives of 


Substituting (1.3), (1.5) into (1.1), we obtain the svstem in which 


(1.6) 


where 


Aiag = Qj, — (1.7) 


System (1.4) represents an overdetermined system into whose coef fi- 


cients enters as a parameter the variable x_. When expressing the condi- 


tion that equation (1.4) apply to any x. it is necessary to add to (1.6) 


the following equation: 


OL. /dz,. =0 (1.8) 


Noting that relations 


A — {) a> (1.9) 


follow from (1.6) it is seen that equation (1.8) may be written in the 


form 


(1.10) 


(1.141) 


Taking into account 5) we obtain the relation 


aa 


ir ir 


Accordingly, equation (1.10) takes the following form 


Ou. 


= — Macy 


: (1.13) 


Further consequences 


lead to the equation 


where 


‘—1) —. { *—1}) 


1.16) 


If A. is regarded as a direct function of x,, ..., x,, then conditions 


(1.15) represent quasi-linear equations for u,. If \, appear as functions 


of 


u 


then equation (1.5) will be of power s + 1 with regard to derivatives 


257 
| 
VOL. 
Ou, 
= 
( (s = 2,...) 1.14) 
du, 
4 Aiag"* 0 (1.15) 
or 
aa 
| 
z 
¥ 


Tu. Ta, Pogodin, V.R. Suchkov, and N.N. Ianenko 


du, Particularly when Ay are functions uy 


» eee, UL_,, then express- 
ions A ian’ du,/dxe will be in the form of powers s 4 with regard to 
the derivatives du, 


A further problem appears to be the investigation of the combatibility 
of system (1.15) where one can formally assume 


Aina = Aine 


In this manner, system (1.15) will include equations (1.6) and all] 
consequences from them and determine the travelling wave. 

Depending on the degree of arbitrariness which we will require from 
the solution 2). 


we will obtain various specific limitations on ¢, \a and thereby various 
systems (1.15). 


The arbitrariness of the solution wil! materially depend on the rank 
of the systems (1.15). By this we mean the number of really independent 
equations in system (1.15). 


An analogous treatment (algorism) may be suggested in the case of 
travelling waves of arbitrary rank. 


2. We consider the gas dynamics equation of a polytropic gas: 


/Ou; ou; 


(2.1) 


(2.2) 
2.2 

the adiabatic case, when a* = a‘(s) = const, considering the vari- 


ui, 


6 = [ a? (y - we obtain 
du, Ou, 


at 


In the isothermal case p = a’p, a* = RT = const, y = 1, @= Inp and 
equation (2.3) assumes the form 


Ou; Ou; 


ot * Ox, 


The systems (2.3), (2.4) belong to type (1.1), therefore to them may 
be applied the formal treatment (algorism) of the determination of 
travelling waves. 


We consider a travelling wave of rank 2 of plane motion (m= 3) of a 
polytropic gas. 


In our case @ plays the role of variable u,, and t that of variable 
system (1.6) takes the form 


» 
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Ou 
+ (u,—A,) — 


(Uz — - 


IZ» 


let us require that with the function ¢ (u,, u,) fixed the travelling 
wave possesses arbitrariness of two functions of one argument. For this 
it is necessary that the rank of the system (2.5) be equal to 
this condition we arrive at two possibilities: 


(a) 


2. From 


(b) + 427, = 0 
(a,* + + — (y — 1) 2] — (y — 1) (91? + 92°) = 0 (2.7) 


We limit ourselves to case (a) which appears basic. From (2.6) it 
follows that the lines of level are straight and 


i A-= 


z 


u;* 


System (2.5) is reduced to two equations: 


(2.9) 


Ayn = 1 (2.10) 
(2, 8 = 1, 2) 
(8,5 — is the Kronecker symbol! ) 
Equation L, = ) means that the motion is a potential motion. Conditions 
5L, = 0 yield 


du, Ou 
x 
- 0, Bren = 


- (2.11) 
Or, Of, 


Or on writing as / Ax, = u, where / is the potential function, we have 


Aj 2p = 0 


(2.12) 
Conditions = have the form 


A = (0) 
It is easy to see that all conditions 


aL, = 0 


(2.13) 


(2.14) 
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are fulfilled identically. 
Let us require that equation 5L, = 0 follows from (2.9). For this it 
is necessary and sufficient that the quadratic form SL, be divisible into 


a linear form L,. Using equation (2.9), condition 5L, = 0 may be reduced 
to the form 


KL (2) =0 (2.15) 


where 
K = — 912” (2.16) 


L (2) = (11 + 1) — 1) — 927) + + $17) (P22 + 1) = O 
(2.17) 
The case K = 0, as is easy to see, leads to the plane travelling wave 
of rank 1. In this manner, we obtain for ¢ a quasi-linear equation of the 
second order: 


(2.18) 


Condition 6“L, = 0 with consideration of equations L, = 0, 5L, = 0 
takes the form 


= 0 (Ky = Ay, — Aye”) (2.19) 


It follows at once from this that conditions 6°L., = 0, s > 1 do not 
give anything new and equation (2.18) seems a sufficient condition in 


order that solution u,(x,, x,,t) possesses arbitrariness of two functions 
of one argument. 


The motion corresponding to the given solution ¢ (u,, u,) of equation 
2.18) may be obtained in the following manner. Let 


U, =U, (2, 22) U, = Ze) 
the solution of system (2.9), A(U,,U.) the function corresponding 
(U,, U,). 


Let us draw through every point X19 %oq of the surface t = t, a ray 


a = =—— (2.20) 


A; (210. Teo), 2 (Zw, A; 1 (F10, Loo), Us 
Along each ray, going through the point Zio» Xoq» ty we will assume 
(2, Ze, t) = Ua (249) Leo) (2.21) 


In addition to this, everywhere 6 = d& (U,, U,). Then the functions 


U, (2X, Lo, t), (2,, La, t) = [Uy (2, Lo, t), Us Lo, 
determine the desired travelling wave. As a consequence of the assumption 


K # 0 for equation (2.9), one can apply the holographic transformation to 
the equations (2.9) 
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Ou. 


a 
1) K dx, 


Since the motion is potential, then 
OU, Oz, Ou, 
and one can introduce the potential function Y(u,, u,) such that 
OX 
du, (Uy, Ws) 
It is clear that X(u,, u,) satisfies equation 


‘ o2 
— l)o— 2,7] - + 27322 1) — 2,” 


In this manner, the following theorem is true: 


Theorem 1. If d (u,, u,) satisfies the equation (2.18), then the cor- 
responding travelling wave possesses arbitrariness of two functions of 
one argument and is expressed by means of formulae (2.20) to (2.23) 


through an integral of X(u,, u,) of equation (2.24). 


3. Let us call conical flow the travelling wave of rank 2 in which all 
the straight level lines pass through a single point x,,, x,,, t,, of the 
phase space x,, x,, t. In other words, the congruence of straight level 
lines turns Out to be conical. Let us prove that the resulting travelling 


waves do not appear, generally speaking, as conical. 


The conical congruence has the following infinitesimal characteristic: 
any straight congruence is intersected by any straight line which goes 
through its infinitesimal neighborhood. Expressing this fact we obtain 
the following conditions of conical flow: 

OA, OA, 
dz, = dz, = (), = (3.1) 
From this follow the equations: 


An 5 
An 


In order that the conditions for being conical be satisfied for any 
travelling waves corresponding to the given function ¢ (u,, u,), it is 
necessary and sufficient that equations (3.2) follow from equation (2.9) 
i.e., that the rank of matrix |M| be equal to 2, where 


0 
(y—1)9— 
Are 
0 
An 
This is only possible for yp = 0, a,8 = 1,2. From this, taking 
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(2.23) 
4 
+ hus = 0 
a OX, 
Buy 
= + = 0 (3.2) 
1 
Bus 
ry — =—() 

a 
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account (2.6), we obtain 
%,+1=0, = 0, +1=0 (3.3) 


D=Cy + + Colle (u,? + u,’), A + + Cot. (3.4) 


In the general case ¢ does not satisfy conditions (3.3) and the condi- 
tions for being conical (3.2) represent substantially new equations. In 
order that conical flow be not trivial it is necessary to fulfil the con- 
dition; rank of [MM] = 3. 


It is easy to see that all the values of the fourth order matrix M 
will be equal to zero by virtue of conditions (2.18). 


In this manner, for any solution d of equation L(d) = 0, except (3.4), 
the matrix of coefficients of equation (2.9), (3.2) has the rank 3. From 
this we have 


Ou 


= (2, 6 = 1, 2) (3.5) 


where » is a certain multiplying factor. 
Applying the hodographic transformation to (3.5), we obtain 
Oz, 0A 


x 
=u 2 
Ou, wl Ou, (2, B 1, 2) 


From this follows at once » = const = c, and 
r,=cA,+¢, (a 1, 2), X =cA4 + Colle Cs 

It is easy to see that equations (2.18), (2.24) are satisfied. 
this manner, the following theorem is proved. 

Theorem 2. In the case when 

= Cy + + Colla — (uy? + 

all travelling waves are conical flows. For the remaining solutions 
& of L(d) = 0 the motions, generally speaking, do not turn out to be 


conical, but for any & in the class of corresponding travelling waves 
there exists a completely determinate conical flow. 


4. Let us apply the results obtained to the solution of the problem 
of gas motion bounded by two surfaces. Let the space x 


x, be an 
infinite volume of stagnant gas, enclosed at the instant w 


vere t< 0 
inside the corner between planes x, = 9, x, = 0. At the instant ¢t = 0 
the planes begin to move according to the law: 


; (t) (t 1, 2) (4.1) 


It is clear that the motion will be two dimensional, not depending on 
the coordinate x,. In the following we will identify plane x, = 0 with 
the plane of the diagram, planes x; = const.will accordingly be 
represented by the coordinate lines. 


Upon first examination we will assume function f(t) to be such that 
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until the instant of time T there will be no strong discontinuities in 


the motion. Then, at a certain instant of time t < T in the plane Xi % 
we will have the following picture of the motion (Fig. 1). 
In region I we have stagnant gas 
Uy, = Us = 0, = Oo = / (y — 1) (4.2) 


In region IT (vertical strip above AC) we have one-dimensional motion, 
not depending on x, and proving to be a plane travelling wave (wave of 
rank 1), i.e., a Riemann wave, to which the well-known relationships 


apply: 


us = 0, uy gy — (uy +) (4.3) 


Line y,, dividing region II from region I will be straight x, = c,t. 
In region III (horizontal strip to the right of RAC) we also have one 


dimensional motion, not depending on Xy: This also is a Riemann wave: 


= 0, Ug = Bo — (up + Us - (4.4) 


The line Yo: the boundary between regions I and III, is straight. 
x, = Cpt. In region IV we will look for motion of the type of travelling 


wave of rank 2. 


Since for any function d (u,, u,) that is the solution of equation 
L(d) = 0, the travelling wave of rank 2 must possess two functional 


arbitrarinesses then we can 


ZZ (t) 


satisfy the boundary condition u; = f;(t), possessing that same arbit- 


rariness. 


The condition which fixes the function 4 (u,, u,) is the condition of 


uninterrupted connection ‘for continuity) of the solution in region IV to 


the solutions in regions II and ITT. 


It is easy to see that they have the form 


| 1 }2 { { 
; i ) + Col. (0, ts) Us + 


(—(_(01XL1I 
a 
7, 
0 
Fig. 1. Pig. 2. 
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In this manner, ¢ must be identified with that solution of equation 
L(d) = 0 which satisfies the boundary conditions (4.5). We have the 


problem of Goursat for quasi-linear equations of the second order. 


5. Let us consider isothermal gases. Then 
y=1, 8=Inp, a? = RT = const. 


For simplicity, we assume a’ = 1. All the results of preceding problems 
are automatically transferred to the isothermal gases. 


The boundary problem of the preceding section has the following form: 


L (9) = (1 — 92?) (G11 + 1) + 20192912 + (1 P17) (P22 + 1) = 0 (9.1) 


@ 0) = uy + Bo, (0, = us + Bp (5.2) 
It 1s easy to see that the solution of this problem is the function 
> = u, + + (5.3) 


Function X(u,, u,) must satisfy equation 


ax ary arn 


(1 — 2?) +. (1 — (5.4) 


Ou,? Au, dus 
which in the case of (5.3) takes the form: 


From this follows at once x, = x,(u;,t). The picture of the motion 


assumes the form shown in Fig.2. 


Sections AC and BC represent continuations of lines y, and Yq, 
respectively. In this manner, regions I to IV are bounded by mutual ly- 
orthogonal straight lines. 


The equations of the straight lines y, and y, respectively are 


=f 6) 
Further we have in region I 


uy 


in region IT u, = 0, uy = By t) (5.8) 


in region ITI uy = 0, Us = £2 (Xe, t) (5.9) 


in region IV Uy = gy (2), t) Us = £2 (Xo, t) (5.10) 


in region I to IV 0 = u, + us + O, (5.44 


Function g,(x,, t) is the fundamental solution of equation 


u, = F, — (u, + 1) (5.12) 


1 


where function F(t) is related to f(t) by the equation 
{+04 (5.13) 


Formulae (5.6) to (5.13) give a complete solution of the problem under 
consideration of the motion of a isothermal gas enclosed inside the 
straight corner in the assumed absence of strong discontinuities. Straight 


lines Y,» Y> appear to be lines of weak discontinuities (discontinuities 


2 
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of derivatives du ,/ dx, du ,/dt, 00/dx ;, d0/dt). 
Of course, there may still be other discontinuities besides in the 


regions II, III and IV. 


For instance when 


The picture of the motion assumes the form shown in Fig. 3. 


In the regions I, Ia, Ib, Ic we have a motion with constant parameters: 


u, 0 : 0; (Ib) “= 0, 


(la) Ug = 9; (Ic) = = Cy (5.45) 


In the regions II, Ila, III, Illa we have plane travelling waves 
(Riemann waves): 
(IT) uy = 2,/t — 1 
(IIa) u, = 2,/t—1 
(111) 0, 
(Hla) uy = 
In region IV we have a travelling (conical) wave of rank 2: 


uy = 2, /t Ug = i 


Fig. 4. 


Conditions in all regions are governed by the relation (5.11). The 


lines y;, r; dividing the mentioned regions move according to the law 


et, (Ty) 
(e, + (5.18) 


(T's) 


a 
: 

(t) = <0 5.14) 
| 
! 
4 
195 
Pig. 3. 
3.16) 
(5.17) 
4 : x 
4 
7 
(Y2) 


x 
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Generally the motion is conical (self similar or centered wave). 


6. Let us now consider motions in which strong discontinuities may 


occur, confining ourselves to the case of an isothermal gas. 


The Hugoniot conditions for an isothermal gas with a* = 1 have the 
form: 


uy Uy 0, In M,* D ly (6.1) 


Here the index (0) corresponds to conditions ahead of the front, the 
index (1) refers to conditions behind the shock waves. It is easy to see 
that the configuration of two steady and compatible shock fronts move 
with constant speed through a gas at rest in mutually orthogonal direct- 
ions (Fig.4). 


If the speed of front y, equals D, and the speed of front y, equals 
D, then we have by virtue of (6.1) 
= 0+ In D,? in region I] 


§ = 0) + In D,* in region ITI (6.2) 


Dy § = 0) + In D,2 + In D.* in region IV 


The above relations take into account the compatibility conditions in 
all shock fronts. 


Steady and compatible also is the configuration of shock wave y,, and 
the Riemann travelling waves (y,, y,) in the case where they travel in 
mutually orthogonal directions. (Fig.5). 


The motion in that case is characterized in the following manner: 


0 = us + In D244, 


conditions of compatibility are fulfilled on all boundaries. The 
motion considered in Figs. 4 and 5 can be obtained when one of the edges 
of the straight corner moves with a constant positive speed and the other 
either also with a constant positive speed or according to a certain law 
x = f(t) insuring the absence of strong discontinuities. Summarizing 
investigations of sections 5 and 4, one can formulate the following 
theorem: 


Theorem 3. Let the edges of a straight corner move according to a law 
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x, = f,(t), t= 1,2. Then the x,, x, plane is cut by two mutual ly-ortho- 


1’ 


gonal straight lines y,, y, into four regions I to IV (Fig.2),so that the 


following regime of motion prevails: 


in 
in 
in 
in 


region 
region 
region 
region 


I 
IV 


This representation is true even for the case when for one if ,{t) = 


c, > 0. Then the respective boundary y, is a shock wave, proceeding with 
t P 
constant speed: in the remaining cases y,; ts a line of weak discontinuity. 


When shock waves are absent, Cy = 0, 
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ON THE PROPAGATION OF STRONG DISCONTINUITIES 
IN A MULTI-COMPONENT MEDIUM 
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MNOGOKOMPONENTNOL SREDE) 


PMM Vol. 22, No.2, 1958, pp.197-205 


Ia. Z. KLEIMAN 
(Moscow) 


(Received 2 July 1958) 


The motion of a multi-component medium is considered as consisting of 
the mutually permeating motions of the components which make up the 
medium, as was proposed by Rakhmatulin [1]. The motion of each com- 
ponent is analogous to motion in a porous medium. Along with the con- 
cept of the true density of the n’th component me we make use also 
of the concept of the peculiar density Pa ¥., W of the n’th component. 


Here M_ is the mass of the n’th component in a volume W of the medium. 
n 


Consideration is limited to those media in which the pressure at 


each point can be taken as common to al! the components. 


lL. Relations at a strong discontinuity. Suppose that a strong discon- 
tinuity surface is propagated in a space occupied by a mixture consisting 
of N components. Let us consider an element dS of the surface of discon- 
tinuity in a fixed rectangular system of coordinates, with the axis of y 
directed parallel to the normal to the element under consideration at a 
given instant of time t. Let us denote by a a the projections of 
the velocity V_ of particles of the n’th component on the coordinate 
axes, and by PD the velocity of translation of the element along the 
normal to the front. 


We shall denote the parameters of the medium in front of and behind 
the discontinuity surface by the subscripts + and — respectively. We shall 
specify an element of volume of the medium (l) — v,, )dSdt in front of the 
element dS of the discontinuity surface at time t. Then in the interva! 
dt all the particles of the n’th component contained in the specified 
volume element at the time t will pass behind the discontinuity surface. 


We shall now specify an element of volume of the medium (/P - v,, )dSdt 
behind the element dS of the surface of discontinuity, containing the 
same particles of the n’th component. It is clear that the mass of the 
n'th component in both the specified volume elements is the same, although 
the masses of the remaining N — | components will, generally speaking, be 
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different. The law of conservation of mass of the n’th component at the 
strong discontinuity can be written in the form 


(1.4) 


where p,., p,_ are the peculiar densities of the n’th component before 
and behind the discontinuity surface. 


let us write down the equations for the conservation of momentum along 
the coordinate axes for the specified mass of the n’th component. Bearing 
in mind that the force due to the pressure p on any element of area dS, 
when apportioned between the components of the mixture, amounts to a 
share of pl(p,, for the n’th component, we obtain 

On, (D P,Pn,/ Pn,° Pn (D rp Pn— / Pn—* (1.2 

On, (D — Un, = Pn— (D — Un 

On, (D — va,) Wa, = Pn—(D — wn 

The forces of interaction of the n'th component with the remaining 
components do not appear in the equations so obtained, in so far as these 
forces are infinitely small. 


n 1, ,N) 


The system of equations (1.1), (1.2) will be supplemented by the rela- 
tions 


P—~ = 9n(Pn— Po Pon ) (n 5 (1.3) 
which we shall assume to be part of the data, and by the relation 


(1.4) 


ney 


arising from the fact that the ratio a is the fraction of the 


volume of the medium occupied by the n’th component. 
It must be borne in mind that similar relations apply to the para- 
meters of the components in front of the discontinuity surface: 


P, = Por Pon’) (1.9) 


The quantities p,, p,, are certain initial values of the pressure and 


density and, in particular, may be taken as 
Po = P,, Pon’ = Pn, 
Let us consider the possible types of discontinuity in the multi-com- 
ponent medium. In the case when there is no flow of the medium across the 
surface of discontinuity, we have 


D (n= 


Vay = Un 
Then equation (1.1) and also the last two equations of the system (1.2) 


are satisfied by arbitrary values Pap Pace and the 


first of the equations (1.2) gives 
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Adding these relations for all N components and using (1.4) and the 
first of equations (1.5), we obtain p_ = p,. Then it follows from the 
last relation that 


On, (n (1 


If the projections of the velocities, tangent to the surface of dis- 
continuity, are the same on both sides of the discontinuity: un, =u 


n-' 
Wns w,_(n = 1, ..., N) and the true densities of all the N components 


or certain of them (V,) are different: p # (n= 1, ..., N,), then 
1 n- me 


1 
by analogy with the case of a single-component medium the discontinuity 


can be called a contact discontinuity in the multi-component medium. In 
this case the peculiar densities of the respective components are also 
different and they satisfy the relations (1.4). + 


If the values of at least one of the projections of the tangential 


velocities are not equal on the two sides of the discontinuity, then 
there is a tangential discontinuity in the multi-component medium. Then 
the densities may be either different or the same. 


The discontinuities so far considered are completely analogous with the 
corresponding discontinuities in a single-component medium. In contrast, 
however, to a single-component medium, a mixture can permit the propaga- 
tion of discontinuities which, being tangential (with regard to certain 
components), are nevertheless at the same time shock waves. In fact, 
suppose that there is no flow of certain components (N.) across the dis- 
continuity surface; then =v, = Din = 1, ..., N,) and by virtue of 
the last two equations of (1.2) the inequalities u,_ 
(n= 1, ..., N,) may obtain as before for the N, components under con- 
sideration, i.e. we have a tangential discontinuity. However, in so far 
as there is a flow of the remaining components across the given surface 
of discontinuity, then this surface constitutes a shock wave and, in 
particular, we may show that p_ # p,. Discontinuities of this type are 
called complex discontinuities. 


let us consider, for example, the case of the motion of a two-component 
medium, in which there is « flow of the first component, but not of the 
second, across the surface of discontinuity. Then from the system (1.1), 
(1.2), (1.3), (1.4), written out for this case, the following relations 
can be obtained: 


(1.7) 
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(1.10) 


It is obvious from (1.9) that to any value of p_ > p, there corres- 
. . 
ponds a positive value of (v., — v,,)* and consequently for any pressure 
p_ > p, we can find a value for the difference of the velocities of the 
which complex discontinuities can propagate. For increasing p_ the 


components in front of the surface of discontinuity | v 


? . 
quant ity (y.. - v, ,)° increases, moreover there exists a certain minimal 
value for the modulus of the difference in velocities of the components 


|v., - Us,| min for which the existence of a complex discontinuity is 
possible. This value is obtained from (1.9) by letting p_ + p, and eluci- 
dating the indeterminacy of the type 0/0; then we have 


(1.11) 


= 


where = ¢ is a known function since the equation 
of state p = Pr 9) 18 given. 


In the case when Vo, - < - the existence of a 


complex discontinuity becomes .10) it is evident that 


in the case v,, > v,,(v,, < v,+) we shall have 


14+ ¥24 
In so far as p_/p, > hs." Bu’ then it follows from the second ex- 
pression of (1.8) that 


< Pe, 


From (1.7) it is obvious that p,_ > p,,, since otherwise the quantity 


v would be imaginary. 


2+ 
Yet another peculiarity of the mixture in comparison with the single- 
component medium is the possibility’ in principle of the existence in it 
of discontinuities, on both sides of which the pressure and true densities 
of all the components are the same, and yet there exists a flow of the 
components across the surface of discontinuity. In this case the peculiar 
densities and the velocities of motion will have discontinuities. 


1 the real possibility of the existence of this discontinuity ina 
stream for any appreciable interval] of time is bound up with the 
difficulties of practical] achievement of al] the boundary conditions 
which are necessary (see below) for its existence. 


‘ 
— 
(Vo, v,," = - 7 (1.9) 
? — bs 
Pe. hs P, lo 
= 
- 
, 
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let us restrict ourselves for the sake of simplicity to the case of 


equality of the velocities of all the components in front of the surface 


1 v.,n 1, ..., N). Then, adding the first equa- 
r+ 4 


tions of system (1.2) for all N components and using (1.1), (1.4) and the 


of discontinuity 


first equation (1.5), we obtain with p_=p, the relation 


n=! 


We see that for some of the components there is an increase of velo- 


city at the discontinuity surface, and for other components a decrease. 


For a two-component medium it is easv to obtain from (1.1), (1.2) 


(1.4) the following relations: 


For the sake of definiteness suppose that P>, >P,, + Then Pr. — Pas 


0, Po. — Pag 0, Accordingly, at a discontinuity surface of equa! 


pressure, the peculiar density of the denser component will increase, 


whilst that of the less dense component will decrease. An increase in 


velocity of the first component corresponds to a decrease in velocity of 


the second component and vice versa. 


From the examples considered it can be observed that the velocities 


and peculiar densities of the components in the case Pe?}p,, P, 2 


p,, ‘n= 1, ..., N) can either increase or decrease at a surface of dis- 


continuity in a multi-component medium, although the true densities of 


both components either increase or remain unaltered. 


From what follows it is clear that this is true, not merely for the 


particular cases of discontinuities studied above. 


Let us pass on now to consideration of shock waves in a multi-component 


medium, i.e. those discontinuities for which there is a flow of all the 


components across the surface of discontinuity, and moreover P_> p, 


Then it follows from the last two equations of (1.2) that 
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From the system of the remaining 3N4 1} equations 


(1.4) 
(D — tas) = (D — vy_) 0, 


Pn+ (D — + P+ Pn+ / Pnt° = (D— Un 


P—~ = 9n(Pn—°, Po» Pon”) 


we can determine the remainder of the 3 N+ 1 parameters of the mixture 
behind the surface of discontinuity (p , Pace Pac + Vans | 
and the velocity of translation of the discontinuity, if we are given a 
boundary condition which is equivalent to stipulating any one of the 


parameters behind the surface of discontinuity. 


However, in the calculation of the motion of a multi-component medium 
problems often arise in which the boundary condition is equivalent to 
stipulating several of the parameters (the piston problem, the problem 
of the penetration of bodies into a multi-component medium, etc.). In 


this case one has to expect the appearance of a system of several waves. 


let us consider in more detail the case of weak shock waves: in this 


case the shock wave relations can be linearised. 


2. Weak ‘shock waves. Let us write the parameters of the medium behind 
the surface of the shock wave in the form 
(n N) 


P=P,+ P's = + = Un, + 


where p_”, are assumed to be so smal! that their products 
can be neglected. Substituting these expressions in (1.13), let us 
neglect the products and squares of small quantities. Then, bearing in 


mind the relation (1.5), we obtain the following system of 3N4 ] equa- 


tions, which are homogeneous with respect to the 3 NV+ 1 unknowns 
n n n 


Pn (D = Un Png 
+ Pp, / On,°| — 20n'bn, (D —v,,) 


On P Ons / On, = = () 


q 
(1.1), (1.2), (1.3), 
» + /o = 
hg 
— Py 
> 
Pn- 
n=! 
an 
10S 
...N) (2.4) 
(2.2) 
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The condition for the existence of non-zero solutions of this system 
is that its determinant should vanish. This condition determines the 
values of D corresponding to non-zero solutions. Let us obtain this con- 
dition more simply. Let us substitute the value p,~, obtained from (2.3), 
in the equations (2.4) and (2.2). 


Then we have 


where 


Substituting this expression in (2.5), we obtain an equation which is 
the condition for the existence of non-zero solutions of the system under 
cons tderation: 


This equation gives, generally speaking, 2N values of D, whilst the 
number of real solutions depends upon the parameters of the medium in 
front of the surface of discontinutty. 


From (2.1) and (2.46) we obtain a relation connecting the pressure and 
velocity of the n’th component behind the surface of discontinuity: 
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From the relation (2.1) we see that if the condition D = Vy is 
satisfied for the n’th component v,’ = 0. From the foregoing section it 


is obvious that in this case the discontinuity can be complex. 
From the relation (2.8) it follows that, if the relation 


= th (2.9) 


is fulfilled for the n’th component, then p’ = 9, i.e. the discontinuity 
( 


1s one with equal pressure. But then by virtue of (2.8) the expression 


(2.9) holds for all the components. 


Let us consider in more detail the case of a medium consisting of two 
components. Then, introducing the notation D — v, 
we obtain from (2.7): 


Let us study the function (2.10). Its asymptotes are 


y=—Ar+VA/C, y= +VB/C 


The graph shown in the figure portrays the function (2.10) in the case 
when the following inequality is satisfied: 


B /¢ A 


It is easy to show that this inequality is satisfied in all cases of 
practical interest. 


Pig. 1. 
In order to determine the values of y corresponding to the case 
\v =, let us equate y* to the expression under the square root sign 
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formula (2.10). Then we obtain 


» A+B+4V(A+ BP —GEC (2.13 

From (2.12) it follows that (4 + B)* > 4EC and therefore formula 

(2.13) gives four real values for the velocity of translation of the weak 


shock wave (points m6 in the figure). 


We see from the figure that for values of Av which satisfy the in- 
equalities 


Av >| Av |>0, | Av | >| Avax| 


there are four possible velocities of translation of weak shock waves, 
whilst in the range 


Avo, »|Ar|> 


there exist only two real values of this velocity. To the values |Av! = 


Av,,| and |Av| = | \ v5, | there correspond three different values for y. 


These critical values for the velocity difference + A1 tk and + Nv5, 
(the points P,, P;, Mj, M,; in the figure) are extremal values of the 
function (2.10). In order to determine them let us equate to zero the 
derivative of the function (2.19), thus obtaining 

A B E 


— 
C\C A Yk 


B \3 
A 


j 
/ 


2 
It is easy to see that there exist only two real values of y° satisfy- 

ing this equation. Of these, y,,“ < E/A and y,, > B/C, as shown in the 


figure. 


The points R,, R,(Av= + /E/B, y = 9) and R,, R,(Av= 7 /E/A, 
y = + /E/A) correspond to complex weak discontinuities. 

Let us investigate how the velocities of translation of weak shock 
waves change as a function of the quantitative proportions of the com- 
ponents in the mixture. Let us consider the case of equal velocities of 
the components in front of the surface of the wave (in particular, the 
case of propagation of a wave into a stationary mixture). Then from the 
Q 


relation (2.%) for the first and second component we have 


ry Po — — | 


It is not difficult to verify that as the quantity m = 


j 0 
varies 
in the range 


Om (2.15) 


the function (2.13) changes monotonically. The limiting values of the 
function (2.13) corresponding to the transition to a single-component 
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medium are as follows: y = for m= 9, and =a 


1 2+ i+ ’ 
-A,* for m= 


Accordingly, with the growth of the’ fraction of the first component in 
the mixture the value y= D, — v, of the greater velocity of propagation 
of the wave varies monotonically, from a value equal to the sound velo- 
city in a medium composed entirely of the second component, to the value 
of the sound velocity in a medium composed entirely of the first component. 


The existence of limiting values (when m+ ©, m + 1) for the smaller 
velocity of propagation of the wave y, = D, - v, does not indicate, of 
course, the possibility of existence in a single-component medium of a 
second velocity of propagation of a disturbance, since the intensity of 
the wave moving with the velocity D, tends to zero with transition to the 


limiting cases. 


In fact, for example, in the case m+ 0, i.e. (D, -— v,)* + A,?, we 
shall have p’ + 0, which follows from equation (2.8) for the first 
component, and then from equation (2.8%) for the second component it 
» 0. Equations (2.1) and (2.3) in this case give p,’ + 0, 


follows that v, 


0), 


Since for values of m lying in the range (2.15) the quantity (D, - v,)? 
satisfies the inequality 


hy? > (D,— v,)? >)? (or < (D, — v,)? < 2,3) 


(in view of its monotonic variation in the range considered), from the 
relation (2.14) we find that v,’/v,* < 9. Consequently, if the velocity 
of one of the components increases as a wave moving with the velocity 
D, - v,, then the velocity of the other component decreases. But then it 
follows from the relation (2.1) that an increase of the peculiar density 


of one of the components results in a decrease of the peculiar density 

of the other component. We notice that a decrease in the peculiar density 
of a component does not imply a decrease in its true density: when p* > © 
we always have ia > 0. 


It is obvious that, for a wave propagated with the velocity D, -v,, 
@, « 2.) 2) 
we have v, /v, > 0 (since (D, >A,*, (D, - >A,*). 
Using (2.13), let us find the limiting values of the derivative for 
the case of the upper sign (corresponding to the velocity D,: 


0 


dm 


dm 1 Poi® a,’ * a, > 


Suppose that the first component is a gas and the second component a 
dense, almost incompressible, medium (water, sand etc. ). Then a,,>> @,,, 
ty >» ™, and consequently the value of [d(y*)/dm], is very large in 


2 
2 
ad 
for m= 1 
a 


Ta. 


of gas (air), the value D, - v 


to the value a 


value a “4 


2+ 


positions of the asymptotes. 


(2.7), 


introducing the notation 


Zn = y+ Un, — Un, 


we obtain 


where 
N 
Pn ln 
n=l n=} 


(+ 


determined. 


of the velocities of the components. 
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For studying the dependence of the quantity y? 


takes place more uniformly. 


absolute value, and moreover [ d(y?)/dm], >> [d(y*)/dm],. This means that, 
with the occurrence in the dense medium of even an insignificant quantity 
of the velocity of propagation of waves 
very quickly drops by comparison with the velocity of sound in the dense 
medium when free from contamination by the gas; for a comparatively small 
volume of entrained gas in the dense medium the value of the velocity of 
propagation of the wave in the given two-component medium approaches the 
value of the velocity of sound in the gas. If the medium is a mixture of 
two dense components, then the change in the quantity D, — v, 


from the 


2 
vo, ) on the 


(n = 1, 


N) 
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quantitative composition of a two-component mixture with arbitrary values 
of Av it is sufficient to consider the deformation of the graph in the 
figure, as the quantity m varies in the range (2.15). 


It is not difficult to show that the characteristic points indicated 
in the figure move monotonically, and that in the limiting cases the 
graph degenerates into straight lines, corresponding to the limiting 


Let us consider now the case of an N-component medium. From equation 


(2.16) 


(2.17) 


, N) 


Equations (2.16) and (2.17) describe a straight line and a surface 
respectively in N-dimensional space, defined by the system of coordinates 
+» Zy.4» y)+ Their point of intersection gives the values of 
seer 2ige Ys for which the velocity D of translation of the wave is 


It is easy to study the surface (2.17) by dissecting it with planes 
passing through the y-axis. In particular, it is not difficult to show 
that the existence of the maximum number of waves (2N) is possible for 
sufficiently small and for sufficiently large values of the differences 
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The problem of flow with a detached shock wave past a body has been 
examined by many authors, but in an approximate formulation in most 
cases. 


In {1,2 iF and in other publications the solution is given in the 
form of series. However, this method enables one to investigate only 
a small portion of the flow in the neighborhood of the axis of symmetry, 
and near the stagnation point. Making use of the hodograph plane for 
rotational flows, it is possible to examine only cases where the Mach 
number of the incident flow is close to one (Busemann [3 ] and others). 
The Japanese scientists, Tamada [4] and Hida [5], solve the given 
problem by making a priori assumptions about the form of the shock 
wave, and assuming the fluid to be incompressible behind the shock 
wave. Uchida and Yasuhara [6 | propose a semi-graphical approximate 
method for computing the flow behind a curved shock wave, and Mitchel] 
[1 ] calculates the flow around a blunt body by a difference method, 
using experimental data for the form and the position of the shock wave. 


Below, the problem is solved numerically with the aid of integra) 
relations proposed by Dorodnitsin {8s l. This method reduces the problem 
of integrating a system of nonlinear partial] differential equations to 
that of numerically solving an approximating system of ordinary 


differential equations. With the use of electronic computing machines, 
the method of integral relations affords the possibility of obtaining 
the final results with the required degree of accuracy for the problem 
in the exact formulation, 


1. Formation of the problem. Let us examine the flow with a de- 
tached shock wave past a plane body of arbitrary shape (profile), having 


— (| . 

an axis of symmetry. Suppose a uniform supersonic stream (M_ > 1) of an 
ideal gas, with constant velocity w_, flows past such a body at a zero 

angle of attack. A shock wave, the position and shape of which are not 

known in advance, is formed in front of the body. It is required to 
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compute a mixed rotational flow of a compressible gas in the minimal 
domain of influence, i.e. in the domain bounded by the shock wave, the 
axis of symmetry, the body contour, and the first limiting characteristic 
(or characteristics) passing between the shock wave and the body. 


Let us introduce dimensionless quantities, referring the speed to the 
maximum speed, the pressure and the density to the pressure and the 
density in front of the shock wave, and the linear dimensions to a 
typical body dimension; then we have the equations of motion, the equa- 
tion of continuity, and the adiabatic equation in the form 
V (kp) 


x 1 
rotwxw- k = —} 
© 


(ow) 0, (1.1) 


where w, p, andp are the velocity, pressure, and density behind the ~ 
shock front, and « is the adiabatic exponent (for air x = 1.40). 

Let us write the system of equations (1.1) in polar coordinates r, @ 
(Fig.1), introducing the Bernoulli equation in place of one of the equa- 


tions of motion;. together with the equation for the stream function, 1, 
the new system will have the form: 


, AS _ 


or fa 


Here 


H = kp + pu’, g = kp + or’, 


p = (1 —w")p, t= (1 — 


and u, v, are the components of the velocity, w, in the r and @ directions. 
In this system the unknown functions are u, v, wv, o. 


The boundary conditions on the body contour r = r(@) have the form 


v dro 
— { = ) 


(1.3) 


/x—i1\* 1 (x — 1)? 
Let the equation of the shock front be represented in the form 
r= r.(@) + «(0), where «(@) is the distance from the body contour to the 
shock wave along the ray @ = const. We can express the well known shock 
conditions in the required form: 
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4 
,f 
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dy dr p 
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2sin?o / 
1 


x+1 \ 


\ 


Wer (1 — (ro + 2) sin 9 (4.7) 


Here o is the angle between the tangent to the shock front and the 


direction of the incident stream, w, and w, are the components of the 
velocity, w, along the axes x = —rcos @ and y = r sin @ (Fig. 1); the 
subscript oo indicates quantities in front of the shock wave; w = w ? 
sin’o - 2), 


The velocity components are related in the following way: 


u = wysin} — w,cos?, vr = w,sin? + wycos? (1.8) 


From the relation dy/dx = tan o we get 


de drg 
* —(r, + e)etg (oc + 9) 


(1.9) 


2. Method of solution. Between the body and the shock wave let us draw 


the N— 1 curves 


r= (B) = ro (9) + Fre (9) 


which break up the region of integration into N strips. We will denote 
all the quantities on the i’th intermediate curve by the index t, those 
on the shock front (i = 1) by the index 1, and on the body by the index 0. 


Let us integrate the first two equations of the system (1.2) along an 
arbitrary ray 8 = const, from the body contour to the boundary of every 
strip; we then get 2N independent integral relations: 


is \ 9) dr —(Si — So Ge) + — roo = \ gr, 9)dr (2.1) 
Ts. 
d d 
\ t(r, 9) dr— (4 — ty +- rihi = 0 (2.2) 
Te 


We will approximate the functions occurring in the integrands of (2.1) 
and (2.2) by interpolating polynomials of degree NV in the variable r, 


taking for the points of interpolation the boundaries of the strips 
N 


f(r, 9) = |" (2.3) 


m=O 


(9) 
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where the coefficients a,(@) will depend linearly on the values of the 
corresponding functions on the boundaries of the strips. Writing further 
the last two equations of the system (1.2) along each intermediate curve 
r = r,(@) (on the body and on the shock wave, « and d are determined from 
the boundary conditions) and taking into account the equation (1.9), we 
will get an approximating system, consisting of 4N — 1 equations from the 
unknown quantities ¢, 0, Uy, v; Dis 16 @ 

Let us solve this system for the derivatives of all the unknown func- 
tions: 


de dry da 


= — (ry + e)ctg(s + $) — da’ as F 


+ 1)— we? “tL 


= S, dl dy, 

t; x— 1 dy, ag 

E. 


Here F, E., E ., f,, and f, are known functions of @ and of the 
quantities to be determined, analytic in the domain of integration, (the 


form of these functions depends on N), and 


dina, da dd 


da ag dy, 


where dingd,/do and dw ,/d@ are computed from (1.6) and (1.7). 


All the boundary conditions on the body and on the shock front are 
satisfied automatically, as can be seen from the manner in which the 
system was constructed. The integration of the system obtained is done 


numerically, starting from the axis of symmetry @ = 0, where v, = v= 


v= 0,0 =%n, d= d,(0), and the N initial values of « and u, are un- 
known parameters. 


In the mixed flow under examination, disturbances in the supersonic 
region beyond the limiting characteristic do not influence the subsonic 
region, and consequently we cannot obtain on the upper boundary of the 
domain of integration the additional conditions needed to determine the 
missing initial values of the unknown functions. However, from the 
structure of the approximating system it is evident that in the neighbor- 
hood of the sonic line V equations of the system have NV moving singular 
points. In order that a continuous transition across these points be 
possible, it is necessary that certain conditions be satisfied at these 
points; namely, at the points where 
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Profile 


Pig. 1, 
pectively (we wil] cal] 
a singular line). If the conditions are not 
dv, dv become infinite on 
tions become infinite, 
line; the Singular line 
no physical meaning. The 
by Khristianovich 


E. = 0 and E. = 0 res the totality of these points 
satisfied, the derivatives 

the singular line, i.e 
and then the motion 


is then a limit 
se corn 


- the accelera- 
cannot he cont tnuer 
line and the 
litions are similar to 
exact system of parti 


cases of plane Ltrrotation 
conditions on the Singular 


@= 0, In this way, 
the singular 
the problem, 


1 across this 
whole solution has 
the ones obtained 
[9] from an al differential] equa- 
tions for certain al flows. To satisfy the V 
line we have at our 
the requirement that the mot 


line yields the missing 


lisposal N parameters when 
ton be cont inuous across 


conditions for the determination of 


In the approximating system (2 
analytic in all 


tion, 


-4) the right hand six 


les are functions, 
verywhere in the 


domain under examina- 
where N equations have 
According to Cauchy’ s theorem, 
domain there passes 


their arguments « 
except at the points 


of the singular line, 
right hand sides of the 


form 0/0, 
every nonsingular point of the 
solution of the system (2.4), 

the neighborhood of 
form of power series 


throug} 
one, and only one, 
which is analytic in @: 

such a point this solution 


3. Construction of the sol 
points, 


consequently, in 
can be represented in the 


ution in the neighborhood of the Singular 


the equat ton 

dit P(Z. Wy) 
dZ O17, W) (3.1) 
O(Z,") are analytic functions of 
of the point 0, 


let us first examine 


where P(Z,W) and 


the variables Z, Win 
the neighbo rhood 


with 
P(O, 0) — V(0,0)=0 
P(Z,W) =aZ + bw 4 0 (2? +. W?) 
(Z, W) =cZ + dW 4+. O(72 Ww?) nd — be 
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Let A,, A, be the roots of the equation A? - (b+ c)A - (ad — be) = 9. 
We will show that if A = A,/A, is a real negative number (which takes 
place when (b — c)? + 4ad > 0 and ad — be > 0), then equation (3.1) in 
the real domain has no other integrals tending to zero together with Z 
except for the two analytic ones. 


Let us investigate the possibility of the existence of a solution which 
is O(Z") at the origin; for this we reduce (3.1) to the canonical form 


by means of a nonsingular linear transformation. Here ®, and 9, are func- 


tions of order & + 7°, analytic in & and » in the neighborhood of the 
point €=7n = 0 


From this, by the way, it follows immediately that in the real domain 
the solution which is being sought has only two distinct critical direc- 
tions, along which four integral curves enter the singular point, i.e. 
the singular point is a saddle point. 


If we construct the Puisot diagram for equation (3.3), we will find 
that at the point é = 7 = 0 the solutions are understood to be(n? )=0(E?) 
and € = O(n“). Each condition defines a change of variables which trans- 
forms (3.3) to a Briot and Bouquet equation of the first reduced type, wit 
with a real negative coefficient b corresponding to the unknown function 
[b =A when » = O(€*) and b = (1— when - Oly?) }. Briot 
and Bouquet [10] showed that with the exception of the special case when 
b is a positive integer, the equation obtained has one, and only one, 
analytic integral passing through the singular point; furthermore, in the 
real domain there is no other integral, except for the analytic one, 
passing through the point, when Re b < 0. The convergence of the series 
representing the solution is proved by introducing a majorant for the 
right hand side of the Briot and Bouquet equation. In the Z, W variables, 
the solutions of (3.1) passing through the point Z = W= 0 can be written 
as converging series of the form 

W; = >) AnjZ" (i = 1,2) 


The assertion made above has thus been proved. 


Let us now return to the approximating system (2.4). Suppose on the 
contour of the body the singular point is at @ = @,, and on the t’th 
intermediate curve, at @ = 6. We will assume 


4 9, (3.5) 


which can always be obtained by appropriately choosing the intermediate 
curves. Then, at the k’th singular point 


Fag 
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only one of the 3N differential equations 
d 
aA 
dy A, (3.6) 


has a right hand side which is indeterminate; however, F,, \;, and also 
the right hand sides of the remaining equations will be analytic in all 
the arguments in the neighborhood of this point. 


Let us linearize the remaining system; then equation (3.6) can be 
written in the form (3.1) (Z= 0-0,, W= v, 
for the existence of a real negative A are satisfied. Consequently the 


singular point is a saddle péint, and the equation (3.6) has no real 
integrals satisfying the condition v, = v, ®) for 0 #,, except for the 
two analytic ones (3.4). 


Then in the neighborhood of the k’th singular point there exist two, 

and only two, solutions of the system (2.4) with the initial values 
s=3"’,...,9 2 

and both solutions are analytic in some domain containing the point 
6 = 0,. Let us connect one of these solutions to the solution before the 
singular point, obtained in the usual manner (the number of conditions 
for connecting is equal to the number of arbitrary conditions at the 
singular point), but since the second solution intersects the first only 
at the singular point itself, the matching conditions uniquely determine 
the integral curve through the given singular point. Thus, the approxi- 
mating system (2.4) has, in the complete domain of integration under 
examination, a unique solution, which is analytic everywhere and which 
satisfies the conditions both at @ = 0 and on the singular line. 


The solution of the approximating system is carried out numerically 
with different numbers of intermediate curves: in the first approximation 
(N= 1) there are no intermediate curves, and S, g, t are approximated 
linearly from their values on the body and on the shock wave. The three 
unknown functions «, 0, v, are found from three differential equations. 
In the second approximation (N = 2) one. intermediate curve is introduced, 
in the third - (N = 3) - two curves, etc. Coincidence of the results 
within the required degree of accuracy in the last two iterations can be 
used as an indication of convergence in an actual case. The basic diffi- 
culties of the computation result because, in the first place, the bound- 
ary conditions are given on the singular line, and in the second place, 
after satisfying at each singular point the matching condition, one must 
integrate through this point numerically (in solving one must go through 
all N singular points of the approximating system). Utilizing the series 
representation of the solution in the neighborhood of both the regular 
and the singular points, and taking into account the converging character 
of the integral curves, we succeeded in constructing simple methods of 
passing through the singular points of the approximating system. 
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4. Some form ae for the flow 


gate the local prope 
const. and the lines 


behind the shock wave. We will investi- 
configuration of the Streamlines, uw - 
of constant speed, w = const. 


rties of the 


Let us derive the form] 
also for the angle 
of the incident 


a for the angle 5 between these lines, 
of inclination of the line w - 


stream (denote this angle by ® ), 

The value of these 
accuracy of the 
without 


and 
const.to the direction 


angles enables one to estimate in the following the 


computation in the most sensitive regions, and yields, 
any numerical computation, qualitative in format ion about the 
character of the domain of influence for different Mach numbers of the 
incident flow. 

First, let us find expr 


essions for these angles 
Along a curve » - 


on the shock wave, 
const. which has the equ 


ation y = y,'*) we have 
dy Or Ay or 
w j 


To determine the four 


deri vatives Ow 
we have 


@ system of four equ 
formed equatior. 


Ox, Ow dy, Ow 
zx 
ations (the vorticity 
of continuity, and the two ex 


‘Ox, and dw /dy. 
y 
equation, the trans- 


pressions for the total 
derivative of w, and », along the shock wave): 
Ou or 
Q 
oy 
| - \{— 0 (4.2) 
Cw, ai hur, Ou, au 
or Oy ir or oy ar 
Here © is the vorticity, c is the speed of sound: 
1 
Let us determine the right hand sides of (4,2). Along the shock wave 
we have 
dine dinedsdr dq 
dy do drady dr 
Therefore, taking into account (1.6), we wil] find 
do 
Q 
dr 
leo —1 et 
Pena, + 1) — (x 
where w and w* are obtained from the boundary conditions on the shock 
wave, 


Similarly, from the relations (1:4) and (1.5) we get 
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Evaluating now the unknown derivatives from (4.2), and substituting 


into (4.1), we get 
F,ctgoa) 


to 
y (F3 — Fi) 


Here 
+ 2F,ctga) 


m 
c= (1 - rc¢ctg 


On the shock wave the angle ® = ®, is determined in the following way: 


{ 
(Dp, = (4.7) 
| —(x—®@® ) 
When 0 = ‘47 ando=a arc sin "2 the curves w = const.are tangent 


to the shock wave. 


Now it is easy to determine the angle 5, between the streamline and 


the curve w = const. 
3, = arc tg — 
a x 


Vv 


The angles ®, 5, and @ are positive when measured in the counterclock- 
wise direction. 


As we know, o and B, are functions of M_ and w on the shock wave; then 
from the expressions (4.6) - (4.8) it follows that ®, = ®,(M_, w) and 
5, = 5M, w), i.e. for the plane case on the shock wave, the angle which 
the curve w = const, makes with the streamline and with the direction of 
the incident stream (and consequently, the angle at which the curve w = 
const. approaches the shock wave) depends only on the Mach number of the 
incident stream (M_) if the speed w is given. The shape of the body thus 
has no influence on the value of this angle. For axisymmetric flows these 
angles depend also on the curvature of the shock wave, and therefore on 
the shape of the body. 

Making use of the boundary conditions on the body, we can, in a similar 


way, obtain the expressions for these angles on the profile r = r,(@): 


t Po? — Polo” + o+ ro tg 8 — Po’) rove’ 


— — Foro” + Po *) tg vo + (ro + Lg rove’ 


but 5. 
(4.10) 


wo V 


du, . da Wen 
—=F, F, = — 2—— sin 23 (4.4) 
F, = (cos 23 | (4.5) 
then 
(4.6) 
yy. 
(4.3) 
| 
4 
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19°469 
8°951 


— 842221 
— 952915 
—114°621 
—122°807 
—131°477 
—134°393 


32148 
— 139844 
— 69°598 
— 872356 
—104°251 
—118°984 
—123°401 
—133°388 
—136°859 
—141°246 


67°132 

57°808 

3°933 
— 18°035 
— 50°901 
— 732606 
— 90°000 
—110°180 
—113°402 
—129°481 
—128°916 
—139°999 
--150°000 
-~1502000 


42°498 

16°657 

19°941 
— 137142 

32312 
— 30°697 
— 14°790 
— 472391 
— 38°411 
— 68°496 
— 672962 
— 94°948 
—116°610 
—1362500 
— 1602529 
—160°529 


412081 
92591 
27°83! 
92925 
19°840 
18°914 
132020 
242702 
5°845 
292905 
2°813 
362131 
322142 
60°053 
—140°048 
—154°060 
—165°522 


—165°522 


41°416 
72196 
31°626 
82460 
262306 
14°804 
222231 
182010 
182444 
202056 
142530 
21°815 
52107 
— 269513 
— 762378 
— 96°614 
—152°297 
—162°289 


41°836 
62092 
33°713 
— 72687 
292548 
12°888 
26°499 
15°151 
23°787 
16°24! 
212122 
16°897 
15°491 
— 182142 
— 72013 
— 30°404 
—121°762 
—136°698 


822122 
76°689 
42°166 
52484 
34°969 
72244 
31°415 
11°838 
28°871 
13°644 
26°638 
147328 
24°472 
14°565 
20°101 
14°745 
72489 

— 172735 
— 25°616 
— 43°250 


772289 
68°386 
42°411 

5°417 
352793 

6°953 
32°601 
11°189 
30°34! 
12°741 
28°356 
13°221 
26°442 
13°262 
22°655 
122980 
12°994 
13°394 

02120 
19°405 
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Here w, is the speed on the body, and R., the radius of curvature of 
the body profile. The primes indicate differentiation with respect to @. 


For a circular cylinder (r, = 1) one obtains very simple formulae: 


(4.11) 


From (4.10) it is evident that 5. = for = ~, and 0 <8. < 
for 0< R, <«, w,” > 0, i.e. the curves w = const. approach the body 
contour at right angles only on the straight line sections of the contour, 
and at an acute angle at those points of the contour where the stream 
accelerates and the radius of curvature of the contour is finite. 


Fig. 2. 


The values of the angles ®, and 5, on the shock wave, with « = 1.40, 
and for different values of 4 = w/e and M_ are given in Table 1 and Fig. 
2. On the sonic line (M = 1) we found that |4, “nm for M_= 1.00 and 
1.69 (x = 1.40), > for 1 < < 1.69 and |5 “mn for _ 
1.469, The shape of the sonic lines for a circular cylinder are shown in 
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Fig.3. From this one can immediately establish the character of the 
domains of influence for different values of M_. For M_< 1.69 the minimal 
domain of influence will be bounded by the characteristic of the first 
family, which goes from the body to the sonic point of the shock wave; 

for M_> 1.69 there are no characteristics issuing from the sonic point 

of the shock wave, and the minimal domain of influence will be bounded by 
the characteristics of the first and second family which emerge from 
points on the body and on the shock wave for M> 1, and are tangent to 

the sonic line (Fig.4). These results also give some idea of the shape of 
the domains of influence for other profiles. 


Moo O(N=3) 


40(N=2) 
§0(N=2) 


1703 1481 
1 $68 


5. Computation of the flow around a circular cylinder. As an example 
of the method described above, computations of the flow past a circular 
cylinder (r, = 1) for different values of M_ and different degrees of 


accuracy (‘VN = 1,2,3) were made on a high speed electronic computer of the 
Soviet Academy of Sciences. 


Fig.3 shows the shock waves and the sonic lines for the cases MW 
(N= 3), 4.0 and 5.0 (N = 2); experimental data of Kim [ 1] ] for Y= 
are also plotted. Incidentally, in his work Kim points out the convex 
character of the sonic line for M_ = 4.0; thus our results agree qualita- 
tively with those of Kim. Furthermore, the values of the angle of inclina- 
tion of the sonic lines at the points on the shock wave and on the body 
are in good agreement with the exact values, obtained from (4.6) - (4.8) 
and (4.11). 


Fig.4 shows the shock wave, the sonic line, and the boundary character- 
istics which bound the minimal domain of influence, for the case M_ = 3.0 
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in the third approximation (N = 3). The picture of the flow obtained from 


a: the second approximation is very close to this one. 

y The manner in which the pressure distribution on the cylinder changes 
pe as M_ grows from 2.13 to 5.0 is shown in Fig. 5, where the ordinates re- 
a present the ratio of the pressure p,(@) to the pressure at the critical 
point, p,(0), 


Fig.6 and Table 2 illustrate the convergence of the method as the 
accuracy of the approximation improves (N = 1,2,3) for M_ = 3.0. A com- 
parison with results of experiments made by G.M. Riabinkov is also shown 
there. 


The largest proportion of the work done here and abroad has been de- 
voted to the determination of the distance, ¢., from the body to the 


shock wave along the axis of symmetry. Fig.7 shows experimental data 
taken from Kim's article (1), and for comparison the results of our 
computation (5), and the theoretical results of Tamada (2), Hida (3), and 
Smurov (4). It is evident from Fig.7 that our results agree quite well 


a with Kim's experimental data (for example, for M_= 4.0 Kim gives the 

value €,= 0.54, while we get e, = 0.546). 

4 Tables 3 and 4 present the results of the numerical computation for 
a the flow past a circular cylinder with M_= 3.0 (N= 3, « = 1.40), 

| Table 3 gives the value of the velocity components, u, v, the pressure, 
a p, and the stream function, W, at five points of the ray @ = const; the 
= distance from the cylinder to the shock wave is divided into four equal 
parts: 

E=(r-— We (0) = O(cylinder), 0.25, 0.50, 0.75 and 1.00 (shock wave) 
q For € = 1.00, in addition to these quantities, the values of 


are shown. 


The dimensionless pressure, temperature (referred to the temperature 
in front of the shock wave), and entropy, can be found at the same points 
from the following formulas: 


T =i — w’, s=e, (x— 1) Inv, 


where w* = u? + v?, and = v,(); the quantity v, = v, (vs) is used in 


the determination of the vorticity. 


Table 4 gives the coordinates of the sonic line and of the boundary 
characteristics for the same case. 


Analysis of the computations and comparison with experimental data 
show that in the neighborhood of the axis of symmetry the first approxi- 
mation already gives fair results: the pressure distribution on the body 
and on the shock wave, and the shape and the position of the shock wave, 
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40312 
0625 
1 0938 
1 1250 
4 1562 


292 
Table 2. 
. ; 0.0000 0.696 1.000 0.708 1.000 0.703 1.000 
: 0625 698 997 710 997 704 996 
1250 704 715 709 
j 1875 708 980) 724 974 716 970 
; 2500 717 964 737 952 727 947 
0.3125 0.730 0.942 0.752 0.923 0.741 0.918 
3750 748 914 770 827 759 ae 
4375 787 792 847 780 844 
5000 793 R41 818 803 8115 801 
. 5625 825 797 847 757 834 754 
‘ 0.6250 0. 882 0.749 0. 0.708 0 988 0.706 VO] 
6875 908 897 919 907 655 4 
7500 959 642 963 607 952 
8125 1.020 581 1.042 557 1.002 554 . 
8750 08 SOR 057 503 
; 0.9375 1.130 | 0. 460 1.124 0.455 
1.0000 201 414 193 408 
0625 - 280) | 74 273 384 
1250 389 334 365 321 
0.00 (EO: OO) Em 0.25 
810 u 10 10° pir 410 
0 0 328 —708 0 322 0 
Li 625 30 327 —703 29 324 ‘7 
1250 61 324 —897 57 319 
ae 1875 92 318 — 685 85 314 51 
aa 2500 123 aif —667 112 309 67 
3125 155 301 —643 140 302 a4 
Zz 3750 186 290 —612 167 294 100 
ae 4375 247 277 —574 193 285 116 
ey 5000 247 263 —529 219 274 132 
3 5625 277 247 —477 245 264 148 
6250 307 234 —417 270 252 184 
6875 338 245 —348 294 240 179 
7207 352 206 —308 306 234 187 
7520 366 19K — 268 317 228 194 
7832 380 129 —226 329 222 204 
8145 181 339 216 209 
8379 405 175 —146 348 241 214 
8750 424 165 — 88 360) 24 223 
= 9062 435 157 — 35 370 19K 230 
Mm x 9375 448 149 19 380 193 237 
462 144 17 390 187 244 
4 0000 475 134 137 200 181 251 
a. 488 126 199 408 176 257 
2 504 119 265 417 170 264 
513 112 334 426 165 271 
526 105 405 434 159 278 
538 4a 479 442 154 285 
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1023 
1057 
{O88 
1121 
1156 
1193 
1232 
1274 
1318 
1365 


439 
452 
466 
479 
493 
506 
518 
531 
543 


| 555 


pir 


486 
926 
1323 
1714 
—2102 
2461 
2774 
3038 
3256 
3432 
3565 

— 3619 
3658 
3685 
3699 
3699 
3724 
—3719 
3706 
3682 
—3650 
| —3587 
—3501 
—3408 
—3322 
— 3230 


— 
wu 10° vif | p 10° | 10° 10" v 10° | 
Btn s 0 1228 | 0 3if 0 1662 0 297 | 0 
oe 625 | —1224 28 311 33 —1650 29 297 48 
<2 1250 | —1211 56 309 65 —1629 59 295 97 
eA 1875 | —1188 84 306 98 — 1596 88 | 293 145 
2500 | —1155 | 301 190 | —1549 | 118 | 290 194 
aa 3125 | —1113 138 296 163 —1490 146 | 286 242 
ae 3750 1059 164 200 | 195 1417 175 | 268 291 
ee! 4375 | — 996 | 194 233 | 27 | —1330| 202 | 276 | 340 
re 5000 | — v2i | 216 | 275 260 1230 | 229 270 | 389 
* 5625 |} — 835 | 241 | 267 | 292 —1117 255 | 263 439 
6250 | — 738 264 | +258 | 324 — 990 280 | «256 489 
6875 | — 629 288 249 «| «(355 — 850 504 248 538 
22 7207 | — 566 299 24 | 372 — 771 317 244 566 
1oc x 7520 | — 503 310 239 «| «|«(388 — 692 328 240 592 
7832 | — 438 | 321 235 (404 — 339 | «4236 | «(618 
Pee 8145 | — 369 331 | 230 | 420 526 350 232 | «(644 
Shes 8379 — 316 339 226 | 432 — 461 358 229 | 664 
<3 s750 | — 227 | 350 | 224 | 451 354 | 370 225 | 695 
9062 | — 149 360 2146 | (467 260 380 220 | 722 
—_ 9375 | — 068 369 212 | 484 — 164 389 216 | 750 
9688 16 378 2077 | SOO — 398 | 212 | 777 
1 0000 103 387 202 516 38 407 806 
ce { 0312 194 395 198 533 142 415 204 834 
’ -< 1 0625 288 | 403 | 193 550 250 424 200 863 
ee 1 0938 385 | 41! 189 567 360 431 196 | 893 
1250 85 | 418 | 184 | 584 472 | 439 192 | 924 
11562 | 588 | 425 | 180 | 601 585 | 446 | 188 | 955 
E = 1.00 
® 10" ute | pie | lig | | 10° 
ae 
‘ae 0 | —2079 | 0 281 0 703 o | 3006 | 0 
ea 625 | —2070 3A 280 65 704 35 | 3041 
ee 1250 | —2043 | 67 279 130 709 69 | 3027 
se 1875 | —1999 | 99 | 278 195 716 102 3004 
2500 | —1935 isi | 276 261 727 135 2975 
- ee 3125 1855 162 | 273 327 741 167 | 2937 
See 3750 1759 | 192 269 393 759 200 | 2893 
oe 4375 | —1643 | 222 | 266 461 780 232 | 2843 
a 5000 | —1512 251 261 529 805 263 | 2787 
aa. 5625 | —1365 | 278 257 598 834 294 | 2727 
_ 2 6250 1202 305 252 | 668 868 324 | 2664 
. eas 6875 | —1023 329 246 739 907 354 2598 
Se 7207 | — 922 342 243 778 930 389 2562 
a 7520 | — 823 353 241 815 952 384 | 2528 
ey 7832 | — 720 | 364 238 852 977 398 | 2593 
8145 | — 615 375 235 890 003 | 412 | 2459 
Bee 8379 | — 533 | 383 233 919 422 2433 
34 8750 | — 400 | 3% 229 965 | 2394 
ae 9062 | — 285 404 226 1004 2356 
PS 9375 | — 167 413 223 1045 2321 
goss | — 47 | 421 220 1086 | 2286 
1 0000 76 | 429 247 1127 | 2254 
ae 1 0312 203 | 437 244 1170 2217 
0625 331 444 210 1214 2183 
a 1 0938 463 451 207 1258 2149 
poe 1 1250 596 457 204 1304 | 2417 
q 1 1562 732 | 462 201 | 2084 _ 
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are determined with sufficient accuracy in the whole domain of integra- 
tion by the second approximation, while for the determination of the 
velocity field, and, consequently, for the construction of the sonic lines 
with M_< 3.0 - 3.5, one needs at least the third approximation, whereas 
the second approximation suffices for 4 > 3.5. 
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The results of the computation enable one to construct, in the domain 
of influence, a picture of the pressure distribution on and outside of 
the body, the characteristics, the shock wave, etc. 


The problem of the flow around an axisymmetric body, with a detached 
shock wave, can be solved in a similar way. 
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Flow with a detached shock wave about a symmetrical profile 


TABLE 4. 


Soni 
© Line First Pamily Second Family 


Note. Points at which the characteristics are tangent to the 
sonic line are denoted by an asterisk. 
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|. Stating the problem. We consider the problem of the flow round an 


arbitrary, smooth, closed, uniformly permeable contour in a potential 


stream of ideal fluid. The problem will be solved under the hypotheses 
formulated by Rakhmatulin [ 3 | : 


1. At all points of the contour, normal components of fluid velocity 
are continuous; the tangential velocity components, however, are al lowed 
to be discontinuous. Consequently, a permeable contour turns out to be a 
line of discontinuity in velocity and pressure. 


) 


The flow is assumed to be steady and irrotational. 


3. The contour is permeable uniformly and at every point of the con- 
tour the pressure drop Ap and velocity of penetration v,~ of fluid 


particles across the contour are connected by the rule: 


Ap = av,° (1.1) 


where a is a parameter of permeability of the contour material, to be 


determined experimentally. We now formlate the boundary conditions of 


the problem. 


1. According to the first fundamental hypothesis, at all points of the 


permeable contour the normal component of velocity Uns of the external 


flow is equal to the normal component of velocity va»! of the internal 


flow, i.e. 


= Une (1.2) 


The suffices 1 and 2 will be used to indicate quantities in the external 


and internal fluid domains respectively. 


2. From the second fundamental hypothesis it follows that the 


Bernoulli-Euler equation is satisfied along a streamline of the flow. 


Accordingly, from this equation and the first boundary condition (1.2), 


for a pressure drop Ap at a point on the contour, we have 


Ap = + Vx") — 
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where v,, and v,, are tangential components of velocity at points on the 
contour. Taking account of (1.1), we get the second boundary condition: 


(Veg? (Veg? — = (1.3) 
To solve the problem we replace the permeable contour by a vortex 


layer, the density of which we shall choose to fulfill the boundary con- 
dition. 


Therefore let L (see Figure) be the uniformly permeable smooth contour. 


We denote by y = y(s) the density of the vortex layer regarded as a 
function of the curvilinear coordinate s along the contour L. Let the 
functions 


z= 2(s), y = y(s) (1.4) 
be parametric equations of our contour. 


We denote by s, and s the curvilinear coordinates, and by t and t, the 
corresponding complex coordinates, of a fixed and general point respect- 
ively on our contour. In what follows we shal! call the points themselves 
corresponding coordinates. 


For a positive direction of circuit on L we take a direction such that 
the domain bounded by the contour L lies on the left. 


We denote by v and @ the angles which the tangents to the contour at 
the points t, and t make with the x-axis, and by @ the angle which the 
chord passing through these points make with the x-axis. 


If ds is the length of an element of arc of the contour, then the 
vortex strength on this element will be y(s)ds. Hence the complex velo- 
city at some point z, induced by the vortex layer distributed along the 
contour, 1s 


= 


Taking into consideration that ds=e" ‘dt, 


ity 
— ity)» = — 
l 


The integral on the right is a Cauchy type of integral for the func- 
tion y(s)e""’ which Lavrentev [1] has called a "vortex function". 


We shall find the limiting values of the complex velocity at the point 
t, of the contour, suitably denoting the limiting values: when approach- 
ing from the side of the positive direction of the normal by the index 
plus, and when approaching from the side of the negative direction of the 
normal by the index minus. 


According to the formula of Sokhotski-Plemel for the limiting value of 
the Cauchy-type integral, we have 
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- (So) 
— 


We now change the form of the integral 


$i. dt 

t to 

Taking logarithms and differentiating the identity t — t, 
get 


+ id? 
We have immediately from the figure 


(s) — x (89) 


cos}? = — sind = 


dz(s)__ dy (s) 

in addition to which 


= sin 4, 


J y (s) — y 
= arctg 


Hence, taking into consideration the identities (1.9), we get 
sina 

Consequently we have 


dr= or ds = cosads, d} = — ds = =. ds 
ds ds 


r 


Substituting this into the identity (1.8) gives 
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and the integral (1.7) may be written thus: 
{ id 


J 
t r 


2x 


Substituting this into the equations (1.6) and comparing the real and 
imaginary parts of these equations, we obtain: 


¥ (So 
(v,°),, = — Le 


cosy + \ ¥(s) 
r 


We shall now use the expressions relating the normal and tangential 


components of velocity at a point on the contour with the components 


along the axes: 


(1.13) 


= ¥ + v,° sin y, Un sin + ry cosy 


Then according to (1.12), putting A = 0 ~— v, we get 


v (Sq) ein? cos > 
=— +" ds, \ y(s) ds (1.14) 
« J r 4 P r 
I 
¥ (89) ict sin > 
= —— + 5=\r(s) ds, (Pn = — \ ds (1.15) 
l l 


The normal v, and tangential v, velocity components of the incident 


stream are continuous at all points of the contour and consequently, for 


both the external and internal parts of the stream, are expressed by the 


formulae: 


cosy, = — Ve Sil (1.16) 


= Ve 


Comparing the second of the equations (1.14) and (1.15) and remember- 
ing that they are components relative only to the incident stream, we see 


that the first boundary condition (1.2) of the problem is satisfied. 


From the first identities of (1.14), (1.15) and (1.14) we get 


Vy = = + \y(s) ds + Ve COS ¥ 
i 


+ (Sq) sin > 


= (veo, + — 4 ds + ve cosy 


. 


I 


From the second identities of (1.15) and (1.16) we have 


L 
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v (Sq) { . cos 9 

2 2x r 

(50) if sin? , 

i (7, — = COS ¥ = \ ( ¢) = : ds 
; 

¥ (So) { 1 (s) cos J 
{Uy sin \) : ds 

= 
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Substituting the expressions found for the velocity components of the 
flow under consideration into the second boundary condition (1.3) of our 
problem, we have 

(te COS ¥ \ $ \ s S= atesiny (1.17) 

i 

This is a singular integral equation for the particular determination 

of the function y(s,), the density of the vortical layer in our problem. 


The parameter of permeability a increases with the compactness of the 
permeable contour. For a compact contour a= ~. As a+ « the equation 
(1.17) reverts to the equation 


4 COSA Is 
\ ds = (1.18) 


L 
obtained by Lavrent’ev [1], and solves the problem of a closed compact 
contour in a potential flow. 


2. A method of solving the basic equation (1.17). Differentiating the 


identity (1.10) with respect to s, and using the identity (1.9), we have 


sin? 
: 2.1) 


In addition to this 
dinr 
On the other hand 


r=(t{—t,)e 


Consequently 


On the basis of the identities (2. .2), the equation (1.17) 
may be written thus: 


1 
(8,) 0 | Ue, COS = 


ave sin’ + ds (2.3) 


Since ds and ds, on one and the same contour L wil! be equivalent, 
then 


\ Y(S) = \ (9)] = K =const 
L L 
Furthermore, the circulation [° of the velocity of the stream around 
the contour will equal 
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= x1 5 v 
At the same time it is clear that 


= (Vx + Vx, = (vy°)p_ +. vy (Vv, Ve, Vy = 0) 


Then according to the latter pair of relations in (1.12) and the last 
two identities in (1.9), we have 


r= \ (80) ds. + ve cos vdsy + + ds|ds, (2.5) 
i L L 


On the basis of the identities (2.1), (2.4) and the obvious relations 


1 \ ¥(s,) ds» = Q = const, \ cos vds = 0 (2.6) 
L 
we get 


=Q+Kl (2.7) 


where | is the length of the contour L. 


From the expressions (2.4) and (2.6) for the values of K and Q it 
follows that they are of the same sign and will vanish simultaneously. 
Thus the constant K is immediately related to the circulation [ around 
the contour by the identity (2.7) and becomes zero when IT" = 0 


Since the value of the circulation I’ for the flow round smooth closed 


bodies might be given arbitrarily, we may advance arbitrarily a constant 


quantity K, defining thereupon the appropriate value of the circulation 
I’ according to the formula (2.7). 


Now taking account of (2.4), the equation (2.3) may be written thus: 


—i(§—v) 


¥ (to) (Va cos + A)+ le) -dt = ave sin + iak (2.8) 
2 

L 


For this equation we have 


A(t) = (ve cos§ +K), K t) = —S 


the functions A(t) and K(t,,t) satisfying the condition H (Holder) on the 
contour L 


B(t)= K(t, t)=—- ai 
S(t) = A(t) + B(t) = + K) — + ai+0 on L 
D (t) = A(t) — B(t) = + K) + ai+0 on L 


Hence according to the terminology of Muskhelishvili [2], equation 
(2.8) is a singular integral equation of a standard type. 


The index of this equation is 


i 
a 
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{ (v,,, cos +K) + ia 
3. 


(v,, cos K)—T),ia}, 0 


L 
ie Thus equation (2.8), according to the same terminology, will be a 
CBr ea Quasi-Fredholm equation and can be solved by the method of regularisation. 


The regular type operator for equation (2.8) can be taken, for example, 
to be 


MY =p (vm cosy + K)¥ (t,)— 
ni) te 
and after the application of this operator to both sides of equation 
(2.8), Fredholm’s equation is obtained, which wil! be equivalent to (2.8). 
It is possible also to regularise equation (2.8) by using the method of 
Carleman and Vekua. 


For the study of the flow of a potential stream without circulation 
round a uniformly permeable, smooth contour, the reasoning mentioned 
above remains valid, only it is necessary to take K = 0. 


4 By way of example, we consider the problem of the flow of a potential 
a stream round a uniformly permeable circle of radius R. In this case we 
y take the centre of the circle to lie at the origin of the coordinate 

i axes and & and d, to be the central angles of the points s and s,. It 

a follows immediately from the figure, therefore, that 


¥ SIN Sin ¥ = COS 2k - 2Rsin 2—% 


ds = Rd», Ads = etg = 5 
i a Then the value of K, defined by the ‘ieee (2.4), will equal 


L 0 


and, after a change of variable, the basic equation (1.17) (or, alter- 
natively, equation (2.8) ) may be written 


¥ (2) (Ve sin Py K,) + ie \ Y (>) etg Po do = Wea COS (2.9) 


2 
0 
Applying to both sides of this singular equation the regular operator 


MY =o (ve sin, — K,) ¥ \ ¥ (e)ctg 


0 


we get a Fredholm equation, the unique solution of which will be 


SIM COS P + 2a*(v. sin — Ky) 


(2.10) 


This function gives the solution of the problem of the flow of a 
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potential stream past a uniformly permeable circle. 


As a + « in the limit, the equation (2.9) becomes 


on 


Po 
iz | y(p)ctg Veo COS Py 


0 
the solution of which is 
¥(2,) 2v— +C 


a function giving the solution of the problem of the flow of a potential 


stream past a compact circle. Moreover, in the flow past a compact circle 
with circulation, it follows from the limiting value of the relation 
(2.10) that it is necessary to choose C = 2K, and for the flow without 
circulation to take C= 0. . 
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l. We consider a thin anisotropic shell of constant thickness h. 
Assume that the material of the shell obeys the generalized Hooke’s law 
and that at each point there is only one plane of elastic symmetry, 
parallel to the middle surface of the shell. The latter surface will be 
used as surface of coordinates, and the shell wil! be referred to curvi- 
linear orthogonal coordinates a and 8, which coincide with the principal 
curvature lines of that surface. Let y represent the distance, measured 
along the normal, between the point (a, B) of the middle surface and the 
point (a, Bf, y) of the shell. We assume that 


(a) the line elements of the shell, normal to the middle surface, do 
not change their lengths after deformation; 


(b) the normal stresses* o, are small as compared with the stresses 


(c) the shear stresses r and r vary in the direction of the 
thickness of the shell in accordance with the law of the quadratic para- 


bola [13]. 

Being more rigorous in the formulation of the hypotheses [2,5], we 
can state here the assumptions (a) and (b) in the following form: 

(a) Cy = 0 approximately; 


(b) the stresses o, do not exert any essential influence on the strain 
components e,, and en, and they can be neglected in the corresponding 
equations of the generalized Hooke’s law. 


2. By virtue of the assumption (c) concerning the shear stresses ’ ay 


and "Ry we have 


h? 
+ + rif B) 


{ / 
= 


* Here and in the following we adopt the well-known notations used in 
the theory of shells. 
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where X* (a, B), ¥* (a, B) and X~ (a, B), Y~ (a, A) are the components 
along the axes of the moving trihedron (in the directions of the positive 
< : tangents to the lines 8 = const., a = const., respectively) of the in- 

- tensity vectors of the surface loads, applied to the boundary surfaces 
y= %h andy = %h, respectively, while dla, 8), B) are unknowm 
functions. Substituting the values of the tangential stresses r_ and "By 
from (2.1) into the corresponding equations of the generalized Fooke’ s 


a law [6], we obtain for the shear strain components fay and Ry the 
formulas 


) (a, § 


4 


/ 


Here we have introduced the following notations: 


X = — X~) = 


1 
fay, (¥* — + ays (X* — X~)] 
= ay, (Y* y~)+ a45(X* + 
D, = A559 + MD, = ayy) + 


where the quantities a,, are elastic constants [6]. 


From the equations of the three-dimensional theory of elasticity we 
have for the strain components [ | ] 


1 
= u 
Ov 

OH: | 

Aa i 


Hy, 0 { 2 
“6 = Hi, 03 \H, *) Hy da 


(2.9) 


H,=A(ithyy), + key) (2.10) 
these formulas A = Ala, 8) and B = Bla, B) are the coefficients of 


¢ 
= X+- X ! (7 ) 
h \ (2.2) 
= (2.3) 
(2.5) 
| 
{ Ou, 1 dH, + 
= Fi, Hill, 03% ‘ 
{ Jug ani. ‘ (2.6) 
d Ou. 
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the first quadratic form of the middle surface, k, = k,(a, B) and 
k, = k, (a, 8) are the principal curvatures of the middle sur face, 
u,= u, (a, B, y), ug = ugla, B, y) and wu, = uy (a, B, y) are the displace- 
ment components of an arbitrary point of the shel! in the directions of 
the tangents to the coordinate lines, respectively. 

On the basis of the assumption (a) we find from (2.7) 


‘ 
Wy Uy(%, 5) = wi(a, 5) (2.11) 
Ov 
Thus, like in all existing theories of thin shells, the displacement 
u, of any point of the shell is independent of the coordinate y. This 
displacement component has for all points of a line element of a normal 
to the shell a constant value, equal to the normal displacement component 
w= wla, B) of the corresponding point of the middle surface of the shell. 
Substituting the expressions for e_ , Ry H,, H, and u, from (2.2), 
(2.10) and (2.11) into equations (2.97, we ‘obtain differential equations 
for the displacement components u, and up. Integrating these equations 
and taking into consideration that u,= ula, B) and ug = vla, 8) when 
y = 0, we find 


u,=(1+hkyy)u— = D, 


ky \ 1 he 
+¥-5 


+ (1 


1 
+ (4 +7 


where u = ula, Bf), v = vla, B) are the tangential displacement components 
of the corresponding point of the middle surface. 


In the process of deriving the formulas (2.12) the accuracy was being 
confined to consideration of quantities up to those of the order of 
magnitude of yk., t.e. whenever a sufficiently precise estimation was 
possible, terms of the order of magnitude of (yk, )* were being neglected 
in comparison with unity. 

Our formulas (2.12) show that, in contrast to known theories of thin 
shells [1,2,5,7], the tangential displacement components u, and ug of 
any point of the shell at a distance y from the middle surface are, in 
the case considered here, as in the publications [%,9], non-linear 
functions of the distance y. 


By virtue of (2.12) the strain components e 
pressed by polynomials in powers of y, namely 


aa’ CAR» Caf can be ex- 
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Substituting the values of u 
ively, into the relations (2.46) 
expressions for the 
ponding expressions 


coefficients of the expansions: 


a 
al 
{ aA Ou 


1B2 83 


strain components 
(2.13), we obtain the fol 
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, Ug, u, from (2.12) and (2.11), respect- 


and (2.8), and comparing the resulting 


3* “af 


with the corres- 
formulas for the 


aa’ 


(2.15) 


(2.16) 


1 OB, 


— ) 
AB : 


B 


A 


Aa 


> 
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(3.99) 

= + yt + y*v + + 

| 

Ou 1 0A 

i da t+ apap? t+ (2.14) 
? 
| ou 1 OB 
1 R a ? 

A A da \B, 

h2 1 1a a 

8 \A oa iB 03 1 dz 1B 0% 

a / 4 1 ay 1 

B 0B A, A B | 

a 

h? { 1 @A { 1 ay 1 Ak 

Q \ if ae da i a2 X ) (2.20) 

{.\ 1 @A 1 1 an 1 

2 1B 2h A 2h AB OB 

AB Au / 1 ad. 
BA* da Oa 16 B @3 BR 

h? / 1 ,\ 1 OB 1/, 1 1 

kh. - ky, he -Y)— (994 

1 By 1 1 ay 1 @R 

2 1B da + 2 BR t 2h AB oa 
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1 0 1 Aw 
OB dw OA Au 
am, Ok, 1 \ 
B (2h, — ky) a3 t A ky }®, + 
{ Ok, 1 OR 
{ 0 Xx { @A 
(kyX) — 2h, + kyX| + 
1 @R 


AB 
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195 2h B\ 03 A 03 X") + A \ da B 0a : ) (2.22) 
1 1 1 1 @A 1 Ok 
1, 1 Os 1 / 1 ax’ 
/ rise 
2h Ay 3 ks) AB 43 (2.23) 
1 1 am, 1 OB h? 1 dk, { 1 Oke 
6 B 6 AB D+ 16 ks B 2 ks B 83 
i / 1 ay’ 4 Oke / { { AR 
a 3h BR a3 ) Ae AR X (2.24) 
1 1 1 @A 1 
6 B 83 6 ARB 83 D+ = i 
1 OB a Ox’ 
6 AB da D, h 6 B @3 (hy x") 2 BR @3 + 
; ky X r h ! Oa (A } 
1 ay’ { OB .,) 
2 hy A @2 3 k; AB @2 
1 1 Ok, 1 @A/k, \ i 
24 A D, 6 AB 43\ 4 ky) 4 ky Ax (2.26) 
.= *®@, 4 £.1@, 99 
24 B D, 6 ABda \ 4 ks ) D, k, a3 (2.27) 
6, 1, , 1 1 @A 
ifi a am, 1 OB 
= +4 | ag — + 
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In formulas (2.17) to (2.19) we have, in conformity with the usual 


definition of curvature changes and torsion of the middle surface of the 
shell [2,5], 


{ 1 du { AAs 1 Ou v ) 


x | 
“1 1 da \ A da R, a3 \ 83 R, 


(2.29) 


‘ 


1 du { du u ) ‘ 
Xe — — — (2.30 
R a3 BR a4 R, 1B Az ( 1 R, 


OR 
— | — — 2.3 
R, \ B a3 AB 03 a) + R, ( 1 1B da v) 1) 


where R, = R,(a, 8) and R, = R,(a, 8) are the principal radii of curva- 
ture of the middle surface. 

Considering the expansions (2.13) we note that they have some similar- 
ity with the analogous expansions used in ref. [1]; the similarity is, 
however, only a superficial one. In the determination of the strain com- 
ponents ref. [1] actually uses expressions in terms of 
powers of y keeping at the same time the hypothesis of non-deformable 
normals [1,2], while in the present paper, as in the publications [8,9], 
the relations (2.13) are being obtained on the basis of the basic 
assumptions of the theory offered here. 


On the basis of (2.13) and of the original assumption (b) we derive 
from the generalized Hooke’s law the following expressions for the stress 


components "af 


Sax = Byyty + + + y (Bux + + 
+ Bygt) + + Byte + Brgy) + (Bur + 
+ Bygh) + Byaks + Bye’) (2.32) 
= Bote + Byoty + Bago + + 4 
+ ByA, + Bagh) + (Books + + Bag?) (2.33) 
tag = Bygty + Bagte + + + + Begt) + 
+ (Bret: + Bostic + Boor) + (Bish, + + 
+ + + Bogs) (2.34) 


In these formulas the constants B,, are given by the following express- 
ions in terms of the elastic constants a,, [ 10,11 |: 


126° 416426 — 212% G6 412426 — 


Qee — Ayo" — ¢ a aoe 


OC) = — Ayo”) Agg + — — 
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The stresses Cag? ‘ay’ produce internal forces (T,, 
S,, and moments M,, H), which mst satisfy the 
following satitical conditions [1, 2, é ]: 


(BT,) — + +S, + ABR,N, = — 
(ATs) — 11 + (BS,) + + ABR,N, = — 
+ + E (BN,)+ (AN;)| (2.36) 
(BH) + +5 (AM,)— M, °4 — ABN, = 0 


0 03 
(AM) + + (BM,) —M, ABN, = 0 


S, — +h, H =0 


In these formulas the symbols 
X* = X* (a, 8), = (a, 8), Z°* = Z* (a, B) 
represent the components of the intensity vector of the applied surface 
load, referred to the middle surface of the shel! [7], namely 
P= P+ )(1+ (23 
where P stands generally for X, Y, Z. 


The stress resultants appearing in (2.36) are determined in the usual 
Without going into details, we give here the simplest 


manner 2, 10]. 
elasticity formulas, which identically satisfy the sixth equation of 


statics: 
Ty = Cy at + Cra (20 + Ri) 
1 h? h* .\ 
T, te + Se + G5 + ay 1) 
4 
(2.39) 


4 
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h2 


= Cog ( + + + + + 80 + 


+ Ces + (2° + 80 + ky | ¢ (+5 + 5 80) + Crs x, + 
+ Ces\ c+ | 


‘ h? 3h? ‘ 
( 3h? \ 385) (9.43 
M,= | 2) + (% + + Dog + (<.409) 


3h? \ 
H, = H, = H = x, + m0 }+ Dog! + )+ 


(2.46) 


In these relations we have the following formulas for the rigidity 
constants C,;, of compression and D,;, of bending: 


= hBy, Dn= Bix (2.47) 


We state here that, in the process of substitution of the values of 


all terms containing and Y can be omitted, still maintain- 


ing a sufficiently high degree of accuracy [7], in all elasticity 
relations. 


Using the formlas (2.29), (2.30), we can eliminate the displacement 


components u, v, w of the middle surface from the relations (2.14) to 
(2.16); this leads to 


{ OB A aA 
+ kyx. Sa A [BS Ja (fo — _ =) a3 


i { Oe, 0A B dw 6B | 20 
— = = 0) AS 
+ AR [A 3a + — da” da 0 (2.48) 


The equation (2.48) is the third continuity relation for the deforma- 
tion of the middle surface of the shell. As it should be expected, the 
relation does not differ in any way from the corresponding relation of 
the classical theory of thin shells [2, 5]. The remaining two conditions 
of continuity for the deformation of the middle surface will not be 
needed in the present paper. 


The equations (2.14) to (2.31), (2.36), (2.38) to (2.46) taken to- 
gether represent a complete system of equations of the theory of shells. 
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It is known [1,2,5] that such a complete system can be established in 
various ways. In view of its extreme complexity in the general case of a 
shell of arbitrary form, the complete system of equations will! be con- 
sidered here for one practically important type of shell only. 


In the process of solving actual boundary value problems the differ- 
ential equations of the shell have to be completed in the usual manner by 
statement of the boundary conditions [1,2,3]. 


3. Avoiding discussion of details, we mention here some possible 
special types of boundary conditions. 


Free edge. This designation wil! characterize such an edge (a = const. ) 


of the shell, for which 
M,=0, H=0, r,=0, N,=0 (3.1) 


Simply supported edge. This designation will be used for such an edge 
(a = const.) of the shell, for which 


M,=0, w=0, r=0, Byo,+ (3.2) 


Fixed edge with a hinge. This designation characterizes such an edge 
(a = const.) of the shell, for which 


M,=0, uw=0, v (3.3) 
Clamped edge. This designation refers to such an edge (a = const.) of 
the shell, for which 


u=0, v=0, w=0, $=0 
1 du 


h2 
an = 3.4 
kyu + = 0 (3.4) 


Of course, other boundary conditions are stil! possible. 


The boundary conditions for an edge 8 = const. can be stated in an 
analogous manner. 


Concluding this Section we note that the subject of the boundary con- 
ditions requires special investigations. 


A detailed study of the results presented in the first three Sections 
of this paper reveals the following fact: the special case, characterized 
by a,, = 0, a. = 0, a. = 0, leads to the basic relations and equations 
of the theory of anisotropic shells based upon the hypotheses of non- 


deformable normals. 


1. Consider a shell in the form of a circular cylinder of radius R. 
We take the a and f coordinate lines to be directed along the generators 
and the parallel circles of the middle surface, respectively. Assume 
that the shell is being acted upon by normally applied loading only. For 
such a shell 
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A=const, B=const, k,=0, = 


» coefficients of the expansions (2.13) are 


4 Ou 1 dv { ou 1 Ov 


{ 
“1 = Atdat A Oa 
@w, 1 1 1 (4.9) 
Boe R BAS 8 B 
2 
AB 0203 + it da 


R BB 16 R B as 
} am, 


1 1 dD, 1/1 0a, 1 \ 


The equations of equilibrium assume the form 


t aS, { aH 1 
1 da C _ 


aH 1 aM, 


t+ A N, =0 (4.7) 


Substituting the expressions for«,, ..., ¢ from (4.2) to (4.6) into 
the formulas (2.38) to (2.46), we obtain the stress resultants in terms 
of the unknown functions u, v, w, 6, vw. Substituting the obtained express- 
ions of the stress resultants into the equations of equilibrium (4.7), we 
find a final system of the five differential equations for the five un- 


known functions u, v, w, d, Ww, namely 


Vi (Cix)u+ Vo (Cin) + da B 83 
h? C.. & Co) { 1 03 w 
-+- 12 66/~ if? + 16 + 26 R + 


+ Qik) Os (Cin, Qik) — |) (4.8) 
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t+ V2 (Cin)? 2 + bog A ba + 
Fz 22 938 AB + O26 — Cos RT 
+ (Cix, ain) + R,(Cix, = (4.9) 


72 Coosa + O28 - | 
Z 


+ P, (Cix, ik» (4.10) 
(Dix) w ~ (Dix, 2 = 9 (4.11) 


| 1 o- 
— £5 om 
[Ds a3? 2D Gat + (2De6 + Pre) 
— E, (Dix) w — Ky (Dix, Gx) 9 K, (Dix, 2 =9 (4.12) 


where 


1 1 @& 1 @ 
9 
(Cin) = ( 11 4? + RB? a3? O16 A203 


» (Cix Cs + 6 GR a0 
Vo (Cin) 22 C66 12 +2 26 AB 0203 


(2 ; + (Cy. + Cos) QR 4203 T “26 93? 


a” 


{ 


+ Dog 7323 


+ AR 


+ (Dy + 7+ Dye 1° 


RA? a 


| a 
Py (Cin, aux) = — Cx | i aa 


(Cin, din) = (i — 5) + BE OF 
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h2 
Si (Dix, = [ Drees 4+- Dog tis 


1° 


{ 2 
+ Dy24is) 1B dad4 + 


Ki (Dix, ix) = + 12 da? + (2D + 


iP (Dog 5) aa ome ) 12 


Thus, the problem of the anisotropic cylindrical shell is reduced to 
a system of five differential equations (4.8%) to (4.12) for the five un- 
known functions. Having obtained the latter, we will find without 
difficulty the stress resultants, as well as the stresses, by means of 
the formlas (2.32) to (2.34), (2.38) to (2.46) and (4.2) to (4.46). 


The system of equations (4.8) to (4.12) undergoes substantial simplifi- 
cation in the case of a transversely isotropic shel! [10]. It is known 
that for a transversely isotropic solid we have 


0, Aog=O0, Ay — 455 = 
E 


By = By = 


where FE is the modulus of elasticity in the plane of isotropy, p 1s 
Poisson’s ratio, G’ is the shear modulus for planes normal to the plane 
of isotropy. 


We assume the plane of isotropy of the material to be parallel, at 
each point of the shell, to the middle surface of the latter. 


The coordinates a, & are to be chosen in such a manner that the coef fi- 
cients of the first quadratic form assume the following values [1,2 |: 


A=z1i, B= (4. 


By virtue of (4.13) and (4.14) the final system of equations becomes 


simpler and assumes the following form: 


u Ou Ou 
Pu 1 1 du 
2K + 2 He age He 
768R 
(1 — 


= 0 
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Ou 1 dv w 7h on 
03 12k Oa Eh 
h? /i—pdary 1 ay itu 
1 { Ou Bu 


As an example we shall treat here the problem of a horizontal tube, of 
transversely isotropic material, simply supported at its ends. The tube 
is entirely filled with a liquid of specific weight y. The weight of the 
tube material shall be neglected [7,12 ]}. 
Measuring the angle ff from the lowest point of the cross section of 


the tube, we use the expansions 


u= > >) Amn n3 cos 
— 
B,,,,, Sin n3 sin (4.20) 
mn y= VVe sin n3 sin 


m 
w = mn 008 03 sia 


m n 


The chosen functions fulfil the boundary conditions of simple support 


along the edges a = 0, a = 1, as well as the conditions of periodicity 


with the period 27 for the argument f. The acting load, the radial 


pressure of the fluid, is 


q = Ry (i + cos 5) (4.21) 
It can be represented by the double series 
Z= 008 23 (4.22) 
m n 
where the coefficients q,, are given[7,12] by 
4yR 
Imn = 0, Imo = (4.23) 


In view of the good convergence of the expansions with respect to the 


subscript m= 1, 3, 5, ... we will confine ourselves in the following 


to the first term. 
Substituting the functions u, v, w, d, & from (4.20), and the function 


: 
LJ @ 
a 
> 
= 
: 
a 
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z from (4.22) 
(4.19), we obtain, for each pair of values of m and n, a system of five 
equations for the five unknown coefficients A__, B__, C Beas 
m an an an ane 
the special case, when n = 0, these systems undergo essential simp lifi- 


into the corresponding equations of the system (4.15) to 


cations. 


Let us consider the numerical example treated in [7,12]: take a 
50 cm, 1 = 25 cm, A= 7 cm, while » = 0.3. For the dimensions just 


given we shall examine three cases, for which the ratio F/G’ equals 2.64; 


5.0: 10.0, respect ively. 


In the case F/G’ = 2.6 we have evidently to deal with an isotropic 


shell, while in the second and in the third case we have transversely 


isotropic shells. 


The values of the coefficients C_.. of the normal displacement component 
of the shell are given in Table 1 in the form of the ratio C_,/N, where 
392 
VN = 24yR°1l*/Erh. In the last column of Table 1 are given the values of 


TABLE 1. 


| &70R 


0.8103 


0), 8004 
0.9138 | 
1.0616 | 1.0275 2.0891 


5 0 ‘) 


10.0 


the coefficient of the maximum normal displacement, i.e. the values of 
the coefficient of w at the point B= 0, A= %1. 


For comparison we give in the first line of Table 1 the values of the 
same coefficients C__/N, where N = 24yR? 1? Exh, calculated by means of 
the theory based upon the hypothesis of non-deformable normals tA PP 


The comparison shows that the results obtained on the basis of the 
latter theory essentially differ from those derived from the theory 
offered in the present paper. We see that even in the case of an iso- 


tropic shell the error incurred in the classical theory (based upon the 
hypothesis of non-deformable normals) can amount to 15%. In the 


case of transversely isotropic shells the error can become quite sub- 


stantial for the case of the example considered here, depending on the 
ratio F/G’. For instance, in the case of a ratio F/G’ = 10 the error just 
mentioned rises to 35%. 
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When analyzing shells of complicated shape (reservoirs, boilers, etc. ) 


it often becomes necessary to break them up into several simpler parts. 

In such cases the use of the complex representation [1] meets with yy 
difficulties arising out of the necessity to separate the real and 
imaginary parts when the solutions are coupled together. 


In some special cases [1] complex combinations of the unknown 
quantities were proposed so that it was possible to avoid these diffi- 
culties. 


In the present paper the complex coupling conditions of the general 
form are derived as the natural boundary conditions of the proposed 
variational problem. 


The notion of a complex energy is introduced, and the minimum property 
of its modulus is demonstrated. 


The middle surface of the shell will be referred to the lines of 
principal curvature (a,, a,), and for the sake of brevity it will be 
assumed that the region of the change of the coordinates of the middle 
surface S is bounded by some arbitrary closed line of curvature, a, = a,” 
= const, for example. It will be also assumed that Poisson's ratio » is 
zero. 


Then, the generalized Hooke’s law relates the forces and moments to 
the displacements of the middle surface u, v, w 1. che well-known 
fashion [1 ]: 

T, = Ehe,(u, v, w), M, = Ehco’,(u,v,w,) 
T, = Eheg(u, v, wv) M, = Eheo, (u, v, w) 
S=Kkh w(u, w), H = Ehe,?t (wu, v, w) 

Generalizing the notion of the Lur’e-Goldenveizer functions [2, 3 ] 

to the case of the non-homogeneous problem of shell theory, functions of 


stress, a, b, c, will be introduced by the: following relations: 


Reprint Order No. PMM 26, 
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T, = T,* + Ehegx, (a, 5, M, = M,* — Ehege; (a, 6, 
T T,° + Eheox, (a, M, - M,* Eheot, (a, 6, (2) 
S = Ehegt (a, 6. c). H =H*+Eheo (a, b, 


Here h = const is the shell thickness, c,’ = 1/12 h*, while the de- 
formations are expressed in terms of the displacements of the middle sur- 


face by the following relations: 


1 1 1 { 8A, 

1 Ov . 1 1 dy 1 
Ay 02: A, Ay Ry Ay Oas A, Ay 8a; 


@e, 


1 dw u 1 dv 1 @Ay 
A, da," R,’ = 7, ba, AA; 3a, 
1 du 1 @As 
A, 9a, * R, ’ 7, 7,4, 


are the angles of rotation of the respective tangents to the coordinate 


lines a, and a, around the directions shown in Fig. |., 


1 ay 1 @A, 1 a9 1 @As 
- 


"1 = A, 6a, ~’ 1, da 1,A, da, * 


and A., A,, R,, R, are Lame’s constants and the principal radii of curva- 
ture of the middle surface, respectively. A certain solution of the 

equilibrium equations (a statically allowable set of functions) is chosen 
as a set of functions (T,*, T,*, Ss, M.*, M,°, H*). The following complex 
combinations are called complex forces: 


They satisfy the following system of equations on complex forces [1 ]: 
1 AAS, 


1, O14) 


A, As 0 
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where 


I, | R, da, 2 Il. R, oa, da, yy 


This system is equivalent to the aggregate of the sets of the equi- 
librium and continuity equations of the middle surface. This can be 
easily shown by separating the real and imaginary parts. 


Complex displacements are introduced by the relations: 
u~—u-+ ia, =v- ib, w-+ie (6) 


When the complex combinations of the corresponding equations of systems 
(1) and (2) are constructed, a relation between the complex forms and 
displacements is obtained: 


T; iEhegx, (u,v, w ), T; M, +- Ehe,(u,v,w ) 
(u,v, u 2 L Fhe, (u, r,w ) 

tEheot (u,v, w ), 


Finally, eliminating from here the complex forces T,, 
of equations on the complex displacements is obtained: 


i 
ey + = + 


icoX) 


If the general solution of the membrane theory (T,*, T,*, S*) is 
chosen as the set of functions (T,*, T,*, S*, M,*, M,°, H*) then sets (7) 
and (8) will coincide with analogous sets proposed by Novozhilov. 


Four complex quantities are to be associated with each point of the 


boundary (a, = a,°): 
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9) 


Separating out in the reduced complex expressions the real parts, the 
following values are obtained: 


(OAM, . aA, 
1, Ag iy 


M, ) 4 — M, 


These, however, are the boundary forces generalized according to 


Kirchhoff (see [1], p. 55). 
The imaginary parts of the expressions in (9) are 


w 


In order to explain the geometric meaning of the quantities x,, 
¢;, «., they shall be changed somewhat. Substituting into the third 
relation the expressions for the deformations (3) one obtains with t 
aid of the Codazzi-Gauss relations 


R, 


| 


Furthermore, r = 7, + w,/R,, w= @ w,; hence 


Thus there are four quantities fixed at the neutral | ine: 


1 dws 
It will be shown that the fixing of these quantities completely deter- 
mines the deformation of an element of the boundary. Isolate for that 


purpose an element of the boundary, connected with an element of the arc. 


First of all it is clear that «, gives the relative elengation of the 


neutral line, and K, gives its curvature in the plane of the diagram. 
The curvature in the direction perpendicular to the plane of the dia- 
gram will be found by determining it as the limit of the ratio of the 
difference of the angles at two adjacent points, measured from the same 
direction fe), to the distance between them, i.e. by equating it to: 


q 
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From Fig. 2 it can be seen that 


m= Ag 


Aa,)}cos 94 Aq, sin 43 


Because of the smallness of the angle Aff 


cos A3 = 1, sin A8 = Aj = Ri, 


Aw, 9) A 

Substituting the resulting relation into equation (11) one obtains 


%o2 R, 


Thus the first three quantities determine deformations of an element 
of the neutral line. Furthermore, [1 |], 
@2\ 
From this it is evident that the fourth quantity characterizes the 
change of magnitude of the deflection angle @, 1.€. the twist of the 
boundary element. 


Fig. 2. 


According to Kirchhoff’s kinematical hypothesis, however, the deforma- 
tion of the boundary element can be determined by just four quantities. 
Thus, the fixing of the imaginary parts of the complex expressions (9) 
completely determines the deformation of the boundary element. 


Assuming, as above, that the middle surface of the shell is bounded 
by a closed line of curvature a,= a,” = const. it will be shown that the 
following variational equations can be postulated as the basis of the 


theory of shells: 
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\{ (Ty Bey + Tz + + + — A, — 


S 


- ( {Ty + +Ny +My 89" } A,da,— 


a, 


— \\ + A, =0 (12) 


In fact, integrating by parts the first integral, it can be easily 
shown that the system of equations on complex forces (5), which is equi- 
valent to the combination of the sets of equations of equilibrium and 
continuity of the middle surface, will appear as the Euler equations for 
(12). 


Using relations (7), equation (12) can be changed to 


( (Ty Bu + + Ny + } Aida, — 


+ + Gn” A, A,da,d2, = 0 


Here the quantity 


2 
roy (xy + — 2 [xy xz A, 


i * . 
0 


+ — 2 — + 


9 


can be called by analogy the potential energy of the complex deformation, 
(note that the quantities (T,*, T,*, «++, H*) are not being varied). 


Of course, there are also other possible forms of complex variational 
equations, reducing to one or another set of natural boundary conditions. 
It should be noted that a peculiar minimum property of the potential 
energy of the complex deformation is in effect. 


Namely, the following takes place: 


For the actual complex displacements, i.e. for u, v, w, which satisfy 
the system of equations on complex displacements (8), the potential 
energy of the complex deformation V approaches a minimum value (in modulus). 


Actually, V can be written as follows: 


| 
a 
— sex \\\\ 
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From this it can be seen that for u~, vy” 


, w-, which satisfy the set of 
equations (8), V = 


0. This then proves the minimum property. 
As a first application, the variational equation will be used to ob- 


tain the complex coupling conditions along a line of curvature of two 
shells of the same thickness. 


Let two shells be coupled along line 1. Assign the plus sign to all 
quantities relating to the first shel], and the minus 
quantities relating to the second shell, and take the 
tional equation: 


sien to all 


following varia- 


+ + 


da, 


This equation differs from equation (12) by the fact that here th 
integrals along the boundaries of regions St and S~ fa * . a,**, a, = 
a, ), corresponding to the line of elastic coupling |, are missing. As 
above, integration by parts yields the particular Euler equations for 
each region. Beside that, the following integral coupling conditions will 
hold along the line of coupling: 


My Ay-das (13) 

let 
two mutually perpendicular directions, 
cular to the tangent to | (see Fig.3): 


and \° be the components of a complex displacement along any 


lying in a plane that is perpendi- 
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But - (e,*, e, )8A_ + (ex*, 


x 


¥ 


8w* (e,,*, 84, + (e,*,e,) BA. 


= (@:~, e,) BA, + 


= (e,.~, e,) BA, + e,)84, 
— — 88-~ = 89° 


Substituting these relations into (13) and notine that A.*da,* = 


A, da, = ds, one obtains 


\ — BAL + — + 
; 


T 12’) 8v + (M,* — M,-) 89} ds, =0 


where 


(e;*,e,) Ti Ny 
= (ex*, e,) Ti*+ (e,*, e,) 
= (e,-.e.) Ty (e.-.e.) *u 
< x n x/ 
e,) Ti+ (e,,~, Ny’ Fig. 3. 


By virtue of the arbitrariness.of the variations 5 5A 


the natural complex coupling conditions are obtained 


Ty Q: M;~ (14) 


The above statements are illustrated by the following example. 


Two symmetrically loaded shells of revolution of equal thickness 


coupled along a general parallel circle will be investigated. In this 


case (see Fig. 4 and Ref. 1, p. 241), (in Figs. 3 and 4 the superscript 


“has been omitted): 


(R, 


mov 


R, R,* (6), Ay (R. sin 6) r 6) 


Assuming that the shell does not undergo torsion, one obtains 


= Ty3* = Tig = 0 


The relations (14) in the given case are written as 


sz 


Here, as can be seen from Fig. 4: 
cos + sin O*Ny *, Q, ~= cos 6-T, sin6-Ny~ 
- sin * + cos Q: sin cos 16 


< 


4 
a 
= 
ae ( Q: 
4 2, 9 ?: Ze 
1, R, R, (0), 1, r (0) 
| 
q 
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Note that here the quantity Q_~ differs in sign from the one introduced 
in [1]. From Fig. 4 one can also see that the real parts of A_”, A's 
QQ." Q.” in this case are the horizontal and vertical displacements and 
forces, respectively. 


Fig. 4. 
To explain the statically-geometric meaning of conditions (15) obtain 
from (3) and (10) 


ucos wsin®8 Agr cos 


fo ——— 


HK. sin 8 r R. sin 8 
cos { sin 98 
r r 
From this 


T, = T; — iEhee cos 


ein A v A 
Ny = Ny — 9, My = My + iEhey — 
r 


Substituting the first two of these relations into (16) one obtains 


Q.= Q,, Q: Q. iEhe, 


zr 


M, = M, + iFhes 4 
r 


Inasmuch as h* = kh = h, it can be easily seen from the relations 
given above that the coupling conditions (14) are equivalent to the 
requirement for the continuity of the five real quantities Q,, 2,, 


i’ 
A. 6 along the line of contact. 


The value Q. usually is determined from the equilibrium condition of 
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the shell as a whole. The second and third complex equations can be used 


to determine the complex constants (solutions) without having to separate 
them into real and imaginary parts. 


v . 
*=M*~ were found previously by 


The conditions Q.* = » M, 


matching. 

Everything that was said here can be generalized without anv particular 
difficulties to the case of a Poisson’s ratio u other than zero and to 
shells whose middle surfaces have boundaries that do not coincide with 
lines of curvature. 
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ON THE STABILITY OF SOME PARTICULAR CASES 
OF MOTION OF A SYMMETRICAL GYROSCOPE 
CONTAINING LIQUID MASS 
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In this note particular cases of the motion of a gyroscope containing 
an ellipsoidal cavity filled with an ideal, incompressible liquid are 
considered and necessary and sufficient conditions are established for 
the stability of such motions. 


1. The equations of motion of a symmetrical gyroscope with an 
ellipsoidal cavity filled with an ideal incompressible liquid, whose 
vorticity 1s assumed to be constant for all its points, were obtained in 
different forms, under different assumptions concerning the acting forces 
and the cavity location, by Greenhill! [11], Hough [21], Poincare [3], 


Zhukovskii [4] and others.* If no forces are present except gravity, 

then after the introduction of the Zhukovskii function Y the motion of 

the svstem can be described by two ordinary vector differential equat tons 
(H-V) V¥-(Q — L, H (t) = */.rotv 1.1) 
at at 

Here © (t) ts the instantaneous angular velocity of the gyroscope and 
lL. is the angular momentum of the moment of the gravity forces, the system 
has the form 


W =J,-Q4. — H) = (Jo + 

a where J. is the inertia tensor of the shell, J the inertia tensor of the 
2 liquid mass in the cavity and J, the inertia tensor of the "equivalent" 
1 

2 rigid body corresponding to the liquid in the cavity [4 ]. 

5 


After submitting this note to the editors, I learned about the article 
by V.V. Rumiantsev, "On the stability of the rotation of a rigid body 
containing an ellipsoidal cavity filled with liquid", Trudy of the 
Mechanics Institute of the Academy of Sciences USSR, No.2, 1956, also 


devoted to the problem investigated, 
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Stability of a symmetrical gyroscope containing liquid mass 


If we consider the *astatic" (semi-fixed) system of coordinates Ofn¢ 
(Fig.1) of the gyroscope, which does not take part in the rotation of the 
gyroscope about the common axis of symmetry of the shell and of the 

cavity OC, then the tensors J, + Jie J — J, have only the constant 
diagonal components A, , C, and 1, C,, respectively. 


+ 


Denoting the pradéetions of H and © along this set of axes by Py» 4%: 
P, 9, r, we obtain the following equations of motion 


ry —(1 9] 
— Py — (1 +) p| 
= (1—e) (pig — 
+ (Cyr + Cory) 
1g + Asqy — Cir 
+ Cory — As (pig — 


Pig. 1. 
(e is the eccentricity of the ellipsoid, a= 6, c¢ are the semi-axes of 
the ellipsoid). 
Since we have for the ellipsoid of revolution 


where M is the mass of liquid in the cavity, it follows from the third 
equation of (1.3) and (1.4) 


Cyr =0 r = const = Po 


’ 


Denoting the direction cosines of the vertical (line of action of the 
weight vector) by ¥,» Y>» ¥q im the selected coordinate system, the weight 
of the system by P, and the distance from the center of gravity of the 
system to the fixed point by /:, we can then write 

L = x g Ly = Phys, L, = Phry, 


The kinematic equations must be added for completeness 
v1 = — P's, Ys = 471 (1.5) 
Equations (1.3) to (1.5) define completely the motion of the gyroscope 
for a given initial position and initial angluar velocities of the system. 


2. If the cavity is spherical, = 9, A. 2/5 Ma’ , therefore 


after elimination of p,, 1,, equations (1.4) become 


A\p + Cyrog = Phys, — Cirop = (2.4) 


4 ry 
PI 
; 
vo. =a) (4 
22 | 
22 | = 
‘ 
q 
4 
a 


S.V. Zhak 


i.e., they become independent of p,, 4,, r,- Equations of motion of the 
rigid gyroscope, in the selected coordinate system, have then the form 


Ap + Croq = Phys, Aq — Crop = — Phy, A = A; + Az, C=C,;+C, (2.2) 


Equations (1.5) remain the same. As was established by Chetaev [46], 
a necessary and sufficient condition for the stability of motion of a 

rigid gyroscope rotating about the vertical position of equilibrium is 
given by the inequality 


Repeating the above reasoning and calculations in its entirety, we can 
obtain the necessary and sufficient condition for the stability of motion 
of a symmetrical gyroscope with a spherical cavity filled with an ideal, 
incompressible liquid, rotating about its vertical position of equilibrium 
(p=q=90, r=ry,¥,=¥2= 0, y, = 1). The stability condition is ex- 
pressed by the inequality 


4A;Ph 


If the moments of inertia of the system are replaced by the moments of 
inertia of the "transformed rigid body" [4], the system will behave as a 
rigid gyroscope which does not contain a liquid mass. 


f f f 
1 7 7 


™ 


& 


As? 


Pig. 2. 


It is of interest to estimate the influence of the liquid by investig- 
ating the ratio of the critical angular velocities 
1—ke Cc 

Graphs expressing such a relationship are given in Fig. 2. It follows 
from the diagrams that, for example, in the simplest case in which the 
density of the shel! and of the liquid are the same, the critical angular 
velocity r., increases with an increase in the cavity size if C€ A 
(k < 1) (i.e. A, C is constant, therefore k remains constant). If 
A<C< 2A (1l<k< 2) with respect to ro,» the critical angular velocity 


increases at first and then decreases. The condition k > 2 does not exist 
because 2A > C always. 


> 
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Stability of a symmetrical gyroscope containing liquid sass 


3. In the case of a very thin shell, its moment of inertia can be 
neglected entirely, and if the fixed point is located at the center of 

the cavity, it is again possible to apply the Chetaev method [5-7]. In 
this case 


Ay = M + C, =0, = = Mat, A, = (1—e)C, 


and the equations (1.4) reduce to 


Equations (1.3 do not change and equations (1.5), after determining 
p and q from (3.1) and (1.3), permit us subsequently to find Yas You Ye 


Equations (3.1) and (1.3) give the following first integrals 
i+e 
€ 


r,? = const 


Pir + + r,? = const (3.2) 


2ppi + 2991 + r;* = const 
or by elimination of ris we obtain 
,, 1 + 2e 
——(Pi? + 91°) =const, + 2991 — Tt: + 91°) = Va = const (3.3) 


Taking a linear combination of the above integrals 


1 + 2e’ 
1+ 


we see that such a quadratic form, being constant by virtue of the equa- 
tions of motion, will be positive-definite if, and only if 


In order to select A so that the inequality would be satisfied, the 
following relation must hold 


(c*? > 9a*) (3.5) 


i.e. either «>0 (a? > e*), 


In the light of the results obtained by N.G. Chetaev [5, 6], this 
appears to be a necessary and sufficient condition for the stability, 
with respect to the variables p, q, p,, 1) of the motion of the gyroscope 
under consideration about the vertical position of equilibrium. Such con- 

ditions were obtained before by Hough [2] as conditions for the stability 
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of the linearized equations, i.e. the equations of the first approxima- 
tion. 


4. If the gyroscope oscillates about the vertical position of equi- 
librium, then the linearization of equations (1.3) and (1.4) leads to the 
following. Considering Py» Vy» Pr 7 to be small and neglecting their 
products we obtain 


ry = (), or n= const = To (4.1) 


Moreover, denoting the position of the gyroscope axes by the angles a 
and 8 between the vertical and the planes €O0¢ and 7 OC, respectively, 
we can also disregard their squares and products because the system 

O€nd is astatic and does not participate in the gyroscope rotation about 
its own axis. By assumption, they remain small during the entire duration 
of the motion. As a result, we have 


p=3, n=? =P, v=! (4.2) 


Let us substitute these values into (1.3) and (1.4) 


Pr = roleq: + (1 + €) a); 3 + © (1 —e) kerogs —ro (hy + = 
91 = — (1 + €) a+e(1—e) korops + ro + == kya (4.3) 
where 


C C 
Ay he Ay Ay 
We now introduce the complex variable Z= at iff’= NeAt, Eliminating 


P., 9,, we now obtain the following characteristic equation for (4.3): 


4? 


23 + ro (© — ky — + [kg — (ky + he)] A + eroks = 0 (4.4) 


Since an unstable first approximation corresponds to complex roots of 
(4.4) and a periodically stable first approximation to real roots, then 
on the basis of the well-known Liapunov theorem[8], the presence of 
complex roots in (4.4) is a sufficient condition for instability of 
gyroscope motion as a whole. In the presence of real roots, we are deal- 
ing with a critical case - three pairs of purely imaginary roots. The 
sufficient condition for stability, therefore, well be expressed by the 
inequality 


f = + + agu + as >0 


which represents the transformed condition of the occurrence of complex 
roots in equation (4.4). Here the notation was introduced 


ks 


= ky + e*k, — TT. = ky + kee 
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It is of interest to point out the fact that the characteristic 
equation is of the third, and not of the second degree, so that the stable 
motion of the gyroscope axis, besides precession and nutation, will also 
perform a "nutation of the second order". This means that the axis 
rotates with constant angular velocity A, around the center 0,, which in 
turn rotates with angular velocity A, around the center 0, and the latter 
rotates with angular velocity A, around the projection of the gyroscope 
axis in the position 0, of the so-called "sleeping top". [A,, A,, A, are 
roots of (4.4).] 


In the particular case of the spherical cavity « = 0, a,=a,= 0, 
4 7 equation (4.5) can be written in the form 
af ky*\ 
the motion is unstable when 
4Ph 1, 


? 


- or 


As was shown before, this sufficient condition for instability is also 
a necessary one. 


In the case of the *inertialess*" shell (k, = 0, k, = (1+ e/e*,k, = 9), 
equation (4.4) changes into the new equation 


rot +8) 0, Ay 0, A» 4 


€ 
Thus we obtain again the same instability condition as in Section 3 


(a<c< 3a) 


5. Let us look now into the problem of the nearly spherical cavity. 
To be definite, we take a sphere equal in volume to the investigated 
ellipsoid. Considering the coefficient « to be small, we expand the 
coefficients of the inequality (4.5) in a power series ine and then seek 
its roots also as a power series in¢; we finally obtain the following 


f (uw) = — (u — we) (u — > (5.1) 


(dky\ 
k (5.2) 


2 de Jo 


tty = (keg — hig — 21 V + Ole), 
~| + 


He = — kip + 2i V kiokso) + O(e%), 


The subscript zero indicates that the corresponding value was 
calculated at « = 0, i.e. for the original sphere. The quantity (dk, /de), 
can be easily calculated . 

dk, 
de Ay 


A 

To evaluate dA, /de and dC, /de ate = 0, one can determine the changes 
of these moments relative to changes of the cavity shape, from spherical 
into ellipsoidal, and then evaluate the limits 
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m =(|—-}, 

€ de 0 

The computations yield 
kao (2 + kro) (5.3) 
de 3 Y 


(y is the density of the liquid, y, is the density of the shell). 


It follows from the obtained expressions (5.2) that two of the roots 
of inequality (4.5) are complex for small values of «. The inequality 
evidently is fulfilled when » > p, , i.e. the motion is unstable when 

he 


ro" < Us 


This indicates that in such a case the qualitative picture remains the 
same as for the rigid body. It possesses only one critical angular velo- 
city. Nevertheless, it was not proved that the motion will be stable at 
ra" > k, /p3, because we have only investigated the linearized equations 
here. 


6. Although the qualitative picture appeared to be the same as for the 
rigid body in all the cases considered above, still, since the instability 
condition (4.5) is expressed mathematically as a cubic inequality (the 
corresponding inequality for a rigid body is linear), one can expect new 
cases: absolute instability (if inequality (4.5) does not have positive 
real roots) or the appearance of a second region of instability at the 
larger angular velocities (when two or three positive roots of inequality 
(4.5) are present. 


For example, at « = — 0.5, k, = 0.5, the inequality (4.5) becomes 
0.0850 vw?—0.0350 u + 0.061 >0 


and it is satisfied everywhere (one negative root and two complex). The 
motion of such a system is always unstable. Nevertheless, the problem 
concerning the construction of a real gyroscope containing the cavity with 
k,, k, and« prescribed, although being theoretically fully realizable 
(there are only three equations to deal with for 6 to 7 selected quanti- 
ties: three parameters characterizing the cavity, density of the shell 

and the fluid and parameters defining the external contour of the body), 
is extremely difficult to cope with in practice, and therefore no examples 
of such "anomalous" gyroscopes are presented in this paper. 
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; l. In article [1] a method is given for the determination of the 

: eigenvalues of the solution of differential equations of the second order 
a with periodic coefficients. We shall review in brief the method. Let it 


be given a differential equation 


d*z dz 

= 0 {. 
(1.1) 
whose coefficients A and B are periodic functions of ¢ with a period 27. 
If the coefficient A has a derivative with respect to ¢, then the equa- 


tion (1.1) is reducible to the equation of Hill’s type 
d*z 
agi = (1.2) 


The coefficient K is also a periodic function of ¢ with a period 27. 
Let K depend also on a small parameter p, such that at p = 9, the function 
K(d, «) is a constant. Under certain restrictions [1, 2] the function 
K(d, w) can be represented in the form of a series 


a? @ @ 

K(9, =a+ [ Pon + £8 + sin (1.3) 
n=1 m=! 

. The solution of (1.2) is to be obtained in the following form 

4 

z= ev? H, 

k=—o 


The magnitude vy is to be found from the equation 
xv = (4.4) 
where D(z) is an infinite determinant, the elements of which depend on 
the coefficients a, p,, and q,, of the series (1.3). This determinant 
can itself be represented in the form of a series 
D (un) = Do + Dy + Dop?+.. (1.5) 
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Stability of the solution of a linear differential equation 


The smallest eigenvalue of the solution of the equation (1.1) is de- 
termined from the formula 


where A, is the constant in the Fourier series of the expansion of A(d). 


Let the coefficients A and B of the equation (1.1) be dependent also 
upon some parameter a of any arbitrary magnitude different fromm (or of 
several parameters). Then the determinant P) and the eigenvalue y will 
also depend on this parameter. 


From the expression (1.6) it follows that the maximum possible 
stability of the system at a given value of the parameter a is obtained 
when Im v = 0. In this case the eigenvalue y = %A,. But the magnitude 
Im v is equal to zero if 

{ 
0<D<—| (1.7) 
and is different from zero, if D is outside of this range. 


If A, = 9 the regions where the condition (1.7) is not satisfied are 
regions of instability. If A, = 9, at points where D, = 0 and D, = 2~? 
instability may also result in view of the resonance with external forces. 
If A, > 0, the regions where condition (1.7) is not fulfilled are 
characterized by a decrease of stability as compared with the maximum 


possible one obtainable. 


In order to obtain a complete picture of the change of the eigenvalues 


as a function of the change of parameters, considering only a minimum 
number of points, it is necessary to determine beforehand the limits 
where condition (1.7) is satisfied. For this purpose let us consider the 


first member of the expansion (1.5) as a function of the parameter a 


= 


sin? x V a 
Do =e (1.8) 
Since the magnitude a, dependent on a, may take any real values, the 
coefficient D, may change from — « to l/r*. Let us now determine all the 
points of the curve D, as functions of a (Fig.1) which lie on the border 
of the strip (1.7). These points are found from the equation 


(4.9) 
At n= 0, and at even values of n, we have D. = 9, and at odd values 
of n, D, = 2-2. Note that all the intersection points of the curve D, 
with the lower boundary of the strip (1.7) correspond to n= 0, 


With the increase of the parameter « from zero, the curve D(z), which 
coincides with the curve D. at » = 0, will be deformed continuously and 
in the neighborhood of those points which lie on the boundary of the 
strip (1.7) but are not the points of intersection of the curve D, with 
the lower boundary of the strip, may lie beyond the boundary of the 
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strip (1.7). Qn the graph y as a function of a in the neighborhood of the 
corresponding points there will appear new branches below the curve 

x= AA, . Those points on the curve y = 4A, which serve for the formation 
of the branches due to the increase of the parameter p, we shall call 
critical points of the first kind. Thus to each critical point of the 
first kind on the graph (y — a) there corresponds a one-parameter family 
of curvilinear branches with a parameter equal to p. Note that critical 
points of the first kind may appear not only at p = 9, but also at any 
value of this parameter. 


Xx 


a 


Pig. 1. 


Those points on the curve y(a), which for » = 0 are the origin or the 
end of the curvilinear branches which do not coincide with the curve 
x = 4A), we shall call critical points of the second kind. The points of 
intersection of the curve D, with the lower boundary of the strip corres- 
pond to these points. With the change of the parameter », the above 
mentioned curvilinear branches y wil! deform continually, forming a one- 
parameter family of curves. To each such family there correspond one or 
two critical points of the second kind which are the end-points of the 
curve of the given family at p = 90. 


Let v v, + tv. It can be easily shown that v,=m, if D¢< 0, and 


if D>a~?, where m is an integer or zero. Within the strip 
(4.7), the quantity vy changes continually between the values of the 
boundary points of the strip. 


Vv, = mt 


The solution of equation (1.1) can be represented in the form 


x = fo(?) fr fe 
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where f.() is an exponential function, f(b) a a function with a 
period 27, and f,(@) a periodic function with a period 27/v,. If v 

k/n, where k and n are positive integers, then the product f, (5) f,(d) is 
a periodic function with a period 27n. In this case we are deal tne with 
damped or increasing vibrations. By analogy with the case when the equa- 
tion has constant coefficients, we shall call the period of this product 
the period of vibration. 


Thus for D > 2~* the period is 47, and for D< 0 the period is 27 
or there occurs an aperiodic motion. 


2. Let us take as an example the equation of motion of a propeller 
blade, which is considered in the articles [1, 2]. This equation is 


1 1 
d*3/dy?+y usin) d3/ dy + [1 > HSIN Y) + 


sin? F (y) (2.4) 


where ff is the angle of attack, w the pitch angle of blade, and », y and 
h are parameters* (» is a small parameter). The right hand side of this 
equation is a periodic function of ¢ with period 27 


Let us take the equation (2.1) without the right hand side and let us 
reduce it to the form (1.2). The coefficient K is equal to 


K (¥, + (Py, COS Sim Y) + (Pos + Poe COS + sin 2p) 
are determined by the formulas 


— Por 


The determinant D(u) in this case is an even function of pn. The 
coefficients of the expansion of this determinant /), and D, are estab- 
lished by the formulas 


sin22Va 22° , 3 Poe (Pu® — 4°) 


2} a -a)' 8 (1 —a) 


q —|——ctg 22 Va 
1a) Va 


* All steps for the determination of these parameters are given in the 
articles [1, 2]. 
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; 


Proskuriakov 


The smallest eigenvalue of the system in this case is 


= -|Imv (2.2) 


All critical points are on the line y= 1/fy which correspond to the 
maximum possible stability of the blade at the given value of the para- 
meter y. To obtain the critical points let us consider equation (1.9), 
This equation connects the two parameters y and h, Solving it for y we 
get 

-8(h4) 


The parameters y and h shall be considered in the following ranges 


0< 10, -0.5<h 1.0 


In these ranges the changes of these parameters may have three critical JO! 
points for given values of h a4 


n= e+), 16h (2.3) 


The first point is a critical point of the second kind, the other two 
points, (when using the sign which follows Dy and the coefficient of Di» 
which is not equal to zero), are critical points of the first kind. Note 
that for the third point D, = 9. At the critical points the frequencies 
v, are 0, 1/2, 1 respectively. 


| 


Fig. 2 shows the curves PD as functions of the parameter y for 
for small », and for several values of parameter h. On the curve D, for 
y= &h there is a maximum within the strip (1.7). Near this point new 
critical points of the first order may appear at some arbitrary value of 
pl. 


D 


Fig. 2. 
Fig. 3 shows curves of the smallest eignevalues established for the 
parameter y, with » from 9 to 0.5. Fach graph corresponds to one of four 
values of the parameter h = — 0.5, 0, 0.5, and 1.0. 


Let us analyze how these curves of the eigenvalues are changing as the 
parameter A is changing from -.5 to 1.0. At h = —- 0.5 there are two 
families of curvilinear branches with critical points y, = 4 (¥5-— 1) 
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and y, = 4. With the increase of the parameter h, these points are moving 
to the right, and at h = 0, their abscissas are becoming Yo = 8 and 

Y¥,* 4,/3. With further increase of h, these points, together with their 
corresponding families of curvilinear branches, come to lie beyond the 
limit of values of y of practical interest. For instance, at h= 0.5 the 
abscissas of these points are equal to y, = 4(/5 + 1) and y, = 12. 


At small values of the parameter h to the right of point y = 0, there 
is a new critical point y,, which is moving to the right and reaches at 
h = 0.5 an abscissa Y= h’ At h= 1.0 this point together with its 
family of curvilinear branches, moves over to the domain y > 10. Thus for 
h = 1.0 there are no curvilinear branches in the entire range of para- 
meters # which are of practical interest. To obtain a new critical point 
corresponding to the above mentioned maximum within the strip (1.7), the 


value of » = 0.5 appears to be insufficient. 


Note that curvilinear branches of a family which has a critical point 
y>, are closer to a line y= 1/fy than the corresponding branches of a 
family with a critical point Yy: This is due to the fact that in the ex- 
pansion D(p), the coefficient D, is equal to zero for y = Y>: 


BIBLIOGRAPHY 


Proskuriakov, A.P., The eigenvalues of the solution of a differential] 
equation of the second order with periodic coefficients. Vol. 10, 
Nos. 5 and 6, pp. 545-558, 1946. 


Dynamic stability of a propeller with horizontal 


Proskuriakov, A.P., 
hinges at the blades. Trudy, Leningrad Polytekh. inst. No, 22, 
1947, 


Translated by M.M. 


343 
08\— |_| OY 1 
Fig. 3. 
= 


IMPACT OF A LIQUID ON THE INCLINED WALL OF AN 
INFINITE, PARTLY CLOSED CONTAINER 


(OB UDARE ZHIDKOSTIO NAKLONNUYU STENKU BESKONECHNO 
DLINNOGO CHASTICHNO ZAKRYTOGO SOSUDA) 


PMM Vol.22, No.2, 1958, 


pp.254-256 


L. 


S. IVANOVA 
(Moscow) 


(Received 2 July 1958) 


Westergardt [1 ] had solved a problem of the impact of an incompress- 
ible liquid on a vertical weir by expansion into series, in 1931. 


In 1956, Napetvaridze [1 ] tried to extend the Westergardt method 
to the inclined weir, but made an error in his solution. The problem 
of the impact of incompressible liquid on an inclined wal! in the 
presence of an adjacent cover is solved in this paper, applying the 
theory of functions of a complex variable. The obtained solution can 
be applied to the study of the impact of liquid on an inclined dam or 
the impact of liquid cargo on a bulkhead of a ship. 


1. Statement of the problem. The following plane problem is discussed 
here. An infinite container of finite depth h is filled with an incompress- 
ible non-viscous liquid. The side wal] AB is inclined to the horizontal 
plane bottom AC at an angle ma. The top is covered by a plate BD, 

adjacent to the side wall, of length Ah, (where 0< A <0). The free sur- 
face is DC, in the vertical projection (Fig.1). 


4 


8 _|2 


Fig. 1. 
Assume, that after being at rest, the container suddenly obtains a 
velocity Y% in a horizontal direction, The force exerted by the liquid 
on the inclined wall] AB is to be determined. The plane of flow is con- 
sidered as a plane of the complex variable z= z+ yi; the axis x co- 
incides with the bottom of container, the coordinate center is at the 
intersection of the wall and bottom (Fig.1). The impulsively started flow 
of liquid has a velocity potential 4, which is related to the impulsive 
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pressure p and the density of liquid p by the expression (2): 
= — (1.1) 
Thus, the problem is reduced to the determination of the velocity 
potential ¢ of the real part of the complex potential of flow w= 4+ wi 
with the following boundary conditions: the pressures at the free surface 
equal zero, and the normal velocities of the liquid at the walls &S/dn 
coincide with the normal] velocities of the walls v, 


@=Rew=0 on DC, bal =», on AB, AC, BD (1.2) 


2. Solution of the problem. The flow field z, represented by the open 
triangle with angles A= ma, B= mn7(1- a) and C= 0, is mapped on the 


(t) 
(eo) Ctgrarrhehi) 4/0) C yoo) 
(2) 


Pig. 2. 
upper semi-plane of the parametric variable t. Fig. 2 shows the relation- 
ship between points in the physical and the transformed planes. Thus (3): 


dt ds A 24 
In order to find G= Re w, the value of de/dt = (dw/dz)(dz/dt) is to 
be determined by the boundary conditions. On the part of the real ¢ axis 
which corresponds to the inclined wall AB, the cover BD and the bottom 
AC, one has the relation (4): 
dw 09 | dz 


in on | dt 


from which follows: 


(1) Por the part of the ¢ axis which corresponds to the bottom AC and 
the cover BD, ‘= 0; therefore, conforming to (1.2) and (2.2): 

I en 0 for 1<t<ow,t,< t<0 (2.3 

m a ~ co, D™ 


(2) Por the part of the t axis which corresponds to the side wall] AB 
(Pig.1), if follows from conditions (1.2), (2.1) and (2.2) that 
dz | —Av)sin 


dw ra | fo 0<?t 
m — rv sinnt a r 4 (2.4) 

(3) Por the part of the ¢ axis which corresponds to the free surface 
DC, according to (1.2): 


dw 
Re — = 0 fort<t 
dt D 


A function f(t) is introduced for the determination of dw/dt: 


(ty <0) 
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The boundary conditions for f(t) are obtained by the transformation of 
the boundary conditions for dw/dt: 


au 
Im f (t) Im 0) for |<t<a 


Im f (t) = Im Vt—tp -- Vi=ty th for 0<t<1 
dw 
Im f (t) Im ‘t— for tpn <t<0 
dw 
Im f(t) = Re V for (<tp 


The function f(t) is determined from the values of its imaginary 
given on the entire real] axis. 


=] 
Im 
t) 


Hence, taking in account (2.7): 


f(t) Avy sin 


It follows from (2.9) and (2.86): 


sin ( 


(2.10) 

‘t—tp 

Integration on ¢ along any contour gives, by-passing the singular 

point and determining the arbitrary constant from the condition d/(¢t) 
Re w(t) = 0 when ¢t = th : 


2A 


e(t) = — 


where = 


The pressure at a point of the side wall is obtained after substitu- 
tion of d(t), taken from (2.11), into (1.1): 


p(t)= 


(tg 0)'—** In | 


The constant A is determined from (2.1), because 
y= IMz=2h when t= 0 


The relationship of ty with A, where Ah is the length of the cover 
(Fig.1), can be determined from (2.1). 


Parametric equations of the curve of pressure variation along the side 
walls can be easily determined from (2.12) and (2.1). Approximate computa- 


fit) = (2 8) 
a= 2 
sin? 
th ‘ 
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tions were performed for the following particular cases, using 


(Pig.3) | 9. (Pig.4). (Pig. 5) 


Pmax Fo,h 


The graphical representation of p as a function of y, based on these 


approximate computations, is shown on Pigs.3,4 and 5, taking p° = p/pv, 


4. Fig. 5. 


Fig. 


Thus, the cover substantially increases the impulsive forces acting 


on 


the side wall. The influence of the angle of inclination of the side wall 


is clear from the comparison of Pigs. 3, 4 and 5. 
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OSCILLATION OF A CASCADE OF THIN SECTIONS 
IN INCOMPRESSIBLE FLOW 


(KOLEBANIIA RESHETKI TONKIKH PROFILEI 
NESZHIMAEMOM POTOKE) 


PWM Vol. 22, No.2, 1958, pp.257-260 
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(Received 2 July 1958) 


The method of solution presented in [1] lends itself to the analysis of 
the perturbed fluid motion and the hydrodynamic forces due to the oscilla- 
tion of thin cascades. Specifically, consider a cascade consisting of an 
inclined row of flat blades of width d and period I! exp if (see Fig. 1) 
(i=/- 1). The study of the perturbed motion about such cascades is 
directly related to the problem of the flow in turbomachines. An approxi- 
mate solution of the problem of small oscillations of the cascade, in 
which the effect of the oscillating cascade is represented by a system 


of concentrated vortices, is given in [2 Be 


In what follows, we assume ,that the time-dependence of the normal 
velocity vn and the velocity potential of the fluid motion depends on the 
exponential factor exp jot, where the imaginary index j=ef-1 is to be 
distinguished from the imaginary index i av— 1 which appears in the vari- 
able z= x+ ity. We separate the complex potential into two parts, w, (2) 
and »,(z), where (2) defines the non-circulatory flow about the cascade, 
and #, (2) is the solution of a homogeneous problem (cf. {1]). In the 
example under consideration, w(z) is a periodic function with period 


lL exp if, and the functions ¥ and * satisfy on the blades the conditions 


dw 
Im 7 = Im wy 
dz 


where A is a constant, to be determined. 


The oncoming flow with velocity Y% approaches 
the cascade from the direction x < 0; thus the 
function f(z) = r+ is is related to *, through 
the relation (ref. [1 ]) 


dw \ 
+ Up = (2) 
Pig. 1 


It follows, due to (1), that on the blades we have the condition 


f (z) 
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Im f 
Besides conditions (1) and (3) there exist the equations 


fim 


lim f ) for 2; . 
which express the fact that ahead of the cascade the fluid is not per- 
turbed. 


It is known that the function 


conformally maps the given cascade in the z-plane onto a vertical cascade 
in the u-plane, consisting lat blades of width 2a and period wi. The 
edges of a blade in the z-plane correspond to points in the u-plane for 
which 


From relations 
rsh(shasin 


s 3arsin(tha 


In the u-plane the conditions (1) for the function w, transform to 


conditions of the following form on the segments (—a, a). 


Im n dn (S) 
We represent the function dw,/du in the form of a sum F. + F.; then it 
follows from (8) that on the segments (—a, a) the functions F, and F, 


satisfy the conditions 


where the plus sign indicates an approach to the segment (—a, a) from 


above, while the minus sign indicates an approach to the segment from be- 


low, 


It is clear that F,(u) represents a velocity potential function which 
gives a distribution of sources on the segments (—a, a), while F,(u) is 
the velocity potential function which gives the effect of a distribution 
of vortices along these segments. It follows that for the non-circulatory 
flow it is necessary, apart from conditions (4), that Im F.(u) = 0 for 
u+cc, Applying the methods of the theory of cascades [ 3 f, we obtain 
the following expressions for the function »s, 


\ — — u) — 1) dE + 
— 2b)" 


| 
4) 
‘ chu + (sh* u sh22) \ 
5 
1¢ 
19 
sin % icos 4 
(7) 
= [sin sh (sha sin 3) + cos 3)| 
7 
l 
sin 3 » 
} 
a 
is 
dw ] 
=- cos 3 (10) 
du 
a 
x 
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e v,, (sh*a — sh? 


dé 


gh (E—u) 
In particular, for pure translational oscillations, we obtain from 
formula (10), 
dw l _ia / 
ed \ (sh*u — sh%a) 
In an analogous way, the function f is determined from conditions (3) 
and (4). We have 


f - {- [1- — shu —,|- du 
(sh*u — sh*?a) '* 2n i (sh*u — 


where [' is a real constant (with respect to i) which, as will be seen in 
what follows, represents the complex amplitude of the circulation around 
the blade. 


For the determination of the constants [ and A we have the condition 
that the velocity be finite at the trailing edges of the cascade, and 
condition (1) for the function Pi Satisfying the condition of finite 
velocity at the trailing edge, i.e. for z= d/2(u= u,), we obtain the 
relations 


I, = 2! sh a(sh asinn3 —(1+sh*asin® 3) *) 


Por pure translational] hearing oscillations, (13) has the much simpler 
form 


= (v,, — = 2! sh a(sh asin § — (1 + sh* @ sin?3) (15) 


We will not satisfy condition (1) for the function w,. Since the flow 
is not perturbed far ahead of the cascade. in the direction perpendicular 
to its axis, we have, from (2), 


#2) dz (16) 


where the integration in (16) is taken along a certain line which joins 
z and a point which is infinitely far ahead of the cascade and ina 
direction perpendicular to its axis. 


Taking into consideration condition (1), we find, from (16), 


a 
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diz 
(L) 

To carry the calculations further, let us examine a contour consisting 
of two semi-infinite straight lines, perpendicular to the axis of the 
cascade and joining, at their ends, the segment (—d/2, —d/2+ | exp #8 ). 
It is evident that the integral of the function f(z) exp JMyz over this 
contour is equal to zero. Therefore, using the periodicity of the func- 
tion f(z) and also relation (12), we will have 


Ug? 


\ Bin) du (t (18) 


Ue 


sh u 
F (u) —- Ae (19) 
(sh? u h?a) 2ri (sh? u sh? a) 
Introducing a change of variable u = —u, + i& and making use of the 
0 3 
identity 


{ 
D, = + —(D, — 


we obtain the following relation 
A=TK,—jpAK, (20) 


Here K, and K, represent functions of the parameters v, d/l and A, and 
are determined by integral expressions (the bar on a letter denotes the 
complex conjugate of the quantity, with respect to ;) 


dé 


p (E) 


K,= \ exp | — 70+) 
0 


{ 
\exp (— 15 + 70+ 


Sh (ug — }§) — 70 
p (&) 


sh (1 sa\ 
(Uo + 15) (8) dé 
p (&) 
ch (uw — + jp 
cha 
p* (E) sh* a cos* 8 +- sin* + 2 sh* a sin® (cos? 3 +- 2 sin? 3 ch? a) (23) 


— up) sin 3 cos 3 la 
sh a sin 3 sin 2— 
p* (8) 
In the given form, Ky and K, may be fairly easily computed with the 
help of ordinary methods of numerical integration. 


sin 20 (1 a sin? 


From relations (14) we find the final expressions: 


r, 
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Here i represents the circulation for vy = 0, that is, the value of 
the circulation which is determined under the hypothesis of stationarity 


a 


cos?3 v,,shé ‘ 
ro : \ [eth Ug) i} ae 
(sh?a — sh*&) 


a 
a 
sins 
msha sh — uo) 
a 


(sh? a sh? 
(25) 


which, for = const, is determined by a very simple expression, as may 
be seen from (15). The function Civ, d/l, BR ) accounts for the non- 
stationary effects occurring during oscillation of the cascade, and has 
the form 

(26) 
We will also determine the magnitude of the hydrodynamic force existing 


on a blade of the cascade. For this, we use the formula [1 ] 


where L. is a contour enclosing the blade and taken counter-clockwise. 


Expression (27) may be divided into two parts: 
Yo 
Using formulas (12) and (24), we find the following expression: 


The force Y, is determined by the non-circulatory motion of the fluid, 
and is related to the effect of apparent mass. For pure translational] 
oscillations we have 


lV, 
Incha, pe (30) 


Existing computations [3 ] show that over a significant range of the 


solidity ratio d/l, the coefficient of apparent mass Ree depends only 


slightly on the inlet angle /?. 
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SOME DEGENERATE TRANSONIC FLOWS 


(NEKOTORYE VYROZHDENNYYE OKOLOZVUKOVYYE TECHENITIA) 
PMM Vol.22, No.2, 1958, pp.260-264 
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We consider transonic motions of an ideal gas which are represented 
in the velocity hodograph by a curve or by a surface. In the second 
part of the note we determine a class of self-similar solutions re- 


presenting plane and axially symmetric flows. 


1. Three-dimensional flows with a degenerate hodograph. 1. The equa- 
ns of a transonic three-dimensiona! gas flow in cartesian coordinates 


A 


Here «x is the adiabatic exponent, U, V, W the perturbation velocity 


magnitude of the critical speed «@ and being directed along the zx 
s. 
Let us consider double waves, that is flows 
ntities vw and w are independent, and 
u“ 
Using (1.2) and equations (1.1) we obtain 


Mu uu 


Every plane const. of the physical space is mapped in the velocity 


hodograph space onto the same surface >. Hence we : sonsider in equa- 
if 


tions (1.3) the variables wv and w# as independent, : the variables y 


and 


z as functions of these independent variables. » have 


and by equation (1.3) 


uu 
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; 
aa 
w 
a MQ ae 
= 
1 
4 
uu. — |) — *)*; (1.3) 
A y A \ \ 
i 
: Zuu_uy iu | 1.4 
| Consider now the function y determined by the equatior [1] 
4 355 : 
q 


~ 


uz - 


Pa u 


Its differential is dy = (y+ xu,)dv + (z+ xu,)de. Hence 


‘ 


Differentiating equations (1.6) for x = const.we obtain 


Now we substitute relations (1.7) into equation (1.4). Setting the 
term not containing z and the term containing z in the first degree equal 
to zero, we obtain two equations which determine the functions w» and y : 

— 1) — 2uu,u, + (uu? — 1) = 0 


— 1) — + (uu,? — 1) x, (1.8) 


After equations (1.8) are solved, formulas (1.86) [1] give the trans- 
formation to the physical space. In the case of conical flows we have 


X= 0 and y/zx= 3/2 = 


2. We note one particular solution of the first equation (1.8). 
One easily sees that this equation admits the transformation group 
U(v, ») = a,~*u(a,», a,»), where a, is an arbitrary non-vanishing constant. 


Therefore equations (1.8) have a solution of the form 


u u (1 9) 


4 : = fy 0) (1.10) 
This equation is itself invariant under the transformation group 

, (€,) = a, *#(a,€,), therefore its order may be lowered. Indeed, setting 

f, = (n,), = In we transform equation (1.10) into an equa- 

tion which does not contain the independent variable explicitly. Next, 

setting dF, /dn, = ¥, and taking F, as the independent variable, we obtain 

the first order equation 


dF, (1 ¥, — 27, 


Solving equation (1.11) and carrying out the second integration 


aF, 
\ ¥, (Fy) 
where ”, is an arbitrary constant, we go over to the physical space by 
the formulas 

w aFy { dF, 


1.12 
x v dy, ok fy / ) 


3. Let us consider axially symmetric flows of the class discussed 
above. We have that 


a 
: 356 0.S. Ryzov 
(1.7) 
| where the function f, satisfies the ordinary differential equation 
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u == u(@), = V+ (1.13) 


and the first equation (1.8) implies that 
ou” — uu’? + u’ = 0 (1.14) 


Interchanging dependent and independent we obtain the well known equa- 
tion solved by Busemann [ 2 |: 


aw” = wo? —y (1.15) 


4. The differential equation of the characteristics of the first 
equation (1.8) reads 


(uu? — 1) dw? + 2uu,u, drdw +- (uu,? (1.16) 


Noting that along the surface = we have du = uidv + uide, we obtain 
from (1.16) the equation 


udu? — dr*® + dw? (1.17) 
This equation determines characteristic curves S. and S on the sur- 
face >, One can show that simple waves are described by such an equation, 


In this case the whole flow is mapped onto a single S curve in the velo- 
city hodograph. 


The formulas 


u=(2t)", r= w= (4.18) 


solve equation (1.17). The corresponding flow in the physical space is 
given by the relation 


(3/, t)~ '*x +- cos fe (t) y + sin (et) 2 + (7) = 0 (1.19) 


where f,(r) and Fi(r) are arbitrary functions of r. This solution can be 


used in computing certain aerofoils. 


2. Self-similar plane and axially symmetric flows. 1. We consider now 
In this case we have by (1.1) 


plane and axially symmetric flows. 


uu, + @, u, = @, (2.1) 


Here w is the component of the perturbation velocity (1) in the direc- 
tion of the radius r, 5 = 0 for plane flows and 5 = 1 for axially sym- 
metric flows. 


is invariant under the continuous trans- 


The system of equations (2.1) 
formation group 


U (x, r) = agr), Q (x, r) (252, (2.2) 


where a. and B are arbitrary constants. Hence system (2.1)must possess 
self-similar solutions of the form [3, 7] 


u = (E,), == = rz (2.3) 


substituting the expressions (2.3) into the equations (2.1) 


In fact, 
we obtain 


| 
VOL. 
an 
| 


) fy + 1) + fa’ + Ee 


Eliminating the function fy from the system (2.4) we obtain a single 
second order equation for the function f, 


1) fo” + (93 +- 7) BEofsfs’ + 4+- 2 (432 + 78 + 3) fg? — Sf’ / 


It is easy to see that equation (2.5) is itself invariant under the 
transformation group ®,(€,) = a,*f,(a,€,), where a, is an arbitrary 
constant, Setting f, = €, “F,(),), n, = In |€,| we transform equation 


(2.5) into an equation which does not contain the independent variable 
explicity. Next, setting f, = €,-“F,(n,). 7, = In |€.|, and taking F, 
as the independent variable we obtain the first order equation 

dF, 

The functions f, and F, are connected by the relation 
2 
ba (Fs 23F;* 3°F oF s') 
The perturbation velocity components are given by 
r \? x \3 


u (qa), a | R (2.8) 


2. Consider the case 8 = 0. Then u = x° f(r), @® = fy(r), so that the 
variables x and r are separated and we obtain solutions studied by Zigu- 


lev [4] fy = * (Cs), fg (Ce), Cs = (2.9) 


Using (2.4) we obtain for the functions f.(¢,) and f,(€,) the system 


2) 
of equations 


fe ffs’ +. (3 3 3y) fe + vole’ == 0 (2 10) 
Consider, in particular, the case y = 0, Then u= r~? £_( 2), @ = 
r7 # (x), that is, the variables x and r are separated and we obtain an- 
other type of flows studied in the paper just quoted. 


3. Consider now the case = —% It is easy to verify that in this 
case equation (2.6) admits the solution 


¥,=2(14 8) (1 ta (2.44) 


Using (2.11) one easily obtains the relation 
fs = A + “Aa 


The perturbation velocity components are now given by 
If the gas flow considered is two-dimensional, so that 5 = 0, then the 
relations (2.13) are the solution due to Falkovich [5 ] which describe 
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the shockless flow in a nozzle near the sonic line. If 56 = 1, the equations 
(2.13) describe an axially symmetric flow in an axially symmetric nozzle. 
The equation of the sonic line reads 


(2 14) 


This equation shows that in an axially symmetric nozzle the sonic line 
is closer to a vertical] straight line than it would be in a plane nozzle 
for the same value of the constant A. This constant equals the derivative 

the center of the nozzle. 


Plane and axially symmetric flows limiting to self-similar ones. 
1. We consider first plane transonic flows. In this case 5 = 0 and equa- 
tions (2.1) are invariant under the transformations r = r, + r°. We use 
the method of the paper [| 6] in which it was shown how to obtain, by a 
limiting process, a new class of solutions from a class of self-similar 
solutions containing an arbitrary exponent which may be increased in- 
definitely. The solutions given in 2(2) have this property. After some 
calculations we obtain 


where the functions f, and f, satisfy the system of ordinary differential 
equations 


(a limiting form of the equations in 2(2) ). 


Eliminating from (3.2) the function f, we obtain a single second order 
differential equation for the function f,: 


(m2E,* — f,’? — 3m’Esf,’ + 4m*f, = 0 (3.3) 
This equation is invariant under the group = and 
can be reduced to a first order equation 


dF, (m? — F,) 


dF; 
hs = In| Es |, fy = Es* Fa (1s), 
The perturbation velocity components are given by 


u— 
(3.6) 


“3m 
If m= 0, then the functions f, and f, are constnat and we have a uni- 
form flow. For a # 0 the integral curves of equation (3.4) are shown on 


@- 


Fig. 1. The essential characteristic of the flows just considered is their 
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asymmetry with respect to the axis r= 0. 


Y, 


\ 


\ a> 


Fig. 1. 
2. We consider now plane and axially symmetric flows simultaneously. 


~ Using the invariance of equations (2.1) with respect to the transforma- 

* tions x= xz, + x we obtain from relations (2.3) a new class of solutions. 
: These solutions, obtained by letting the exponent f increase indefinitely, 
have the form [6 | 

u = e~"* fy (Es), = (Es) (3.7) 


where the functions f, and f,, are determined by the equations 


— 2nfo? — nEsfofo’ + fio’ +- = 0, fo’ 3nfio + n= (3.8) 
2 (limiting case of equations (2.3) ). The function f, must satisfy the 


equation 


— 1) fo” + + fp? - 


As before we introduce new variables 
In Eq, fo = Eq *F 5 (m1), 
and obtain a single first order equation 


(3 — 5) + 2(3 — 8) Fs — 
¥,@F,—1) 
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(POSTROENIYE TOCHNYKH RAZRYVNYKH URAVNENI! ODNOMERNOI 

GAZODINAMIKI I IKH PRIMENENITIA) 

Vol.22, No.2, 1958, pp. 265-268 

V.P. KOROBEINIKOV and £.V. RIASANOV 

(Moscow) 

, (Received 22 October 1957) 


In the study of the properties of solutions of the equations of one-di- 
mensional unsteady motion of a perfect gas in the presence of shock 


waves, discontinuous exact solutions are of great interest. 


At the present time, exact discontinuous solutions are obtained only 
in special cases of self-similar problems [1 ]. To obtain new exact solu- 
tions, the particular solution of the equations of gas dynamics published 
by Sedov [1, 2] may be used, namely 


1 du 


dt 


ves 
P’ (2), 


Here v is the velocity, p the density, p the pressure, P(x) an arbit- 


rary function, r the distance from the center of symmetry, ¢ the time, 


, u = w(t) a function of time, A, B, C are arbitrary constants, s is a 

2 constant, 1 = 1 Bi 3 corresponds to the case of plane, eylindrical and 
. *. spherical waves, respectively, y is the adiabatic index, = rp is the 

Lagrangian coordinate, x= &™ 

Es < An attempt to employ the Sedov solution for the construction of solu- 


tions with shock waves was made by Keller [3 ]. Below a method of solu- 
tion is developed for the case when the shock wave is propagated through 
a gas at rest, whose density p, = p,(r) is variable and whose pressure 


p, is constant. If r,(t) is the radius of the shock wave, then let 


Pe rs 
To construct a closed solution, it is necessary to determine the law 
of motion of the shock wave r,(t) and to find the function P(x). 


We shall assume further that the function P.(r) is known in advance. 


The unknown functions r.(t), P(x), P,{r) will he determined from the 
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requirement that the solution (1) satisfies the boundary conditions at 
the front of the shock wave 
2y—(r—t)¢ 


1. q 


q 
From the first equation (1) and the first condition (2) we have 
y+ire du 
q=i+-3 dr, (3) 
Using the second and the third condition (2) and the values of p, and 
P» from (1), we may eliminate the arbitrary function P(x). We obtain then 
the equation 


This procedure to eliminate the arbitrary function P(x) was indicated 
to the authors by Sedov. 


Primes in equation (4) indicate differentiation with respect to np. In 
the following pz will be considered as the independent variable. 


Eliminating the function q(pz) from (3) and (4), and introducing the 


substitution y = (In rs)’, we obtain a first order Riccati equation for 
y(p) 


5) 
Qu? [x + 


Knowing the solution y = y(z) of this equation we may, using formula 


(3), find the function q(pz) or q(r,), and therefore, also p,(r). 


Having determined p,(f,) and p(&,) by formulas (2), it becomes 
possible, using (1), to find the function P(x), that is, to solve complet- 
ely the stated problem. The solution of equation (5) for x 4 0 and arbit- 
rary y is not expressible in simple form through elementary functions. 

Let us consider several] special cases. 

1). x« = 0. In this case the value of the quantity B is immaterial and 


it can be taken equal to unity. 


Equation (5) is easily integrated and has the solution 


y = pir fe, [1—— 


From this the functions r>(e#) and q(#) are easily found 


a y+! 29 
where 


2 
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Here Cy and ¢, are the constants of integration. 


From formula P,= yp,/e-q we can find P, Eliminating from the 
functions and P, we obtain 


/ 


where 


dyv + 4—v v(3 — y) + 2(y — 1) 
~ 
The function w(t) in this case is of the form 
* , v(y—1)+1 (9) 


where c, is a constant of integration. Using (7) and (9) we find the law 
of motion of the shock wave 


v( + ) 

- 

+ 


Pe (t) (% kt) (10) 
1 


Using formulas (1), (2) and (7) it is a simple matter to determine al] 
the characteristics of motion at the front of the shock wave 


p= 


v(y—14)+2 
rely + —| I} \x (11) 


Let us now find the arbitrary function P(x). Since é, = rap we obtain 
from (7) 


2 { 
y+1 Cy 


From equations (1), (2), (7) we obtain 


2(s + 2) Pr i—y 4y 


Yt1 


Thus, to satisfy the boundary conditions (2), P(x) has to be taken in 
the form 


2(s+ 2 fy 14 


where d(x) is to be found from the equation 
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+ y { 


2). B=0. In this case we find from (4) 


(u) = 


From (1) and (3) we obtain 
Pe (t) 


Just as in the previous case, it is easy to find Px(ro). wlrs), 


@8 well as the form of the arbitrary function 


3). y = 1. Equation (4) can be integrated in this case. A study of 
this solution will not be presented here. The general solution of equa- 
tion (5) for x # 0 and arbitrary y may be obtained, using some particular 
solution, 


We now proceed to the evaluation of the energy. The law of conserva- 
tion of energy may be written down in the form 


viy- 1) 


where E is the energy evolved in a certain period of time in a volume en- 


closed by radii r° and r°”, and different from kinetic or thermal 
energies of the gas (this could be, for example, the energy given off in 
an explosion) 


22 (v— 1) + (v— 2) (v— 3) 
¥ 


The second term in the left-hand side of equation (14) determines the 
initial internal energy of the gas. 


The right-hand side of equation (14) represents the energy of the gas, 
which was set in motion by the shock wave. 


Using (1) and transforming the integral on the right-hand side of (14), 
we obtain a simple expression for the calculation of the energy balance 


(15) 


Employing the results obtained above, it is possible to solve a non- 
self-similar problem of a point-blast in a gas, whose initial density is 
variable. 


In fact, from (1) and (15), letting A= 0, =r, and assum- 
ing that £ is the energy given off instantaneously in a blast, we obtain 


| 

4 

q 

E Pr p(r’,t)r’” pi(r’,t)r’” 

= 


hae 
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From (8), (11) and (16) we find the initial density distribution 


pov (v2 {)v 


where 7° is the dynamical length, 


From (17) it is seen that P,(r) depends parametrically on y and °”. 


Noting that r,(0) = 0, we obtain ¢, = 0. Taking v > O and using (1), (12), 
(13), we find that the solution of this problem is of the form 


9 
a “Pi 


v (y? - 1) 


Thereby, d(€) > 0 is found from the equation 


According to (16), the pressure change directly behind the shock wave 
front is given by the formula 


In the particular case when ¢, = 0, Pp, = 0, we obtain the known solu- 
tion [1 ] of the self-similar problem of the point-blast, for which the 
initial gas density varies in accordance with the law P, = Ayr ® where 


A, is some constant. 


It should be pointed out further, that the solutions studied here may 
be used for problems of motion of a gas in a plane, cylindrica] or 
spherical piston, From the condition of equality of piston velocity and 
the velocity of gas particles adjacent to the piston, we have 

1 du 
dt 
where Ps is the radius of the piston. 


From this we obtain r, = ki /p, where ky is a constant of integration. 
Using (1), we find the piston velocity 


If w(t) is known, and the arbitrary function P(x) is also found, then 
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the piston problem is solved. 


The authors express their deep gratitude to L.I. Sedov for his interest 
in this work and his valuable advice, 


BIBLIOGRAPHY 


1, Sedov, L.1I., Metody podobiia i rasmernosti v mekhanike (Methods of 


similarity and dimensional analysis in mechanics). 4th edition, 
Moscow, 1957. 


Sedov, L.I., Ob integrirovanii uravnenii odnomernogo dvizheniia gaza 
(On the integration of the equations of one-dimensional gas flow). 
Dokl. Akad. Nauk SSSR Vol. 90, No. 5, 1953. 


3. Keller, J.B., Spherical, cylindrical and one-dimensional gas flows. 
Quart. Appl. Math. Vol. 14, No. 2, pp. 171-184, 1956, 


Translated by G.H. 


a 
a 
3 
— 
— 
— 
= 


SUPERSONIC PROFILES WITH MINIMUM DRAG 


(0 SVERKHZVUKOVYKH PROFILIAKH, IMETUSHCHIKH 
MINIMAL’ NOE SOPROTIVLENIYE) 


PMM Vol. 22, No.2, 1958, pp.269-273 


Iu.D. SHMYGLEVSKII 
(Moscow) 


(Received 2 July 1958) 


1. Integral formulae. Let us deal with the problem of finding a profil 
with minimum wave drag in a supersonic stream of gas. Assume a uniform 
gas flow with approach velocity v. parallel to the x axis, and also point 9° 
A and B through which the required profile is to pass (Fig.1). 


Shock wave AC passes through point A, and in special] cases it can 
merge (or degenerate) into the characteristic of the approaching gas 
stream, 


Now draw through point B a characteristic of a second family which 
intersects the shock wave at C. From C draw the characteristic of the 
first family to its intersection on profile AB at point D. 


The flow is determined by equations of continuity and of motion, by 
the Bernouilli integral and by an equation expressing the adiabatic law, 


dewcos 


Ou cos 


where x, y are cartesian coordinates, w is the velocity in terms of the 
critical flow velocity, a; @ is the angle of inclination of the velocity 
with respect to the x axis, p is the gas density in terms of the density 
of the approaching stream p_; p is the pressure in terms of Pio2,”, k is 
the adiabatic index, Ww is a stream function. 


We now introduce Mach angle where = Kp/pw’. 


If line CD is indeed a characteristic, the part of the profile BD does 
not influence flow to the left of CD. It therefore follows that the 


Reprint Order No. PMM 33. 
368 


a 

qe 

\ 
.dweosd , 1 Op \ 
wecos} — — twesin 9 t (1.2) \ 

2 z—i1 2 x—t! 

P a4) 4 
(y) +) 

a Fig. 1. 

j 


Supersonic profiles with miniaum drag 


section BD should give minimum drag. Here the auxiliary problem arises of 
determining the shape of contour BD for the given characteristic CD. This 
problem is exactly analogous to that of axially symmetrical flow referred 


to in [4, 2 l, which is solved in the same way and leads to the following 
results. 


On characteristic BC, the magnitudes of a and @ can be obtained from 
sin 22 + x [usin 29 + 2» (1 — cos 28)] = 0 


S (a) A (a) sin? 


Vx COS | cos 22 


(xt | cos 22 \— 
(2) 2x cos 2a , 


The quantity o(v/) has the following significance. In what follows it 
will be inconvenient to introduce an entropy function. It is more con- 
venient to assume that the gas has passed through shock wave AC, whose 
angle of inclination to the x axis for each value of w equals o(us). The 
quantity Sia) is given by 


2w* 
S (a) | 


W 
The quantities A and » which appear in (1.5) and (1.6) are constant 
Lagrange multipliers. 
Now let us study the full problem. 


Let us denote the contour formed by shock wave AC, the characteristic 
BC and profile AB by L and the region enclosed by this contour by 3. 


From equations (1.1), (1.2), it follows that 
bz (p + ew? cos? ) + ew? sin cos $ = 


If we integrate both parts of this equation over region =, and trans- 
form by Green’s formula to a contour integral, we obtain, 


pw? sin cos dx + (p+ pw* cos? $) dy = 0 (4.7) 
L 


The component y of this integral along the line AB (dy = tan @ dz), 
is equal to the drag of the profile up to a multiplicative constant 
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Now express y in terms of integrals along AC and BC, using (1.7). Along 
the shock wave we have: 


dr 


we dy, dy (1.8) 


Moreover, to the left of the shock wave 


e=i, 0, p 


Along the characteristic of the second family 


cos ($ sin (9 — a) 


dr S (a) A (a) vb, dy S (a) A (a) db (1.9) 


Making use of these equalities, the expression for a and equation (1.3) 
we obtain 


[cos 
x — cos 24 


sin a sin (9 a)|\ay 


where y= p, /(k + 1) / 2 XY ©, is the stagnation density). 


The given quantities = and Y= can, with the help of 
(1.8) and (1.9) also be expressed as integrals along AC and BC: 


etgo 


Vx 


Ve 
\ | S (a) A (a) cos (9 a) |ay 


! 
—— § (se) A(a)sin(®— 2) dy 
Vx 


2. Variational Problem. The following variational! problem arises. For 
given we» X and Y, find the function o(v) which gives a minimum of the 
function (1.10) for iso-primetric conditions (1.11), if a(o) and @(o0) are 
determined by the system of equations (1.5) and (1.6). The latter condi- 
tion may not be fulfilled when a boundary extremum condition prevails. 

From the fact that shock waves can exist in ABC follows the admiss- 
ibility of "piecewise" continuous functions a(o) and @(o) which satisfy 
the shock relations at the points of discontinuity. The permissible 


functions o(v/) are continuous functions. 


We will use the Lagrange multiplier method to solve the problem. Let 
us set up the functional 


ve 
\ (sa) dy 


y=0 
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where 


| »— 1 sina sin — 
D(s) “eo | x — cos 22 | 


-uctgo 


7 S (a) sin (9 1) u cos (> 


oo 


and A, # are Lagrange multipliers which have to be determined. Their 
values can be determined from condition (1.11). Obviously equations (1.5) 
and (1.6) are still valid and determine the dependence of a(o) and @(e). 


The first variation of function (2.1) takes the following form: 


In order to obtain the extremum we equate the expression in front of 


the integral sign to zero. 


( 
= 0 (2.2) 


Inasmuch as permissible variations 5X and SY are zero, we obtain 


= \ Body 


y=0 


In order to obtain the extremum the integrand in (2.3) should be 
equated to zero. This gives ®, = 0, or 


Sin® cos aS (a) s (a) A (2) [A sin (8—2)-+-p cos (9 — = 0 (2.4) 


where 


2x sine 
(x? — 1)(1— W) 1 — W cos* a) sin 
Apart from a, @ and o equations (1.5), (1.6) and (2.4) only contain 
constant magnitudes. It follows therefore that in fulfilling the Euler 
equation (2.4) we obtain a = const. @ = const. o = const. 


in form; 


It might appear that the solution of the problem is simple 
the shock wave is a straight line, behind the wave there is uniform flow 


and the required profile is a straight line. However this is not so. 


Eliminating A and » from (1.5) and (2.4), we then get 


s (oe) A (a) (sin 22 sin 29)+ 


2x sin? 9 Vx 


(a) A cos 2) 0 (2.5) 
sin (> a) 


w 5 (9) sin’? cos 


If we now put the values of a(o,_), A(o,~_), known from the shock 
into (2.5), it is easy to see that the equation is not 


wave expressions, 
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satisfied identically. 


One of the roots of equation « = 0 is o = arc sin a, where M_ is 
the Mach number of the approaching flow. 


For any thickness ratio |= X¥ : Ya solution which satisfies (2.4) and 
the shock wave expressions, is in general] not possible. The solution must 
be found from particular physically attainable flows. The problem is in- 
deed that of connecting the straight line portion of the shock wave with 
the straight line characteristic by lines of the shock wave and of the 
characteristic of the second family which give the boundary extremum. In 
the case of rarefaction flows such lines are those determined by a break 
in the contour AB, 

vi 


The following cases are possible. 


(a) The value « = 0 is attained at some point on characteristic BC in 
the case of an expansion flow (convex profile). 


(b) Value « = 0 is attained in a compression flow (concave profile). 


Let us discuss the first case. Let us construct all the possible flows 
which will satisfy the above conditions and correspond to various thick- 


ness ratios 1. Here one linear dimension may be fixed. Suppose point D 
(Fig.2) represents the point of discontinuity on the profile causing ex- 
pansion of the flow, AF is the straight line portion of the shock wave, 

DE is the straight line characteristic. From point D there emanates a fan 
of characteristics of the first family. EF is the characteristic of the 
second family going through point fF, EKH is the streamline passing through 
E. Such a flow is determined by one parameter, for instance O4- 


Within the field of flow let us take note of line DFKCG, which defines 
the geometric locus of points which embody the following properties. 
Equation « = 0 is fulfilled along DFK, Points in section KG are such that, 
if second-family-characteristics satisfying equations (1.5) and (1.6) are 
radiated from them, then at the points where these characteristics inter- 
sect the streamline FH, and therefore for smaller values of wv, this equa- 
tion « = 0 is again fulfilled. These characteristics and those of the 
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first family from FKG, determine the required profile (Goursat’s problem). 


For such a flow it is not possible to find an explicit expression of 
the transverse condition analogous to (2.2). We will} therefore use a 
numerical method for finding the minimum from the boundary conditions, 
i.e. for each a, we will evolve the attained profile with a given thick- 
ness ratio and then find the minimum of ¥ : Y with respect to O, numeric- 
ally. 


Note: In this problem the boundary extremum is realised and the first 
variation Sy in the solution is not zero. The generally accepted pre- 
sumption that By # 0 cannot give a solution to the problem appears to be 
incorrect. 


TABLE 1 

§ S590 14 319 O66 
0.42522 0.50039 0.60074 70141 
| 0.99369 980906 0.957 
0.11217 0.19420 0, 7 
Th 0.10892 0.17266 0, 32390 28030 
Yn 0.01245 478 714 11323 
Ce mir 0.09697 0.19401 (). 3388° 49994 

0.09698 | 19403 0. 33888 49999 

3. Examples. Fig. 2 shows the relation o,(M) which satisfies « = 0. 


Line ab is determined by the equation: 


whilst line cd gives the second root of « = 0, and line ef the third. 


sin 


Line af corresponds to a sonic velocity beyond the shock wave. Region I 
is not physically possible (a rarefaction shock), region II corresponds 
to concave profiles while region III is convex. Results of calculations 


made for i = 3 are shown in Table 1, and the profiles are shown in Fig. 4. 


6G 
est 
| rupture on 
| breakage a 
023 »> 


: 
— ! 
Zz 
—= 
a as 
Fig. 4. 
q 
| 4 


Tu. D. Shmyglevskii 


c. is the coefficient of wave resistance. From Table 1 and Fig. 4 it 
is clear that minimum drag profiles, that is for the calculated cases, 
are to all intents and purposes wedge shaped, whilst any gain in ¢. is 
negligible. The group of characteristics occupies only a small angle; the 
profile consists of two straight sections AD and DB’. The curved portion 
of profile B’B is very smal! indeed, For example for profiles of thickness 
ratio | = 2.5966, after finding c 
Table 2 were obtained. 


the values of (0,4) shown in 


The value o,= 0.7000 corresponds to the case when characteristic BC 
goes through point F (Pig. 2). 


4999236 

(). 6980 499993 | 0.701: 49992 
0.6990 499979 | 0. 499935 
7000 499954 | 49993. 
499949 499936 

.499945 | 0.7020 | 0.499938 

499941 .7040 | 0.499980 

499938 | 0.7080 | 0.500109 
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SELF-SIMILAR SOLUTIONS OF THE LAMINAR 
BOUNDARY LAYER EQUATIONS FOR A COMPRESSIBLE 
FLUID INCLUDING HEAT TRANSFER 


(AVTOMODAL’ NYE RESHENIIA URAVNENII LAMINARNOGO 
PROGRONICHNOGO SLOYA V SZHIMAEMOI ZHIDKOSTI) 


PMM Vol.22, No.2, 1958, pp.274-279 


A. Sh. DORFMAN, N. I. POL’ SKII, and P. N. ROMANENKO 
(Kiev) 


(Received 12 January 1958) 


In order to obtain useful solutions to various problems in boundary layer 
theory, attempts have been made to transform the partial differentia] 
equations to ordinary ones. Thus the so-called similar or self-similar 
solutions have been obtained. For the case of flow of an incompressible 
fluid without heat transfer the question of describing all self-similar 
solutions has been studied conclusively [1, 2). 


In the case of a compressible fluid the results of various studies to 
determine self-similar solutions (in the sense of the definition given 
below) for flow past a plate were described in [3]. Certain self-similar 
solutions were found for a compressible boundary layer without heat 
transfer in [4 and including heat transfer in [5]. However, [5] did 
not exhaust all the self-similar solutions in the sense indicated, The 
present work enumerates, for the case of a compressible fluid including 
heat transfer, all self-similar solutions of the boundary layer equations, 
It is shown that no other self-similar solutions exist. 


The motion of a compressible fluid in the boundary layer is determined 
by the following system of equations {3 ] 


Here p, p, T and pw are the pressure, density, temperature and coeffi- 
cient of viscosity, u and vw are the velocity components along the x and 
y axes, @ is the stagnation temperature of the stream, F the mechanical 
equivalent of heat, cp the specific heat at constant pressure, « the 


Reprint Order No. PMM 34. 


. 

te Sy By ) a / Oy Ee, “ dy 
where 

375 
| 


a 


A.Sh. Dorfman, N.I. Pol’skii, and P.N. Romanenko 


coefficient of thermal conductivity and o the Prandt!] number. Further- 
more p,, ~, and T, denote the stagnation pressure, density and temperature 
of the external stream (that is, for y + ~), U the speed of the external 
stream and uw, the value of the coefficient of viscosity at T= T7,. Hence- 
forth it is assumed that p/p, = T/T... 


The value of the temperature at the wall is denoted by r(x). Then the 
boundary conditions for the system (1) will have the form 


u = = (x) 
= U(x), 6 = T. 


Similar to what was done in | 4 P we introduce new variables analogous 
to those of Dorodnitsyn: 


Po 


where a is a certain constant, the choice of which will be discussed 
later. We introduce the symbols 


2k Pe\* On T, 
Umax = SRT u\ jz +” Pe) T 
and dimensionless quantities according to the formula 


Yo 


n= nL, = (6 +1) Ty, t = (T+ 1) To 


where L is a certain characteristic length, k the adiabatic exponent and 
R the gas constant. We transform the system of equations (1) to the form 


(2) 


(3) 


Here the bars have been dropped from all quantities. All] quantities 
considered henceforth are dimensionless. From this system three quanti- 
ties are to be determined subject to the following boundary conditions: 


u= v= 0, = (€) at = 0 
u= U(é), d=0 at = 


Let € and €* be two arbitrary fixed points on the wall in the &,n 
plane. Also u(&,n), and u(&*,n), O(€*,n) are the corresponding 
profiles of the quantities u and @ at those points. The question arises 
whether it is possible to perform a similarity transformation of the n, 
u, and @ axes (with, generally speaking, different coefficients of 
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expansion or contraction) such that the profiles u(&,y) and 0(&,n) be- 
come precisely congruent to the profiles u(é*,n) and O(&*,n). If this is 
possible, then 


tu (=*, Bo), 0(E,n) = CO(E* Bn) 


It is understood that the factors A, B, C depend on & for a fixed &, 


Definition: If the indicated transformation is possible for arbitrary 
é. then we say that the problem has a self-similar solution. 


Since €* is fixed, taking X = B(&)n and introducing instead of f(X) 
the function 


AX) = \ 


we obtain 
u (2, 7) 1(2)f (XN), 0 (E, mn) = C(E) 2 CY) (5) 


The question is now investigated for which distributions of velocity 
ucé) and wall temperature r(&) the system (2) - (4) admits of solutions 
of the form (5). 


Ifm = 0 then X= 0; if 7 + wo then X+ wo, Therefore from the bound- 
ary conditions and the first of the relations (5) we find ¢’ (0) = 0. 
Moreover U(é) = A(E) Gh’ (oo). There is no loss of generality in normalizing 
&’(X) such that G’ (oo) = 1. Then A(&) = U(E). Analogously, from the second 
of the relations (5) and the boundary conditions we obtain g(o) = 0. Also 
r(€) = C(é) g(0). Normalizing g(X) such that g(0) = 1, we obtain C(é) = 
r(€), Now the relations (5) assume the form 


u (2, 7%) = U (&) 9’ (X), 6 (E, (6) 
From the first of the relations (6) and equation (3) we obtain 
» UR 
Since V(&,0) = 0 we conclude at once that (0) = 0. 


(X) 


Substituting relations (6) and (7) into equations (2) and (4), we ob- 
tain after some transformations 


UR’ 
B 
In these equations @ and g are unknown functions of X satisfying the 
boundary conditions 
9 (0) = 9 (0) = 0, 9’ (co) = 1, g (0) 1, g (co) = 0 
and U, B, andr are functions of &. If similar solutions exist, this 
means that for proper choice of the function B(&) equation (8) becomes 


VOL. : 
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an ordinary differential equation. 


In the present work all functions U andr are found for which such a 
choice of B(&) is possible. The cases o # 1 and o = 1 are investigated 


separately. In the first case the following theorem arises: 


Theorem 1. If o # 1, equation (8) reduces to an ordinary differential 
equation only if simultaneously U = const andr = const. Then the func- 
tion B(é) is determined uniquely to within a constant multiplier. 


Proof. We set a = 1 in our equations: that is, 6 = 0. If U= const 
then equations (8) take the form 


In order that the first be an ordinary differential equation, it is 
necessary that the expression UB’/B’ should not depend on é; that is 
UR’/B’ = const. Furthermore, all coefficients in the second equation must 
be constants. This means that Ue /r = const and consequently r = const 

and r* = 0. We now show how to find the function B(é). By multiplying it 
by a constant factor we can change the quantity UB’ RB’. Thus we will 
choose B(&) such that UB’/B’ = —2, Hence it is easy to obtain 


ab +b \ l 


The system of equations under consideration takes the form 


+209 0, g” +20 og (1 —o) 


This system was considered in detail in |]. 


It remains to show that equation (8) does not reduce to an ordinary 
differential equation of U # const. Now in this case dividing the first 
of equations (8) by u” we obtain 

af 2) B’ 1} oo’ l *) (Q) 

This is an ordinary differential equation if 

UB (1 — U*) 


. const, const (10) 
/ 


t const, (1 


After multiplication of the second of equations (8) by (1 — uv )/u’ 
we find 


Hence we conclude that 


oa. 
+ 
= 
9” —U 99” =0 
19! 
= 
const 
| 
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4 Comparing with (10a) we obtain W” = const, which contradicts the 

5 assumption, Thus the theorem is proved. 

+ Now we consider the case when o = 1. In the proof of Theorem 1 it was 
e. shown that under the condition U # 0 in order for the first of equations 


(8) and hence of (9a) to reduce to an ordinary differential equation it 
was necessary that r = const. 


l. This means that in order for the system (8) to be a system of 
ordinary differential equations it is necessary that one of the condi- 
tions U = const or r = const be satisfied. 


We consider first the case when U = const. Assuming again a = 1, 
5 = 0 and o = 1 we write the system (8) as 


— 


{ 
£9 B? 1 

\ ab 4b Uj 
Hence it follows that 


U 


Ub) const 
Setting 4 Ub= c and (4& + Ub)r’/r = 4n, we find that to within a 
constant multiplierr = (€ + c)" and the system of equations assumes the 


form 


0, ” + + = 0 (11): 


29° 


The first of these equations is the well-known Blasius equation, whose 
solution is tabulated. The second is linear in ¢ and can be easily 
solved with sufficient accuracy, for example by Galerkin’s method. We 


have proved the proposition. 


2. If o = 1 and U= const, equations (8) reduce to ordinary ones only 


when r = (€ + c)", Then the system assumes the form (11). 


Remark. If o = 1 and U = const, equations (8) reduce to ordinary ones 
also for r = Ae >, However, it is then necessary that B = const. and the 
first of equations (8) assumes the form d°°” = 0. But the solutions of 
this equation do not satisfy the boundary conditions of the problem, 


We now consider the latter case: 0 = 1, r = const. Then the system (8) 
assumes the form 


‘UR \ B21 


(i — U2) 9’? = 
24 
(i—u*y 


We investigate for what U(é) these equations become ordinary ones. 
This obviously occurs only when simultaneously 


const, 
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Differentiating the second relation, we readily find 


We substitute this expression into the first of equations (13), also 

denoting the constant on the right side by i Then 
(14) 

We recall that 5 = k(a — 1)/(k — 1) and that a can be chosen arbi- 
trarily. We first choose a so that 5 — 1 = A'. In this case the equation 
acquires the form: UU” = 2(1— A'yu**. It is easily seen that al! solu- 
tions of this equation are expressed as powers or exponentials as 
follows: 


U = (aE +b)" for 3=+ 2, for 5=2 (15) 


Here also in the first case B = 2n/(n + 1). Now B(E) can be found from 
the second of the equations (13). Without loss of generality H can be 
normalized such that 

B* (1 — U*) - B? (1 — U*) 
U' a — wv?) | 
Here the sign on the right side agrees with the corresponding sign in 


the relation: sign U” = *+ sign B. In the case of a plus sign the system 
(12) takes the form 


99" = 3 "+ 98" (p 


and in the case of a minus sign 
+ 


Now if @ is chosen such that 8 - 1= A@', then in the &,y plane (where 
the variable é depends on a) equations (8) can be reduced to ordinary 
ones if u(é) is expressed in the form (15). However, if a is chosen 
otherwise, in order to find those U(é) for which equations (8) become 
ordinary ones it is necessary to solve equation (14). Recuding its order 
we obtain 

dl 


as 


(16) 
where K is some constant. Hence it is possible to find the relation bet- 
ween U and € simply by integration. We notice, among other things, that 


ford -1= this equation takes the form dU/dé = KU, all solutions 
of which are given by equation (15). 


If a is chosen such that 5 ~ 1 = @' then the rule of variation of 
ucé) for which self-similar solutions are possible is expressed most 
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simply in the appropriate En plane. But if @ is chosen otherwise, then 
the variable &€ is different and the law for U(&) changes. Nevertheless, 
wahtever a may be, upon returning to the variables x, y we find always 
the same rule for U(x). What is indicated above permits formulation of 
the proposition: 


3. Ifo= 1 andr = const, then equations (8) reduce to ordinary ones 
only when the law of distribution of the velocity U(&) is expressed, for 
suitable choice of a, in the form (15). 

Remark, In investigating the system (12) we put 

(UB’ \ { 
(1 
assuming that this quantity was different from zero. However, if it is 
set equal to zero the second of equations (12) immediately gives 
g’ = 0. The solution of this equation is a linear function, which cannot 
satisfy the boundary conditions for g(X). So in this case a self-similar 
solution clearly does not exist. We note that in the absence of heat 


transfer the assumption that UB’/U°B — 1 = 0 corresponds to a contract- 
ing duct in the &,9 plane and leads to a self-similar solution [4 }. 


The proofs of statements 1, 2 and 3 can be combined into the follow- 
ing theorem. 


Theoren 2. In order that equations (8) be ordinary differential 
equations when o = 1, it is necessary and sufficient that one of the 
following conditions be realized: 

1. U=—const, t= A(E+c)" 2.ct¢=const, [ 
3. t=const, U 

Here the function B(é) is determined uniquely to within a multipli- 

cative constant. 


For these systems it is still necessary to solve each time a one- 
dimensional boundary value problem on the half axis. In the present work 
the questions have not been considered of existence and uniqueness of 
the solutions of the indicated boundary value problems. These problems 
are very complicated and have not been investigated very far. In [7], 
for example, it is shown that in the case of an incompressible fluid 
without heat transfer (that is, rg = 1) the equation + dd” = 
B ih’? — 1) for 8 < 0 has infinitely many solutions satisfying all the 
boundary conditions, In this case from all the solutions a certain one 
is distinguished which has a particular form of growth at infinity. 


The problem has been solved above of finding all self-similar solu- 
tions of the system (2) - (4) in the &,7 plane in the sense of the 
accepted definition. As is readily understood, solutions that are self- 
similar in this sense will not, generally speak ing, be self-similar 
solutions of the system (1) in the xz, y piane in the analogous sense. 
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QUASI-STATIONARY FLOW OF A GAS FROM A 
CYLINDRICAL CONTAINER OF VARIABLE VOLUME 


(KVAZISTATSIONARNOYE ISTECHENIE GAZA IZ 
TSILINDRICHESKOGO SOSUDA PEREMENNOGO OB’ EMA) 


Vol.22, No.2, 1958, pp. 279-285 


I.M. BELEN’ KII 
(Moscow) 


(Received & July 1958) 


One considers the problem of the flow of gas through a small opening 
in the frontal wall of the cylindrical container, the rear wall of 
which is movable. While the gas is leaving the container the latter 
is being replenished with a new gas. This problem is of interest in 
the theory of gasoline engines, in the field of internal ballistics, 


etc. 


1. Formulation of the problem. One introduces into a cylindrical con- 
tainer, the rear wall of which acts as a heavy piston displaceable under 
the action of expanding gases, a gas at temperature TY, (this temperature 
could be the combustion temperature of the fuel) having no initial velo- 
city. The gas streams from the container through a small opening in the 
frontal wall into a medium without a backpressure, so that at the loca- 
tion of the opening one obtains the critical flow and therefore the 
velocity of the gas at the exit equals the local velocity of sound (see 
the figure). 


| Prt) 
T(t) 


Pig. 1. 

The greatest difficulty in the non-stationary problem here considered 
- the problem of the outflowing gas - consists in the intrinsic motion 
of the gas within the cylinder, inasmuch.as the interaction of waves 
reflected, both from the piston and from the frontal wall, and propagat- 
ing in the moving gas presents a formidable physical! picture. 

Thus, in the solution of the Lagrange problem as proposed by Love and 
Pidduck [1], the formulas relating to the second reflected wave become 
already so complicated that their practical usefulness becomes rather 


questionable. 
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Here we shall adopt the following approximate formulation of the 
problem. We shall assume that after the propagation of the first few re- 
flected waves a condition is being attained in the gas during which the 
basic state parameters, namely the pressure p, the density p and the 
absolute temperature T, vary little at a given instant of time from one 
point to another and remain functions of time t only; i.e. p= p(t), 

p =p(t) and T= T(t). 


If the diameter of the container is great by comparison with the 
opening of the exit and the mass of the piston sufficiently large by 
comparison with the mass of the gas within the container, then one may 


neglect the self-excited motion of the gas within the container, putting 
the velocity of the gas u= 0. 


The layer of gas next to the piston has obviously the velocity equal 
to that of the piston v(t). This circumstance can be taken into consider- 
ation in formulating the equations of motion and of energy, if instead 
of the mass a2 of piston one considers its induced mass ¥M. 


2. Equation of Energy. If during the time interval dt, G.dw ke of 
gas at temperature T, enters the container, then the amount of energy 
which is being conveyed along with the gas to the container equals 


where R ts the gas constant, c. the specific heat at a constant pressure, 
c, the specific heat at a constant volume and w is a dimensionless 
quantity equal to the ratio of the amount of gas entering the container 
at time ¢t to the total amount G, kg of gas entering the container. 


The energy dE thus entering the container is expended in changing the 
internal energy dE, of gases within the container at the time ¢, on the 
energy dE, carried by the gases streaming through the opening and on im- 
parting the kinetic energy dE, to the piston and adjacent layers of gas. 
We shall calculate all those energy contributions. If G(t) denotes the 


mass flow of gases streaming through the opening and n(t) is the relative 
expenditure of gases 


{ 
(t) —\ G(t)dt (2.1) 


then at time t one finds in the container G, ( - n) ke of gas at some 
temperature T < Ty. and therefore 


In order to find the amount of energy dE, carried by the gases stream- 
ing through the opening during the interval dt we shall use the formula 


ry 
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for the density of energy flux j through an arbitrary surface [2 ] 


j= (> + ‘)eu 


where wu is velocity of the gas, p the density and i the enthalpy. 


Since the absolute value of the vector j equals the amount of energy 
streaming per unit time through unit surface normal to the direction of 
the velocity u, then it follows that 

dE, = (= RT; ) Gdt 

2 k— 

where a, and TY, are the velocity and the temperature of exit gases res- 
pectively. If the flow of gas takes place into a medium without a back- 
pressure (or a very small one) and the pressure within the container is 
sufficiently large to establish a supersonic flow during gas expansion 
(similarly as in the case of the deLaval nozzle), then, as is known {3], 
a critical condition of flow is being established in the exit opening. 


Considering the flow of gas as quasi-stationary, i.e. as a continuous 
change in time of stationary states, we shall use formulas given by the 
stationary flow theory [3 ] in order to find the critical velocity of 
the flow u, and the temperature un 

2k 2k 2 
where p(t), p(t) and T(t) are the pressure, the density and the tempera- 
ture of gases in the container from which the flow takes place. Sub- 
stituting the values of a, and T, found in this manner into the: formula 
for dE. and observing that Gdt = Gd) we obtain 


k 
dE, = RG.Tan 


The change of kinetic energy of the piston including the adjacent 
layers of gas equals 


< 


Here M is the induced mass of the piston and v(t) the velocity of the 
piston, 


Equating the input and output of energy 
dk = dF dE, -+ dk, 


and introducing the dimensionless parameters: temperature r = 1/T, and 
piston velocity v = v/v where v is a characteristic velocity equal to 


M (k —1) k(k—1) M 


and c= vier, is the velocity of sound in the gas during its adiabatic 
expansion at temperature Ths we obtain the basic energy equation 


a 
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dy = — + 


which can be reduced to the following form 


(4—t) db = (¥ — yn) de + (k — 1) +- d(v?) 


3. The basic relationships. The equation of motion of the piston 
reads 


Sp (t) (3.1) 
where S is the area of the container cross section and p(t) is the press- 
ure of gases in the container. 


The amount of gas introduced into the container depends on many 
factors. We shall consider here the simpler but at the same time very 
important case when the elementary amount G,dwW kg of gas introduced 
into the container during the interval dt is proportional to the element- 
ary pressure impulse of the gas pdt, i.e. G.dw = Bpdt, where B is some 
constant. Consequently 


G dy Bp(t) 
Eliminating from equations (3.1) and (3.2) the elementary impulse pdt, 
and after integration, we obtain the velocity of the piston 
SG 


WB 


where wu. is the fraction of gas introduced into the container at the 


) 


moment when the piston begins to move. The time rate of the gas flow 
G(t) corresponding to the critical condition of flow can be expressed on 
the basis of stationary flow theory [3 ] in the form 


p(t) 
Veit 


(t) 


where the constant D has the following value 


D= i) V a, 


and S, is the cross section of the exit opening. 


Using the above values for G(t) and the formulas (2.1) and (3.4) 
find 
D pit) 
at V tit) 
and from the system of formulas (3.2) and (3.6) after elimination of the 
elementary impulse pdt we obtain 


(3.6) 


dv, D 1 


dy 
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Substituting the found expression for r into equation of energy (2.4) 
and using the relationship (3.3), after some simplification and dividing 
all the members by a factor dwW/dn # 0 we obtain the following nonlinear 
differential equation of the second order 


- d vo) (3.8) 
dn 


(3.10) 


We shall determine the initial conditions from the fact that the 
moment at which the gas begins to flow out of the container coincides 

with the beginning of the movement of the piston, and the temperature of 
the gas equals at this time T = qT. i.e. for 7 = 0 we have w= W, and 

Consequently on the basis of (3.7) 
(dy B 
dn, 


The variables and vary in limits W< 1 (w= 1 corresponds to 
the end of gas supply to the container) and 0< n « 7,, (the value Ms 
corresponds to the time when w= 1). 


We shall consider various cases of integrating the equation (3.8). 


4. The flow of gas out of the container having constant volume. One 
obtains this condition when the piston, which is formed by the rear wal] 
of the container, is stationary. This of course can be attained by 
assuming that the mass of the piston is infinite, i.e. G./M= 0. In this 
case the parameter A (3.10) becomes zero and the basic equation (3.8) has 


the following form 


(4.1) 


Jy dé 
az 


i} 
dy 


Equation (4.1) can be integrated by means of the following substitu- 


tion 
(4.2) 


Taking derivative with respect to 7 we obtain 


do dx 
dz dv, 


(x — 1) (x) + (¥ — n) 


Substituting now for (W — »)dx/dn from equation (4.1) we obtain, 
after separation of variables, the following relation for the function 


d(x): 


dz (4.3) 


a 
Here 
1/BY k—{ 
2\D] 2 2 
2k 2 M \S,/ 
Qc 
- 
a 
a 
: 
? A+ Ag 2 
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where the notation has been introduced: 


k k BY 


Integrating (4.3) and substituting the found expression for d(x) 
into (4.2) we obtain 


2 (xy 1) 2 (72 1) \ 
(y ) 1) (2 Lo Le ry 


Constant c is determined from the condition that at the moment the 


flow starts = 7 = 0, and x = where 


B 


The equation of state pw = RT will be used to determine the gas 
pressure p(t). Since T= T,r, and the specific volume w» = W,/G, (iW - n), 
where Y, is the volume of the container from which the flow issues, then 


RT, 
p(t) ii G, n) 


Using the expression (uv — 7) determined from (4.4) and noting that 
the dimensionless temperature on the basis of (3.7) and (4.5) is 


‘ay \? r\? 
D \ 1.6) 
\ B dn, 


T=| 


we obtain the following from the state equation pw = RT 


p(z 


We shall discuss the condition of the extreme value of pressure with- 
in the container. Taking the logarithmic derivative of p(x) and using 
the values of a, B, z,, x, and xz, we obtain 


2hp (a 


az riz r,)(z Ts 


from which follows that for the value of x = kot, 2 the pressure of gases 
in the container will attain an extreme value, since it can be shown 
that the second derivative d‘p/dx* is different from zero at x = kote 


The analysis of expression d’p dx* at xs = k *x.* shows that its sign 
depends on the sign of expression A = (kot, 2 ao 1); thus: 1) for A> 0, 
corresponding to the value x, > Ve the gas pressure is a minimum, 2) 

for A < 0, corresponding to x, <Vk. the gas pressure is a maximum, If 

A = 0, which corresponds to the case Z, = Yk, the problem needs an addi- 
tional investigation. In this case, as will be shown later, a stationary 
process of gas outflow takes place at a constant dimensionless temperature 


r= ai. the gas pressure in this case weil] remain constant. 


5. The stationary flow of gas from the container. Suppose, starting at 


: J 
388 
‘ae 
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a certain instant, the dimensionless inflow of gas dw equals the 
dimensionless outflow dy and consequently 

dy 

d n 


From relations (3.7) and (4.5) 


r 


and as a result the expansion of gas in the container will be isothermal. 
Considering now equation (3.8) and noting that dw/dy = 1 and 
= 0 we obtain 
Ae + Ay + As 


It follows from the above that the constant A (3.10) should be zero 
and therefore 


Ae +- Ay + Ag=0 (5.2) 


{ 


The fact that parameter A (3.10) vanishes reduces to the condition 
G./M = 0 and this corresponds to the stationary rear wall of the con- 
tainer (since the mass MW of the piston becomes infinite in this case). 
The result thus obtained indicates that the stationary process of flow 
here analyzed can occur only from a container having a constant volume. 


Substituting into equation (5.2) the values of coefficients A; (3.9) 
and using relations (5.1) we find that r = gi, i.e. the ratio of the 


gas temperature T within the container to the temperature T, of gas 
entering the container remains constant and equal to the ratio of specific 
heats This result is known as Langevin’s theorem [4, 5 


It should be pointed out that the Langevin formular = at may be also 
obtained starting from the energy equation (2.4), if one assumes that 
0, dr = 0, and dw = dn. This yields (1- kr )dwW = 0, from 
which one obtains the Langevin formula. 


6. The flow of gas from a container with a moving wall. We shal! con- 
sider the flow of gas out of a container with a moving wall from the 
instant when the supply of gas to the container is being stopped; this 
corresponds to the value of dimensionless variable w= 1. The correspond- 
ing energy equation is obtained if in equation (2.4) we put w= 1 and 
dw = 0. 


This yields 
(k—1) (6.1) 


From the system of equations (3.1) and (3.6) through elimination of 
the elementary impulse pdt we obtain 


: 
a 
4 
4 MD 
4 
q | 
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Using the dimensionless velocity v = v/v , the dimensionless tempera- 
ture r can be determined as 


1 (6.2) 
A \dn, 
where the constant A is defined as before by expression (3.10). Sub- 
stituting the expression (6.2) for r into the energy equation (6.1) we 


find 


A ay an y dn f 
Dividing by the factor dv /dn # 0 and introducing a new variable 
y= 1-7, we obtain 
(6.3) 
ay 
It cen be directly verified that this equation can be reduced by the 
change of variables 


y (y) (Z) (6.4) 


where the constant n= %(k + 1), to the following Bessel equation 
au { dW me 
Z dz Z* 


It is known [6] that if n is not an integer, which happens to be the 
case in our problem, then the general integral of equation (6.5) can be 


expressed by means of Besse! functions of the first kind J,(Z) and J_,(2): 


W (Z) C,J,, (2) CJ (2) 
where C, and C, are constants determined from initial conditions. 


We shall switch now from the variables Z and W to the variables y and 
v for which purpose we shal! use formulae (6.4). Incorporating constant 
multipliers into the constants C, and C, we obtain the following ex- 
pression for the dimensionless velocity vw of the piston: 


v(y) = y 10,J, (2V Ay) + _,, (2) Ay)} (6.6) 


t n 
Using formuia (6.2) we can determine the dimensionless temperature r: 
{ dy 
VA dy 
If now by means of (6.6) one determines the derivative dyw/dy and 
then uses the well known relationships [6 ] 


1 (4) J (Z), 7 J. J (2) J n4+1 (Z) 


one obtains after some simplifications the following expression for r: 


C,J _, (23 Ay) (2V Ay)} (6.7) 


n 
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Equations (6.6) and (6.7) fully solve the problem. In order to 


determine the constants C, and C, one has to make use of initial condi- 


tions: when 7 = My then r = r, and v = Vie 


The formulae obtained above can be transformed if expansions of 


Bessel functions are used: 


Substituting this expansion into (6.6) and (6.7) and observing that 
Z =2VAy, after some simplification we obtain: 


v (y) (A, y) C,°®, (A, n, y) (6.8) 


Ve Ri (A, 4 C,° Ry, (A,n, y) (6.9) 


and the functions ®, (A,n,y), ®, (A,n,y), R, (a,n,y) and R,(A,n,y) have 


the following expansions 


>, A 


The coefficients A. - and A. - entering into these expansions are 


determined by means of the following recurrence formulas 


! 


Coefficients A. 
into 


obtained from A, by means of changing na 


The gas pressure p(t) and also the piston trajectory can be found by 
assuming an adiabatic expansion of gas and by using the Poisson adiabatic 


equation pot = p,»,* where Py and * are respectively the pressure and 
specific volume of gases within the container at the moment when the 


process begins. 


BIBLIOGRAPHY 


1. Love, A.E. and Pidduck, G.B., Lagrange’s ballistic problem. Trans. 


R. Soc. Lon., 222, 1922. 


s 
2 where 
q 1) n 1) 
r 
R yr! I, YS « my A R ln, y) 1 
m=} 
“ 
1) (rn n 1) n ! 
: 


3 


Belen’kii 


Landau, L.D. and Lifshits, E.M., Mekhanika sploshnykh sred (The 
Mechanics of Continuous Media). 1954. 


Prandtl], L., Gidroaeromekhanika (Hydroaeromechanics). IIL, 1949. 
Literature Publishing House. 1949. 


Langevin, P., Note sur les Effects Ballistiquesde la Détente des 
Gas. Memorial de l’Artillerie Francaise. 1923. 


Belen’ kij, I.M., Ob odnoi teoreme Lanzshevena (About a Certain 


Theorem of Langevin). Izvestiia Akad. Nauk SSSR, Otd. tekh. nauk, 
No. 4. 1957. 


Watson, G.N., Teortiia besselevykh funktsii (The Theory of Bessel 
Functions). IIL, 1949. 


Translated by B.Z. 


392 
| ‘ 
aA 
adel 
at 


ON THE UNIQUENESS OF THE SOLUTIONS OF THE 
EQUATION OF WEAK CONVECTION IN THE STEADY STATE 


(0 EDINSTVENNOSTI RESHENIT URAVNENIIA SLABOI 
STATSIONARNOI TEPLOVOI KONVEKTSIT) 


PMM Vol. 22, No.2, 1958, pp.286-288 


M.M. FPARZETDINOV 
(Sterlitamak) 


(Received 2 July 1958) 


In the present note we prove the uniqueness of the solutions to some 
problems involving heat transfer by weak convection in the absence of 
temperature discontinuities. 


1. We consider the equation of weak convection in its non-dimensional 
form[1, 2] 


(v-V)v=—Vp—V xk Vxv— Ab, divv=0 (1.1) 


Here v denotes the velocity of the fluid, @ the difference between the 
temperature of the fluid and its mean value #*, The pressure is reckoned 
from its value p* = p(@*) and in a state of mechanical equilibrium of the 
fluid. The symbols y and o denote, respectively, the Grosshof and Prandtl 
numbers, whereas y denotes the unit vector in the direction of the 
gravitational acceleration. 


We shall assume that the fluid occupies volume PD within an arbitrary 
surface S in an infinitely rigid solid medium in which at an infinite 
distance from volume D a non-vertical temperature gradient is prescribed 
(here it is assumed that some characteristic length / of D is chosen as 
the unit of length). In this case (1.1) must be supplemented [3] with 
the equation which describes the temperature distribution @ in the solid 


0 


where 0° is also measured from @*. 


Thus the set of equations (1.1), (1.2) is to be solved subject to the 
boundary conditions [3 ] 


Reprint Order No, PMM 36. 
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Here S denotes the boundary of the volume D, a is the ratio of the 
thermal conductivity x° of the solid to that x in the fluid; a denotes 
the unit vector in the direction of the temperature gradient at infinity, 
n is the normal to the surface S. 


We shall seek solutions of the set (1.1) - (1.2) in the form of 
series [ 2 


v = Av, + + 20, + 2°76, +--- 


1.6 


Assuming that these series converge absolutely and uniformly, we sub- 
stitute them into (1.1) - (1.2). In this manner we obtain sets of equa- 
tions for the successive determination of the unknown functions in (1.6): 


AO, 0, AS, -- 0, LU v= (1.7) 
divv, = 0 (1.8) 


(1.9) 
ve, (1 10) 
j+ken 

The function 8, can be represented in the form 
& 
Hence, the functions 9. 9, .. %,, must be regular at infinity in 
te accordance with (1.5). 


Starting with (1.3) - (1.5) and taking into account (1.11) we obtain 
, the following boundary conditions for (1.7), (1.8): 


=0 fors—+o 


In this manner, in order to find each approximation (V,,+ Py» 9,. 9, 
(n= 1, 2, ...), it is necessary to solve a system of linear differential 
equations subject to the boundary conditions (1.13). 


The problems of convergence of the methods of successive approximations 
have been considered by Linieikin [4 ] for the two-dimensional case, and 
by the Author* for the three-dimensional case. 


* Stastisnarnaia teplovaia konvektsiia v trubakh peremiennovo Getcheniia 
(Steady-state heat transfer by convection in channels of variable cross- 
section). Thesis, Perm University, 1954. 
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The problem of the uniqueness of the solutions of the equations of 
heat transfer by convections when the conditions of heating are prescribed 
directly on the boundary of the volume in the forms of a rectangular 
parallelepiped have been considered by Veniamienovitch [5 ]. 


In what follows, we shall prove the uniqueness of the expansions in 
(1.6) for the problem as formulated in the preceding discussion. 


2. Uniqueness of the expansions in (1.6). We assume that the approxi- 
mations Vp,.6,.%,) (k= 1, 2, .... a — 1) have been determined up 
to order (n— 1), and that each of them proves to be unique. We then 


prove that the n’th approximation (v,, \/p,, 6.9%) is also unique. 


We now admit the opposite: the system of equations (1.7), (1.8) 
possess two different solutions 6,, and v.’, 
which satisfy the conditions (1.13). 


We introduce the notation 


Up, 


dt 
dn 


for 


We multiply the first equation (2.2) by uw, and the first 
(2.3) by ¢t and integrate over the volume D; we then obtain 


D D D 
Making use of the second equation (2.3) and of the first condition 


(2.4), we obtain from the first equation (2.6) that 


inside 


In view of the second equation (2.3) and the first equation (2.4), 
follows that 


inside I) (2.8) 


Further, taking into account (2.8), we obtain from the first equation 
(2.2) that 


v 
195 | 
0, — 4, = 9, — 9, (2.1) 
a ae The latter functions satisfy the linear equations 
Vr ™xVxu=0, At (2.2) 
§ } divu U (2.3) 
and the boundary conditions 
u == 0) t—9=0 | 0 on (2.4) 
dn 
; 
it 
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inside (2.9) 


Making use of Green’s formula, we represent the second integral in 
(2.6) in the form 


dt 
dS 0 (2.10) 
D s 
We now transform the second integral in (2.10) making use of the 
second and third equation (2.4): we obtain 


dd 
t>-dS =—a\$ d§ 
dn 


dy 
Ss 


Hence v denotes the inner norma] to the surface S, the function $, 
which satisfied the first condition (2.3) is harmonic outside D and is 
regular at infinity in accordance with (2.5). Hence the left-hand part 
of (2.11) can be transformed to 


2 (73)? dD 
D* 


where p° is the x space exterior to D. 


Taking into account (2.11) and (2.12), equation (2.10) can be trans- 
formed to 


D 


Since a > 0, it follows from (2.13) that 


Vee 0 inside D, 9 inside D° 


Hence, in view of (2.4) and (2.5), we have 


— 6,’ 0 inside D, 3, inside (2.14) 


n 


The relations (2.8), (2.14) show that if all approximations up to 
order (n— 1) are unique, then the n’th approximation is also unique, 
is easy to verify that the zeroth approximation is unique. Hence, in 
accordance with what has been proved, all approximations (v,, Pp, 6,, %,) 
are unique. It follows that the expansions (1.6) which solve the system 
(1.1) - (1.2) subject to the boundary conditions (1.3) - (1.5) are unique 
for those values of the Grasshof number A, for which the series (1.6) 
converges absolutely and uniformly. Under those conditions, according to 
(2.9), the presence p is determined up to a constant; this is usually 
sufficient in problems of natural convection, 


The uniqueness of the expansion in terms of the Grasshof number of 
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solutions of the system of equations of heat convection in a volume of 
arbitrary shape for problems without discontinuities and with a pre- 
scirbed temperature distribution or heat flux on the boundary, follows 
directly from what has been proved above. 
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ON A METHOD OF INTEGRATION OF NONSTATIONARY 
LINEAR BOUNDARY VALUE PROBLEMS ON THE 
PROPAGATION OF DISTURBANCES 
IN NON-IDEALLY ELASTIC MEDIA 


(OB ODNOM METODE INTEGRIROVANIIA GRANICHNYKH 
NESTATSIONARNYKH LINEINYKH ZADACH 
RASPROSTRANENII VOZMUSHCHENIT K 

ZEIDEAL’ NO UPRUGIKA SREDAKH) 


PUM Vol.22, No.3, 1958, pp.289-300 


E. I. SHEMIAKIN 
(Leningrad) 


(Received 5 June 1955) 


In problems of mathematical physics, instead of investigating an 
ideally elastic model it is sometimes necessary to analyze some others 
which take into account the imperfections of real materials. When so 
doing, it is possible to meet the demands of practice without leaving 
the realm of linear problems. Such problems, for instance, are those 
of theoretical seismology concerning the propagation of vibrations 
from a source (explosion), which fit to a high degree of accuracy 

into the realm of linear processes. 


1. Stress-strain relations. Fquations of motion. For the 
sake of brevity, a symbolic notation for the relations, the meaning of 
which is obvious, will be adopted. Let the relations between the stresses 


o and the strains « be given as follows: 


s=he+ (1.4) 


where k is an elastic constant, and K, is some linear operator (either a 
differential operator with respect to time with constant coefficients, 
or a Volterra type integral operator with respect to time with a diffe- 
rential kernel). Relations (1.1), in the case of an isotropic and homo- 
geneous body which will be investigated here, are characterized by two 
elastic constants A, » (Lame constants) and an operator K,, which will 


appear in the relations with different constant coefficients A’, pz 
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Furthermore, it is also assumed that 


u 


This is a restriction of the method presented below. 


The introduction of additional terms into Hooke’s law according to 
(1.1) takes into account, to some extent, the dissipation of energy in 
particle oscillations in real materials. 


Therefore, it will be assumed that (1.1) describes a material with 
dissipation of energy. In this paper such a material will be called a 
D-medium. 


The equations of motion in terms of displacements can be written in a 
form analogous to Lame’s form for the ideally elastic medium, replacing 
the elastic constants A, » by linear (with respect to time) operators: 


A=h+ V=u+p'K, (1.3) 


Then the equations of motion of the D-medium become: 


(A + 2.7) grad divu— M rot rotu =p (1.4) 


where u=u (x, y, z, t) is the displacement vector written in the 


Cartesian coordinate system (x, y, z). 


Equations (1.4) can be rewritten in a different form assuming the 
interchangeability of the operations K, and differentiation with respect 
to the coordinates, and applying condition (1.2): 


Fu 


+ 2p) grad div (1 + wK,)u —protrot (14+ wk,)u =p (1.5) 


Let the displacement vector u be represented in the usual way by the 


sum 


u = grado + rot (1.6) 


where ¢ is a scalar and w the vector potential of the displacement field. 
Then (1.5) can be replaced by an equivalent* system of equations in terms 
of the unknown functions ¢ (x,y,z,t) and Ww (x,y,z,t): 


(4.7) 
(1 + oK,) Ag = 


* The representation of wu in the form (1.6) is correct within the order 
of accuracy of the Laplace vector. It is in this sense that the equi- 
valence of (1.5) and (1.7) is understood. 
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Here a and 6 are the reciprocals of the velocities of propagation of 
longitudinal and transverse waves in an elastic medium, respectively. By 
analogy to the classical theory of elasticity and for the sake of con- 
venience equations (1.7) will be called *wave equations’ below. 


The symbolic relation (1.1), or, what is the same, the equations of 
motion (1.5) characterize almost every model of the nonideal theory of 
elasticity that was proposed until the present time. Actually the latter 
equations can be divided into two groups: 


(a) The first group is characterized by a differential operator Kye 
which is linear and has constant coefficients; to this group belong the 
visco-elastic medium -- the Voigt model [1] -- and the medium with 
dissipation of energy -- the Newlands mode! [2 |. 


(b) The second group is characterized by an integral operator K, of 
the Volterra type with a differential kernel: to this group belong the 
mode! of a medium with an elastic after effect -- the Boltzmann model 
[3 ] -- and the model of a medium with relaxation (Maxwell [4 ih? which 
actually is contained in the Boltzmann model. These two groups fit 
completely into the general class of problems examined in this paper. 


Since it is not possible to give in a short article a complete survey 
of work devoted to the investigation of the above mentioned definite 
models (of group (a) and (b) ), only a few papers will be noted here. In 
the article by Thompson [5] an account of the history of the problem is 
given, and the general derivation (on the basis of thermodynamic con- 
siderations) of the equations of motion of the visco-elastic medium and 
the medium with an elastic after effect is shown, The studies of Ricker 
[6] and voit [7] are devoted to the analysis of nonstationary processes 
in an infinite visco-elastic medium, described by one wave equation (1.7), 
with the assumption that the operator is K, = A/dt. 


Dynamic problems for a medium with an elastic after effect were 
studied by Gogoladze [8] and Deriagin [9]. In this case the operator 
K, was determined in the following way: 

t 
K,f (t) h(t —)f (t) dz (1.8) 
— 

Here h(t) is an after effect function, and f(x,y,z,t) is a function 

of the class from which the operator was determined. 


The second remark refers to the above mentioned restrictions (condi- 
tion (1.2) and the presence of only one operator K, in (1.1) ). 


The following path of research, evidently, appears to be appropriate 
in the investigation of dynamic problems for the D-medium. Inasmuch as 
it is not clear beforehand what operators K, and parameters A’, yu” should 
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actually be chosen it is above al] necessary to attempt to obtain a 
solution for a wide class of operators, and at least for a few A”, p’ 
(for example, for those which are subject to (1.2), which is equivalent 
to the introduction of a parameter w ). Subsequently, the qualitative 
laws characterizing the features of the wave propagation in D-media for 
specific K, (for instance, K, = 0/dt or (1.8) ) should be experimentally 
verified: and only then it is necessary to go into the accurate investi- 
gation of the constructed solutions. From this point of view the 
restrictions mentioned, do not have such an artificial character as 

they seemed to have at the beginning. 


2. Formulation of the nonstationary problems for non- 
ideally elastic media. The following problem will be studied. Let 
U be some region occupied by the D-medium and bounded by the surface S. 
The oscillations of particles of this body under the action of forces 
applied on its surface at time t = 0 will be studied. Assume that the 
medium is at rest at t < 0, and that the disturbances are produced by 
the application of the following stresses on the surface S: 


= L,(u)|s, T, = L,(u)|s, = L;(u)'s (2.1) 


Here L,, L,, L, are the usual linear operators in Hooke’s law, with 
the difference that A, » are replaced by A and M according to formlas 


(1.3), and the functions T,, T,, T, are:° 


T, = fi(z, y, 2) ls a; (0) (i = 1, 2, 3) (2.2) 


The functions a,;(t) describe the dependence of the reactions T; on 
time (in particular, a,;(t) can be the symbolic Dirac function §(t), or 
the Heaviside unit function «(t); f;(x,y,z)/S describe the space distri- 
bution of the reaction (in the particular problems introduced below the 
f,; studied will be the function 8(r)/r). 


Thus, it is necessary to find u(x,y,z,t) from the equations of motion 
(1.4) with zero initial conditions 


U = Q, du / Ot o => 0 (2.3) 
and boundary conditions (2.1). 


Note that because of the linearity of the problem (and for the sake 
of brevity) the equations will be studied separately for the following 
boundary conditions: 


* The notation f ,(s,y,2)/8 denotes that the variables x, y, z are related 
by the equation F(z,y,z) = 0 of the surface S, 
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1) T, + 0, 
2) (2.4) 
3) T;+0, 


One of these problems, for example the first one, will be studied 
more extensively. All discussions can then be simply applied also to 
problems 2 and 3 of (2.4). Problem (1.4) - (2.3) - (2.1) for K, = 0 and 
with t replaced by r will be called the first auxiliary problem. 


Thus, the solution of the nonstationary problem of the elastic medium, 
where the boundary reactions are given as before in the form (2.2) and all 
a;(t) are replaced by 5(r), will serve as an auxiliary solution. 


The following one-dimensional problem will be studied as the second 
auxiliary problem: 
#Ri(t, 7) @Rit, t) 

Or- ot* 


(1 + oA t) 
(1 +aAk,) Rit, Tlic-9 = a(t) (2.5) 


Theorem. The solution of problem (1.4) - (2.3) - (2.1) is given by 
the formula 
& u,(z, y, z, =) R(t, (2.6) 


where uw, (x,y,z, ) is the solution of the first auxiliary problem, and 
R(t,r) is the solution of problem (2.5). 


Proof. Substituting u(x,y,z,t) in form (2.6) into the equation of 
motion (1.5) and allowing for the possibility of repeated integration 
with respect to the coordinates under the integral sign yields 


@ 


\ (1+ wK,) R(t, t)[(A + 22) graddivu,(z, y, z, t) — 
0 


0 


Uy y, t)dt 


Inasmuch as u, appears as the solution of the auxiliary problem (i.e. 
satisfies the Lame equations) then 


p\ (1 + wA,) R(t, on (2, y, 2, t) dt 
0 


0 
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Use the equality 


\ Rit, -) (zx. 2, OR it (3 y. 3. (2.7) 


0 


which is obtained by integrating twice by parts. 


In addition, it was necessary to assume that the following conditions 


{of the type of the radiation condition) be satisfied: 


o u ‘ 
He as (2.8) 
The last conditions are usually automatically satisfied in the 
problems at hand. Then u(x,y,z,t) satisfies (1.5) by virtue of the equa- 
tion for R(t,r). 


The initial conditions for u(x,y,z,t) represented in the form (2.6) 
are satisfied because of the zero initial conditions for Rlt,r). In 
verifying the boundary conditions one starts from the fact that the 
basic problem is divided into three problems according to (2.4), and 
only the solution for the first of them is to be verified. Substitute 
u(x,y,z,t) in the form (2.6) into (2.1). Assuming that it is proper to 


carry out the operation L, under the integral onr, the following 
expression for the first of the boundary conditions is obtained: 


n 


y, z)lsa(t) = \ Li y, 4 R(t, (2.9) 


0 


If one considers that 
Ly {uo(z, y, 6 (2) 


{see the first auxiliary problem), then (2.9) is obviously satisfied by 


virtue of the boundary condition for R(t,r) at r = 9 and for an arbitrary 


f,(x,y,z)/S. In an analogous fashion also the boundary conditions of 


problems 2 and 3 of (2.4) can be verified. Thus the basic theorem is 


proved. 


Remark 1. The solution u.(z,y,2,7) for many interesting problems of 
the dynamic theory of elasticity can be formed either by the method of 
functional-invariant solutions of Smirnov and Sobolev [10], or by the 


method of the incomplete separation of variables, proposed by Smirnov 
[11 ] and developed by Petrashen’ [12, 13]. 


In such a way, for instance, solutions were formed for the elastic 


half-space under nonstationary boundary point loads [13, 14], for 


layerwise-isotropic media with parallel-plane separation boundaries [15 l, 


and for media with spherical] or cylindrical] separation boundaries [16 l. 
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Remark 2. It is necessary to show a method of forming and analyzing the 
function R(t,r), which will be done in the following paragraph, in order 
to consider the solution of these problems u(x,y,z,t) as being determined. 


In the same fashion the basic formula (2.6) allows the construction of 
solutions of the boundary value problems, mentioned in the first remark, 
also for a D-medium (with some restrictions on the operator K, of the same 
type as before). In this sense the basic formula contains the general 
qualitative result on the construction of solutions of dynamic problems 
for D-media with the aid of already known solutions 2,7) and some 
special functions R(t,r). 


3. The Functions R(t,r). Let us study problem (2.5). By virtue 
of the zero initial conditions of the problem the solution can be sought 
in the form 


o+ico 
R,(s, =) (Res =a>0) 


o—ia@ 


Rit, t)= 


and the application of the operator K, to R(t,r) leads to the formula 


K. R(t, \ R,(s, =) K (s)et'ds (x =| (t) at) (3.1) 
o—ico 0 


Without dwelling on elementary calculations connected with the find- 
ing of Ry (s,r) form problem (2.5), the final result is immediately 
written as follows: 


A(s) _ st 
Rit, *) = = \ st ds) (3.2) 


o—ia@ 


(4 (s) = a(the “dt) 
0 


Here K(s) comes from (3.1), and the contour of integration is the 
straight line Re s = > 0, parallel to the imaginary axis in the plane of 
the complex variable s; the branch cut of the radical ¥ 1+ wK(s) is 
fixed by the condition 


arg V 1 + wK (s) = 0 for s>0 


The solution can be verified by direct substitution of (3.2) into 
(2.5), where it is necessary to take into account relation (3.1). When 
doing so, it is not necessary to consider the question of the 
appropriateness of differentiating under a contour integral and going 
to the limit in the verification of the initial and boundary conditions 
inasmuch as all those operations are proper from the point of view of 


o+ia 
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the theory of generalized functions, with which these problems deal. 


Application of Borel’s theorem to (3.2) yields 


t 


R(t, \ (t — t) dt 
0 
Then also (2.46) can be rewritten as 


t oo 
u(z, y, z, t)= (t;) Uy (Zz, y, 2, t) Ag (t — *) dt, (3.3) 
0 0 
From the latter it obviously follows that the study of the function 
Rs(t,r) is of basic interest: 


o+ia 


st 
3.4 
_T Fok (St =) ds (3.4) 


j 


i 
Rs (t, = Oni 


Note, first of all, that Rg (t,r) + 8(t-1r) asw- 0. Then, in the 
limit w= 0, formula (3.3) gives the solution of the elastic problem 
u,(x,y,z,t) with a load that varies with time as a(t). 


In particular, if a sufficiently smooth function is chosen for a(t), 
then the classical sense of the limit solutions as well as the limiting 
process w + 0 itself can be justified. 


Note the essential property of the integrand in R(t,r). The expression 
1+ @K(s) (and with it also the entire integral in (3.2) ) does not have 
any singularities in the right hand half-plane of the complex variable s, 
including the imaginary axis. For the integral operators K, this follows 
directly from certain inequalities obtained from energy considerations; 
for the differential operators K, this is in most cases an obvious fact. 


Using this feature of the integrand in (3.4) the integral Rg (t,r) can 
be given a real representation in the form of a Fourier integral. For 
this purpose it is necessary to deform the contour of integration 


Re s = 0 > 0 into the imaginary axis and change the variable of integra- 
tion in (3.4): s = tA. Then 


0 


where 
f ? 
+ wK (ih) = u + iv = pe'?, = exp — = sin 
The presence of the factor & in the integrand and the item @ in the 


cosine expression indicates damping and dispersion with the propagation 
of disturbances in D-media. 
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4. The solution of the nonstationary problem for the visco- 
elastic half-space. In this case the operator is K, = 0/dt, and as a 
consequence equations (1.5) and the boundary conditiens are simplified. 


The solution u(r,@,z,t) of equation (1.5) with zero initial condi- 
tions (2.3) and concentrated loading on the boundary is to be found® in 
the half-space > 0, filled with a visco-elastic material. The statement 
on the boundary conditions implies that at z = 0 at the point r = 0 the 
following functions are given: 


a(t), Ty ( loading 


non-syeametric 
b) = (t), =Ty, =0 (cangential (4.2) 


a) = — (4.1) 


In the case of the visco-elastic material the second auxiliary 
function has the form: ** 
eo+ia 


i 
Rs (t, = 55 (st — —— ds, Res=a>0 (4.3) 
@ 
In order to obtain the solution of the given problem according to the 
basic formula (2.6), it is necessary to know u,(r,6,z,7). The latter can 
be obtained, for instance, by a formal differentiation with respect to 


t of the solutions of the dynamics problems for the elastic half-space 
(13, 14]. 


In the case of an axisymmetric leading (4.1) a,(r,0,z,r) has the form: 
Uy = + Work 


+ ia 


2+¢ 
R(¢) ( 


(¢) 


kJ, (kr) dh 


(2 + 6%) Vi+ 
Re) 


(4.4) 
2Vi + yt 
(¢) 
r (r t 1 | 
e(y, exp|k —2zV1i + 7% )] 
* Por considerations of convenience the cylindrical coordinate system 


(r,6,2) related to the Cartesian coordinate system (z,y,2) by the 
usual transformation formulas is chosen. 


g (A, (kr) dk 


** an analogous integral was studied by numerical methods in the paper 
by Zverev {19 ). 
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M=V1i+@ 
R (0) = (2+ 0)?—4M4M,, (4.5) 
arg M, = arg M,=0 for s>0 


The solution of the problem with boundary condition (4.2) has an 
analogous representation [ 14]. 


Consider briefly some physical consequences of the obtained solutions. 
For this purpose u,(r,6,z,r) and R(t,r) will be analyzed separately, and 
the product of these functions will be integrated. As a result of this, 
according to the basic formula (2.6), a representation of the behavior 
of the solution of the problem u(r,@,z,t) will be obtained. For the sake 
of brevity only an isolated typical expression, which is a part in the 
description of the displacement field, will be investigated here. 


At first u, (r,6,z,r) is to be analyzed. If one uses the asymptotic 
methods of analysis (for large r) of the elastic problem, as shown in 
[12, 13], then one can give the following representation of the main 
parts of the displacement field, characterizing volumetric waves. 


taken from (4.4) (from the uo, component) characterizes the singularity 
of the solution in the neighborhood of the surface r* = b?(r? + 2?) and 
has there the following principal part: 


All remaining terms from (4.4) can be analyzed in a similar fashion. 
In addition one can also investigate in the usual way the surface waves 
and conical waves, only that the latter will subsequently require a 
numerical integration. Of main interest are, however, the volumetric 
(longitudinal and transverse) waves described with the aid of (4.7). For 
a complete description of the volumetric waves it is necessary to carry 
out the integration with respect tor of the results (4.7) with a func- 
tion Rs(t,r ) corresponding to the basic formula. If it is assumed that a 
simple integration formula for 5(&) can be derived 
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f (to, z) E (to) —0 


then the final result for the reduced component displacement field can 
be represented in the following way: the component (axisymmetric reaction) 


V 1+ >? 
u,;= : ; Rs (t, 
Vre+ 23 (4 9) 


r 


In this fashion everything is reduced to the enalysie of the function 
R(t,r) Lor Rg(t,z,)] according to (3.3), where r = avr? + 2? in the case 
of longitudinal waves, andr = byr? + 22 in the case of transverse waves. 


As was shown at the end of Section 3, the integral Rg (t,r ) can be re- 
presented as a Fourier integral 


Rs (t, *) +f exo(- i n $) cos [A(t — cos |? (4.10) 


o= V1 = arc tg wh 


The damping and dispersion of waves in the stationary region are 
characterized, respectively, sea the functions 

exp (—3 sin $). cos (4.11) 
If the values of r are substituted (for the longitudinal and transverse 
waves separately) into (4.11), then the damping and the dispersion can 
be compared for longitudinal and transverse waves. 


The approximate expressions of the functions (4.11) are to be studied. 
For wA < 1 we obtain exp(—% A*wr) in first approximation the damping 
and no dispersion (the latter indicates that for frequencies A < w* the 
dispersion appears as an effect of a higher order in comparison to the 
damping). For wA > 1 the damping and the dispersion are of the same 
order. An experimental determination of the magnitude of @, as an indica- 
tion of the qualitative bound on the frequency scale, can serve as a check 
on the usefulness of the model analyzed for the description of dynamic 
processes in real materials. 


The function Ag(t,r ) can be also expressed in an approximate fashion 


R(t, *) = ( ) (4.12) 
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The last representation is convenient for the study of nonstationary 
3 phenomena. Actually, (4.12) indicates* the following effects: (1) at a 
fixed point in space, the maximum disturbance is reached at t =r, i.e. 
% in a visco-elastic material the disturbances propagate with the velocities 
l/a and 1/b, respectively; (2) for impulsive loads the wave is dome- 
shaped, and the more sharply defined (for fixed r) the smaller the para- 
‘4 meter w; (3) the shape of the wave acquires a more and more "washed out" 
: character with distance (the "diffusion" is proportional to the square 
root of the distance travelled by the maximum disturbance); (4) there is 
additional damping of waves because of dissipation of energy, which is 
indicated by the presence of the factor (wr)~* in (4.12). 


The experimental study of the gradual change of shape of a wave of one 


P type can indicate a method for determining the magnitude of w for real 40) 
materials. 2% 
é Finally, note that if the condition (1.2) is removed and an additional 
notation is introduced 
_ A’ + 2p’ 

j then the formulas for the principal parts of (4.9) should be changed only 
= for the longitudinal waves by the replacement of Rg(t,r) by 


Rep (t, *) = 553 \ 


(st — —) ds (4.13) 
Note also that from physical considerations , < w (this corresponds 


also to experimental data). 


5. Solution of the nonstationary problem for a half-space 
occupied by a medium with an elastic after-effect. In this 
case the operator K, is determined, as shown in Section 1 by 
the relation (1.9). The function h(t - +) is unknown. It is necessary to 
determine it from experimental data on physica! characteristics of propa- 
gation of waves in real materials. Here one can proceed in two ways: One 
can assume beforehand a definite form for h(t — +r), find the solution of 
the problem, and then by comparing with experimental data choose a suit- 
able h(t — +). A second way will be chosen here, however; namely, leaving 
h(t — +) unknown, the following simple conditions will be imposed on it: 


(a) Alt, r) e h(t (V. Volterra) 


(b) A(t) is a positive and decreasing function as t + (5.1) 


(c) 


0 


* It should be noted that in (4.12) rf should be replaced by aVr? + 2? 
for longitudinal waves and by by r? + 2° for transverse waves. 
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4 | (the last inequality was obtained by Gogoladze [8] from the condi- 
a tion that the potential energy of deformation in the material analyzed 
q here is positive), 

i In this paragraph it is pointed out that it is in principle possible 


to determine h(t) from experimental data on the propagation of waves. 


The only difference between the solution of the problem for the hal f- 
space occupied by a material with an elastic after effect and the problem 
of Section 4 consists in the fact that in the basic formula (2.6), which 
gives the solution to the problem, the u,(r,6,z,7) is to be taken from 
(4.4), and for Ri(t,r) one should have 


‘ o+ia A(s) 

st 
R, (t, = \ (a) =P (st (5.2) 
Here Als) comes from (3.2) 

Res =e>0, arg V1 — wH (s) = 0 for s>0 


H (s) hie “ dt 


Analyze closer the following function: 


1 st 
Ris (t, = oni i (s) °*P ds (5.3) 


The integrand in (5.3) is regular in the right-hand half-plane of the 
compex variable s, including the imaginary axis. The latter is true by 
virtue of the inequality 


w|H (s)|< 14 (5.4) 


which follows from conditions (b) and (c) on h(t) in (5.1). Then the 
previous method of analysis can be applied to (5.3) by reducing the 
problem to the Fourier integral. As a result of simple transformations 
one obtains 


Rig (t, = \ exp (— Ve, sin [> (t cos (5.5) 
0 


perm = 1 wH (id) = 1 — WU, WV; (H (iA) = uy — ir,) 


By virtue of the inequality (5.4) the integral in (5.5) can be given 
the following approximate representation: 


@ 
0 
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The quantities exp(-%Ao@ rv,) and 4 wr u,, can be determined experi- 
mentally, and hence u(r ) and v,6A ) will be known, after which one can 
use the following relation for finding h(t) 

h(t) = \ H (id) 

The latter was obtained from the Mellin inversion formula for H(s) by 
going over to the Fourier integral (which is correct because of the in- 
equality (5.4) ). 


Conc lusion. 


First, the method of the incomplete separation of variables was used 
in the construction of the solutions of specific problems in Sections 4 
and 5 where the system of "wave" equations (1.7) served as the basis. ry 
The subsequent application of the transformation of Efros [18 ] facilitat- 
ed the derivation of the basic formula (2.6) for the solutions obtained. 
Further generalizations, for the class of problems for D-media shown 
above, as well as for other nonstationary boundary value problems (for 
layered isotropic D-media with plane parallel separation boundaries; for 
regions occupied by the D-medium and having spherical or cylindrical 
separation boundaries) were obtained with the aid of a basic formula. 
Some restrictions on the operator K.. characterizing the D-medium, of the 
type shown in the main text of the article as well as taking results from 
[15, 16] as auxiliary material for the construction of u,(2,y,2,7 ) in 


corresponding problems, was all that was necessary for this generaliza- 
tion. 


Note also that if the above mentioned restrictions are removed, one 
can construct a solution by the method of incomplete separation of vari- 
ables for the enumerated problems in the case of D-media, with the 
difference that then a direct analysis appears to be difficult. In some 
simple problems (for instance, for a half-space occupied by a D- medium) 
the analysis can be performed with the aid of the generalization of the 
Efros transformation and a symptotic method of analyzing disturbance 
fields. In particular, formula (4.13) was obtained in just this way. 
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The work of Barenblatt [1] deals with certain problems about non- 
steady one-dimensional filtration of liquid in a porous medium and about 
fluid motion in a boundary layer, which can be obtained from correspond- 
ing similarity problems by passage to a limit. Because of this, these 
motions are called limiting self-similar motions. 


Considered below are limiting self-similar motions of an ideal, non- 
heat-conducting, perfect gas in cases of Cauchy's problem for the equa- 
tions of one-dimensional, non-steady motion with plane waves (the one- 
dimensional similarity problem of Cauchy allows the above mentioned 
limiting transition only in the case of motion with plane waves) and the 
problem of a symmetrical piston as it displaces a gas. 


The existence of a solution for the system of equations for one- 
dimensional motions of gas with plane waves which have the form of limit- 
ing, similarity solutions, was indicated by Staniukovich [2] although 
he did not give an actual construction of a solution of a concrete 
problem. Cauchy's similarity problem for one-dimensional non-steady 
motions of gas was considered by us in Ref, [7], where it was establish- 
ed that this problem does not always have a solution. 


In the present work, in the investigation of limiting similarity 
Cauchy problems, we shall prove that the same phenomenon occurs here also, 
and that more than one solution exists for certain conditions of the 
considered probles. 


In Ref, [7] we studied the self-similar motions of a gas displaced 
by a symmetrical piston, considered previously by Sedov[3, 4]. 
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Krashennikova [5] and Chernyi [6] established that this problem 
also does not always have a solution, In the present investigation of 
limiting similarity piston problems, we shal! establish that this problem 
always has a single-valued solution, which was to be expected on the basis 
of the results of Ref. [7]. 


In this work we make only a qualitative investigation concerning the 
principles of the presented problems, and no numerical results of solu- 
tions are given, although they are easily obtainable when necessary. 


1. Cauchy’ s problem. 


(1) Let us consider the following problem of Cauchy. 


du Ou 1 dp 
A 
ot U oz + 0, Ot + Ox 


- 
= =(, = =Q (1.1) 


p(z, 0) = Az*, o(z, 0)=Br*, u(r, 0)= MV (x >0) (1.2) 


4 
p(z, 0) = LA(—z)*, (2, 0)= NB(—2z)5, u(z, 0) =M, V (— 2) 


0) (1.3) 


The solution of this problem is self-similar and has the following 
form [3, 4, 7] 


u(z,t)==V(d), p(x, t)= P(r), plz, RQ) (1.4) 


where h=pyY Feil? (u = const) (1.5) 


and the functions V, R, P = RZ/y are determined by the ordinary differential 


equations, 
(1.6) 
(V —q)|V (V —1)V—9) + &—V)2| 


dink 1 V 
V 


—1)(V + (x—V 


zZ—(V 


q= 2, [2 —(a— 3)], — 
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Let us replace x by « + aa@ everywhere and let p =a, A = p, (ax)-, 
B =p,(az)-*, ax = bB, V = (1/a)V,, P = (1/2*)P,, R= R, 
and pass to the limit for a + «. Equations (1.2) will then yield 


P(x, 0) = poe*!*, p(x, 0) = 


Equations (1.3) need not be considered, as the region determined by them 
goes to the left, into infinity. Equations (1.4) and (1.5) will trans- 
form as follows: (indices omitted) 


u(x, plz, e™ PO), p(x, t) = poet ROY (1.11) 


b—a 


The differential equations (1.6), (1.7), (1.8), will transform into 
the following: 


y—i | 
——n)Z+(y—1) VV + n)—2(V + 


dZ 2 
(1.13) 


( +n)| 


(1.14) 


n 
+ndink 2—VV +a) (1.15) 


n ~~ ~\ 


where n = 2b/(b — a). 


(2) For the consideration of discontinuous solutions we shall need 
the conditions at a shock wave, in non-dimensional form; these are given 
by equations (2.7) and those preceeding it in Chapter IV of Ref. [4] 
from these formulas at the limit a + we will obtain 


[Wr + + + 0-2, 


Relations (2.1) transform the points of the upper half-plane of the 
plane V, Z in the following way (points Z < 0 do not have any physical 
meaning). The points of the parabola (Fig. 1) 


Z=(V +n)? (2.2) 


transform into themselves; the points on the axis z = 0 transform into 


= 

4 

VV + n)| | 
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points of the parabola 
(2.3) 


The points of the region between the axis Z = 0 and the parabola (2.2) 
transform into points of the region between parabolas (2.2) and (2.3). 
Here the first points represent the conditions of the gas in front of the 
shock wave, the second points represent the conditions behind it. It is 
impossible to be in the region bounded on the bottom by parabola (2.3). 


Pig. 1. 


(3) The conclusion that the required limiting solutions have the form 
(1.11) and (1.12) can be also reached by the following method. We are 
looking for a solution to Cauchy’s problem for the system (1.1) and the 
initial conditions: 

p(x, = poe*'*, p(x, 0) = pye*!® 


(u(x, 0) = Vere (3.1) 


The solution depends upon the system of determining parameters, x, t, 
p,, Pn, U, a, 6, c, y from which the following independent non-dimensional 
combinations can be made up: 

=] 


It will have the form [4 ] ; 
Pp = poP(h, ti, 1), P= & mi, 7), U= V 3, 


Let us make the transformation x = x° + xp. The system (1.1) is in- 
variant with respect to this transformation and the initial conditions 
are changed as follows 


p(z, 0) = py e*'*, o(z’, 0) =p, u(x’, 0) =U (3.3) 


where po’ = pye™!*, 99 = U' =Uerle, i.e. they also keep their 
form. 


In this manner, Cauchy's problem (1.1), (3.3) differs from the similar 
problem (1.1), (3.1) only in the values of p,, Po and U. Hence, the solu- 
tion of problem (1.1), (3.3) will be obtained from the solution of problem 
(1.1), (3.1) ice. from (3.2) if, in the latter, we replace 
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Por and U by pp”, and x by x” i.e. 
, P t 
p(z, 
Pot Xe z’ =. b c 
u(2’, t) =Ue (2: 1) 


But for x° = x- x), (3.4) has to coincide with (3.2); the relations 
obtained by equating the right-hand sides of (3.4) and (3.2) for x” = 
x— x, are identical with respect to x). Putting x, = x in these identi- 
ties and requiring that a, 6b and c be related by 


(3.5) 
we will obtain 


and analogous relations for R and V. 


In this manner, we can see that by satisfying the conditions (3.5) the 
solution of Cauchy's problem (1.1), (3.1) has the *self-similar* form 
(3.7) i.e. it is determined by ordinary differential equations. Obvious 


transformations will reduce these equations to the system (1.13), (1.14) 
and (1.15). 


(4) According to the theory of Kovalevskaya, the problem (1.1), (1.10) 
has a unique analytic solution in the vicinity of any finite point of the 
axis t = 0. Therefore system (1.13), (1.14) and (1.15) near A = 0 has a 


unique analytical solution in terms of A which is determined by the 
initial conditions 
V (0) = P(0) = 0, R(O) = 1, 


Thus we have the following expansions 


V= Roi +..., +..., 


from which it follows that the required integral curve of equation (1.13) 
near the point V = Z= 0 has the following representation 


Z = (4/M*) VE... for M +0, Z=— 7V +... for =0 


The last equations show that on the plane V, Z, the origin of coordi- 
nates is alsothe nodal point of the integral curves of equation (1.13), 


as 
V Pot uy b c 
t 8. } 
\ Po’ a? T/ 
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where the different curves of this nodal point correspond to the various 
distributions of initial velocities. To solve Cauchy’s problem means to 
complete all the integral curves, issuing from the origin of the coordi- 
nates, up to the points where A = ~ or to points located on the straight 
line V = —n, which corresponds to the limit of the region occupied by the 
moving gas (piston, vacuum). With this, the parameter A has to vary along 
the integral curves monotonically. On the parabola (2.2) A reaches a 
stationary value, therefore a continuous transition across it along the 
integral curves is inadmissible [4, 7]. 


Equations (1.13), (1.14) and (1.15) contain only one parameter n, 
therefore the study of the class of Cauchy's problems encountered here is 
limited to the study of the field of integral curves of equation (1. 13) 
and the distribution of A and R along them for all possible values of n. 


Pig. 2. 


The field of integral curves for n < 0 is represented in Fig. 2. Arrows 
on the integral curves represent the direction of increase of the para- 
meter A. The dotted curves are the parabolas (2.2), (2.3). At point A 
having the coordinates V = n*/(y—n), Z=[yn/(y—n)]*, we have a 
saddle point. 


When moving along the separatrix to point A we have asymptotically 
\ Y yY+n 
a—y 
a is the tangent of the angle of inclination of the separatrix at the 
point A, with a ¢ 2yn/ly - n), ag yly + n)/(y — n). Therefore A at point 
A is finite and a transition can be made through point A by the integral 
curves (separatrices). With this, A at point A will vary monotonically. 
With y < 3 and|V| + o we will have 


Z =a, + ..., Kc, exp(V /n) +... (4.1) 


where a, and c, are constants. All this results in the following. 


For integral curves emanating from the origin to the left of the sepa- 
ratrix that enters saddle A, the solution of Cauchy's problem is continuous 
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and determined for all values of x and t > 0. For the remaining group of 
integral curves, the solution can be constructed in the following manner. 
From these curves the mapping point makes a jump onto the separatrix that 
goes through the saddle A and the point Z = 0, V = -n, and continuing 
along this separatrix goes through A and thence to infinity at V+ — «, 
The solution to Cauchy's problem is discontinuous and the motion takes 
place with one shock wave. 


For the proof of these statements let us note the following. As a part 
of the separatrix, (through the points A and Z = 0, V = -n) is located 
between parabolas (2.2) and (2.3) and crosses the second parabola at 

Z> 0, then the image of this piece obtained by means of mapping (2.1) 
appears as some continuous curve without self-intersection that lies bet- 
ween parabola (2.2) and the axis Z = 0, and connects point A with some 
point of the Z = 0 axis for which V < - n. We shall show that this image 
is contained wholly in the region bounded by the segment Z = 0, 

0< V<-—n, a section of the separatrix (A, and the section of the para- 
bola (2.2) that joins point A and Z = 0, V=-—- nn. The image of the 
straight line V= V, = h?/(y — n) according to (2.1) is a parabola, that 
goes through the points A and Z= 0, Ve -—n. It is easy to show that the 
portion of this parabola on the interval V, < V < ~ n is located above 

the part of the separatrix that connects the points A and Z = 0, Ve - nv. 
Therefore the image of this piece is located to the right of the vertical 
line Ve Vas which proves our previous statement. Thus, this image crosses 
every integral curve that emanates from point 0 to the left of the sepa- 
ratrix OA, and does not cross any other curve emanating from point 0. 

This proves the existence of a solution to Cauchy's problem. 


For the proof of uniqueness we may note (and it can be easily shown) 
that through the points A and Z = 0, V = — n we can draw two parabolas 
that have a vertical axis and are tangent from opposite sides to the 
piece of the separatrix which connects the two points, so that this piece 
is contained between the parabolas. But, as can be proven, the images of 
those parabolas are also parabolas with a vertical axis, and they cross 
the axis Z = 0 to the right of V= V,. Between these images the image of 
the piece of the separatrix is included. Therefore, this image, which at 
least near the point A is a monotonically descending curve with a negative 
slope, will intersect every integral curve only once, as these curves in 
the considered region have a positive slope. It seems unrealistic to 
suppose that in going away from point A this slope might become so small 
that some integral curves would be intersected more than once, so that 
uniqueness of solution of Cauchy's problem would not exist for some 

values of M. In fact, this image is contained in the narrow strip between 
the two parabolas, the slope of which is negative, and it is hard to 
assume that the curvature of the image can change so drastically as to 
allow the possibility of more than one solution. A rigorous proof for 
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this is apparently impossible. 


The uniqueness of the solution for Cauchy's problem could be disrupted 

if we could make a jump from integral curves emanating from the point 0 
onto curves going to the point V=-—n, Z= «, at which point we would 
have P = 0 (empty space). When a jump is made from a certain selected 
curve onto a certain curve as just indicated, we will reach the point 
V=-n, Z =~ with a completely determined value A = A*. A jump can be 
made from a given curve onto different curves going to V= —n, Z = «, 
obtaining different values of A*. Solutions corresponding to such dis- 
continuous integral curves describe motion in which a vacuum is formed. 
The motion of the boundary is determined by the equation A = A*, i.e. 


[in V (4.2) 


From the asymptotic formulas 


2y 


Z=CWV R=C,(V+n) ite 


exp[.(V +n)| (4.3) 


which are valid in the vicinity of V=-n, Z =o, it follows that the 
pressure on the boundary of the created vacuum is different from 0, i.e. 
a cavity is formed because the gas is displaced by a piston moving from 
infinity, according to the law (4.2). Therefore, the above solution 
corresponds to the motions of the gas, which are due to the initial non- 
equilibrium distributions (1.10) and the displacing action of the piston. 
The above mentioned possibility of making a jump from a given curve 
emanating from the origin of the coordinates onto various curves going 
to the point V = — n, Z = «, obtaining in this manner different values 
for A*, corresponds to motions with identical initial states, but with 
different motions of the piston (4.2). 


From the above statements it follows that motion without a piston, 
i.e. Cauchy’s problem, exists corresponding either to continuous integral 
curves, mentioned above, or discontinuous curves composed of parts of 
integral curves emanating from the origin of the coordinates to the right 
of the separatrix and a part of the other separatrix. It can be shown 
that the above discussions are valid for n< 0 for all values of y > 1. 
Therefore the solution of Cauchy’s problem for the case n < 0 exists. It 
is unique and determined for all values of x and t > 0; the solution is 
continuous for M< M, and discontinuous for M > M,, where M, is the value 


of M corresponding to the separatrix that goes through the origin of the 
coordinates. 


In Fig. 3 we have a representation of the field of the integral 
curves for the case 0 < n< y < 3. A study of this field shows that if 
the image of point 0 is located on the parabola (2.3) above the point of 
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intersection of this parabola with the separatrix that goes through points 
Z= 0, Ve=-—n and point A, the solution of Cauchy's problem for al! 
values of M exists, but it is not unique. Here for each value of M there 
is an infinite number of possible solutions which, however, will coincide 
for small values of A. If, however, the indicated points are distributed 
on the parabola (2.3) in an opposite order, then there exists a value of 
M= M, such that, for M< M,, the solution of Cauchy's problem cannot be 
continued for all values of t > 9. For M> M. this continuation can be 
achieved in infinitely many ways, i.e. the solution is not unique. For 
M- M,. the solution is continuous and unique. Both of these possibilities 
actual ly occur, since for y = 2 the equation of the separatrix that goes 
through the points Z = 0, V=-n and A, is Z = [2n/(n 2) (V+ 
Therefore we can find the coordinates of comparable points in explicit 
form, and thereby convince ourselves that by a proper choice of n we can 
realize both cases. 


We shall not stop to consider how the picture changes with a further 
increase in n. Let us consider the case where n > 2y/(y — 1) (Fig.4). 
The asymptotic formula for V + « (4.1) shows that there exists a value 
of M, such that, for M>M., the solution of Cauchy's problem is con- 
tinuous, unique and determined for all values of x and t > 0. Along with 
this it is obvious from Fig. 4 that for all 4 < M. the solution of 
Cauchy's problem is not continuous for al! values of t > 0. 


The case n> 0 and y > 3 is analogous. 


The final result can be formulated as follows. For n> © for any 
y > 1 the solution of Cauchy's problem has the following possibilities: 


(a) It can be continuous for all ¢ > O but not all values of M. Here, 
for those values of M, for which the solution is continuous for all times 
t > 0, continuity can be achieved either in a unique way for a given M, 
or in an infinite number of ways. 


(b) The solution is continuous for all values of M but here the con- 
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tinuity can be achieved in an infinite number of ways for each value of M. 


Fig. 4 


Thus we can see that, for some initial conditions, a continuous solu- 
tion of Cauchy's problem for the Kovaleskaya system of equations (1.1) 
either does not exist at all, inasmuch as an impassable limiting | ine 
appears in the x, t plane (of Ref. [7]), or else there exist infinitely 
many solutions for given initial conditions. 


This fact, of the loss of uniqueness in the solution of Cauchy's problem 
for such systems with determined initial conditions, is worth taking note 
of, as to the best of the author's knowledge it has not appeared in the 
literature up to now. 


Finally in the case n = « the equations can be integrated in terms of 
elementary functions and the solution can be written in the fol lowing 


i form: 


p(z, t) = p,exp \= —M V 


a 


t 

0 0 


ote, 1) 


Analysis of the asymptotic behavior of the solution of the system 
(1.13), (1.14) and (1.15) with V + « shows that, in the cases where the 
solution to Cauchy’s problem exists and is determined for all x and 
t > 0, this solution at t + « has the form 


u(x, t)=C,(x)V exp(— AY p(z, th *exp(—nz) 


t) =C,(z) exp|— (m — 2) z| , (z) exp(=) 


~where a > 0, C are constants. From here it follows that for t + «, 
u—0, p—-0 (#>0), p—+0 (n> 2) 


9 —> co RT= 
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(R = gas constant, T = absolute temperature). 


The case of n = « in this relation is exceptional, because from 
formla (4.4) it follows that at t + «, u+ ; in this case AT = AT. = 
Po Po (the motion is isothermal). Note that solution (4.4) does not. 
contain 


2. Piston Problen. 


The problem of self-similar motion of gas that is created when the 
gas is displaced by a symmetrical piston is constructed as follows [5]. 
In a gas which is at rest and fills the whole space, and which has 
density p, and zero pressure, a sphere (cylinder or a flat layer in the 
cases of cylindrical or planar symmetry) is expanding according to the 
law ry = ct™*/(n + 1), where r,) is the radius of the piston, ¢ = time, 
c and n = constants. What is to be determined is the motion created in 
the ideal non-conducting perfect gas. This motion is described by some 
solution of system (1.1). It is self-similar, and the functions u, p, p 
have the form[5 ] : 


u(r, t)= V(r), t)=po P(A), = (5.1) 


The functions PO) RO) are found in the ordi- 
mary equations (4), (5) and (6) of Ref. [5]. 


Let us replace t byt + nrand let = V = nV. P= R= R,. 
c= (a/r)(nr 1" and go over to the limit n+ «. In the result we will 
obtain for the motion of the piston the equation 


= (9.2) 
and from equation (5.1) the following equations (indices omitted) (5.3) 
u(r, th= VQ), pir, t) =p P(}), o(f, git 


The differential equations then will become: 


dV — 1) [02 — 4) — [2/y + 


dink _ 
da 


dinR _ - 1)—(2/y + vb) Z 


(V —1) + wW (5.6) 
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Passage to the limit at the shock wave leads to the relations 


2 
V.—1=(V; —1) [1+ (5.7) 


In this case the characteristic parabolas corresponding to (2.2) and 
(2.3) are 


Z = (V —1)?, —1) (5.8) 


The picture describing the possible transitions in the plane V, Z 


according to the relations (5.7) is identical to Fig. 1, if in the latter ; 
we substitute 1 in place of —n. 


To construct the solution of the problem, let us consider the field of 
integral curves of equation (5.4), which is represented in Fig. 5. The 


arrows indicate the direction of the increase of the parameter A along 
the integral curves. 


Pig. 5. 


Evidently the solution of the problem should be discontinuous. The 
motion of the piston will create a strong shock wave which will propa- 
gate through the stationary gas and set it into motion. Corresponding to 
the state of rest (condition ahead of the shock wave) is the point 
Z= V= 0 in the V, Z plane. Corresponding to the state of gas behind 


the shock wave is the image of this point on the second of the parabolas 
(5.8) i.e. the point 


(5.9) 


The solution of the problem is given by the integral curve going from 
the point (5.9) to the point Z = 0, V= 1. In the vicinity of the latter 
point we have the following asymptotic representation: 


9 

\ 


, i. =C,(V +—) (5.10) 
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where C, C,, C, are constants. 


Satisfying the initial conditions on the piston, we establish that 
here A = 1. This gives C, = [vy /(2+ vy)]*/”. Actual calculation of the 
solution of the problem can be by the method indicated in Ref. [5 ]. 
Namely, coming from point (5.9) we construct by means of numerical 
integration an integral curve, which in the vicinity of point Z = 0, 

V = 1 joins with the first of the asymptotic equations (5.10), and in 
this manner we can find the constant C,. Further, we calculate the dis- 
tribution of A along the constructed integral curve by means of the 
second of formulae (5.10) and equation (5.5). Finally with the help of 
equation (5.6) and the condition at a strong shock wave R,= fy + 1)/ 

{y —- 1), we calculate the distribution of R along the integral curve. The 
joining of this distribution with the third of the asymptotic formlas 
(5.10) gives the constant C,. From this formula we can see that the 
density on the piston is equal to infinity, which is to be expected, as 
the solution constructed here is a limiting one for the regular similar- 
ity solutions with n+ «, and in Ref. [5] it is indicated that for 

n> 0 the density on the piston is always equal to infinity. In the con- 
structed solution, as well as in the solutions of Ref. [5] forn > 0, 
the pressure on the piston is finite [ c.f. formmlas (5.10)] and the 
temperature there is equal to zero. 


In conclusion I will take this opportunity to express my thanks to 
L.I. Sedov for a discussion of this work. 
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AN EXAMPLE OF TRANSONIC FLOW OF A GAS WITH 
A SUPERSONIC ZONE, TERMENATED BY A 
CURVED SHOCK WHICH ENDS INSIDE THE FLOW 


(PRISER OKOLOZVUEKOVOGO TECHENIITA GAZA S OBLAST’ IU 
SKOROSTEI, OGBANICRENNOI YNIZ PO TECHENIIU 
ISERIVLENNYS SEACHEOR UPLOTNENIIA, 
VNUTRI TECHENITIA) 


PUM Vol.22, No.3, 1958, pp. 3141-319 


I. BIBOSUNOV 
(Prunze) 


In Ref. [1], Frankl constructed an example of transonic flow, with a 
supersonic zone that is terminated on the downstream side by a straight 
shock which ends in the flow. The present work gives an example of the 
same type, with a curved shock. Our solution is based on the equations 
of Falkovitch [2], substituting Chaplygin’s equation in the vicinity 
of the sonic speed. Namely, 


On a’ an 


where @ is the angle of inclination of the velocity, 7 is a function of 
the velocity which was introduced by Frank! [3], ¢ is the velocity 
potential, ~ is the stream function. 


Variation of entropy and thus, of vorticity, behind the shock are 
neglected, which is permissible near sonic speed, since a jump in entropy 
is proportional to the cube* of the jump in the normal velocity. 


The stream function and the velocity potential separately satisfy the 
equations 


* Corrected by translator; *square* appears in original. 
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For the stream function in the subsonic region we shal! seek a solu- 
tion of the form 


= 5) + (3) 
In the 6m plane the shock appears in the form of two curves, 
(4) 
in the supersonic half and the subsonic half, respectively, of the plane. 
the characteristic which goes through the origin we have 
9 6? 
(9) 


Equation (3) is also valid at points of the 6 plane which are above 
the characteristic (5). Below this characteristic we have 


Qn crossing the characteristic (5), the stream function mst be con- 
tinuous, i.e. 


af(1) + Bg (1) = /(1) + eg (1) 
where f and g are hypergeometric functions, as follows: 


In the subsonic zone, 


f(z) = — F(—1, 


3 


Below the characteristic, 


f(2)=—F(—1, —4, 4, 2), =V32*F(—+4+, — 
= — (—1, —+, 2, 2) F(—+, —4, 2, 
Above the characteristic in the supersonic zone 
f(2)=—F(—1, 4, 2) (85) 
g(s) = (—+, —1, $, 4)—B(—2)"F (-4, 4,4) 


4 1 
p(z) = — (F(—1, +, — 


— B(—2)"F(— 4+, —+, 2, +p 
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In these formulas 
(8,) 
- = 0.5382, B = — 0.5625 
3 2 
The coefficient — ¥ 3 is chosen so that, along the characteristic, 
the value of g(z) above the characteristic corresponds to the value be- 
low the characteristic. The minus sign in the expression for f(z) is 
chosen so that the shock will lie to the right of the zero streamline 
[1]. It is known that the velocity vectors ahead of and behind the shock 
are related by the relation [4], 


(6, — 6,)? = 9 (— — %e) (9) 


The boundary condition on ¢ and w& along the shock has the form (4), 


/ 


=+C V (10) 
where C is defined in formula (1). 


It is evident that the velocity potential and stream function are 
continuous across the shock: 


equations (3), (4) and (11) we find that 


af (hy?) + (4,7) = + eg (— 


using equations (3), (4) and (8) we write 


we find d; it can be easily shown that 


= 


9 43 ] (below the 
( characteristic) 


(14) 
(above the 
j characteristic) 


where f° and g° are hypergeometric functions, as follows: 


In the subsonic zone, 


=* C(—2) (- |, . 


9(z) = ( 


| 433 

4 

Now, 

j Next 
(19,) 


4 


I. Bibosunov 


Pelow the characteristic, 


—$e2"F(— 4, 2, 2), — 


(2) 4, —1, 2, + —4, 4,2) 
Above the characteristic in the supersonic zone, 
(z) = —C(— «4, 
g° (2) =—+ C(D(—2)"F( 
+ E(—2)*F(—4, - 


3° 


(D2 "F —f, =, 1) Ez'* (— : 


3 


Here C and z are defined by formulas (1) and (8), while 


r(2)r(— 2 


D « 
r(— 2) rq r(4) ri 


= — 3.3750 (154) 
) 
From equations (3), (6) and (14), and taking into account equations 
(4) and (12), we obtain from the preceding equations (13), 
9 V 2 + Bg? = SCV 1 — [xf + Be (16,) 
9 V 2 + Bg? (Ay2)] = —8CYV 1 — + Be 
9 V 2k [2 (— hy?) + (— = 8CV 1 — (— + eg (— (17,) 
9 2k [2 (— + eg°(— = — 8CV 1 — + 2g (— (17,) 
From equations (7) and (12) we find a and &. Thus 


(lp (hy?) 


[f(1) + eg — Lf (— + eg (— 


Putting (18) into equations (14), we obtain 


(9 V (1) (1) —8C V1 — (hy?) 1) — 
— f (1) g (— +29 (— — 17° (Ay?) — 

— + 2g 9 V2 = 0 
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Now, from equations (4), (9) and (12) we find that 
2 — = +h) (20,) 
= (ky — = “Bar +k) (20,) 
Thus, we have obtained equations (17), (19) and (20), which make it 
possible to find the constants a, fi, k, k,, k. 
From equations (8,), (8,) and (15,), (15,), expanding in series, we 
obtain 


= —( + akt+...), = — + mk +...) 


g = V3(k, + bk +...), (ky) = C(1 +nk,? +...) 


(21) 
= +...), (— = Clk, — mk +...) 


bk +...) ke) = — — +...) 


We also expand the quantities k., k,, k in series: 
(22) 
Using (21) and (22), equations 17,), (19,), (20,) and (17,), (19,), 
(20,) take the following form: 
(24 2a, —8y —3 =0 
(24 V28,+ 8y,—3V2)24+. (23,) 
op, 
(24 V 2a, + 3V Gye 4+. 
24 28,— 87, —3V2)e4 
= (a, -- 3,) -2y,]Je+. 


3V 27,= 0 
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fl Thus, to determine the constants ay, B,, 1 it is necessary to use 
: either the system of equations (24, ) or the system (24,). 

: In the case of (24,), we have 

a, >= 0.2081, 0.1333, 13) — __ 9 0352 (25) 
3 If the system of equations (24,) is used, the other value of y, is 

. obtained. It turns out that for « < 0 it is necessary to take the first 


value, i.e. the system (24,), and for « > 0, the second value, i.e. the 
system (24, ); but y,¢ is positive by definition. 


Since, in what follows, we take « < 9, for reasons that appear later, 
we use the solution of the first system. Then, with the values from (25), 
equations (22) give 


k, = 0.208¢ +..., ky =OA1333 2+ ..., 


In what follows, we will assume « < 0, and specifically will take 
« =- 0.1. In this case, 6 > 0 with n = 0, we find wy < 0, from which it 
follows that the approaching streamline which passes through the end of 
the shock lies entirely in the subsonic region. 


Our problem then is the construction of this particular example. We 
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have 


k, = — 0.0133, k = 0.9999 (26) 


From equations (4), together with (26), we have 


8, = — 0.0138 (— 6, = — 0.0088 (27) 
This curve is shown in Fig. 1, in the 6» plane. From equations (27) 
and (12) we obtain 0,/0, = 0.6376 43/2, 


Taking the value of k from equation (26), 


6, = 0.6375 6, (28) 


In equation (1), x = 1.4 for air; then C= 2.111. 
from equations (21), to a first approximation, 


f = —14, g (k,*) = — 0.0360, f° (ky?) = 0.4171, 
= 0.0133, (— = — 0.0748, 


Using (26) we obtain 
(29) 
g° (ky*) = 1.2188 
g° (— ky*) = — 0.7036 
From equations (18) and (29) we obtain 
a = 1.0034, — — 0.0945 (30) 
Next we find the relation of x and y ton, along the shock: 


yoy!) — — 1.0013 = gf?) — 0.0045 


Now from Chaplygin’s formulas, we have 


w pw pw w 


We find that 


a 


(fe) 
pw /im=o 2 \pw <0 


a® dx = de + n+... 


Integrating both parts, we obtain 


= +(x +1) ( 


ate. 
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Prom here (with @ = — 0.00887 °/?, and x = 1.4 for air), together with 


equation (31), we obtain 


x = — 0.0045 — 0.0129 9)", = — 1.5794 0.7045 7° (33) 


Thus, in this given case, we obtain the equations of the shock, which, 


looking from the end of the shock, is directed upstream. 


Next,we will find x and y for 7 = 0 (i.e. the sonic line); for this, 
we express Ww and ¢ in terms of @. We know that 


+e(—2) "F (— 


= — 0.1658 1.5777 | ay 


= — 4.3075 03, + 2.4111 \ Ode 
a* = — 4.3070 69 + 0.1901 6°», a*y = — 0.182968» — 6.819068 (34) 


Next we find x and y onwW= 0 (i.e. the zero streamline). We know 
that 


(2) 2) + 


( ; * {hy (t) + eh, (T)} 


8 


hy (t) = At (1— + BFi(—**) 


h,’(0) = B= — 0.5625, 


for which A and B are given by formulas (8). 
Let W= 0 forr =r’ andr =r” (i.e. for z= 2° and z= 2”); then 
h(t) = hy (t) + eh, (t) = 0 
It is easily seen that 


(r) = 0 for =0 and ¢ = (8/3)1/3 
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Here 
hy (t) = + hy’ (0) ; 


Exaaple of transonic flow of a gas with supersonic zone 


Thus, h, (0) = (8/3)!/?] = 0. Let r =r”; then 
h(t’) = hy (t) + ehg (t) = 0 
Expanding hr”) in a Taylor series we obtain 
hy = hy (0) + (0) +... = Thy (OV +... 
It follows that 
th,’ (0) + eh, (0) = 0, 


= 0.0211, = 382.9780 (35) 


This value, z= 2°, corresponds to the front part of the streamline. 
The other value, z= 2”, corresponding to the rear part (downstream from 
the end of the shock) is close to the root of the equation f(z) = 0 
(z = 3/8). 


Expanding in series we have, to a first approximation, 


= (2” — (29) + 


since f° = 8/3. Thus 
[1 —(2) “er ( )] = — 0.3545 (36) 


In this manner we obtain 2” = 106382.9780, 2” = — 0.3545. It follows 
that the equations 
7° 0.0276 


) — 1.85176"° (37) 


define the zero streamline in the On plane; it is shown graphically in 
Pig. 1. 


From equation (32), for w= 0, we obtain 
== @ + (x 1) nde, 


Now, using the value z= 2° = — 106382.9780, we calculate ¢. Correspond- 
ing to (15), 


?= 2) F(— ~, 2)—eF (— 


= C — 262) [(2)"* nose (— 2, 
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39, 
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} 
9 
4 1) x 1 
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a 


x 
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= 2.111169 (979 24 


4 | ¥ 


Taking r =r = 0.0211, we obtain 


From the other side, 


so that, for z= = — 0.3545 we obtain 
= 3.0736 
From equations (39), (40) and (38), taking into account (36), we ob- 
tain 
a°x = — 4.1166 0° — 0.069486 ', a*y = — 6.5179 08 (41) 
a® x = 49.1668 0° 4. 55.6299 a* y = 77.8468 04 (42) 


Table 1 gives the coordinates of the shock and the sonic line in the 
xy plane, and Table 2 gives the coordinates of the zero streamline. 


Table 1 


Sonic line 


1096 
6249 
2.2836 
6.5426 
16.0186 


~ 


.5235 
7500 
. 1169 
7956 
6036 
0425 
3415 
8255 
8124 
6150 


70. 2536 
131.8769 
233 . 6806 
395.0176 
641.4876 


| 

| 

| 

35.0454 


0610 
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z +&($0) wr 
,7 0.1 [( 341 
s\' 5 1 5 1 
1 ] 
— 4.1166 9° (39) vol 
195 
| 
Shock 
n | 0 | x | 
0.50 | 0.0005 | n.50 | 0 0.4549 
0.75 0.0038 0.75 | 2.2424 
00 7.0019 
25 16.9794 
50 35.0602 
75 64.7680 
00 110.2650 
25 176.3532 
50 268 .4728 
75 392.7062 
| 00 105 555. 8628 
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Table 2 
Equation (41) Equation (42) 
x 
0.10 — 0.0041 — 0.0006 0.0602 0.0077 
0.25 — 0.0646 — 0.0254 1.1119 0.3036 
0.50 — 0.5199 — 0.4074 10.5238 4.8654 
0.75 — 1.7604 — 2.1622 40. 1088 24.6307 
1.00 — 4.1860 — 6.5179 104.7967 77.8468 
1.25 — 8.1973 — 15.9128 222.0627 109.0551 
1.50 —14.2003 — 32.9968 411.8943 394.0994 
1.75 —22.6025 — 61.1307 696 . 4052 730.1173 
2.00 —33.8139 — 104.2864 1099.6116 1245.5488 
2.25 —48.2478 — 167.0466 1648 .0265 1995. 1278 
2.50 —66.3192 — 254.6054 2369 . 3264 3040 . 8906 
2.75 —88 . 4448 —372.7710 3293 . 2022 4452 . 2064 


In closing, I should like to express my sincere thanks to my instructor, 
F.I. Frankl, for valuable advice during the completion of this problem. 
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N.N. LEBEDEV and Ia.S, UPLIAND 

(Leningrad) 

hd (Received 3 July 1957) 

. The solution of the contact problems of the theory of elasticity is 195 
a 

4 usually based upon the assumption that the body acted upon by a rigid 

2 f stamp is an elastic half-space. The present paper deals with the more 

& a complicated problem of pressing a stamp of circular cross-section into 


. an elastic layer. The method developed in the paper permits to express 
: the required displacements and stresses in terms of one auxiliary 

+ ? function, which represents the solution of a Fredholm integral equa- 

é tion with a continuous symmetrical] kernel. A series of numerica] 

‘ results is given for the case of a stamp with plane base. 


_ 1. We consider the state of elastic equilibrium of an infinite layer, 
+ resting on a rigid immovable basis and undergoing deformation under the 


action of a rigid stamp of circular cross-section. It is assumed that 
the contact surface of the stamp is a surface of revolution and that the 
pressing is realized by means of an axial force (Fig.l). It is further- 
more assumed that there is no friction between the stamp and the layer, 


= 
“ 
re Yj 
2a 
a 
---©& 
3 5 
t 
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442 


Axisymmetric contact problem for an elastic layer 


although the method offered in the following permits generalization to 
cases of more involved nature (e.g. it is possible to consider layer and 
basis to be in conditions of adhesion). 


Under the assumptions just stated the contact problem can be reduced 
to the integration of equations of the theory of elasticity in cylindri- 
cal coordinates r, ¢, z with the mixed boundary conditions 


w = 0 when 2 = h (1.1) 


0, 3,=0 when 2 = 0 (1.2) 


where (u, 0, w) are the components of the displacement vector in a sys- 
tem of cylindrical coordinates, while o, and +,, are the normal and the 
tangential stress components, respectively, y(r) the curve determining 

the shape of the pressing surface of the stamp and w, the displacement 

of the latter in the z-direction. 


The radius a of the stamp is considered to be given, which is, in the 
case of a curved shape of the pressing surface of the stamp, equivalent 
to the case of a complete penetration under the action of a sufficiently 
large force P. In the case of an incomplete penetration the problem be- 
comes more complicated insofar as the radius of the boundary circle of 
the contact surface is unknown, so that it must be determined from the 
continuity condition of the normal stresses at the points of the circle 
r= a. 


The solution of the problem under consideration is facilitated by the 
use of the harmonic functions of Papkovich and Neuber for the represent - 
ation of the components of the displacement vector. In our case the ex- 
pressions in question assume the form 


— 2uw = — +4(1—v)@®,, 2, (1.3) 


or 


where »« is the shear modulus, while v is Poisson's ratio; ®, and ®, are 
functions, harmonic in the layer 0 < z < A. 


Using the relations (1.1) to (1.3), as well as the formlas 


— 29, — (1.4) 


by which the elastic stresses are expressed in terms of the functions 
just introduced, we arrive at the boundary cenditons 


(1.5) 
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— 2v) — = 0 (1.6) 
— 4v) D, — = 2p [wo— yx (r)} when r< a (1.7) 
= 0 when r > a (1.8) 


These conditions lead to a single-valued determination of ® and ®,. It 
is assumed that at r + « the functions 9, and ®, are of the order 

O(r~*) and their derivatives tend toward O(r~?) at the same limit; this 
assures the necessary behavior of displacements and stresses at infinity. 


2. The solution of the formlated problem is based on its reduction 
to paired integral equations, which admit an exact solution in quadratures 
by means of an auxiliary function satisfying Fredholm’s integral equation 
with a continuous symmetrical kernel. 


We seek the harmonic functions ®, and ®, in the form 


®, =| A shh (h — 2) Jo (Ar) 


0 


= \ (2) (hk — 2) + shd (h — 2)] (Ar) 
0 


h 


where A(A) and B(A) are functions to be determined, while J.(x) is a 
Bessel function. 


If the functions ®, and ®, are selected in this manner, the boundary 
conditions (1.5) will be satisfied for any values of AA) and BA). Of 
the remaining conditions the equation (1.4) permits to derive the rela- 


tion 
BO) = (1 — 2v— AD) 


while the conditions (1.7) and (1.8) lead to a system of two integral 
equations for A(r): 


AQ)JoQr) dh = f(r) (<a), \ Jo (or) dh =0 (r><a) (2.3) 
0 0 


where 
8.0.) = = 


[Wo — x (7)] (2.4) 


The solution of equations (2.3) is again sought in the form* 
a 


A() =[1 — 8 () cost de (2.5) 


* see [2 ], where an analogous method was used for the solution of a 
problem in electrostatics. 
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where d{t) is some unknown function, continuous, together with its deri- 
vative, in the closed interval (0, a). 


Integrating the right-hand member of (2.5) by parts and substituting* 
the resulting expression for A{A) into the second equation of the system 
(2.3), we obtain, for r > a, 


@ @ a @ 
\ (nr) dd (a) | Jo (hr) sin ha dh — ()dt\ Atdh =0 
0 
Since, according to a known formula, 
(Omt<r) 
\ sin td) (2 6) 
(t? — 2 (t> r) 


the integrals with respect to the variable A are zero. 


Thus one of the paired integral equations (2.3) is satisfied identi- 
cally. 


Substitution of AfA) into the first of the equations (2.3) after 
change of order of integration and use of the formulas 


J, (hr) cos kt dh = 


(2.7) 


| Oct<r) 


‘an 

4 J, Qr) = \ cos (Ar sin 9) d6 (2.8) 

q leads to the relation 

0 0 0 


Introducing in the first of the integrals a new integration variable 
by substituting t = r sin @, and denoting by G(x) the Fourier cosine- 
transform of the function g{A), so that 


G(z) =\ g (A) cos kx dd) (2.10) 


0 


All computations of this Section are purely formal, but they can be 
easily justified, if we assume the existence of a solution of 
Fredholm’s equation (2.12) continuous, together with its derivative, 
in the closed interval (0, a). 


: ; 
4 J 


ae 
Bd 
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relation (2.9) can be written in the form 

a 

\ sin 6) (G(t + rsin§)+G(t— rsin§)| dt) =f(r) (2.11) 
0 


0 


Putting 


(2.12) 
0 


we arrive at the integral equation of Schloemilch 


n/2 


F (r sin6) d§ = 7 (r) (0<r<a) (2.13) 


0 
The continuous solution of this equation is given by formula [4 ] 


F(z) = [7 (0) +2 \ (zsin 6) a6] (2.14) 
0 


After determination of F(x), the equality (2.12) can be considered as 
an integral equation for the unknown function d{t). It follows from the 
definition (2.10) of the function G(x) that the kernel of the equation 
1s a continuous and symmetrical function of the variables x and t. If it 
is possible to find a solution of the integral equation (2.12) in the 
form of a function with a continuous derivative, then the formulas (2.5), 


(2.2) and (2.1) give a complete solution of the contact problem under 
consideration*. 


It should be noted that many quantities, of interest in applications, 
can be expressed immediately in terms of the function ft) under omission 
of the intermediate formulas, which is particularly alvantageous for 
numerical methods of solving the equation (2.12). Thus, for instance, 
using formulas (1.4) and (2.4), we easily obtain the simple formula for 
the distribution of the normal stresses under the punch: 


[32]. when r< a (2.15) 


Particularly simple is the expression obtained for the magnitude of 
the total pressure of the stamp on the layer, numerically equal to the 


applied force P. Integrating (2.15) along the area of the circle of 
radius a, we find 


p = an | (2.16) 
0 


* If F’(x) is a continuous function, then it is sufficient to require 
the existence of a continuous solution of the equation (2.12). 
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This is an equation for the determination of the magnitude w, of the 
displacement of the stamp corresponding to a given force P. 


In the case of a stamp with non-plane base in non-complete penetration 
we derive from formula (2.15) the additional equation 


= 0 2.17) 
which follows from the condition of continuity of normal stresses in the 
plane z = 0. In this case the relations (2.146) and d(a) = 0 are to be 
used for determination of the displacement w, of the stamp and of the 
radius a of the contact area. 


3. For a stamp with a plane base 


x(r) = 0, {()= 
and the integral equation (2.17) assumes the form 
a 
: 3.4 
(z)— (t+ 2) + dt = (1) 
0 
In further computations it is convenient to use dimensionless quanti- 
ties by introducing 


t 


z 


Equation (3.1) assumes then the form 
1 


1 


0 


@ 


Kw=P\ 


*sh a 


apud 


In the case of small values of the parameter p the solution of the 
equation (3.3) can be represented by an expansion into powers of that 
parameter. In the general case it is necessary to use numerical methods; 
this requires in the first place a tabulation of the function K(u) in 
the interval 0 < u< 2. Replacing, furthermore, the value of the integral 
in (3.3) by its approximation obtained by use of the trapezium formula, 
or another quadrature formula, we reduce the problem of determining 
@m(r) to that of solving a system of linear equations, which makes it 
possible to set up a table of numerical values of this function with a 
necessary degree of accuracy. 


The formula (2.16), which gives the required connection between the 
displacement wv, of the stamp and the force P, assumes in dimensionless 


variables the form 
P(i—vy) 
= w(t) dt (3.5) 
0 
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Therefore, having a table of the numerical values of the function 
@(r), we will be able without difficulties to compute the corresponding 
values of the coefficient x. 


Following this scheme, computations were carried out for five values 
of the parameter p, from p = 0 to p= 2 at intervals equal to 0.5. The 
value p = 0 corresponds to the case of a stamp acting on an elastic half- 
space. In this case K(u) = 0, w(r) = 1, «x = 1. The results of the conm- 
putations are given in Tables 1 to 3. It should be noted that Table 1 can 
: be used also in the study of the contact problem for a stamp with non- 

plane base. 


TABLE 1. Numerical] Values of the Kerne!] K(u) 

1.1674 7544 3349 

1.1596 .7248 2728 

1.1364 6486 0990 

4.0994 5310 8448 

1.0495 5513 

q 0.9897 2196 2565 


.9224 
8502 
7757 
.7010 
§282 
5587 
4937 
4339 
3795 
3308 
. 2877 
2498 
2168 
. 1883 
. 1640 


0515 
8894 
7406 
6190 
1962 
3252 
2635 
2148 
1767 
1472 


.9875 
7591 
5753 
4336 
3279 
2512 
1962 
.1571 
1291 
1088 
0939 
1243 086 
1065 .0737 
0925 0.0663 
.0816 0.0602 


0 
0. 
0 
0. 
0 
0. 
0. 
0 
0 
0 
1 
1 
1. 
1 
1 
i 
{ 
2 


. Numerical Values of the Kernel w(r) 


p = 1.0 p=-15 


3 


to 

w 


DO PO 
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05 
329 
>, B144 
TABLS 2 
| 
321 
303 
246 
J 0.3 1.523 153 
0.4 | 1.518 022 
0.5 1.541 854 
0.6 | 1.503 650 
0.7 1.49 416 
0.8 1.484 157 
0.9 | 1.472 
1.460 608 


=. 


Axisymmetric contact problem for an elastic layer 


4. The general formulas derived in Section 2 permit to consider the 
limiting case h~+ oo, investigated in publications of many other authors 
(see e.g. [1] and[3]). Por this case the function G(x) = 0 and the 
formula (2.12) gives an explicit expression for the required function, 
namely 


2 
(2) =F (z sin 0) dO (4.1) 
0 


where f(r) is defined by (2.4). 


The required connection between the displacement w, of the stamp and 
the force P is determined immediately from (4.1) and (2.16) and we find 
\ x (asin 6) sin 6 (4.2) 
0 
In the case of non-complete penetration of a stamp with non-plane base 
we also have to consider the additional equation (2.17), which in this 


case assumes the form " 


Wa 
\ x’ (asin 0) (4.3) 
0 


From equations (4.2) and (4.3) we have to find the magnitudes of the 
displacement ¥ of the stamp and of the radius a of the contact area. 
Furthermore, the formulas (4.2) and (4.3) permit also to determine, for 
a given radius a of the stamp, the limiting value of the force Po. 
starting from which a complete penetration takes place. 

n/2 
\ (ao sin 6) — sin Oy (a, sin 6)]} (4.4) 
0 

In conclusion, we give also the formula for the normal stresses in the 

contact area (r < a): 


4a,u 
= 


2.9 = — {{w, (a sin 6) 20 | 


a? — 
0 


tore sin 6) 40] yaa} 


r 0 
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| | 2.20 | 2.95 | 3.72 
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STATIC THEORY OF ELASTICITY FOR A 
LAYER WITH A SPHERICAL CAVITY 
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In this paper, with the help of the method used in {1] for solution of 
the electrostatic (hydrodynamic) problem, some boundary value problems 
of the theory of elasticity are solved for the same regions, i.e. for 
the plane (parallel) layer with a spherical cavity. The method used in 
[1] can be described briefly in the following manner. 


The solution, u, of the boundary value problem is sought in the form 


= Uy + Uy (0.4) 


where u. is the solution of the same boundary conditions on the planes, 
but without the cavity. It is easily found. 

The additive term uy is sought in the form of a series of spherical 
functions relative to the center of the cavity, and to all its mirror 
images in the boundary planes of the layer. 


The distribution of these points is symmetrical with respect to each 
plane. Because of this symmetry the homogeneous boundary conditions on 
the planes which should be satisfied by u, are satisfied by some simple 
relations between the coefficients of the series. 


In order to satisfy the boundary conditions on the surface of the 
cavity, the expression a, is reduced to the single variables v, 9, and 
@ referred to the center of the cavity. To obtain this, the transforma- 
tion formulas of the spherical functions for the translation of the 
origin are used [2]. 


From the boundary conditions on the surface of the cavity for the 
coefficients of the series, we obtain an infinite system of algebraic 


a 
- 
a 
a 
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equations of the type 


@ 
4 > = by (k—1,2,3,...) 
l=1 


@ 
> > Cy," <0, > b,?< co (0.3) 


The system (0.2) is regular for a large range of the values of the 
ratio of the radius of the cavity, A, to the thickness of the layer, a, 
(thus, in consequence of (0.3) it is completely regular*). The solution 
of this system is found by a reduction method [3], and also, at least 
in the region of its regularity, by the method of successive approxima- 
tions. 


In an analogous manner we can obtain solutions of the boundary value 
problems for a layer with an arbitrary namuber of spherical cavities 
whose centers lie on a straight line perpendicular to the faces of the 
layer. ** 


To use the above described method for the solutions of the boundary 
value problems in the theory of elasticity, it would be necessary to 
find first some complete system of solutions of the static equilibrium 
equation of the theory of elasticity 


| 
Au + Brad divu = 0 (0.4) 


(a is the displacement vector and o is Poisson's ratio), which would 
correspond to the system of spherical functions in potential theory, and 
which would be suitable for application of the above method.*** Further- 
more, the transformation formulas for these solutions should also be 
determined. 


* Here the terminology of [3] is used. 


** We note here, that the method of mirror images and use of the trans- 
formation formulas for spherical functions was employed by A.M. Rodov 
for solutions of some electrostatic problems of a half-space with a 
spherical cavity, (oral communication). Por determination of the 
coefficients of the series Rodov obtained a system of the form (0.2). 


***We could apply the system of solutions due to Thomson [4]. However, 
it was verified by the author that the systems obtained for determi- 
nation of the coefficients were very unwieldy. Besides, for the 
Thomson’s solutions great difficulties will be encountered in finding 
the so-called rotation formulas (see the end of Section 2). 
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1. System of normal solutions and determination of trans- 
formation formulas for this system. 


(1) The above mentioned complete system of solutions of (0.4), which 
were called normal, was found by the author in |5]. He utilized the 
method of separation of variables explained in[6].* This system con- 
sists of the following vector- functions (e,, and ey are unit vectors 
in spherical coordinates) 


8 8 
{ | 
Vin (1+2) (Finer Y 1) sia Ves es) 


i 1 @ a 
= r ( into — Yin es) (1.4) 


Pin = ne 


inte i) sind Vines) 


@ i 
qin = (Yiner + Y + Tsind Be Yin 


i 1 ows 
rin = Vida} rt Yin te) 
where 


Pi, is the conjugate Legendre function determined by the formula 


(i1— 23"? 
d:'*" 


P,,, (z) = (z? 1) 


I[(i— +3—p} 
(21+ 3)V 10+ 4) 


12) 
= +1) — + 9) —2 
(4 — 1) VIG + 


The solutions Wins Yin “in are called outer normal solutions, and 
Pin’ 2nd inner normal solutions. 


(2) We will find now transformation formulas, which will express inner 
normal vectors referred to the coordinate system with the origin at point 
O59 (Fig. 1), by the inner normal vectors referred to the coordinate 
system XYZ with the origin at the point 0. (The axes of both coordinate 


It could be also found more easily by a method of spherical vectors (see 


{7]). 
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systems are paralle!). 
We note, first of all, that 
div = (cos 8) /r'+1, div pin = Pry (cos 9) (1.3) 
div w;, = 0, divr;, = 0 (1.4) 
div v;, = 0, div qi, = 0 (1.5) 


It is easy to verify that v),, and q), are gradients of harmonic func- 
tions, namely 


(cos 
Vin (r, 9, = grad in 


(1.6) 


Gin (7, 4, = grad ( (cos pinoy! \ 


(3) We seek in the transformation formulas for the W), in the form 


Un (710, 910, 9) = >) Pen (r, 6, + >) Prandin (7, 6, + Tien Pen 4, 
(1.7) 


where the summation limits are determinate simultaneously with the 
coefficients 2 Y lkn* 


To find a),,, we take the divergence of the left-and right-hand sides 
of (1.7). Im view of (1.3), (1.4) and (1.5) and considering the trans- 
formation formula for the spherical functions (the method of obtaining 
such a formula is shown in !2], page 136) 

P,,, (COS 949) ein? (— + ky! 


i 
+1 +1 (k+n)jl(i—n)! 


(cos 8) (1.8) 


ry 
we get 


_ (—1)" (1 + kyl 
Likn = (k=n,n+1,...) (1.9) 


To find y),, it is convenient first to find the curl of the left- and 
right-hand side of (1.7), since 2}pn tS already known. From (1.4) it 
follows that 


curl qin, = 0 (1.10) 


Finding by means of well-known formulas any component of the curl of 
the left- or right-hand side of (1.7), the ¢component,* say, and using 
* The d-components curl u),, curl p,,, curl r),, and curl w), are 
spherical functions (harmonics). 
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again (1.8), we get 


(— an + ky! 
Tien = Tk k+i (k +n)! (T—n)! (1.2) 


To find Bipn We write the vector relationship (1.7) in terms of the 
¢-components. Taking into account the expressions for 2 ibn 2nd and 
the transformation formula (1.8), we have 


4+ — 1)! 


Bien = (Sept + 2n* 1) (1 12) 


where 
8 (ep — 1) — 2 (p — 1) (P + k*) + + 3) — — k) 
(4k? — 1) (47? — 1) 


(1.13) 
4(p — 5) 4 8 + + +3) Uh (2k — 21 — Ih) 


1) 


(4) The transformation formula for Yin 1S immediately found from (1.6) 


and (1.8). 


= (— k (1 +k)! 
Vin (710; 910) 9) = » ~ (T+ 1) (k + a)! (T— qin (7, 6, 9) r<4) 


(5) We shall seek the transformation formula for Win in the form 
analogous to (1.7). Since div w), = div rf), = div q), = 0 the coefficients 
of Pp, are zero and the formula has the following form: 


Win 910 9) = (7, 9, + (r,0,¢) (41.15) 


Prior to finding A and We notice that 
div cur! w;, = 0, div curl r,, =0 


Moreover, from (0.4) we get 
Au = graddivu— curl curl u 


and it follows from (1.5) that 


curl curl Wi, = 0, curl curlr,, —0 


curl Win = grad 9p, curl Pin = grad Pp, 


where Pin and Vin are harmonic functions. 


Finding the ¢component of the curl of the left- and right-hand side 
of (1.15), we get 


ine 


pitl 


a 
a 
V 
= 
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and, taking into consideration (1.10) and (1.8) we get 
_ (= +k)! 
(1.16) 


Now, writing (1.15) for the d-component vectors and substituting 
values of A we find : 


_ (1 + k)! 
Bikn = FEV TT) OF — (kon+i,k+2,...) (1.17) 


(6) Thus, the transformation formulas are obtained.* It is easy to 
verify using D’Alembert’s criterion and the estimate 


| Pin (cos 8)| < YW (1.18) 


that the series which appear in the siahnshiad sides of these formlas 


are uniformly convergent in an arbitrary sphere with radius smaller 
than d. 


The validity of the found vector relations can be easily verified by 
explicitly writing these vectors in all three Cartesian components. ** 


For convenience, the transformation formulas for the normal solutions 
are written in the following form (here, however, the same letters denote 
different coefficients) 


Win (710, = XiknPen (7, 9, + 


k=n 


I—n+1 am l—n+1 
+ (7, 9, 9) + YikenFen(r, 9, (1.19) 
k=n+1 =n 


l—n4] 
Vin (Tyo, 9 10, = Gen (7, 6, ?) 
k=n 


* In an analogous manner we could find transformation formulas for 


r > d, but we shall not need them in the sequel. 


** In the right-hand and left-hand sides of the resulting equalities we 
obtain biharmonic functions. The transformation formulas for such 
functions are easily found from (1.18). 


~ 
ne 
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1)'-" 
Win (Tio, 410, 9) = (7, 9, + 


k=n+1 d 


l—n+1 
+ (7, 9, 9) 


kon 
where (1.20) 
(+h! (l+k—1)! 


Likn = 


2n (1 +k)! + ky! 
(k +1) (A+ hn" T+ (e+ 


Tikn = 


tk n (1 + k)! 


and 7.) and rp) are found from (1.13). 


Note. We obtained the transformation formulas so to speak for "above- 
down" (Pig.1). The formulas of transformation for "“below-up", i.e. 
formulas expressing, for instance a), (r, 6, d) 10° etc. 
are easily found from already obtained formulas. Indeed, reversing the 
direction of the we express using (1.8) (cos e imp, ,t+1 
by P, (cos W,) het (Pig.1), then we take into account that 

- 956 and 


Pin (— 2) = (—1)'—"P,,, (2) (1.21) 
2. Formulation and solution of problems. 


(1) Using a system of normal solutions and the transformation formulas 
for these systems, we are now in a position to construct solutions for a 
layer with a spherical cavity and with the following boundary conditions 
on the outer faces A and B (Fig. 1).* 


Sez = = 0, = —C, Uz |p =C, = const 2.1) 


These conditions are equivalent to the uniform compression of a layer 
by a rigid punch without friction between the punch and the layer. On 
the boundary of the cavity we may assign various conditions of the form: 


3 


3 3 
> + » > bin; >= (6, ?) aj (2.2) 


i=] k=1 


etc., are components of the stress tensor in corresponding 
coordinate systems. 
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where a;,; and b bj are constants; t, k= 1, 2, 3, thus, the numbers 1, 
UR) 

2, 3 correspond to the subscripts r, @ and d; in other words, the com- 
ponents of the displacement vector and of the stress tensors are ex- 
pressed in spherical coordinates. The three equalities (2.2), which 


correspond to the three different values of j, are linearly independent. 


It is required of the functions f;(0, 56), (j= 1, 2, 3) that they can 


be expanded into a uniformly convergent Yin '9, - series; such that 
their Fourier coefficients should satisfy the following inequalities 


lim fx; | = Pj < 1 (j = 1, 2, 3) 


(These relationships represent sufficient conditions to prove convergence 


of the series representing a solution. They are not, however, with all 
probability, necessary conditions. ) 


Using the same scheme as above, problems with different types of 
boundary conditions on A and B, can be solved, viz. when 


u, =u, = 0, ¢,, = p = const (2.3) 


The solutions of the boundary value problems are sought in the region 


1 (Fig. 1). Besides, the following conditions at infinity have to be 
satisfied [8]: 


r(u— uy.) = 0(1), r? (Tu — Tuy) = 0(1) (2.4) 


where r is the radius vector, measured from an arbitrary point; T is an 
operator of the stresses, such that 


= 
a 7 
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(Tu), = Cinte 
(nm, are directional cosines of the normal at a given point to the sur- 
face; k 2, 3 which corresponds to % z); 
vector u. is the same u, which was mentioned in the introduction when 
the method applied here was explained, i.e. it is a solution of the 
boundary value problem with the same conditions on the faces of the layer, 
but without the cavity. 


It is easy to verify that for the problems with the boundary condi- 
tions (2.1) the following is true: 


2c 9° 
= rP, (cos %), Uox = Uy = 0 (2.5) 


and for the problems with the boundary conditions (2.3), we have 


(1+0)(1—2 (EF is the modulus of 
lo, = pz, Uox = = 0 
elasticity) 


Solutions of any of the above mentioned boundary value problems are 
constructed in vector form according to the scheme explained in the in- 
troduction. Here, however, spherical functions are replaced by the outer 


normal solutions. 


(2) Let us construct, for example, a solution of the boundary value 
problem: u, = ug = u,= 9, for r = R (this corresponds to a rigid spherica! 
inclusion with an infinite friction), and with the boundary conditions 
(2.1) on the faces of the layer. We seek a solution u in the form 


U= Up + (2.6) 


where tu. is determinate by the formula (2.5), and uw, is constructed in 
the form of the series obtained from the axisymmetrical solutions i) 
and Vio» (wy, 1): 


l=0o 


3 


2 o 
+ > > > A, Wo (Tins Vin) + » Vio (Tins (2.7) 


i=l u=0l=1 t=] p= 0 /=0 


where By and Bi, are unknown coefficients, and Pigs and in 
are the distances and angles respectively, measured as it 1s shown in 


Fig. 1, (the points 0;, (i= 1, 2; w= 9, 1, 2, ...) are mirror wages of 


the center of the cavity, 0, in the face-planes of the layer). 


The vector u. has clearly to satisfy the homogeneous boundary condi- 


tions on the planes A and B 


af 
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= = 9 (2.8) 


4 


Using recurrence formulas for the functions P}, and the formlas for 
differentiation of the spherical functions [2], we find, after some 
elementary calculations, that (u),), and (v),), and the components of 
the stress tensors corresponding to (2.8) contain linear combinations of 


We find, for instance, as a consequence of this, and in view of the 
fact that on the plane A (Fig. 1), 


P= Tou = COS 4,9 = — cos§, cos 95, = — cos 


i 


and taking into consideration (1.21) that to satisfy conditions (2.8%) on 
the planes A and B the following relationships between the coefficients 
of the series are sufficient 


Aly = (— Al, Bi, (2.9) 


To fulfi!l the boundary conditions on the surface of the cavity, we 
first reduce u, to a single set of independent variables r, @ and ¢. 


Considering that the center of the cavity is equidistant from the 
upper and lower faces of the layer.* Using transformation formulas (1.19), 
{see also remark at the end of Section |), and interchanging the order 
of summation, we get 


u(r, 6) = >) uno (r, 6) + (r, 6) + 


k=1 k=0 


) 
+ + (—1)* anno + 1)— 


k=0 


k=0 


k=0 a* 


n(l+k—1) (2.10) 


* In case of an arbitrary location of the center of the cavity, ex- 


pressions (2.10), ‘and consequently the system (2.11), are more cumber- 
some. 


; 
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where and 5 ipo are determined by (1.20), 


Now, from the boundary conditions u, = 0 and Ug = 0, for r = R, 


(ud= 0 since (ayy 9), we find the following system of rela- 
tions for determination of the coefficients A; and B, (here u =R/A) 


By + > + 1) = — (l is even) (2.11.1) 


+ Be + >) Ar l(—1)! + (— rng! 9 + 1) — 
let 


— 1)! + (— Biro 9 (1 + — 1) — 
l=0 
; for km, = 1) (2.11.2) 


Ai [(— + 


A; + 


+ (—1)"] Brno (+ 1) — Brl(— 1) + 


+ (— 1)"] + + 1) = —(2e/ 3a) 1,2, 3,...; = 0, 1,2) 
(2.11.3) 


Subtracting equations (2.11.3) from the equation (2.11.2) divided by 
k, and introducing new coefficients 


Te = + By 


Br 8, _ 
= ; Ar + By (2.12) 


and then putting 


(2.13) 


Te = Ze, u= 


we can write the system of equations (2.11) in the form of (0.2). 


(3) Now we shall show that the inequalities (9.3) are true. To do 
this we notice that 
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from which (2.14) follows. 


The fact that Chi. (the coefficients for ze in the transformed system 
(2.11)), are different from Dp}. does not prevent the satisfaction of 
the first inquality in (0.3). The second inequality is verified 

immediately. 


Thus, the matrix formed by the coefficients Cpl is a uniformly con- 
tinuous operator in Hilbert space l,. Moreover, the free term 6, also 
belongs to the same space. 


Consequently, for the system (2.11) the Fredholm’s collorary is true. 
However, the corresponding homogeneous system obtained for c = 0, i.e. 
for the zero boundary conditions, (see (2.1) ), cannot have a nontriv! 
solution. This follows from the uniqueness theorem for the boundary 
value problems formulated here. 


It follows then, that the system (2.11) has a single bounded solution 
for arbitrary right-hand expressions. 


The proof that the series obtained above are convergent and together 
with u. yield solution of the problem, and the proof that, in particular, 
we can differentiate the series (2.7) term by term, is conducted by 
substituting the coefficients A); and B;, (al! other are expressible by 
them) by their majors A,’ and B)’, for which 


lim (A;’ / < 41, Nim (By’ /Bi4) < 1 (2.16) 


The behavior of the normal solutions is evaluated with the help of 
the inequality (1.18). 


The possibility of introducing the coefficients A)’ and B;” is seen 
from the following. 


If in the system (2.11), written in the form (0.2), C,) are replaced 
by the coefficients D,;, then, taking into account (2.15) and the bound- 
edness of the solution of the system, we obtain the following estimate 
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tim (24! / 2x1) = lim / <1 (2.17) 


Replacing in (2.12) x, and y, by x,” and y,” we obtain A,” and By 
for which (2.16) is true. In a similar manner, but slightly more cumber- 
some, one finds the coefficients A, and B,’ if one does not substitute 
in the system (2.11) C,) by Dy). 


(4) In an analogous manner, using axisymmetrical vectors 81 and Yio 
the boundary value problems with the following boundary conditions on the 
surface of the cavity are solved: 


(i) = = 0 (free surface) 


(il) = 0; 0.9= od = 0 (rigid spherical inclusion without fric- 
tion), and other axisymmetrical problems. 


The speed of convergence of the series can be judged from the results 
obtained in the problems related to electrostatics, (see {1]). In that 
case it was shown that in some special instances the series representing 
the coefficients of the field intensity can be replaced by the first two 
or three terms. The error thus evolved was only about 1 per cent. 


In the case of n spherical cavities with the centers on one straight 
line perpendicular to the face-planes of the layer, the solution a, is 
sought in the form of the series related to the centers of all cavities 


and their mirror images in the planes A and B. 


Consequently, instead of the two series of unknown coefficients Ay 
and B,. a, will be composed of n such series. Moreover, for the determi- 
nation of these new coefficients, one obtains a system of a similar form 
as considered above. 


In the case of non-axisymmetrical problems a. is sought in the form 
not only in terms of B10 and Y10 but also in terms of all normal solu- 
tions. (If the spherical cavities of a layer are filled with a substance 
having different elastic characteristic o and F than the layer, then, 
clearly, the solution inside of the cavities should be sought in the form 
of the series in terms of the inner normal vectors). 


(5) To solve problems with more general conditions on the face planes, 
when the right-hand sides of the expressions (2.1) and (2.3) are functions 
of the points of the plane, it is possible to find Green’s tensors using 
the above method, (see [5 ]). In addition to the transformation formulas, 
composition theorems for normal solutions, or rotation formulas which 
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express the normal vector Q),{r 6, d) in a given coordinate system by 
the normal vectors @),(r, 6°, &), are used. The latter vectors are 
related to the coordinate system which is obtained from a given system 
through some rotation specified by Eulerian angles dy a, 25+ These 
formulas have the form: 


(1+ pity. = 


and they are obtained using the addition theorem for the generalized 
spherical functions a, ¢,) derived in [6]. 


Note. An attempt could be made to solve these problems using the above 
derived method, (without Green’s tensors). In this case a could also be 
found (see [9 ]). However, the expansion of wu, on the surface of the 
cavity in terms of Yin presents in itself quite a complicated problem. 


Notice that this method cannot be applied to the problems with 
different boundary conditions than those enumerated above. The problem 
of a semi-infinite layer with an arbitrary number of spherical cavities 
and with arbitrary centers can be solved with the help of rotation and 
translation formulas. Using the same method, the following problems can 
be solved: an infinite body with three spherical cavities (the problem 
of two spherical cavities can be solved using transformation formulas 
only) and the problem of a non-concentric cavity in a sphere. 


In conclusion the author wishes to express his deep gratitude to A.M. 


Rodov for his valuable suggestions in the process of completion of this 
work. 
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1. Certain definitions.* Consider the linear system of diffe- 
rential equations of disturbed motion 


dz; ~ 
= Dy is (t) 2; (i= 1,...,n) (1.1) 


j=1 
where the py j{t) are given, continuous, bounded functions of time. 


Let the n* numbers pyy"t, j= 1, ..., nm) be the coordinates of a point 
of the n*-dimensional space P. The curve having in the space P the para- 
metric equations p;;(t) will be called the coefficient line of the system 
of linear differential equations (1.1). 


Let V(t: x,, x5, «++, %,) be a sign definite function[1]. By (1.1), 
the time derivative 


ww av 
» az, > pis (t) 2; + (1.2) 


i-=} j=1 


is a known function of time and of the coefficients of the system (1.1). 
The concept of the region L(V) will be introduced in the following manner. 


The set of points of the n?-dimensional space of coefficients P, to 
each of which for every t > t, the derivative dV/dt is a function of 


* This paper contains certain results of author's candidate dissertation, 
defended at the Institute of Mechanics of the Academy of Sciences of 
the U.S.S.R. in 1952. 
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constant sign, opposite to the sign of V, will be called the region L(V), 
corresponding to a given sign definite function V. 


Obviously, it follows from Liapunov’s stability theorem[1] that an 
undisturbed motion is stable, if there exists a sign definite function 
to which there corresponds a region L(V) containing the coefficient line 
of the system of equations of the disturbed motion. The function V will 
then be the Liapunov function of the system under consideration. 


2. Liapunov functions in the form of quadratic forms with 
constant coefficients. Let 
V= (a1 = 
i, 
be a positive definite form with constant coefficients. By (1.1), its 
derivative with respect to time will obviously also be a quadratic form: 


aV 


ij=1 


where the a;; are functions of time, determined by the formulas 


J 


a;;(t) = >) (t) + err (2.2) 
s=1 


aij = 


In the present case, the conditions determining the region L(V) will 
be the Sylvester's known conditions for the quadratic form to be negative: 


(— 1)Sdets| a;;| > 0 (s=1,...,”, i (2.3) 


A set of points of the n*-dimensional space P will be called a Routh- 
Hurwitz region, if inside it the conditions of the Routh-Hurwitz theorem 
for the polynomial 


i (i= /) 


A (A) = det | pi; — 4 jh | = 9, 10 


are fulfilled. 


The following proposition holds true: the region L(V) corresponding 
to any sign definite quadratic form is contained inside the Routh-Hurwitz 
region. 


In fact, the proposition is true, since otherwise one could construct 
a system of linear differential equations with constant coefficients which 
does not satisfy the conditions of Routh-Hurwitz, but which is stable on 
the strength of Liapunov’s stability theorem. The contradiction proves 
the statement. It is likewise readily verified that to every sign definite 
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quadratic form V there corresponds a non-empty region L(V). In fact, 
putting Pij = one finds 


n 2 


-2 3} 


i=l j=l! 


i.e. a point of the space P with the coordinates p;; = - a;; belongs to 
the region L(V), and hence, by the continuity of the region L(V), so 
does a certain part of its neighborhood. 


Further, it will be proved that the region L(V) is bounded by a sur- 
face of an n-dimensional cone. 


In facet, if the point with coordinates Pi; = Pi;° belongs to the re- 
gion L(V), then any point of the half ray from the origin of coordinates 
through the point | p; °{ likewise belongs to the region L(V). This 
half ray is determined in parametric form by the equations 


where k is a positive parameter. Obviously, by (2.1) and (2.2), 
al .. 
jy Pri) = (Ts, Px ) 


i.e. for every k > 0, a point I pis} belongs to the region L(V). 


3. The equation and properties of the surface, bounding the 
region L(V). Let V be a positive definite quadratic form with constant 
coefficients and Pij = Pi (r ) (i, j= 1, 2, ..., nm) some line in space P. 
Further, let for r =r, the point 


P Pio) 
belong to the region L(V). 


The following proposition will be proved: if for r =r, = 
(r.) ) the coefficients of the quadratic form dV/dt satisfy Sylvester s 
conditions (2.3), then for a continuous change of the parameter r, from 
the value r, only the last of Sylvester's conditions (2.3) may at first 
be violated. 


The truth of this proposition follows from the fact that, if among 
the series of principal diagonal minors D,, ..., D,, of the discriminant 
of the quadratic form the minor D,(n > k > 1) vanishes, the values of 
the the minors D, _, and D,,, must be of opposite signs [3]. 


Consequently, points on the boundary of the region L(V) satisfy the 
equation 


dD - (m3) 
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where the aj; are determined by (2.2). 


The determinant D, will be considered as a function of the coeffi- 
cients of the k-th equation of the system Phi Phot 


On the basis of (2.2), one may write 
= Rin + + (3.2) 


Ajj + & (3.3) 
sek 
Representing the determinant (3.1) in the form of the sum of deter- 

minants, the elements of which will be terms of the elements of the de- 
terminant (3.1), it will be noted that the determinants, in which two or 
more columns consist of elements being first or second terms in the 
elements of the determinant (3.1), are zero as they have two or more 
columns proportional to each other. 


Thus, the determinant (3.1) may be represented in the form of the sum 
of determinants of the following four types: 


(1) Determinants containing two columns with elements having the 
Pps = 1, 2, ..., m) as multipliers; for this purpose, if one of the 
ealene consists of elements which are the first terms of the corres- 
ponding elements of the determinants (3.1), then the second column must 


consist of the second terms of the corresponding elements of the deter- 
minants (3.1). 


(2) Determinants which contein one column consisting of the first 
terms of the corresponding elements (3.2). 


(3) Determinants which contain one column, consisting of the second 
terms of the corresponding elements (3.2). 


(4) The determinant det A; 


Denote the sums of the determinants of the above form by S,. S,, S,, 
S, respectively and their sum by 
Dy = 8, (3.4) 


It is easily seen that 


n 


8; revr 


s=] 
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= det, (1 — Ag + pri 


S, = det, | Aj} 


(3.9) 


for s=r 


Taking out the common factors of the s-th and r-th columns, by adding 
the determinants of the sum S, and the common factor of the s-th column, 
by adding the determinants of the sums S, and S,, one obtains 


n 


n 
S; > Pes det, | (1 + Bis + 6 jp) Ay; + 6 + ir Pri 


r 
n 


$=) 


The sum S, may be written in the form of the (n + 2)-nd order determinant 


0 
Si=—| py ay (3.10) 


Pin 


(3.11) 


| ! 
A: | 
! 
! ! 


Obviously S, = S,. Replacing in the determinant S, the off-diagonal 
zeros by (—-1), one obtains for the determinant D,, = & + S, + S, + S, 
the expression 


(3.12) 


It will now be verified that D, = 0 represents a surface in the n- 
dimensional space of the coefficients Phys +*+s Phy Of the k-th equation. 
Obviously, the equation D, = 0 is the equation of a second order surface. 
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The following theorem will now be proved: 


Theorem. The region L(V) corresponding to the positive definite form 


n 


in the n-dimensional space of coefficients of any of the equations of 
disturbed motion is an elliptic paraboloid, with vector components of the 
asymptotic direction being proportional to the values of the correspond- 
ing coefficients of the quadratic form V. 


Proof: The determinant D,, may be represented as a general second 
degree form 


D, = >) +2 Hips + (3.13) 
where, obviously, 


(3.14) 


ij=1 i=! 


In order that D, = 0 will be a paraboloid, the discrimant of the 
quadratic form mst vanish: 


N 
Hijpripe; or det = 0 (3.15) 


ij=1 


Obviously, the coefficient Hi; is obtained from the determinant 
(3.16) 


by striking the (i + 1)st row and the (j + 1)st column 
Hy; = (— 1p (3.17) 


where S.; is the minor corresponding to the element A, (*) of the deter- 
minant 14 16). It will now be proved that 


=O (= 0) (3.18) 
jet 
Indeed, this follows from the fact that the left hand side of each of 
these equalities represent determinants with two equal columns, while 
not all of the a,;(j = 1, ««-, n) vanish on the strength of the sign 
definite property of the quadratic form V, whence the following condition 
must be satisfied 


det | (3.19) 
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i.e. the region L(V) is a paraboloid. The components k,k,...k, of the 
asymptotic direction of the second order surface t the equa- 
tion 


>) Aijkik; =0 (3.20) 
ij=1 

Obviously the quantities a,,a,,...a,,, satisfy this equation. 

In fact, by (3.18), 


ij=1 i=1 j=l 


Thus, D, = 0 is the equation of a paraboloid with the components of 
the asymptotic direction proportional to the quantities a, ,a,,.--@pn, 
i.e. the theorem is proved. 


The transformation which was used to reduce the mae re D,, to the 
form (3.12) may Pe) applied to the determinant det, || 4; In fact, 
the elements Ai; may be represented in the foes 


n 

= au pry + + Ay, = (MisPsj + &jePsi) (3.21) 
sek 
sel 


Hence, the elements A; (k) have assumed a form analogous to (3.12), 
and the determinant D, may be written 


Similar transformations may be performed while the 4, 
do not exhaust all the values from 1 to n. For this all the A; 
vanish and the determinant obtains finally the form 
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= 0 0 0 » (3.22) 
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Pry Pry Ay: 
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The coordinates of the points of contact of the paraboloid (3.12) with 
the coordinate planes (in the n-dimensional space of the coefficients of 
the k-th equation p,,pp>--+Ppp,) will now be determined. Let in the de- 


terminant D 
n 
si 


Pri = Pri = — + (3.24) 
kes 


For this purpose, the elements of the first row of the determinant 
D,, of (3.12), beginning with the second, will be equal to linear combina- 
tions of the corresponding elements of the (S + 2)th and the second rows. 


Using the arbitrariness of the factor v,, it may be determined from 
the condition 


(3.25) 


but, by (3.24) 
(3.26) 


Substituting in (3.25), one finds 


k 
A,,' ) 


tk 
A,, 
2 


2a,," 


(3.27) 


2¥, =U, or Vs 


Substitution of this expression for v, in (3.24) gives 


A..™ 
Dei) = “ Ax) 1,...,8) (3.28) 
ks ks 


For these values of Phn {corresponding to arbitrarily fixed 
values s(s = 1, ..., n)], the determinant D, vanishes. 
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Thus, n points P,, . P,, are obtained which belong to the boundary 
of the region L(V). ‘The valens of the derivatives OD,/dp,; at the points 
Pys s+ Pp will now be evaluated. One has 


Obviously, by (3.25), all partial derivatives vanish at the point P, 
except for OD,/dp,,, i.e. 


aD, =0 (is) 
OP Ki * 
This means t at the paraboloid D, = 0 touches at the point P, the 


plane pp, = Phe» pera}! ) to he coordinate plane p,, = 9 at the point 
with the coordinates p,, Pho ; Pkn> , determined by the 
equalities (3.28). 


4. Case of a single n-th order equation. The n-th order equa- 
tion 


y™ + A, (t) + A, (thy) 4 ...4 A, (thy =0 (4.1) 


may be written in the form of the system 
Xy = Pry (t) + Pro (t) + Pin (t) (P,, (t) = — A, 


Xo => Zi, Re = Zn—1 (z, = 


(4.2) 


In this case, considering the region L(V) as a region of the n-di- 
mensional space of the coefficients p,,P,,+++Pyn_» one has 


n 


= Dd) (aisps; + % 5s Dsi) 


s=2 (i<oan, n) 


(4.3) 


| 0 fan) 


and the equation of the boundary of L(V) has the form 
0 —1 - 


474 
—1 Pr Pro + Pra 
Zen Any Ang Aan 
D, = 


Application of the Liapunow method to stability problens 


Equation (4.4) represents in the space of the coefficients P, 
Pyn elliptic paraboloid with the components of the vector of the 
asyuptotic direction, proportional to the quantities a 
the coordinate planes at the points with coordinates 28), 
(4.3) 


The formulas (4.5) show that the region L(V) in the present case 
touches the coordinate plane Pin = 9 at the point 


a Tan 
Pu” = = — — = 0 (4.6) 


Zn In 


The derived simple dependence of the coordinates of the points of 
contact of the region L(V) with the coordinate planes of the space of 
coefficients Py ++» Py, May im concrete cases be essentially simplified 
by finding the 5 ne unction in the form of a quadratic form with 
constant coefficients. 


In the present case, it is obvious that not every positive definite 
quadratic form V corresponds to a non-empty region L(V) in the space of 
coefficients p Pin’ The supplementary conditions will now be studied, 
which must be satisfied by the coefficients a;; of the quadratic form V, 
so that so that the region L(V) will exist. 


For the quadratic form dV/dt Sylvester’s determinants will obviously 
be 


where the |Aij itt) the principal diagonal minors of r-th order of the 


determinant , and the Ai; 1) are determined by the expressions 


(4.3). 


It is sufficient for the existence of the region L(V), if there exists 
one point at which Sylvester's inequality 
(—1)D,>0 (r=1,...,2) 


is fulfilled. Consider the value of Sylvester's determinant at the point 
of contact of the surface D, = 0 with the plane p,,, = 9. The coordinates 
of this point are determined by the expressions (X 6), 


If the region L(V) exists, then the inequalities 


4 
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(4.8) 


0 
< 


(— 1) > 0 (7=1,...,n—1), (— 


must be fulfilled at this point. 


The last inequality must hold on the strength of the fact that the 
region L(V) belongs to the region of Routh-Hurwitz for which Py,<9. 


Substituting the values py from (4.5) into (4.8), one obtains, 
after elementary transformations, the known conditions: 


(4.10) 


Comparing the last inequality (4.8) with the inequality (4.9) (for 
=n- 1), it is readily verified that the inequality (4.8%) may be re- 


placed by the simple condition a,,, > 9. 


Since the region L(V) belongs to the region, determined by the in- 
equalities of Routh-lHurwitz from which there follow the inequalities 
P,i < 0, one has on the basis of (4.6) 


an>O (i=4,...n) (4.11) 


In addition, since a,,, ..., @,. are the components of a vector, 
parallel to the axis of the paraboloid and lying in the region where 
p,,< 90 1, 2, ..., n), the quantities a must all have 
the same sign. 


in 


By the condition of positive definiteness a,, > 0. Hence, one must 
have 


Thus, the additional conditions have been derived which must be 
satisfied by the coefficients of the positive definite form 


V= > Xj (4.13) 
i,j=1 
so that a non-empty region L(V) will exist in the n-dimensional coeffi- 
client space: 
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A, | | = (4.14) 


a; >O0, tin >O i= (4.15) 


As an example a problem will be considered which is of interest in 
automatic control theory. 


Let the disturbed motion of the system satisfy the n-th order diffe- 
rential equation 


4... 4+ + Ae ()y=0 (4.16) 


where A;° = const. (i= 1, ..., n-D, A,(t) > 0 for every value t > 0 
vanishes for t > 0. 


The constants A,°, ere An.” and the function A, (t) will be assumed 
to satisfy the conditions of Routh-Hurwitz. 


If the quadratic form (4.13) with constant coefficients is the Liapunov 
function for the system under consideration, the region L(V) must touch 
the plane p,,, = 0 at the point with the coordinates p,, = -A,°p,, = -A,°, 
Pini Hence, on the basis of (4.6), the coefficients a,.a 


a,, are related to the A,°, ..., A°,_, by the equalities 


(4.17) 


In 


Without restricting the generality, one may let a,, = 1 (condition 


(4.14) and then one finds 


Zin = Lon = A,’, d Lan = Ao (4.18) 


in 


Replacing in the equations (3.12), which determine the boundary of 
the region L(V), the quantities p,,p,,---P,, by the quantities -A,° -A,°, 
and substituting the obtained values of a 


One arrives at 


in’ 
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= 0. The second root A, 
rational function of the remaining undetermined coefficients a;; of the 
quadratic form V. These coefficients may always be determined from the 


system of equations 
4.20 
=> 0 ( ) 


Thus, sufficient conditions for the stability of the system under con- 
sideration will be 


An > An(t) > 0 
In the case of the second-order equation 
y” + A,°y’ + A, (thy =0 (4.21) 
where A,° > 0, one has by (4.18) the following values for the coefficients 
of the Liapunov function 
= 1, = A,° 
For this purpose, one has for A, the expression (4. 19): 


since it follows from the condition dA, /da,, = 0 that 2/A,°. 


Thus, if the function A,(t) satisfies the condition 
A,°? > Ay (t) > 0 (4.23) 


the undisturbed motion is stable and the quadratic form with constant 
coefficients 


+ 2y’'y + (4.24) 


will be the Liapunov function. In cases where n > 2, the solution of the 
system (4.20) may be obtained by known approximate methods. 


5. The stability of one class of non-stationary motions. 


Let the system of differential equations of the disturbed motion have the 
form 


ds, 


rT. = pis (t) 2; (i=1,...,2n) (5.1) 


(t) = pis? + + (5.2) 
O< m, < < my — constants 
pi; j=1,...mjs—1,...,k)— constants 


The following new independent variable will be introduced: 


me+1 
+ 


478 

se By (4.6), the value A, = 0 is a root of the quadratic equation 

| 


Application of the Liapunow method to stability problens 


The system of equations of disturbed motion (5.1) then takes the form 
(5.4) 


where k _ 


Obviously as r + « the coefficients Vij (r ) tend to definite limits 


lim = f= 0) 


and therefore, by the theorem of Chetaev [2], the stability of the 
obvious solution of the system (5.4), and consequently of the system 
(5.1), follows from the stability of the obvious solution of the limit- 
ing system 


From this follows the validity of the following proposition. 


Theorem. The trivial solution of the system of linear differential 
equations of disturbed motion (5.1) with coefficients of the form (5.2) 
is asymptotically stable if the roots of the characteristic equation of 
the limiting system (5.5) 

det | — =0 


satisfy the condition Re el A; <¢, where « is an arbitrarily small 
fixed negative number. 


6. Stability of non-linear systems. The above results may also 
be applied to the study of the stability of non-linear systems. Let the 
system of equations of disturbed motion have the form 


(6.1) 


where ; ;(t; as sees x,) are for t > 0 continuous and bounded functions 
in any finite neighborhood of the origin of coordinates. Let 


n 
V a) = > (@,; = = const) 
t;j=1 
be a positive definite quadratic form, the derivative of which on the 
strength of the system | 


dr 


is a negative definite quadratic form. Obviously, then, the quadratic 
form V will be likewise the Liapunov function for the system (6.1). The 
results of Sections 1-3 above may be used to estimate the regions of the 


‘ae 

479 

Ag 
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initial disturbances x,°, . x.°, to which correspond the solutions 
z,(t), of the te) 1), satisfying the condition z;(t) + 0 
for t + In fact, replacing in the 1 "det, || > 0 


the coefficients p;; by the functions ¢ x x 7 one Sbtains in 


the variables t; x, the aiiiclles condition 


(— 1)" det, | aj; (t; 2, 


where 


n 


It it is satisfied, then the function 


is negative definite. If c(t) = inf V(x,, ..., x,) om the surface 

det, ||a;;(t; x, «++, %,)|| = 9 and if c, = inf c(t) for t > 0, then the 
property x,(t) + 0 for fy (i = 1, ..., m) applies for the condition 
V(x,° °)< Cy where z;° x,(0)(i = 1, ..., m) (the number c, > 0 
on the strength of the that dV/dt by (6.2) is 
definite). 
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SOLUTION OF THE BASIC PROBLEM 
OF EXTERIOR BALLISTICS 
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PUM Vol.22, No.3, 1958, pp.350-358 
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An approximate method of analytic solution of certain nonlinear prob- 
lems is presented. The applicability of the method is demonstrated 
with the example of the solution of the problem concerning the motion 
of a heavy particle of variable mass, projected at an angle to the 
horizon. Another example contains the analytic solution of the basic 
problem of exterior ballistics of a projectile in the most general 
formulation. 


1. Approximate method of integration of certain nonlinear 
differential equations. Let a system of ordinary nonlinear diffe- 
rential equations be given in the form 


d 
=f; (z, Ui» Yor y,,) 


d 


d 
fn (2 Yas Yq) 


d 
= In (2, 


The solution of the system has to satisfy the initial conditions 
T= Y= Yor Yi = Yio (1.2) 


in a certain closed region D of variables x, y;, where f; are continuous, 


together with their second derivatives. 


qi 
q 
q 
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If the quadratures of both sides of the last n — 1 equations are 
taken, and the found values y,, which satisfy the 
conditions (1.2), are substituted into each preceding equation of the 
system (1.1), then we find (from the first equation of this system which 
we shall call the fundamental one) for y, a functional relationship of 
the form 


where Fl y,] designates a known function of the integral operators of Yy° 
We shal! duo how the solution of equation (1.3) may be found by using ; 
certain modification of Chaplygin algorithm for an ordinary differential 
equation [1,2]. 


Let dly,] be the left-hand side of equation (1.3). Assume that the 
functions y,_ and Yo, are found in the region D, such that 


Yo- (Zo) = (Zo) = (1.4) 
We introduce Ay and Ay, through the equations 
y, = y,-— Ay_, = — Ay, 
Then, from (1.3), we obtain the equations 


d (Ay_ 
+ F —F Ply,-] = 0 


+ Flys) — F — Ply] = 0 


Let us consider the difference F[ y,]- Fly _]. A fimite increment 
of the functional operator may be represented in the form of a series of 
its variation with suitable factors. For example, limiting ourselves to 
just two terms of the series, we may write 


F (ys) — Fly, ) = 8F + (1.7) 
Here 


7 


In addition to this, the differential Fly,) - Fly,,] may be also re- 
presented in the form 


F — F 


F — F [y,.) = — Yor Ve- Ay,— (1.8) 
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dy; 1.3 

—F inj =9 (1.3) 

(1.6) 

e=0 Yor — Yo- 
Yor — Yo- 


Solution of the basic problem of exterior ballistics 


Let the functions y,, and y,_, which we shall call the supporting ones, 
be already so close to each other, that for any Yo in the interval 


Ly. Yo.! and arbitrary x > x), the inequalities are fulfilled 


F yy, B > 0 (1.9) 


Substituting the increments (1.7) and (1.8) into (1.6), we rewrite 
them in the form 


d(Ay_) d (Ay,) 
-— —p Ay, — D[y,,] = (1.10) 
F [¥q+] — F [¥o-] 
P. = Ge + (Yq — 


t=0 Yo+ — Yo- Yor — Yo- 


If in the expression (1.9) the sign of the inequalities is opposite, 
the p, and p_ in (1.10) have to be interchanged. 


Let us find the integrals of the linear differential equations: 


d (Ay,- d (Ay 
p_Ay,-— P[y,-] = 0, _ — ®[y,,] =0 (4.11) 


which vanish for x = rx,. 


They will be: 


Ay,- = exp (( dr \ exp (— \ Pp. dz) dz 


x 


= exp (\ p, dr dz) dz (1.12) 


x. 


Substitution of zero in place of Ay_ and Ayo, into the left-hand 
sides of equations (1.11) yields a result which corresponds to inequali- 
ties (1.4), wherefrom, according to Chaplygin's theorem[1], it follows 


Ay, <0 <Ay,, (1.13) 


Replacement of Ay, and Ay,, in the left-hand sides of equations 
(1.11) by Ay_and Ay, using (1.10) gives the result - a < 0 and B> 0, 
respectively, wherefrom, on the basis of this same theorem, follow the 
inequalities 


Ay_ < Ay, Ay, > Ay,. (1.14) 
If the new approximations are designated by 
Y,- = — = Yor — AY ge (1.15) 
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i then, from (1.5), (1.13) and (1.14), the inequalities follow 

4 The indicated method of iteration permits the finding of the solution 
& of equation (1.3). The values of Yor +++» Yq are then determined by 

quadratures. 

: Fixing attention on the solution in first approximation, it is con- 

i venient, in practical application of the method, to choose one of the 

A supporting functions in the form of the integral of the fundamental diffe- 
§ rential equation of the system (1.1), in which the right-hand side is 

i altered only slightly: 

= fi* (2, yo*) 


; but such that its solution is determined analytically. In choosing this 
ae ae first supporting function, the main factors of the concrete problem 


i should be taken into account. 

* - As a second supporting function it is possible to take the y,- - func- 
= : tion, which is determined by the method of successive approximations from: 

= \ Fl dx (1.16) 
4 Then, instead of p,, we find p: 

F — F luge] 

P — Yoe ( ) 


and the first approximation to the solution of equation (1.3) will be in 


the form: 
x x 


¥.=Ye — p dx)\ exp (— dr) dz (1.18) 


. d . 
[yo | = F (1.19) 


The examples given below (Sections 2 and 3) show that the first 
approximations yield already a high degree of accuracy. 


2. Generalization of the problem of K.E. Tsiolkovskii for 
the case of curvilinear motion. Let a heavy material particle, 
whose mass changes in accordance,with some law M = My f(t), be projected at 
an angle @, to the horizon with velocity v,. 


We shall assume that the gravity field is homogeneous and that the 
earth is plane and at rest, together with the atmosphere. During motion 
the particle is subjected to the force of gravity G, to the drag Q and 


q x 
xe 
where 


Solution of the basic problem of exterior ballistics 


to a force R, which is determined by the separation and association of 

mass particles. Let the direction of force R coincide with the direction 
of the tangent to the trajectory; its magnitude may depend on the eleva- 
tion y, the speed of flight v, and the time of motion t of the particle. 


Th 
G=Mef(t), @=Qly.r), R=Rit,y,») 


are known functions. For brevity we write 
=8, = q(t, y, =r(t,y, (2.4) 
The equations of motion [3] of the particle are of the form 
Mv = R—Gsin6—@Q, = —G (2.2) 
z= vcos6, y =vsin6 (2.3) 
Substituting the variable @ by a new variable & by means of the 


relation 


Inte (7 + (2.4) 


and using the notations (2.1), the system of equations (2.2) and (2.3) 
is reduced to the form 
y, 
The integration of equations (2.5) will be carried out using the method 
described in the preceding section. From the last three equations we find 
t t t 


r= 1 +\ dt, y = yo+\vth edt (2.6) 
te 
If y from (2.6) is substituted into the first equation (2.5) and then 
the value of d= d[v], also found from (2.6), is substituted as well, 


then we find for v a functional equation of the type (1.3): 
Let us study the case when Q = 0 and R = -vM,f, that is the atmo- 
sphere is absent; V is the relative velocity of rejected particles [3]. 
Then the system of equations of motion (2.5) and expression (2.7) takes 
the form: 


ga —V —gthg, g=—t, y = vth (2.8) 


F = — VJ — 


Let us choose as supporting functions the integrals of the equations 
tk 
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where t, is the time at the end of the active part. 


Thus, the selected supporting functions v_ and v, correspond to the 
motion of the particle along straight lines, inclined with respect to the 
horizon at an angle @, (initial angle of inclination of the velocity vector 
and angle 6, (angle which is smaller than the angle of inclination of the 
velocity vector at the end of the active part), respectively. They are 
determined by the well-known formulas of Tsiolkovskii [3]. Then 


® [v_] = — g {tho —the[v_}} <0 
= g (th [v,] — the, } >0 
that is, inequalities (1.4) are fulfilled. 


Condition (1.9) is verified by the calculation of 2 


t 


at + gthe (\ 


te 


The first approximations are determined by formulas (1.15) and (1.12). 
Thus 


v_—exp( Jexp dt) dt 


te 


t 
,at\\ Jexp(— 
t 


74 


th — th 
(the —th 


The solution may be taken as one-half the sum of these approximations: 
v= %(v,. + v- ), whereby the error will not be larger than one-half 
their difterence y=% (v- v,_). Subsequently, ¢, x and y are deter- 
mined by formulas (2.6). 


Let us consider a concrete example. Let us assume that the mass of the 
particle changes in accordance with the linear law f=1-f8t, and the 
constant parameters and the initial conditions are as follows: 


B = 0.01 sec™!, V = 2290 m 


%* 0, 100 m = 75° 
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Solution of the basic problem of exterior ballistics 


The results of the calculations are given in Table 1 and are illus- 
trated in Fig. 1. 


[m 
| 


an 


As may be seen from Table 1, the one-half difference of first appro- 
zimations, the upper and the lower, does not exceed 0.2 per cent. 


Since the first approximations from above and below are very close, 
it is justified to limit one’s attention in the solution of this problem 
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Pig. 1. 
7 TABLE 1 
| 
i 0 100 100 100 100 100 
5 170 | 192 171 (71 {71 
10 246 290 250 250 250 
15 332 398 341 341 341 
i 20 423 511 438 438 438 
. 30 6:12 764 666 666 666 
= 40 891 1068 949 951 950 
¥ 50 | 1244 1434 1301 1304 1303 
= 60 | 1632 1896 1754 1759 1755 
. 70 | 2207 2516 2361 2368 2365 
| 
“4 
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to first approximation 
will be: 


from one side only. Formulas (1.17) to (1.19) 


dt 
v. =v, —V Inf — gth (t — &), 
t 
dt 
vp, =v», —Vinf—gth — ty), = % (2.9) 


tho, —th 
(th — th p,_) — 


t 
ve =v. —gexp ( P at) (th — th »,) exp(— \ at) dt 


te t. le 


Formulas (2.9) were also verified by means of comparison with the 
exact solution of equations (2.8), which can be obtained only for the 
case of the indicated law of loss of mass [4]. The calculations show 
that the difference between the exact and the approximate solutions in 
this case does not exceed 1 per cent. 


3. The fundamental problem of exterior ballistics of a 
projectile. The known analytic solutions of this problem were based on 
simplifications of either the character of the law of resistance, the 
hypothesis on the structure of the atmosphere or the character of pro- 
jectile motion [5]. The solution of the problem under general conditions 
in the paper by Popov [6] is found in the form of series in powers of an 
artificially introduced parameter. It was assumed thereby that the density 
of the atmosphere is approximated by an exponential or a rational function 
of the elevation. V.S. Pugachev suggested a solution, obtained by the 


method of Poincare, in the form of a series of powers of the ballistic 
coefficient. 


We shall show how the analytic solution of the problem regarding the 
motion of the mass center of the projectile may be found in a general 
formulation*, using the procedure expounded above. 


If the vector equation of the motion of the mass center of the pro- 
jectile (with zero angle of attack) is projected on the horizontal di- 
rection and on the direction normal to the trajectory, then we obtain 


I= —qcos 4, ry = — gcos6 (3.1) 


where q = q(y,v) is the acceleration due to the force of air resistance. 


* As is usual we shal] assume that the earth is plane and at rest together 
with the atmosphere, and that the gravitational field is homogeneous. 


488 
t 
5 
© 
sac 
a 
i 


Solution of the basic problem of exterior ballistics 


Using two kinematic relations 


z= vcos§, y = vsin6 (3.2) 
we replace the variables x and @ by new variables w and ¢@ by means of the 
relations 

w = ginz, = Inte( (3.3) 


and go over in equations (3.1) and (3.2) to the argument ¢. Then we ob- 
tain the equations of motion in the form 


d {w dt v 

Te =% v= exp(=)che, 
dz dy 


For q = kv? the first two relations in (3.4) give the equation 


ch? 3.5 
= kexp( )eh ? (3.9) 
with separable variables. The integration [7] of this equation leads to 
the formula which determined the velocity of the particle: 


ch? k/i \ 2 
v=cho| + 8h 2% + sh2p—@ (3.6) 


The duration of motion and the coordinates of the particle x and y 
are determined from the last three equations of (3.4): 


> > > 
1 1 3 
t= ode %——\ dep, y = v*thede 


The solution (3.6) and (3.7), with the aid of a suitable coefficient 
k, for example: 


k = cH (3.8) 
where 
2 v,* th*® 
Yon = = (minc,, + max c,,) (3.9) 


yields a supporting function for the solution of the problem concerning 
projectile motion in non-homogeneous atmosphere. 


In the general case the acceleration of the forces of the air-drag is 
expressed as: 


q(y, ¥) = cH, (y) vG (dv) (3.10) 


Then from the last equation (3.7) and the first two of (3.4), follows 
the functional equation of the type (1.3): 
dw F 0 


where (3.11) 


F = cH, [v] vG [vr], v=exp()che, = H.(y), = 
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Let us find the analytical solution of the fundamental problem of 
exterior ballistics in the form of approximation (1.18), selecting as the 
supporting function 
r* 

w* = gin 


where v* is determined by formulas (3.6) and (3.8). 


Then the formulas (1.17) to (1.19) are of the form: 


ch? k (1 wr 
= ch + (zsh 290 + % — sh2 


% 


v*exp{- exp(\ pae)\ — exp (— pde)de| 


ve 


The value of p is determined as follows. Since 


F — F (y*) F (v*, a*) — H (y,) 


w*—w, g(Inv*® —Inv,) 


p= lim © H — H (y*) 


dF (v*, a*) 
In v* — Inv, 


d |n v* 


cH = cH. (y*) v°G (h(y*) v") 


where n(v, a) is the characteristic of air resistance: 


F (v, 
n(v,a)= 
din v 


and represents a well-known ballistic function. 
Let us consider a concrete example. Let 


v, = 562 m sec!, 6 


0 = 40°, c = 0.366, 


0 


The trajectory of the projectile calculated by the suggested method 
(3.12) and (3.7) is shown in Fig. 2 (Table 2), where for purposes of 


comparison circles indicate the results obtained by the method of 
numerical integration. 
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TABLE 2 


Analytical Solution 


1050 
1850 
2500 
3050 
3530 


Numerical Solution 


0 0 2479 7000 3525 10500 2585 
500 412 2733 7500 3523 11000 2261 
1000 809 2955 8000 3479 11500 1883 
1500 1189 3143 8500 3392 12000 1450 
2000 1548 3295 9000 3260 12500 959 
2500 1884 6000 3410 9500 3083 13000 405 
3000 2195 6500 3487 10000 2859 


The calculations indicate that the difference in the determination of 
the elements of the trajectory is less than 1%. Thus, the analytical 
solution of the problem gives a result which practically coincides with 
the one obtained by the method of numerical integration of the equations 
of exterior ballistics of a projectile. 
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q 
2 6 10 4 I ks 
Pig. 2. 
195 
om | =m | vm | om | | vm | | | vm 
@ 0.763 0 0 | 0.463 3970 2744 | —0.187 | 8320 3425 
a 0,713 856 0.413 4380 2920 | —0.387| 9480 3110 
0.663 1456 0.313 5130 31909 | —0.587 10600 2520 
0.613 1890 0.263 5490 3310 | —0.787 | 11790 1655 
= 0 563 2240 | 0.213 5830 3400 | —0.987 | 12950 468 
-@ 0.513 2515 | 0.013 7130 3550 | —1.187 | 14080 | —1010 | 
4 
a | | | | 
aq *m Vm | | | vm | Ve 
| | 
| | | Pe 
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For obtaining the equations of motion of complicated gyroscopic devices, 
prerogative is given to the second method of Lagrange. While giving credit 
to this method for leading us seemingly automatically to our goa], we 
cannot fail to notice its extremely cumbersome nature, obscuring some- 
times even the mechanical] meaning of the equations obtained. 


At the same time the equations of motion of a complicated gyroscopic 
device can be obtained in a relatively simple way by a successive appli- 
cation of the theorem of kinetic moment (i.e. the theorem of quantitas 
motus), [ principle of angular momentum PP to the corresponding mechanical 
system as a whole and to its separate parts. The description of an appro- 
priate method for the case of a particular system of regulated stabiliza- 
tion constitutes the basic contents of the present paper. 


1. The motion of gyroscopic systems to be stabilized, after a certain 
transient process, reducesitself, as a rule, to a slow change of orienta- 
tion of the spin axed of the gyroscopes with respect to the fixed stars. 
Such a motion is usually called precession. 


In the investigation of the precessional motion, the kinetic moments 
of the elements of suspension of a gyroscopic system and of the inner 
gimbals of its gyroscopes, as well as the equatorial components of the 
kinetic moments of the rotors themselves and the kinetic moments of the 
motors need not be taken into consideration, The polar components 
(directed along the spin axis of the corresponding gyroscope) can be con- 
sidered as being equal to the product of the axial moment of inertia of 
the rotor of the gyroscope and the angular velocity of the rotor with 
respect to its inner gimbal. 


The above-mentioned assumptions lead us to the so-called precessional 
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or elementary theory of gyroscopic phenomena. Under these assumptions 

the corresponding differential equations can be considerably simplified. 
In particular, their order can be reduced. At the same time the accuracy 
of the results obtained, investigating precessiona!] motions, turns out 

to be completely satisfactory, except in special cases when the influence 
of inertia of the gimbals of a Cardan suspension must be taken into 
account. 


Investigation of the transient processes in gyroscopic systems is 
possible only if the kinetic moments of all the parts of the device are 
taken into account. The equations of the precessional] theory for this 
purpose are of no use. 


2. Using the theorem of kinetic moment for obtaining the differential 
equations of motion of a gyroscopic device, one must have complete in- 
formation about the structure of the mechanical system in as much as the 
derivative of the kinetic moment vector of the system is the object to 
be investigated. 


In this connection the kinetic moment and its derivative must be re- 
ferred with respect to some well defined coordinate system &*n*¢€* which 
is in a state of translatory motion. In what follows such a system will 
be called a coordinate system of support. Indeed with respect to such a 
system one must calculate the inertia forces of the constrained motion 
acting on the mechanical system under consideration. In view of the 
translatory nature of the motion of the above mentioned coordinate system 
of support, the inertia forces of the constrained motion reduce them- 
selves to a resultant vector. The line of action of this vector passes 
through the center of gravity of the mechanical] system. Its direction is 
opposite to the direction of the acceleration of the origin of the co- 
ordinate system of support with respect to the so-called absolute coordi- 
nate system €.%.%.*. The origin of the latter is at the center of mass 
of our solar system with the axes directed towards the fixed stars. 


The magnitude of the resultant inertia force of the constrained motion 
is equal, of course, to the product of the mass of the considered mecha- 
nical system and the just mentioned acceleration. 


As a coordinate system of support can be taken, in general, any co- 
ordinate system nC, not necessarily in a translatory state of motion. 
However, if the coordinate system of support Eng is in a state of rota- 
tion with respect to the absolute coordinate system €.°9,"*6.°. then 
taking account of the inertia forces of the constrained motion becomes 
considerably more complicated. In addition, the Coriolis inertia forces 
appear which must be included among the externa! forces acting on the 
mechanical system under consideration. 
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When the coordinate system of support is in a state of translation, 
the Coriolis inertia forces, of course, are absent. 


3. Let a certain coordinate system £*n*{* be chosen as a system of 
support, and let G denote the kinetic moment of the mechanical system 
under consideration with respect to this coordinate system. The coordi- 
nate system &*n*{* moves translatory, and therefore according to the 
theorem of kinetic moment the relations 


dG,. dC. 


dt = Me. = M.. ( ) 


“a 
hold. 


The left-hand sides of these relations contain the derivatives, with 
respect to time, of the projections of the kinetic moment vector G along 
the axes &*, n* and ¢*, while the right-hand sides contain the sums of 
the moments with respect to the same axes of al! the external forces 
acting on the mechanical system under consideration, including the inertia 
forces of the constrained motion. 


In applications, the relations (1) are not of much use because of the 
extremely cumbersome nature of the equations obtained. A considerable 
simplification of exposition is achieved by calculating the projections 
of the derivative of the kinetic momentum along the axes of a certain 
specially chosen moving coordinate system, the motion of which is in one 
or another way connected with the motion of the mechanical system under 
consideration. 


Let xyz be one such coordinate system called auxiliary or computa- 
tional. Denote by w the angular velocity of this new coordinate system 
with respect to the coordinate system of support £*n*¢*, and assume that 
the origins of both systems coincide. The projections of the derivative 
of the kinetic moment vector of the mechanical system under considera- 
tion with respect to the coordinate system of support £**¢* along the 
coordinate axes x,y and z have the well-known expressions 


where G., G, and G, are the projections of the kinetic moment vector 
along the same axes, and Wy, “y and w, are the components of the angular 
velocity of the system ryz with respect to the supporting system &*n*<¢* 


or, what is the same, with respect to the absolute coordinate system 
Due to the theorem of kinetic moment the expressions (2) are equal to 


the sums of the moments of the above-mentioned external forces of the 
mechanical system under consideration, together with the inertia forces, 
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depending on the constrained motion of the supporting coordinate system 
E%*C* (but by no means of the auxiliary system ryz which has a purely 
kinematic assignement; in this system the calculation of the derivative 
of the kinetic moment as it changes with respect to the coordinate 
system of support &**¢* may turn out to be much simpler than with res- 
pect to the system &**¢* itself). Denoting the sums of these moments by 


M., M, and M,, we obtain the relations 


dC, 
+ Gy - Wylrx = M, 


the set of which is equivalent to the set of relations (1). 


4. Among the external forces acting on mechanical systems are the un- 
known forces of reaction of the platform ‘usually moving) supporting 
them. In the majority of cases, gyroscopic systems are connected with 
the supporting platform by means of Cardan suspensions. Therefore, if 
the mechanical system under consideratjon consists of several elements 


of the given gyroscopic device, for example, of the whole system with- 
out the outer gimbal, or of a separate gyroscope with its inner gimbal 
and the rotor, then, as a rule, the outer connection of the system is a 


simple pivot hinge. In a number of cases it can be assumed that, to a 
certain degree of approximation, the moment of friction in the pivot hinge 
does not depend on the normal reactions of its axle bearings. If the 

axle of the pivot hinge coincides with an axis of the coordinate system 
xyz, then one of the relations (3) changes into the equation of motion 

of a gyroscopic system which does not contain the unknown normal reaction 
forces of connection. 


In a more complicated case, when the axle of the pivot hinge does not 
coincide with any of the coordinate axes x, y or z, the equation of 


: motion of a gyroscopic system which does not contain normal reactions 
assumes the form 


dG 


= 

dG. 

+ + WG, w Gx | COS = M, 

2 Here cos xv, cos yv, and cos zy are cosines of the angles, made by 
é the axis v of the pivot hinge with the x-, y- and z-axis, respectively, 
g and M,, denotes the sum of the moments of the external forces, acting on 
c the mechanical system under consideration, with respect to the axle of 
4 the pivot hinge. M, contains also the moment of friction of the axle of 
2 the pivot hinge, the moment of torsion transmitted to this axle by means 

4 
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of a special device, for example, an electric motor, and the moments of 
inertia forces of the constrained motion with respect to the axle v, 
depending on the translatory motion of the coordinate system of support 
&*°C*. In a formal sense it is self-evident that 


M, = M, coszv + M, cos yy + M, cos 2v (5) 


If, however, the moment of friction of the axle of the pivot hinge 
depends on the normal reactions, then the establishment of the equation 
of motion, not containing these unknown reactions, becomes a more 
complicated problem and requires the use of all three relations of (3). 
Let us observe that by means of the Lagrangian method, (introducing un- 
determined multipliers), it would be rather difficult to establish the 
equations of motion of a gyroscopic system which takes into account the 
friction depending on the magnitudes of the normal reactions. 


5. Let us proceed now to the establishment of the equations of motion 
of a compound gyroscopic device, namely, a system of spatial stabiliza- 
tion by means of three gyroscopes® (Fig. 1). 


a 
al 
% 
a 


* Such a system was, in particular, realized by the Academy of Sciences 
of the Ukrain. Soviet Socialist Republic in 1957 for the stabilization 
of frames of electrometers on moving supports (gyroplane). 
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On a moving support, carrying this device, are fastened the bearings 
of the € (x”)-axle of the Cardan suspension ring K of the platform Il. 
The platform Il may turn with respect to the ring K about the y’(y)-axis, 
lying in the plane of the ring K and making a right-angle with the &(x’ )- 
axis. On the platform [I are placed two gyroscopes I and II, whose inner 
gimbals may rotate with respect to this platform about the z,- and z,- 
axis respectively, both at right-angles to the plane of the platform. 


The body T to be stabilized, together with the third gyroscope III, 
can also turn with respect to the platform [fl about an axis z(z) at right- 
angles to the plane of this platform. The y,-axis of the inner ginbal of 
the gyroscope III is parallel to the plane of the platform Il. 


Let us introduce right-hand coordinate systems &n¢, x’y’z", xyz and 
%¥Z, connected with the moving support, the ring K, the platform [Il and 
the body T to be stabilized, respectively. In what follows, the coordi- 
nate system xyz will be taken as the computational reference system. The 
€-axis of the coordinate system nd is the longitudinal axis of the 
moving object (moving support) and the n-axis its transverse axis. The 
x°- and y’-axis of the coordinate system x’y’z” lie in the plane of the 
ring K; the x-axis coincides with the &-axis and is the axis of rotation 
for K with respect to the object (Fig. 2). 


Denote by a the angle of rotation of the ring K with respect to the 
object. For a = 0, the corresponding axes of the two coordinate systems 
x’y’z” and En€ coincide. For a > 0 the ring K is rotated with respect 
to the object in the counterclockwise sense, when the observation of the 
rotation is made from the side of the positive direction of the &-axis 
(or, what is the same, of the x’-axis). 


The coordinate system xyz is connected with the platform Il (Fig. 3). 
The y-axis of this system coincides with the y’-axis and is the axis of 
rotation of the platform [I with respect to the ring K. Denote this angle 
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of rotation by 8. The x-axis of the coordinate system ryz lies in the 
plane of the platform and the z-axis is at right-angles to this platform. 
For 8 = 0, the planes of the platform Il and of the ring K and the corres- 
ponding axes of the coordinate systems ryz and x*y’z* coincide. For A> 0, 
the platform [I is rotated in the counterclockwise sense with respect to 
the ring K, when the rotation is observed from the side of the positive 
direction of the y-axis (or, what is the same, the y’-axis). 


Finally, the body T to be stabilized is connected with the coordinate 
system xyz, the z-axis of which coincides with the z-axis of the coordi- 
nate system xyz, connected with the platform II. Denote by / the angle of 
rotation of these two systems with respect to each other (Fig.4). For 
y= 0 


Pig. 4. 


the x- and x-axis, and also the y- and Y-axis coincide with each other. 
For / > 0 the body T is rotated with respect to its initial position in 
a counterclockwise sense, when the rotation is observed from the side of 
the positive direction of the z(Z)-axis. 


Denote by y, and y,, respectively, the angles of rotation of the inner 
gimbals of the gyroscopes J and IJ with respect to the platform [l. For 
y, = 9, the axis of proper rotation [spin ] of the gyroscope J is parallel 
to the y-axis. Analogously for y, = 0 the axis of spin of the gyroscope 
IT is parallel to the x-axis. Let the positive direction for the angles 
y, and y, be the same as for the angle vw. 


Finally, denote by 5 the angle between the axis of spin of the gyro- 
scope III and the plane of the platform (Fig.6). The positive direction 
of the angle 5 will be selected in such a way that for 9 < 5 < w/2 the 
projection of the proper kinetic moment of the gyroscope III on the z(Z)- 
axis is positive. 


6. To secure prolonged stabilization of the body T in the above 
described device, certain auxiliary elements besides the gyroscopes have 
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Pig. 6. 


to be anticipated. These elements must impose on the ring K, the platform 
Il and the body T moments, the magnitudes and directions of which are de- 
termined by the angles y,, y, and 5. Such elements may be, in particular, 
the electromotors £,, E, and FE, (Fig.2,3 and 6). The electromotor E, is 
mounted on the moving support. This motor develops about the &(x’)-axis 
a moment M,, applied at the Cardan ring K. The operation of the electro- 
motor is governed by an amplifier, whose voltage is produced by a trans- 
mitter D,, mounted on the axis of the inner gimbal of the gyroscope I. 
The precession of the gyroscope I caused by the moment of the electro- 
motor FE, is directed in the sense in which the angle y, decreases. By 

the same token, for a sufficiently large moment of this electromotor, the 
danger is removed that the angle y, could reach the value 7/2 at which 
the stabilization breaks down. The latter case can happen when the device, 
together with its moving support, is turned about the z-axis or by some 
other cause (action of weight, friction, inertial loads, and others). 


The electromotor FE, is mounted on the ring K, by means of which the 
moment M. along the y’(y)-axis is applied to the platform II. The opera- 
tion of the electromotor E, is governed analogously to the preceding 
case by a transmitter D,, which indicates the angle of rotation ¥, of the 
inner gimbal of the gyroscope II. 


Finally, the electromotor E,, which is mounted on the plat form Il, 
tends to rotate the body T about the z(z)-axis, developing a moment, 
whose magnitude and direction is determined by the angle 5 of declination 
of the inner gimbal of the gyroscope II] (Fig.6). 


Change of orientation of the body T can arise only as a result of 
action of forces, applied to the gyroscopes I, II and II] about their 
axes of inner gimbals. Such forces may be, in particular, the friction 
forces, which will change the given orientation of the body T. In order 
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to re-establish this orientation by means of electromagnets, and in a 
number of cases also by means of gravity forces, moments are produced 
artificially about the axes of the inner gimbals of the gyroscopes I, II 
and III.* 


7. In establishing the equations describing the behaviour of this com- 
pound gyroscopic device, let us consider in succession the following six 
mechanical systems: (1) the whole device, i.e. the ring K, the platform 
Il, the body T and all three gyroscopes with al! the additional elements 
which are kinematically connected with them, (2) the same device, but 
without the ring K, (3) the body T with the gyroscope III, (4) the gyro- 
scope I (the rotor together with the inner gimbal), (5) the gyroscope II, 
and finally, (6) the gyroscope III. 


Each of the above mentioned systems is connected with others or with 
the moving support by means of a plane pivot hinge. The moment of the 
external forces acting on the corresponding system with respect to the 
axle of the pivot hinge must be considered as given. 


The angle of rotation of the hinge pivots with respect to their bear- 
ings is one of the generalized coordinates of the device. This fact also 
explains the choice of the above mentioned mechanical systems. 


For the first three mechanical systems take as the supporting coordi- 
nate system £*7*¢* a system with the origin at the geometric center of 
support, i.e. the common origin of the coordinate systems £n¢, x’y’z’, 
xyz and xyz, connected respectively with the moving support by the ring 


K, the platform II and the body 7. The origins of the supporting coordinate 


* Similar moments may place the platform into the plane of the horizon, 
and produce for the gyroscope III such a precession that the body T 
does not rotate with respect to the Earth. For this purpose a properly 
selected load can be mounted on the inner gimbal of the gyroscope III, 
producing a moment about the axis Y3 of this gimbal. In order to bring 
the platform into the position of the plane of the horizon, it is 
sufficient, in particular, to attach to the inner gimbals of the gyro- 
scopes J and II some additional loads. When the platform is inclined, 
the additional loads will create moments about the axes of the inner 
gimbals, and by the same token produce precession of the gyroscopes / 
and JI. By a proper choice of the position of the loads on the inner 
gimbals, the platform will return back to its horizontal position. The 
described correcting system is called a mechanical one. It is simpler 
than the so-called electric correcting system, where the moments along 
the axes of the inner gimbals of the gyroscopes IJ and II are imposed 
by means of electromagnets. The magnitude and direction of the soments 
are determined by deviations of special pendulums situated on the 
platfore 
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systems for the last three mechanical systems, i.e. the separate gyro- 
scopes, will be taken at the points of intersection of the axes of the 
inner gimbals and rotors of the corresponding gyroscope. 


As a computational system assume in al! cases one and the same coordi- 
nate system xyz which is fixed with the platform Il. As above, denote the 
angular velocity of this system, or, what is the same, of the platform [1 
with respect to the supporting coordinate system &*n*¢* by @, and its 
projections on the x-, y- and z-axis by w,, w, and w,. The magnitudes of 
the projections , and are determined by the procession of the gyro- 
scopes I and II and consequently mst be small. Concerning the projection 
of the angular velocity of the platform I] on the z(z)-axis, i.e. the 
projection w,, we can say that its magnitude is determined by the motion 
of the support carrying the stabilizer under consideration, and conse- 7 
quently may be arbitrary. 


8. Denote by M’ the resultant moment of forces acting on the first 
mechanical system. * 


Further denote the kinetic moment [ angular momentum ] of the first 
mechanical system by G’. Corresponding to what has been said above, in 
the framework of the elementary theory of gyroscopes, G’ must be con- 
sidered as consisting only of the geometric sum of the proper kinetic 
moments of the gyroscopes J, IJ and III. 


The projections of the kinetic moment G’ on the axes of the computa- 
tional coordinate system xyz are given by the expressions 


G,’ = H (— sin cos + cosé cos 
G,’ = H (cos x, + sin + cos ésin yg), G, = H siné (6) 


as may be easily seen from Fig.5 and Fig.7. The proper kinetic moments 

H, and H, of the gyroscopes are considered to be equal to one and 
a a same eelibeenk quantity H. Relations of the type (3), obtained by 
application of the theorem of the kinetic moments to the first mechanical 
system, are of the form: 


In the framework of the precessional theory of gyroscopes the resultant 
vector of the set of these forces is zero, and, consequently, this set 
reduces to a couple of forces with moment Mm’. 
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By analogy to the relation (5), the relation (Fig.3) 
M,' cos8+ M,' sin8 = M,’ (8) 


represents the sum of the moments of forces acting on the first mechanical 
system, i.e. on the whole stabilizer with respect to the x’ ( é )-axis of 
suspension of the ring K. This sum does not contain the moments of the 
normal reaction forces of the axle bearings, In this way the equality 

d¢ 


— 0,6, | cos 8 + + o,G,' — w,G,'|sin8=M', (9) 


obtained by replacement of M,, and M,, in the relation (8) by their ex- 
pressions (7), appears as the equation of motion of the gyrostabilizer. 
This equation does not contain the above mentioned moments of the unknown 
normal reaction forces of the bearings of the axis of the ring K, located 
on the carrying support. * 


Using formulas (6) in the equality (9) and simplifying, we obtain the 
equat ion 


H | cos B SIN + COS — cos 3 cos 6 sin + at 


— (cos8 sin cosh — sin 8 cos4 Ov [cos 3 sin —sin3|— siny, + 


+cos cos 6 cos ‘Ws sin 8 — w, cos 3 ‘cos %, + sin + (10) 


+ w,sinB cosé sin = 


In addition to the moment of friction forces and the moment developed 
by the electromotor E., the moment M’ contains the moments of the 


* Here and in what follows it is assumed that the moments of friction 
in all the axles of suspension do not depend on the magnitude of the 


normal reaction forces. 
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attraction forces of the Earth on the parts of the whole device and the 
moments of the inertia forces of the constrained motion, of the support- 


ing coordinate system **¢* with its origin at the geometric center of 
suspension. 


9. Equation (10) is one of the six differential equations describing 
the motion of a gyroscopic stabilizer. In order to obtain the next equa- 
tion, consider the mechanical system, consisting, as the preceding one, 
of all the parts of the stabilizer, except the ring K. Since the kinetic 
moment of the ring K in the elementary theory of gyroscopes is not taken 
into account, the resultant kinetic moment G of this new system must be 
considered equal to the kinetic moment G’ of the preceding system, 1.e. 


G, G,’, 


G, =G,’, G, = (11) 
where G,, G, and G, are the projections of the kinetic moment of the new 


system on the x-, y- and z-axis respectively, and C’.. Gy and GC’, are 
determined by formulas (6). 


The reaction forces of connection of the platform [] with the ring K 
appear in this system as external forces, and therefore must be taken 
into account in relations which follow from the kinetic moment theorem. 
These relations have the form of equalities (3). The normal components 
of the reaction forces are absent only in the middle equation of the set 
(3), because the y(y’)-axis is at the same time also the axis of the 
platform Il; the bearings of this axis are rigidly connected with the 


ring K. Making use of the equalities (11) and the formulas (6) we obtain 
the equation 


H (cos + SIM y2) — sin 6sin + + at} cos dcos} + w,(— sin 7, + 
+ cos 72) — we sin 6] = M, (12) 


The right-hand side of this equation, i.e. the moment M, contains the 
moment of friction of the axis of the platform on its bearings, the 
reduced moment of the electromotor F,, the moment of the gravitation 
forces and the inertia forces of the constrained motion of all the parts 
of the stabilizer, except the outer ring. 


19. Consider now the third mechanical system, consisting of the body 
T with the gyroscope III (Fig.4). Its kinetic moment consists of the 
proper kinetic moment G of the gyroscope III. Consequently, ‘Fig.7), the 


projections of the vector G on the axes of the computational coordinate 
system xyz are given by the formulas 


G, = Hceos 6 cos Gy = H cosé sin G, = Hsin’ (13) 
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Of the three equations of the type (3) only the third must be used in 
the present case because the remaining equations contain the unknown 
normal reaction forces of the bearings on the axis of the body T to be 
stabilized. These forces are external with respect to the partial 
mechanical system under consideration. In this way, taking into account 
the formulas (13), we arrive at the equation 


H (cos 8 ws cos § sin wa, cos 8 cos M, (14) 


Here 4, is the moment about the z(z)-axis of all the external forces 
acting on the third mechanical system, i.e. on the body T, the inner 
gimbal and the rotor of the gyroscope III, including the friction forces, 
the moment imposed by the electromotor F,, and also the moments of the 
inertia forces and gravitation forces. As before, the inertia forces are 
defined as the inertia forces of the constrained motion, implied by the 
translatory motion of the supporting coordinate system &"y°¢* with the 


origin at the geometric center of suspension of the stabilizer. 


Il. Considering the next three mechanical systems, i.e. the gyroscopes 
I, II and III, the corresponding coordinate systems of support €,°9,°,°. 
€,%,°C,° and & 7, °¢,* must be chosen in such a way that their origins 
coincide with the points of intersection of the axes of the inner gimbal 
and the rotor of the corresponding gyroscope. They have different accele- 
rations with respect to the absolute coordinate system €,%,°¢,* . This 
difference is implied by the angular velocity w of the platform [l, and 
for the system of support &,°n,°¢,° also by the relative angular velocity 
dw/dt of the body T with respect to the platform [I. Because of the small 
dimensions of the gyroscopic stabilizer and the comparatively smal] 
magnitudes of w,, @,, w, and dus/dt, the above mentioned difference of 
accelerations between the various coordinate systems of support and the 
system of support £**°C* is very small and in practice, in the majority 
of cases, it can be neglected. 


Applying the theorem of kinetic moment to the mechanical system con- 
sisting of the rotor and the inner gimbal of the gyroscope I, we obtain 
the equality 

d e 
+ = M! (15) 


which is analogous to the third of the relations of the type (3) and which 
does not contain the unknown normal reaction forces of the axis of the 
inner gimbal. In the last equality (Fig.5) 


G! = — Hsin Gt = H cos G! 0 (16) 
are the projections of the kinetic moment G! of this system, or, what is 


the same, of the proper kinetic moment of the gyroscope J on the axes of 
the axes of the computational coordinate system ryz. The quantity w 
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denotes the sum of the moments with respect to the z,-axis of the inner 
gimbal of all forces acting on the gimbal and the rotor of this gyroscope. 
To these forces belong, in particular, the friction forces of the axes of 
suspension of the inner gimbal, the gravitation forces, the inerti« forces 
of the constrained motion, the elastic forces of the electric wirings and 
the reaction forces of the servo-mechanisms D, and D,. 


Using the formulas (16), the equality (15) assumes the form 
H (w, cos + @y sin = M! (17) 


This is the fourth equation of motion for the gyroscopic stabilizer. 


Carrying out, in a similar way, calculations with respect to the 
gyroscope IJ, we obtain the fifth equation, namely 


H (@, sin Y2 — W, cos 12) = M! (18) 


The moment yl! has the same meaning as the moment M! , being the sum 
of moments of forces acting on the inner gimbal and the rotor of the 
gyroscope II with respect to the axis z, of its inner gimbal. 


It is essential that the equations (17) and (18) do not contain the 
unknown normal reaction forces of the bearings on the axes of the inner 
gimbals of the gyroscopes | and II. 


12. Finally, consider the sixth mechanical system, consisting of the 
inner gimbal and the rotor of the gyroscope II] (Fig.6). In this case 
respect- 
ively, by the projections of the kinetic moment of the gyroscope III, 
namely 


the relations (3), after replacing the quantities G,, G, and G 


= H cosécosy, = H cosésing, = H sind (19) 


assume the form 


H (cos cos + w, sin — w, cos sin on Mit 
H (0086 sin -+ w, cos cos = MIN (20) 


H\ siné 4 (w, Sin — Wy, COS cos = Mi! 

Here meet MITT and Sa are the sums of the moments of forces acting 
on the inner gimbal and the rotor of the gyroscope III, calculated with 
respect to the axes x,y and z (or, with respect to the axes, respectively 
parallel to the axes x,y and z; see footnote in Section 6. 


Among these forces are also the unknown normal reaction forces of the 
bearings on the axis of the inner gimbal of the gyroscope III, located 
in the body T. However, if we consider the expression 
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— Mi sing + cos = Mit! 


then it is not difficult to see that it gives the sum of the moments of 
forces acting on the gyroscope III and calculated with respect to the 

axis ¥Y of its inner gimbal, and that the above mentioned normal reaction 
forces are not present in this expression. Substituting in this 
expression for hd and M!!! their expressions according to the equalities 
(20), we obtain after some calculations the equation 


H + cos 6 — (w, cos + w, sin sin = (22) 
\ 


dt 

Let us note that, in deriving the equations (17), (18) and (22), 
instead of the computational coordinate system ryz, also other comput- 
ational systems can be used, in particular the system xyz, in deriving 
the equation (22). 


Equation (22) completes the set of six differential equations describ- 
ing the behavior of a gyroscopic stabilizer and its separate parts among 
each other and with respect to directions connected with the fixed stars. 


13. For the convenience of the subsequent conclusions let us collect 
together the equations (10), (12), (14), (17), (18), amd (22). We then 
obtain the following set of equations 

H \cos 8 FA — sin y,+cos 7.) —cos 4 sin + + wy sin J — 


— cos 3 sino cos — sin 8 cos 0 + sin cos 8 sing — wy —siny, + 


+ cos + cos 6 cos + | w, sin 3 — cos cos + sin = M,’ 


(cost + sin 7) — sin sin 5, (w, + cos? cos} + a, sit 1+ 


+ cos 2) — @, sin 3] = M, 


H ( cos 8 + wz sin — cos cos $) = M, 
H (w, cos 7, + @y sin y,) = M!, H (@, sin 7, — @, COS = M!! 
H|(o, + eos — (w, cos + w, sin sin = (23) 


describing the motion of a gyroscopic stabilizer with three axes. 


14. Consider some important consequences of these equations. Let 
M! Mi! = = 0 (24) 


4 
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i.e. the projections of the moments on the axes of the inner gimbals of 
the gyroscopes are zero. In practice this can be achieved to some extent 
as a result of a careful balancing of the gyroscopes so that the center 
of gravity of the system consisting of the inner gimbal and the rotor 
lies as close as possible to the axis of the corresponding inner gimbal, 
and the friction forces in the bearings and the resistance of the wirings 
are reduced to a minimum. 


According to the fourth and fifth equation of (23) we obtain in this 
case the equalities 


COS + wy, sin 7, = 0, ®z SID Te — Wy COSY, = (25) 
from which it follows that 
(26) 


in all cases except 


(27) 


when the axes of spin of the gyroscopes I and IJ are parallel. Thus, if 
as a result of action of the electromotors F, and E, the angles y, and y, 
remain between certain limits, for example, + 15° and 20°, then 
the plane of the platform [I under conditions (24) will turn out to be 
stabilized with respect to the fixed stars. 


The sixth equation of the system (23), taking into account the condi- 
tions (24) and equalities (25) reduces to 


dy 
provided, of course, 
6+ + (29) 


The left-hand side of equality (28) is the projection on the z(Z)-axis 
of the angular velocity of the body T with respect to the coordinate 
system of support &**¢*. The projections of this angular velocity on the 
x- and y-axis coincide with the corresponding projections of the angular 
velocity of the platform Il, and because of the equalities (26), are equal 
to zero. Thus, if the projections of the moments on the axes of the inner 
gimbals of all three gyroscopes are zero, i.e. if the conditions (24) are 
satisfied, the body T turns out to be stabilized with respect to directions 
to fixed stars. 


The first three equations (23), taking into account the equalities 
(26) and (28) assume the form 


—H cos 3 (sin — cosy.) + (sin 8 cos — cos tg + (cosy + 


+ sin y2)| => Vy.’ (30) 
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H| 5, (cos 1: + sin — sin sin + w,(— sin + cos 2) | =M, 


H = M, 


Under the assumption that no moments are applied to the ring K, the 
platform Il and the body T, and that the friction is absent, i.e. 


=M,=M,=9 (31) 
and that the motion of the carrying basis is such that 
@, = 0 (32) 


the equations (30) are satisfied by arbitrary constant values of the 
angles and 6. 


Let now the electromotors £,, E, and E, be directed in such a way 
that the moments, imposed by them on the axes of the ring K, the plat- 
form [I and the body T, be proportional to the angles of rotation of the 
inner gimbals of the corresponding gyroscopes, and let the friction in 
the axes of suspension as before be absent. In such a case we can assume 
that 

M’~ = ky;, M, = — ky, M,= -- kb (33) 


where k is a coefficient of proportionality. 


Equations (30), under condition (32), have a solution 
Kat, “ed, tae (34) 


It is not difficult to convince oneself, remaining in the framework 
of the precessional theory of the gyroscopic stabilizer under considera- 
tion, that the equilibrium position determined by this solution is stable. 
In fact, if the angles Yur Yo and 5 are small, then up to the first order 
terms with respect to these quantities and their derivatives, the equa- 
tions (30), taking into account the equalities (32) and (33), reduce to 
the form 

dy dys dB 

From these equations it is evident that the magnitudes of the angles 
¥,» ¥> and 5 will tend to zero independently from the law of change of 
the angle 8 between the planes of the ring K and the platform Il. The 
change of the latter is determined by the motion of the basis. We must 
assume, of course, that A < 90°.* 


* In some cases, with the motors switched on, the transient processes 
mentioned in Section 1 do not die out but lead to self-oscillations 
of the gyroscopic platform (first of all about the axis x” of the 


Footnote continued overleaf:- 
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In a more general case the right-hand sides of the equations (30), 
i.e. the moments M’ Mand M_ contain, besides the moments of the 


electromotors, the of friction in the suspension axes x°(é ), 

‘ y(y’) and z(z) of the ring K, the platform [1 and the body T respectively. 
. The directions of these axes are determined by the relative angular velo- 
cities da /dt, df&i/dt and dui /dt. In addition, in the case of an 

: insufficient balancing of a mechanical system and its separate parts, 

4 M’.-, My and 4, will contain also the moments of inertia forces of the 


constrained motion and of the gravity forces. 


Under the assumption that the angles y 
equations (30) reduce to the form 


and 5 are small, the 


) 


H + w,(1 - = My* — M 


> 
as 


dat 


HS” = M,* — (3) 


where M’?-, My and Ws are the above-mentioned sums of the moments of the 
friction forces, inertia forces and gravity forces, acting on the mecha- 
nical systems consisting of (a) the ring K, platform [lI and the body T 
(with the gyroscopes I, II and III); (b) the platform Il and the body T 
(also with the gyroscopes J, II and III) and (c) only of the body T (with 
the gyroscope III), respectively. The quantities Mly,), Mly,) and M(6) 
are the moments, imposed on these mechanical systems by the electromotors 
E, and E,, respectively. 


M 


Pig. 8. Fig. 9. 


suspension ring K). Investigating these oscillations, as well as the 
means of their suppression, one must take into account the moments of 
inertia of the parts of a gyroscopic device, and the transient pro- 
cesses in electric circuits of the motor and in the supplementary 
circuits of feedback of the amplifiers. Because of the high frequency 
of the self-oscillations, the influence of the motion of the basis on 
the oscillations, as a rule, turns out to be inessential. A discus- 


sion of self-oscillations of the described gyroscopic stabilizer is a 
subject of a separate investigation. 
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The moment, developed by each of the electromotors, cannot exceed a 
certain limit determined by the parameters of the motors and the trans- 
mission connecting its shaft with the corresponding axle. Fig. 8 illust- 
rates a frequently encountered form of a diagram showing the dependence 
of the moment M developed by the motor (in a short circuit, i.e. for a 
completely checked motor) and the angle of deviation y of the inner 
gimbal of a gyroscope from its mean position. In Fig. 9 another form of 
this dependence, the so-called step-form, is illustrated. For the 
successful working of a stabilizer it is absolutely necessary that the 
maximum moment Mina x for arbitrary circumstances of motion of the objects 
and the gyroscopic stabilizer exceeds the corresponding "destabilizing" 
moment or In exactly the same way this moment must exceed 
the product 


(@:)max H (37) 


where (®@ max is the maximum value of the angular velocity of the 
rotating platform II about the z-axis, this rotation being implied by the 
motion of the object with circulation. If this is not the case, when 
turning the platform, the axes of spin of the gyroscopes I and IJ will 
fall behind this platform and the angles yy, and y, will begin to increase 
without bound. 


Conditions were established above under which the body T will be 
stabilized with respect to directions to the fixed stars. These condi- 
tions reduce to the requirement that the sum of moments of forces acting 
on each of the mechanical systems, consisting of the inner gimbal and the 
rotor, and calculated with respect to the axis of the corresponding 
gimbal, must be equal to zero. This can be realized only if the moments 
of friction in the bearings of the axis of the inner gimbal are complet- 
ely removed and if the center of gravity of the system, consisting of 
the inner gimbal and the rotor, lies on the axis of this gimbal. 


In a number of cases it is required that the body T is stabilized with 
respect to a coordinate system connected with the vertical of the location 
and the cardinal points of a specified geographical coordinate system. 

The axes of such a coordinate system, usually, are directed to the East, 
North and the Zenith respectively. In the case of a fixed basis the 
angular velocity of the body T must be equal to the angular velocity of 
the Earth. If, however, the basis is displaced, then the angular velo- 
city of the body T must be equal to the sum of the angular velocity of 
the Earth and the angular velocity of the relative motion of the geo- 
graphical coordinate system with respect to the Earth. 


To the axes of the inner gimbals of the gyroscopes I, II and III, in 
conformity with the last three equations of (23), must be applied the 
corresponding moments and causing the necessary 
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precession of the gyroscopes and, as a consequence of this, the necessary 
angular velocity of the body T. One of the methods for constructing the 
moments * and i.” was described in the footnote of Section 6, The 
technical realization of this problem, in case the basis is displaced, 

is faced with great difficulties. 
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Nikolai [1], in the year 1939, investigated an inertially balanced 
symmetrical gyroscope on gimbals, taking into account masses of the 
gimbal rings. He discovered the interesting fact, that the stability of 
the gyroscope axis in vertical position depends on both the magnitude 
and direction of the angular velocity vector of the outer ring. 


Magnus [ 2 } proved the occurrence of a similar phenomenon for an un- 
balanced symmetrical gyroscope on gimbals. He constructed the Liapunov 
function using the Chetaev method and obtained sufficient conditions for 
the stability of rotation of a gyroscope about the vertical axis of the 
outer gimbal ring. 


Skimel* investigated the stability of a regular precession of a gyro- 
scope on gimbals when the nutation angle 6 4 0. 


In this paper the author constructs the Liapunov function in the form 
of a linear combination of the first integrals of the equations of motion 
and derives from it the sufficient conditions for the stability of motion 
of the regular precession of a gyroscope on gimbals, which yields as a 
special case (when 6, = 0) the necessary condition for stability of the 
vertical position of the gyroscope axis. The author investigates also 
the influence of the dissipative forces on the stability of motion of a 
gyroscope. 


1. Let us consider the motion of a symmetrical gyroscope on gimbals, 


V.N. Skimel, Nekotorye zadachi dvizhenia i ustoichivosti tiazhelogo 
giroskopa. Avtoreferat kandidatskoi dissertatsi, (Certain problems 
of motion and stability of a heavy gyroscope. Dissertation for 
candidate’s degree), Kazan, 1955. 
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taking into account the masses of the gimbal rings. The stationary axis 
of rotation of the outer gimbal ring is vertical, the axis of rotation 
of the inner ring is horizontal and the centers of gravity of the gyro- 
scope and of the inner ring are on the axis of symmetry of the gyroscope. 


We shall introduce two right-handed orthogonal coordinate systems, a 
fixed one O&C, and a moving one Oxyz, whose origins coincide with the 
stationary point O in the gyroscope system, The axis O¢ of the fixed 
coordinate system is vertical and coincides with the axis of rotation of 
the outer ring; the axes Of and Onare in a horizontal plane. The co- 
ordinate system Oxyz moves with the inner gimbal ring, the Ox and Oz axes 
coincide with the axis of rotation of the inner ring and with the axis of 
symmetry of the gyroscope, respectively, and the Oy axis is perpendicular 
to the middle plane of the inner ring. 


The orientation of the whole gyroscope system in the space O&n¢ can 
be represented by the three Eulerian angles: the angle of nutation @, the 
angle of precession w and the angle @ which is the angle of rotation of 
the gyroscope itself with respect to the coordinate system Oxyz. The 
projections of the instantaneous angular velocity of the gyroscope, w, 
and of the inner ring, w,, on the coordinate axes Ox, Oy, Oz, are expressed 
in terms of the Eulerian angles and their time derivatives as follows: 


L’ sin 8, + cos 8 
q1 sin 8, ry cos 
The vector of the instantaneous angular velocity aw, of the outer 
is directed along the O¢ axis: its projection on the od axis (its 
scalar component) equals wv’. Let us assume further that the axes x, y, 
are the principal axes of inertia of the gyroscope and of the inner ring. 


Let A= B, C, be the principal moments of the inertia of the gyroscope. 
Let A. B,. C, be the principal moments of inertia of the inner gimbal 
ring, and let the moment of inertia of the outer ring with respect to o¢ 
axis be A,. 


The kinetic energy of the gyroscope T, and the kinetic energies of the 
inner and outer rings T, and T, could be expressed as follows: 


T [A + sin? 6) + C + cos 8)*] 


; + sin* 6 + ¢ cos*@| 


T; = 1.” 

Let the coordinates of the center of gravity of the gyroscope and of 
the inner ring be (0, O, 2z.), and let the weight of the gyroscope and of 
the inner ring be P. It is easily seen that the force function is 
U = — Pz. cos @; and for a balanced gyroscope z, = 0. 
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Let us initially consider the case when the frictional forces on the 
gimbal axes are absent. In this case we have only gravitational forces 
acting on the system, its equations of motion could be expressed as the 
Lagrange equations, and in our case the Lagrangian is L= T+ 7,4 T,+ U. 


The equations of motion are as follows: 


(A + A;) —(A + B, —C,) sin 6 cos + C + cos) sin ® — Pz, sin = 0 
d 


C +. =0 
The first integrals of the equations of motion are immediately obtained 

as (1.4) 

(A + sin? + C + cos 6) cos 8 + cos*6 + =k, + cos 6 = r, 
These two integrals were taken with respect to the cyclic coordinates W 
and ¢ respectively. If we multiply the three equations (1.3) by 6", wW’, 
¢” respectively and add them, we obtain one more integral, the energy 
integral 

(A + A;) + (A + B,) sia? 6 + cos? 6 + C + cos 6)* + 
+ + 2Pz,cos8 =h (1.5) 


The existence of this integral is certain because the applied force has 
a potential and because the constraints are independent of time. 


We shall mention that the equations of motion (1.3) could be obtained 
in a different way. As it is customary in the theory of gyroscope [1 |} 
we may utilize the theorem of angular momentum and the following sets of 
equations; the moments of the whole system with respect to the 4 axis, 
the moments of the gyroscope and of the inner ring with respect to the 
Ox axis, and the moments of the gyroscope with respect to the Oz axis. 


2. The four expressions 
6 = 6,, = 0, y=, r= (2.4) 


are particular solutions of the equations of motion (1.3) when the 
constants 6,,2, @ satisfy the relation 
[(A + B, — C,) 2? cos 8, — CoN + P:,| sin9, =0 (2.2) 


When 0, # 0,7, the motion described by the particular solution (2.1) 
represents the regular precession of a gyroscope. We regard this motion 
as unperturbed and we shall investigate its stability with respect to 
the variables 6, 0°, Ww and r. 


Por the perturbed motion we shall substitute the following expressions: 


6 = 0, +», 0 = = + &,, Es (2.3) 
in the equations (1.3). 


ate 
3 = 
i 


V.V. Rumiantsev 


Equations of the perturbed motion obtained from this substitution admit 
the following first integrals (including only first and second order 
terms): 


= (A+ + [(A + B, — C1) 2? (cos*6,, — sin* — Pz, cos + 
+ + B,) sin? 6, + C, cos* 6) + 2225.) + 4(A 4 R, Cy) sin 8 cos 8, Eo 7, 
+ C (Es? + + + B, — 2? cos 8, -- sin + const 


= [(A + B, — (cos? 6, — sin? — Cw cos 7° 4 


+ [2(A + B, —C;)Q cos 8, — Cw] sin + 4- B,) sin?0, + C, cos? + AL] 


+2(A + B, —C,)sin 9, cos + C&s (cos 89 — sin + const 


const 


The rows of dots indicate the omitted terms of higher order. 


We shall now construct the Liapunov function in the form of the linear 
combination of the integrals (2.4): 


V = V;— + 2C (Q cos 8) — w) V3 4+ i+ B, —C, 


+ [(A + By)sin®®, + Cy cos?Oy + As) + €(1 4 


+ B, —C,) (cos? 6, — 69) N? — CNe cos + Pz» cos + sin + ... 


The function is a positive-definite function of its 
arguments when the following single condition is satisfied: 


(A + B, — C;) (cos? 6, — sin* 6,) Q? — CwN cos 85 + Pz cos 8) <0 (2.6) 


According to the Liapunov stability theorem this condition is a sufficient 
condition for the stability of the regular precession (2.1) of the gyro- 
scope on gimbals. When sin 6, # 0, ON O, then using the equation (2.2), 
we can express the above condition in the form 


A+ B,—C,>0 (2.7) 
When the condition (2.7) is satisfied, the regular precession of a 
gyroscope on gimbals is stable with respect to the variables @, 4°, wi’, 
and r; hence it must be stable with respect to the variables @, p, gq, and 
r. The obtained result is obviously valid for 29 # 0 as well as for 
= 0, 


We shall investigate further the case 6, = 0, when the unperturbed 
motion consists of a uniform rotation of the outer ring about the vertical 
axis with angular velocity 1, and a uniform rotation of the gyroscope 
with angular velocity w. In this case the condition (2.2) is satisfied 


for arbitrary values of 1 and w. A sufficient condition for stability of 
such a motion follows from (2.6) and is [2 ] 


516 
(2.4) 
-¥ 
3) 


Stability of motion of a gyroscope on ginbals 


(A + B, — C;) Q* — Cal + Pm <0 (2.8) 


It is obvious that if the above inequality is satisfied, then sisul- 
taneously the conditions 


— 4(A + B, —C;) Pr >0, (2.9) 
must also be satisfied. Here n,. and 2. are roots of the polynomial 
(A + B, — CoN + Pz, = 0 


When B, = C, = 0, then the first inequality (2.9) reduces to the con- 
dition of Maievski [3]. The Maievski condition is the necessary and 
sufficient condition for the stability of the Lagrange gyroscope. The 
second inequality in (2.9) would remain as it is. 


We shall prove now that the condition (2.8) is also a necessary condi- 
tion for the stability of rotation about the vertical axis of a gyroscope 
on gimbals. 


Consider the function: 
V =(A+ A;) 


and its time derivative taking into account the perturbed motion, 
V’ = (A + A;) + [(A + B, — C,) — Cw + +... 


The function ¥" would be positive-definite if the following condition 
is satisfied: 


(A + — CoM + Pz, >0 


The function V admits an infinitely small upper bound and could assume 
positive values. On the strength of the Liapunov theorem the motion of a 
gyroscope would be unstable with respect to the variables 7, and 7° under 
such a condition. 


It follows that the condition (2.8) must be necessary and sufficient 
for the stability of rotation about the vertical axis of a gyroscope on 
gimbals. 


Without any loss of generality we can take w> 0, When 25 > 0 the 
quantities 2,, and 0, are positive when A+ B, — C, > 0, which we shall 
assume to be the case. When {) < N,. and in the special cases when 1) = 0, 
or when 1 > , the motion of a gyroscope about the vertical axis would 
be unstable in spite of the fact that the first condition in (2.9) is 
satisfied, When zy < 9, the first condition in (2.9) is satisfied for 
any angular velocity w, and in this case 1, < 0 and Q, > 0. When the 
angular velocity of precession {2 satisfies one of the inequalities 
< or the motion is unstable. 


For a balanced gyroscope (2p = 0) the necessary and sufficient condi- 
tion (2.8) for the stability of rotation about the vertical axis assumes 
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the following form [1 ] 


a Co 9 11 
It should be mentioned that the problem of stability of a gyroscope 
on gimbals could be analyzed also by the application of the Routh theorem. 
Solving the cyclic integrals (1.4) for Ww’ and & we obtain 


k — Cryo cos 9 
¥ = (A+ Bj) sin? 6 + cos? 6+ A, = ro — co 


and we construct the Routh function 


R = L — Crop’ — ky’ = (A + As) + W (6) 


where the new force function is 


Wie Q { (k — Cry cos 9)? 
(9) = —(P29 cos ® + sin? + A, + 


Cro?) (2.12) 


The function R is independent of the time ¢, hence the first integral 
of the Routh equation corresponds to the integral of kinetic energies: 


OR 


H == R= (A+ A))0?-—-W=h 


The first integral of the perturbed equation is 


‘ 


> (A 4+ Ay) —W (85 + n) + W (69) = const 


with the condition that the constants ro and k remain unperturbed. On the 
strength of the Routh theorem the motion is stable with respect to @ and 

6° when for the unperturbed motion the new force function W has a maximun. 
For example, it could be easily shown when 6, = 0, that the condition for 
a maximum of the function W has the form of the inequality (2.8). 


3. Beside gravitational forces we shal] admit now frictional forces 
acting on a gyroscope on gimbals. With frictional forces present, the 
equations of motion will differ from the equations (1.3) in that their 
right-hand members will have the corresponding moments of the resistance 
forces. These equations would admit the following particular solution 


6=—0, 6’ = 0, y=, = wy (w, = wo —Q) (3.1) 


only on the condition that the moments of the supplementary forces about 
the axes OC and Oz are applied to the system in order to equilibrate 
the moments due to frictional forces, Let us investigate the stability 
of the motion described by (3.1) by setting in the perturbed motion 


= = &), = 2 + Es, ‘soy 


Let us assume besides that in the perturbed motion the dissipative 


forces acting on a gyroscope on gimbals are time derivatives of the 
Rayleigh function 


6=7, 


= 
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2f = a&y? + + ch? + + 2/CE: + 


which is a positive-definite quadratic form of 


The variational equations for the perturbed motion are as follows: 
(A + A)) — [(A + By — 0? — CaN + P25) — (aE, + gE, + 
(Ag + C + Cy) + CO’ = — + bE. + (3.2) 

CG’ + Eo’) = — + + 
Let us consider the function 


2W = (A + Ay) + + C + Cy) Ep? — [(A + By — C1) — CoN + + 
+ CC? + + 26 (A + As) (3.3) 


where « is a certain positive constant. On the strength of (3.2) the time 


derivative of the above function equals 


W’ == — {[a — (A + Er? + + + + + Es — 
—e[(A + By — C1) 2? — Cal + Pz} + en + + (3.4) 

It is obvious that in order to make the function W positive-definite 
and its time derivatives W negative-definite with respect to the vari- 
ables under the somewhat stronger condition (2.8) (in the 
right member of (2.8) zero is replaced by S(e) < 0) we must select a 
sufficiently small constant «. If we do this, then the function # would 
satisfy the conditions of the Liapunov theorem on the asymptotic stablity. 
The stable motion (3.1) becomes asymptotically stable under the action 
of dissipative forces. The above statement is valid also in the case when 
the masses of the gimbal rings are neglected, that is when 


Ay = B, = = Ay 


Lord Kelvin proposed {3 ] to call the stability of equilibrium arising 
from a gyroscopic stabilization "the temporary stability", and the 
stability resulting from the conservative forces "the secular stability". 
Extending the last definition to the case of a steady motion we conclude 
that the motion (3.1) of a gyroscope on gimbals under the action of 
gravitational forces and the constant moments of the supplementary forces 
is stable in the secular sense. This circumstance is closely connected 
with the fact that for the motion (3.1) the new force function (2.12) has 
& maximum. 
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ON A GYROSCOPE MOUNTED IN A UNIVERSAL 
SUSPENSION [ON GIMBALS } 


(0 GIROSKOPE V KARDANOVOM PODVESE) 
Vol. 22, No.3, 1958, pp. 379-38! 


N.G. CHETAEV 
(Moscow) 


Consider a symmetric heavy gyroscope rotating in a universal suspension 
with the axis of the external ring vertical. The resulting motion has 
much in common with the well-studied case of Lagrange motion. One might 


also consider the simpler question of stability with respect to the angle 
of nutation [1 ]. 


Questions concerning the stability for all variables of the problem 
have been recently dealt with by Magnus {2 ] and Rumiantsev {3 Be 


1. Let us consider a gyroscope in a universal suspension as shown in 
Pig. 1. We denote by x,, y,, and 2, the fixed coordinate system, by W 
the angle of rotation of the (external) ring, by @ the angle of rotation 
of the housing in the ring, by xz, y, and z axes fixed on the housing, and 
by & the angle of rotation of the gyroscope in the housing. 


Fig. 1. 


The projections of the angular velocity of the casing onto the x, y, 
and z axes are given by 


= 0’, = sin 8, r° = 
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The projections of the angular velocity of the gyroscope onto these 
same axes are 
p=, q='sin®, r=9' +’ cos8 
The kinetic energy of the external ring is 
where J is the moment of inertia of the ring about the zy axis. 
The kinetic energy of the casing is 
+ Beg’? + 
where A° B®. and c are the moments of inertia of the casing about the 
x, y, and z axes respectively. We shall assume these to be the principal 


axes of the ellipsoid of inertia of the gyroscope casing about the fixed 
point 0. 


The kinetic energy of the gyroscope is 


+ Ag? + 
where A is the moment of inertia of the gyroscope about the «x or y axis, 


and C is the moment of inertia about the -z axis. 


We shall assume the ellipsoid of inertia of the gyroscope about O to 
be an ellipsoid of rotation about the z axis. 


Then the total kinetic energy is given by 
2T = (J + (A + B°)sin® 6 + C° cos* 6) + (A + A°) + C + cos 
Using this expression we can write Lagrange’s equations, since w, 6, 


and @ are independent variables which fully determine the position of the 
system (holonomic variables). These equations are 


(A + A°) 6" — 9’? (A —C + —C°*)sin 8 cos 6 + sin® = Q, 


d 
rT {b’ (J+ (A + B®) sin? 6 + C° cos? 6) + C cos 8 (9’ + ’ cos 6)} = Qy 


d 
C — cos 8) = Q, 


Here Qp 56 is the work done by the forces(acting on the system) when 
the system rotates through an angle 5@ about the «x axis, Qyov is the 
work done when the ring together with the casing and gyroscope rotates 
through an angle 5wW about the z, axis, and 0g5¢ is the work done when 
the gyroscope rotates through an angle 54. 


2. Let us assume that the suspension is frictionless, that the forces 
acting on the system are gravitational, that the center of gravity of the 
casing and gyroscope lies at a distance g from the origin O along the z 
axis, and that the zy axis is vertical. 
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Then Lagrznge’s equations of motion lead to the following first 
integrals: 
+’ cos8 = ry 
(J+ (A + B°) 6 + C° cos? 6) + C + cos 8) cos 8 =k 
(J+ (A+ B°) sin?6+ C° cos? 6) + (A + A°) 6"? + C + cos 8)? =— cos 8 +h 


The first two of these are the integrals related to the cyclic coordi- 
nates & and 


The last integral, representing the kinetic energy, could also have 
been obtained directly, since the actual displacements are possible dis- 
placements, and the force can be described by the potential 


U= metcos 6 


Here roe k, and h are the constant values of the first integrals, and «= 
is the mass of the gyroscope and casing. 


3. We can now write the differential equations for the Euler angles 
wv, 6, and d These equations are 


\2 (a — au) — eu*) — (8 — brou)* 


It is simplest to start by integrating the first equation, which gives 


ag (e — eu*) du 


= t— ly 


\ — au) (e eu*) — (3 (e —eu*) (i 
Us 
After inverting this hyperelliptic integral (that is, after solving 
for u in terms of t), the calculation of w and & reduces to quadratures. 


Let us write 
f(u) = (2 au) (e eu?) — (3 brouy? 


If e > 0, which is true for most practically interesting cases, the 
polynomial f(u) has three real roots lying in the intervals 


ae 
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Here we have used the following notation 

u = cos 

_ h—Cr,? f+A+B 
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The values of u in the mechanical problem vary within that interval 
between two adjacent points of the set |— 1, + 1, Wy. u,} which contains 
the point Uy: 


The forms of the differential equations for Euler's angles and the 
definite sequence in which they are integrated show that in our problem 
the nutational motion of the gyroscope axis is a controlling factor, as 
it is in the case of Lagrange motion. 


For the case of pseudoregular precession given by the initial condi- 
tions 


0, 


Po = 0, qo = 0 


and if ro is very large, we have 


8 — brou, = 0, a — au, = 0 
and therefore 


f (uu) = (uo — u) [a (e 


eu*) — (up — 
This gives 


so that for sufficiently large ro we find that u varies in the interval 
(a,, u = Uy), and this interval gets smaller as ro increases. 


In our problem regular precession is also possible. In this case the 
polynomial f(u) has a multiple root = = the conditions for 
which are 


(uo) = 9, (up) = 0 


From these we obtain 


(A + B® —C°) who’? — Croipo’ + mgt = 0 


The condition that this quadratic equation for v,° have real roots is 


—4(A + —C*) uy mgt > 0 


—4(A—C + B° 


C°) > 0 


The restriction to small] deviations of u from unity, for the practi- 
cally interesting cases «> 0, can be obtained in the same way as in 


the Lagrange case. For this it is sufficient to require that the roots 
of the polynomial 


f(1—8—2) 
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be negative, which means that the roots of f(u) lie to the right of 1-8, 
Here 5 is a small positive constant. Such a 5 will be the smallest 
positive number satisfying the inequalities 


b*ro? — 2ae + e (a — a) + 3ae8 >0 


{b*ro* + (a — a (1 — 8)) —e — 2ae (1 (2br, (8 — bry (1 — 8)) — a (e — e (1 —8)*) — 
— 2e(1 — 8) (2 — — 8))} —ae (a —a(i — 8)) (ec — (1 — 8)*) + (3 — br, (1 — 8) > 0 


(3 — br, (1 — 8))* — (a — a (1 — 8)) (e — (1 — > 0 


For the practically interesting case 
6 = 0, 6,"? = 0, bo’ = 0 


these equations can be analyzed in the same way as for Lagrange motion 


[a]. 
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PERIODICHESKIMI KOEFFITSIENTEMI ) 
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S. N. SHIMANOV 
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(Received 2 February 1956) 


Let us consider a system of differential equations of the type 


(t) 


Here the a,,; are constants, the PT are continuous, periodic functions 
of period w in t, and analytic functions of the parameter p in some 
region |p| < 


. The problem on the finding of the characteristic exponents for the 
q es system (1) has been considered in Ref. [1-3]. 

a 


We denote the roots of the equation 


(2) 
by = 1, 


. Let us consider the root A,. It has been shown that if A, is a simple 
root, and if the differences 


Dy (i= 2,..., n) 
are different from the numbers of the type 


+ NV —1 2x/w (Vis an integer) 


then the characteristic exponent corresponding to Ay will be an analytic 
function of the parameter p. One can find it by attempting to satisfy 
the system (1) with a solution of the form 


z, = + url) + ---) exp (Ay + 4 


where @,, «+. are unknowns which are to be determined from 


) 
dition of periodicity of the unknown periodic functions 2 
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(a..+t (t, w))z $=],..., 
= si si ’ i 
at 
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ly 
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, 


Characteristic exponents of linear differential equations 


The case when A, is a multiple root, and when some of the differences 
A; - A, are numbers of the form + NV-— 1 22/q@ (N is an integer), has 


not been considered. It is the object of the present note to treat this 
case. 


We assume that the roots, which are either equal to Ay or differ from 
it by numbers of the form *+ NvV— 1 2m”/a@, have prime elementary divisors. 
Let the number of these roots and A, be equal to a< vn. Then the system 
of equations 


(4) 


has a periodic solutions Pos be ea Pon of period w, Let us denote by 
Wo seed vo. these periodic solutions of the system (4) for which 
Pik Peers Pnk (3;; = 1, = 0, 
Theorem I. To the root a = a* of the equation 
A (a) == () (¢, i,..., m) 


pes \ 
-| Dd Dd Leo (ts ) 
0 


there corresponds the analytic (relative to mu) characteristic exponent 
Ay + + 

We show first of all the method for finding the characteristic exponent 
in this case. We are gding to attempt to determine the particular solution 
in the form (3), Substituting the expression given by (3) into the equa- 
tion (1) and equating coefficients of like powers of uw, we find that the 
functions 84). satisfy the system of equations (4) while the remaining 


functions a. » «+ Satisfy the systems 


n 


>, a., 21) — + f (t, z, )- (0) 
t 1 1 


From (4) we obtain 


where the B; 0) are arbitrary constants. In order that the system (6) 


may also have a periodic solution it is necessary and sufficient that 
the following conditions be satisfied 


(0) — x,% 0) 0 I » m) 


(7) 
These conditions represent a system of linear, homogeneous equations 
in the B; 0). If this system is to have a nontrivial solution, a, has to 
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be one of the roots of equations (5). Let us suppose that a@,= a*, We 
denote the algebraic cofactor of the element 6; ; - 8. ij” of the deter- 
minant A(a*) by A. ij (a*). Since d A(a)/da#¢¥ 4 when a = a*, it follows 
that we may suppose (without loss of generality) that A, _ (2° ) # 0, 
Solving the system (7) for B. (0 0) we obtain 
> 
(0) = (2°) 
A 
where c is an arbitrary constant. The periodic solution of the system (6) 
can now be found in the form 


2,10) = +B + (the 


where $,(t) is a periodic function of ¢t, and the p,{) are arbitrary 
constants. 


Next, substituting 2 (1) into the equations which determine the 
function 2 (2), we obtain the conditions for the existence of a periodic 


solution for these equations in the form 


bi bi mB (0 +c 0 (i=1,.... ™) 


where the A; (1) are definite constants. This is a . stem of a linear 
nonhomogeneous equations in the a+ 1 unknowns B, TTT » 


It is easy to establish the equation 


Q (0) 


(0) - (x) 
| 


The system (8) therefore, be solved for (1), 
a, in terms of f ' + and c. In doing this it will be found that @, does 
not depend on B, or c¢: 


by, — A, 


~ . . . . . . 
Making use of the fact that the solution (3) of the system (1) is 
determined up to an arbitrary factor, we set B, 1 = 0, 


The functions s (2), 2 '3) are found in a manner analogous to the one 


) 
by which 2 {1 was determined. 


The constants B,‘*), ..., B_°*) anda satisfy a system which 
1 k+1 
differs from the system (8) only by one term. We now find the Oi.4- 
(k) _ (k) (hk) 
Setting B, = 0, we express B, » webbie in terms of c, and so 


on. 


According to theorem 1, it follows from the uniqueness of the expansion 
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Ay + a*p + ap? + ..., that we have found a series and 
represents the characteristic exponent. The series 84 
can be divergent. In order that these series might converge it is 
necessary to make a special selection of the initial values A. With- 
out loss of generality, one may assume that 0, Then, 
5 the series (3) converge, it is sufficient to select the B, : F p, (2), 
B, 3) ... SO that the series 


wx, (1)(0) + (20) + (3(0)+.. 
converge. This can obviously be done. 


Proof. We shall look for a periodic solution, of the system of linear 
equations, of the type 


n n 
dz 


i=l i=] 
It is obvious that, from the condition for the existence of a periodic 
solution of this system, we can find the characteristic exponent A, + pa, 


By means of a linear non-singular transformation we can reduce the 
system (9) to the form 


du 
i 
ig Pim in Pi, may Pin?) )— 


n 


dt 


m+l n,C,. const) 


where = Wists + are functions of p and q of the same type 


as fo 


Let us consider the auxiliary system 


where the iF are constants. In Ref. [3] it is shown that the system (11) 
admits a periodic solution, analytic in mw and of the form 


= u pou (1) + 


t / 


1 
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4 (10) 
(<1... 
du; 
av 
(é--1,..., mj m+l=n) 
: 
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The constants ¥ are uniquely determined from the condition of the 
existence of a periodic solution for the system (11) of the form 
: W,@u +4 W +... 
The first a» functions uw have arbitrary initial values u , (0) = B, 


t 
(Bp, are constants). The initial values for the functions v5 are deter- 


mined by the periodicity of the vis 
The series thus constructed will converge in a neighborhood of p = 0. 


Let us suppose that we have found a periodic solution of the system 
(11) and have determined the corresponding vs. These ’. will be linear 


homogeneous functions of B,, TTT B, and analytic functions of the para- 
meters p and a, 


In order that the system (10) can have a periodic solution it is 
necessary and sufficient that the following system of linear homogeneous 
equations in B; be satisfied: 


This will be the case if 


The condition (13) represents an equation of the form F(p, ap) = 0. 


From this equation we find eg solutions a; (p) which give us a charac- 
teristic exponents A, + pa (i= 


Carrying out the suggested operations we obtain 


u™ | — =0 


where ® (#, @) is a completely determined analytic function of p and a, 
It follows from the particular form of the expansion (14), that if a, is 
a simple root of equation (5), then (on the basis of a theorem on implicit 
functions) the equation (13) will admit an analytic solution a (ph), which 
reduces to a, when p = 0. It follows from this, that to every simple root 
of equation (5), there corresponds an analytic characteristic exponent. 
The solutions of (4), which correspond to these characteristic exponents, 
will also be analytic, for we obtain the functions =, (0) + pe xz_(1) + 

from the periodic solutions of the auxiliary system by replacing B; by 
the solution of the homogeneous system (12), which can always be chosen 
to be analytic in pw. This completes the proof of the theorem. 


The following generalized theorem is also true. 
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Bmp) (13) 
0 (14) 
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| 
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Characteristic exponents of linear differential equations 


Theoren II. We suppose that 


P (O(c, (oe =1.,..., k— 1) 
where 


du 


1 
u-0 
If a:= a* is a simple root of the equation 
OP 
(2) |=0 (15) 
then the corresponding characteristic exponent will be an analytic func- 
tion of the parameter p of the form 


tte 


In the case when a = a* is a multiple root of equation (5), then the 
corresponding characteristic exponent is, generally speaking, an analytic 
function of the parameter wt ’ (where r is a positive integer less than 
the multiplicity of the root a*) of the form 

A+ ua®+u 

The determination of criteria for the analyticity of the characteristic 
exponents is, obviously, of interest in this case also. 


Remark. If Re A, = 0, the sign of Re (ua*) determines, for small 
enough values of ||, the sign of the real parts of the characteristic 
exponents corresponding to a*,. 
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ON A CLASS OF SOLUTIONS OF GRAD’ S 
MOMENT EQUATIONS 


(OB ODNOM KLASSE RESHENII URAVNENIIT KINETICHESKIKR 
MOMNENTOV GRZDA) 


PMM Vol. 22, No.3, 1958, pp. 286-389 
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(Received 17 June 1957) 


The values of the stresses and of the heat fluxes in shear flow of an 
ideal monatomic Maxwellian gas in the absence of external forces have 
been computed in the papers [1,2] using the moment equations. This made 
it possible to estimate, through comparison, the area of applicability 
of the equations of Navier-Stokes, Burnett, etc. and to clarify the 
effect of rarefaction on the flow parameters. This paper considers a 
wider class of flows of such a gas under the assumption that all the 
moments of the distribution function are functions of time ¢t, and the 
macroscopic velocity depends linearly on the coordinates. 


In the absence of external forces the equations of continuity, 
momentum, energy, the stresses p.. and the third order moments S;., of 
an ideal monatomic gas with Maxwe{ lian molecules are, {3 ] 


Ou Ou, 4 op 1 Op; 
i i ir 
=: = 
(eu,)=0, or +e, +—- de, + 


Oe 0 
Ot + dz, 


dp 


or + 


a 2 du 1 
dz, Pur) + (Py; + te, = = 0 (1) 


du, du Ou, 
Sign + + Sir + Sirk + Sin dz, 


Here we made use of the usual convention of summing over repeated 
indices, and have put 


a 
| 
OS; 
ot 
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Solutions of Grad’s moment equations 


R= F » heat flow 


1 
5, = Pi; + PR Pir + Poe + =0 


Qijer is the fourth order moment, rT, the unit tensor, 


= (Aj; + Ay) — 


Qi snr = = (t) 2; + 9 (t) 


In what follows we shall assume, for simplicity, that d6(¢)= 0. Then 
the equation of continuity implies 


= Po (- Idt) (= + + Vos) 
and the momentum equation implies 


dt rh ir 


Equations (1) - (3) take the form 
5 2 
pl + 3 Pi; 9 

+ 21 Pi, jr] + 2p + exp (—{ ) 


dt + + jr + Vie + + 


%o Idt) (9S SB sp S Bix — §,8;;) = 0 (7) 


Thus the problem of determining the second order moments ar and the 
third order moments $s; k is reduced to that of solving two independent 
systems of 6 and 10 homogeneous linear differential equations of the 
first order with variable coefficients, the systems being connected by 
equations (4). 


In Burnett’s approximation [4] this problem has the following solu- 
tion: 
=0 


Pij 2 10 4 8 


where the Navier-Stokes approximation is given by the first ters 
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t 
ow Pij dt 
p- povexp| —\ (si + > ) “| 
0 


Here the w.. are the solutions of the system of equations (4). 


In the case under consideration the system of Grad’s 13-moment equations 


[3 ] yields exact values for the stresses and approximate values for the 
heat fluxes, which satisfy the system of equation 


which is valid for small gradients of the flow parameters. 


We now consider some very simple flows of the class flows under in- 
vestigation. 


(a) Let Vij =wW(t )8 55 where rT is the Kronecker delta. Then 


¥ (t) V=ui + rj + wk 
i.e., we have a flow with spherical propagation. The energy equation 
takes the form 
+ 0 p=E(t+er 


dp 


dt 

It is then easy to obtain 
Pi; pis (O)exp| +e)+ + 
1 
3 


= §,; (0) exp [ 6ln (t + ¢) + 


a, (t+ 


The system of Grad’s 13-moment equations gives exact values of al! 
gas-dynamical parameters of the flow. In the Navier-Stokes and Burnett 
approximations Pij = 0, Ss; = 0, 


(b) Let = 0, i.e., let the density be constant. The 
system (4) implies that only three of the coefficients Vij are not zero. 
These are connected by the relation 


nm 


ne ®re constants. For instance 


where Vai Vig 
u = (— Vis + + Vist, v= 0, w = Try 
i.e., in the planes y = const. the flow results from superposition of 
the uniform flow » = Wa5y on the shear flow 
u = (— oot + 


(c) Let =wW(t). Then 
Y= . 
t+ec 
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Solutions of Grad’smoment equations 


The velocity is constant on, and perpendicular to, the plane x + y+ 
z= const., i.e. we have an instance of a uniform flow which decreases 
with time. 


(d) Let all the coefficients wW.. be constant and different from zero; 


the density is constant (I = 0). y > four of the Wij are arbitrary: 


22 / V 
w= E=2+ y + 4 
31% 22 


The velocity of the flow is constant on the stream surface £ = const., 
i.e. the flow is a shearing flow {1,2 ]. In the Navier-Stokes approxima- 
tion this flow represents a Couette flow in which the temperature of the 
walls varies with time. 


(e) It is easy to see that in the plane case (equation 9, below) we 
also have a shearing flow if == (p= constant). Then 
are constant. An interesting feature of this flow is 
the fact that for a large range of variation 


2 Fie — 


(where M is the Mach number and !/L is the ratio of the mean free path 

of the molecules to the characteristic dimension of the frow). The real 
root A, = ar, of the characteristic equation A’ + 2ad? + = 0 
of the system of equations (5) and (6) is better approximated by a series 
in large 8, for which — 2/3 + 1/9R” than by a series in smal) 


B, for which r, = pe - 26°. 


Fig. 1. 


A similar situation obtains for the real root A, = ar, of the 
characteristic equation 


+ ar? + + (3 — a? = 0 
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of the system of equations for the determination of S.. 


In Fig. 1 the exact values of the roots rie ho (the solid lines) are 
compared with the approximate values 


The system of equation (8) yields ry=- 2/3. 


(f) In the plane case the system (4) has a simple solution. 
case 


In this 


+ = 0, + + = 0 


+ = 0, + = 0 (9) 


Ya = Yu Yoo = cof, 


where Ww satisfies the equation 
ay 3 /d¥\? 
¥ > (Gr) (+ 2e1) 
whose solution is 


Y- = ¢3(t — c,)? _ om 
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ON A CLASS OF MOTIONS IN MAGNETO-HYDROMECHANICS 


(OB ODNOM KLASSE DVIZRENII V MAGNITNOI 
GIDROMEKRANIKE) 


Vol.22, No.3, 1958, pp. 289-390 


N. ZHIGULEV 
(Moscow) 


(Received 7 February 1958) 


The equations of magneto-hydromechanics for an ideal medium (i.e. a 
medium which is free from losses due to Joule heating, viscosity and heat 
conduction) can be written (see, for example, Ref. {1]) in the form: 


divH =0, 


dv 
+ div (ev) = 0, = 7, 


ds H? 
Here p is the pressure, Pp the density, s the entropy per unit mass, 
v the vector velocity of particles of the gas, H the vector intensity of 
the magnetic field, d/dt the derivative with respect to time, following 
a given particle. 


The system of equations (1) has to be supplemented with the equation 
of state of the medium, which we shall write as: 


p=fl(e, s) (2) 
In what follows we shall consider the class of motions which satisfy 
the following conditions: 
(HY) H=0, (HY) v=0 (3) 


The physical conditions (3) mean that the vectors M and wv do not 
change along lines of magnetic force. 


Important cases of this class of motions are the plane and axisyn- 
metric flows (in the general case, unsteady) where the vectors of velo- 
city and magnetic field intensity are perpendicular. Let us note that 
one-dimensional unsteady flow, which is also a particular case of the 
class of motions considered here, was studied in the paper {2}. 


On taking into account the conditions (3), the equations of motion 
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assume the form: 


dy d 
p* =f (pe, + H = 2V 2n k-p (4) 


where k is a vector function which is constant along the trajectory lines 
of the flow. 


Let us consider the change in the circulation of the velocity vector 
I’ = dvde around fluid contours (i.e. contours moving with the gas stream) 
for the class of motions satisfying the equations (4). 


at d 
dt = vee’ dt 
Substituting in equation (5) the value of the acceleration dw/dt from a4 


the second equation of system (4) and applying Stokes’ theorem, we have: 


ar 


(S is a surface "stretched" across the contour under consideration). 
Introducing the expression for p* given in (4), we obtain: 
q 


I= as / 

Accordingly, if the flow of the class under consideration is isen- 
tropic and the quantity k is uniform in space, then the circulation 
around fluid contours has the property that it is conserved. The property 
so obtained is analogous with Thomson's theorem for the motions under 
consideration. It follows from the demonstration of this property that 
there exist irrotational flows in the class under consideration. 


The second equation of system (4) can be transformed into the follow- 
ing: 


Vp* —[v rot v] = 0 (8) 


Projecting the vector equation (8) upon the direction of the velocity 
vector v, we have: 
(Ov d / 1 d p* 
4 0 9 
\ Ot Je + de \ 2 + 6 de ( ) 


Moreover, assuming that the motion is steady and integrating equa- 
tion (9), whilst bearing in mind the relations (4), we obtain an analog 
of Bernoulli’s equation for the motions under consideration: 


= const (10) 


The integral (10) holds good along streamlines, but in the case of 
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A class of motions in magneto-hydromechanics 


isentropic flow and if the quantity k is constant it holds for the whole 
of space (i.e. in the latter case @ is a universal constant for the 
entire flow). 


Considering now a motion which is unsteady and irrotational and inte- 
grating equation (9), we obtain the following analog of Lagrange’s equation: 


rv? dp IP 
+ +\ : + @, (t) (if 


09 


where w, is a universal function of time t for a given flow, and @ is the 
velocity potential. 


The majority of known methods in ordinary hydromechanics (as, for 
example, the method of characteristics, the method of linearized flows, 
and so on) can be carried over without difficulty to the case under con- 
sideration. 


Motions analogous to Prandtl-Meyer flows and Busemann’s conical flows 
can also be easily obtained as members of the class under consideration. 
In the isentropic case, if the quantity k is constant throughout the flow, 
the motions under consideration reduce to isentropic gas dynamics, in which 
the role of the pressure is assumed by the quantity p*, and the medium is 
changed so that the adiabat is expressed according to the formula 


p* = f(s, sy) + k*¢* (12) 


In conclusion, we note that these same key simplifications for problems 
of magneto-hydromechanics can be obtained in the case of motion of a 
viscous heat-conducting gas, if the conditions (3) are again satisfied. 
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ON SIMILARITY OF TRANSONIC PLANE FLOWS 
(0 PODOBII TRANSZVUKOVYKE PLOSKIKH POTOKOY) 
PWM Vol.22, No.3, 1958, pp. 391-395 


G. N. KOPYLOV 
(Leningrad) 


(Received 3 July 1957) 


Simplified equations of transonic gas motions and criteria of transonic 
similarity were established by Karmdn {1 ] and, independently, by 

Pal’ kovich for irrotational motions. Ovsiannikov [2] has shown that the 
equations mentioned can be applied, within the limits of accuracy with 
regard to satisfying the equations of motion and the boundary conditions, 
to flows with shock waves. In Ref. [3,4] as well as others, boundary 
value problems were formulated for approximate equations corresponding 
to the problem of transonic flow around a wedge-shaped profile for 
different regimes. However, comparison of the solutions obtained with 
experimental data exhibits a systematic discrepancy in the coefficients 
of pressure resistance if the M number of the upstream flow is somewhat 
different from unity. This fact was noticed by Spreiter [5 - who 
suggested a different method to simplify the equations of motion, and 
indicated a new similarity rule. Spreiter’s method of simplifying the 
equations is not convincing due to absence of estimates regarding the 
omitted terms in the equations of motion and in the boundary conditions. 


Proceeding by analogy to the method applied by Ovsiannikov {2 P the 
present paper contains a simplification of the basic equations of motion 
based on the assumption that the # number of the upstream flow is close 
to unity, the velocities of the flow are only slightly different from 
the upstream velocity, and that the direction of the velocity vector is 
only slightly different from the direction of flow away from the body. 

A similarity rule is established thereby, which yields more accurate 
results in the study of flow with a passage across the speed of sound 
(transonic flows). 


1, Equations of irrotational gas motions. Let us consider the equa- 
tions of irrotational motion of plane-parallel flow of an inviscid ideal 
gas: 


(1.1) 
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Here x, y are the coordinates of the flow plane, vy, vy are the com- 
ponents of the velocity vector, and Pp is the gas density. 


Let 
“2 =i1—ecAU, 


(1.2) 


where v. is the upstream velocity, S. is the characteristic line, ¢« is a 
small quantity and A is a constant for a given number M_ and is smaller 


than unity. 


From Bernoulli's equation it is easily found that 


(1 3) 


(1.4) 


Designating 
(1.5) 


and considering the quantity K of the order of unity (1 - w? of the 
order of ¢), we obtain, after expanding (1.3) and (1.4) in a series of 
powers of 1 - w/v," and using (1.2) 


k—1 
a 


Peo 


@ 
Substitution of (1.6) and (1.2) into (1.1) gives, taking (1.5) into 
consideration: 
K + A(k+1)U — | + O 


Letting 
(4.9) 


we obtain the first equation (1.1) satisfied with an accuracy of e342 


+ (1 10) 
(K ) WY =U 


The second equation (1.2) is satisfied exactly if 
au 


ay + ax =° 
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If we put U’ = K+ U, then equations (1.10) and (1.11) will be the usual 
equations of transonic flow with respect to U’, ¥. 


The parameter a remains undetermined for the time being. If we put 
a= 0, Aw 1/(k + 1), then we obtain the approximation due to von Karman 
[1] and Ovsiannikoy [2]. Assuming e=—- k- 1, A= + we 
obtain Spreiter’s approximation [5]. 


To determine ac, a supplementary condition of best approximation of 
some gas-dymamic relation is necessary. In studying flows with a passage 
through the speed of sound, the most important condition concerns the 


4 id best coincidence of the parabolic lines of the exact systems of equations 

a (1.1) with the approximate system of equations (1.10), (1.11). Thus we 

ra ; try to determine a from the condition of optimum approximation of the > 
et relations of the sonic line 


(1.12) 


Expressing the right-hand side of function(1.12) by means of _* and 


4 ; using (1.2), (1.5), we obtain, taking into account that on the parabolic 
line 


+. + O(e3A*) = 0 (1.13 


or substituting (1.9) into the right-hand term: 


24Kk2 9 a+ 8+? A*) = 0 
AK [4- +1) |+ = 
Employing (1.9) again, we obtain 
+ 0 (e*A*) = 0 
It is seen that equation (1.12) is satisfied with an accuracy of 
«7A? , if k— *% and, therefore, 


As may be seen from (1.13) in Spreiter’s approximation (A = 1/(k + 1m? 
equation (1.12) is satisfied with an accuracy of «742, i.e. lower than if 


selecting A by formula (1.14), 


Let us find the pressure coefficient for the approximation being 
studied. As is known, 


Using (1.7) we obtain from the above, with an accuracy of e7Aa?: 


p= 2eAU 


| 
3 
fa) 
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To compare the approximation obtained with the approximation of von 
Karman and Spreiter, we calculate the pressure coefficient at the sonic 
point on the profile. 


At the sonic point U = — K and, as a consequence, taking into account 
(1.5), (1.14): 


i—M,* 
(1.16) 


Pe=2 
2 2) / 


The full line on Fig. 1 shows the exact dependence of Pp, on #., the 
dotted line shows the same function evaluated on the basis of forsula 
(1.16); the dashed line, on the basis of Spreiter’'s approximation; and 
the dot-dash line, in accordance with approximation of von Karman, 


lp 


2. The relationships on a line of strong discontinaity. Let us clarify 
the accuracy of the approximations on a line of strong discontinuity 
under the assumption that the flow beyond it is irrotational and, as a 
consequence, the density and pressure are calculated by formulas (1.5), 
FD. 

The relationships on a line of strong discontinuity are of the form: 

ty—%, = — ) 
elf’ -v,| = aif (yr, | 


(k + 1) (por — pie) = (& — 1) (pe — pies) 


Here the subscript refers to parameters before the line of strong dis- 
continuity and x = f(y) is the equation of the line of strong discon- 
tinuity. 


Substitution of (1.6), (1.7), (1.2) into the indicated relations yields 
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O (eA?) = 0, —Vy)4+ (Y)(U =0 
[kw —U,)4+5 (U?-—UY)4+O V— + O(c? A*) = 0 
0 (e*A*) = 0 
where ® (Y) is determined by the relation f’(y) = «~*®’(Y), 


It follows that the relationships on the line of strong discontinuity 
are satisfied with an accuracy of 7 A?, for the value of K if 


V—V,+0 (Y)(U—U,)=0 


K(U —U,)+ 5 (U?—U,2) + (Y) —V,) =0 


If we put U’ = U+ K, then equations (2.1), (2.2) coincide with the 
usual relations on the line of strong discontinuity in transonic flow 
{2]. Eliminating ®’(Y) from equation (2.1), we obtain the equation of 
the shock polar line 


—V,)+ (U0 +U,4+2K)(U =0 (2.3) 


It should be noted that if (2.3) holds, the exact equation of the 
shock polar is satisfied with a higher accuracy than the whole system of 
relations on the line of strong discontinuity. In fact, let us write down 
the equation of the shock polar, for the sake of simplicity, in the case 
of an undisturbed flow upstream of the line of strong discontinuity: 


\ Ve + \ = 
Substitution (1.2) yields 
e* 1) + Al + O(etA*) = 0 
Substituting A by formula (1.9): 


e"A? 


+1 
+ + 2K) U*| — e*A®K 1) + O(e*A*) =0 


Considering K to be of the order of unity, we see that for an arbitrary 
selection of a, equation (2.4%) is satisfied with an accuracy of e* A, if 
(2.3) is valid, where U, = 0 is assumed. 


If the limitations on K are not imposed, then the same degree of 
accuracy is obtained if a= — k— 1 is selected, that is, it will be the 
same as in Spreiter’s approximation [5]. Since € is connected with the 
thickness of the profile, it indicates that in Spreiter’s approximation 
the transonic shock polar is very close to the exact polar for arbitrary 
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numbers M in the neighborhood of a straight jump and weak oblique jumps. 
It should be noted that in selecting A in accordance with (1.14), the 
transonic polar coincides best with the exact one in the vicinity of the 
sonic line, 


3. Problem of flow past a profile. Let us consider the boundary condi- 
tions of flow past a profile. It is easy to see that the conditions at 
infinity take the form of: 


XA=m, Y =o, U=-V=0 (3.1) 


and the conditions on the body 
Dy = (0 + a) (3.2) 


where f is the relative thickness of the body, 9 = @/r, a = a/r, @ is the 
angle of inclination of the tangent to the profile with respect to the 
chord, and @ is the angle of attack. 


Substitution of (1.2) into the boundary conditions (3.2) yields 
= (1-c€AU)r (04 Putting 


= (t/ A)’ (3.3) 

we obtain the result that (3.2) is satisfied with an accuracy of 5/242 
if 

(3.4) 


Taking into account that equations (1.10), (1.11), relations (2.1), 
(2.2) and boundary conditions (3.1), (3.4) coincide in the variables 
U’ =U+ K, V, X, Y with the relations in von Karman’s approximation [2 }, 
the results of the solution of the problem of flow past a body may be 
different in various approximations depending upon the choice of A. The 
solution, as seen from the relations enumerated above, depends on the 
transonic similarity rule K and @ = a/r, 


The nearsonic similarity rule, taking (3.3) into consideration, is of 
the form 


and, in particular, for transonic flows 
i— 
The aerodynamic coefficients are calculated by formulas 


z 


where C. Gi. C. are certain integrals along the contour of the profile, 
and depend on K, @ and the shape of the profile. 


To compare the approximation corresponding to the selection of A by 
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formula (1.14), with the approximation of von Karmén, Spreiter and the 
exact theory, Pig. 2 and 3 illustrate the dependence between the semi- 
vertical wedge angle 6, and the number M., corresponding to cases of 

attachment of the shock wave and the passage of flow into a purely super- 
sonic regime. 


12 
Fig. 3. 


The full line indicates the exact theory, the dotted line indicates the 
approximation given here, the dashed line corresponds to Spreiter's 
approximation, and the dot-dash line, to von Karman’s approximation. 


(3) 
14 
(1) 
As 14186 18 


442 1416 


10 12 14 
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Fig. 5. 


Fig. 4 contains the comparison of results of analysis of pressure 
resistance along the leading edge of the wedge-shaped profile [3,4 ] on 
the basis of the approximation given here (full line), Spreiter's 
approximations (dashed line), von Karman’s approximation (dot-dash line) 
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with experiments [6] (circles) for a wedge angle of 6, = 7.5°. Vertical 
lines indicate the instance of passage of the flow regime into a purely 
supersonic form. 


In conclusion, we remark that in the absence of shock waves (for 
example, in the pre-critical flow) it is possible not to introduce any 
limitations on WM, assuming 1 = m2 to be sufficiently large as compared 
to the quantity «. In this case (1.6) takes the form: 

2) Mo? + 1] 


and equations (1.1) are satisfied with an accuracy of 7A? if (1.10), 
(1.11) are valid and 


A=1 2) Mf + 3] (3.7) 


Fig. 5 represents the function C= f(K), where C_ is determined by 
formula (3.6), for laminar flow past the wedge for pre-critical velo- 
cities [7]. A is selected: (1) by formula (3.7), (2) after Spreiter or 
by formula (1.14), (3) after von Karman. The full line indicates the case 
of a wedge with a semi-angle of 5°: dashed lines, with a semi-angle of 
2.5°, Since for a iaminar flow past the wedge for pre-critical velocities 
the flow does not contain either the sonic or shock waves, the best appro- 
ximation is obtained, for different wedge angles, if A is determined by 
formula (3.7), 
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Let us consider the flow of an ideal gas in the neighborhood of the sur- 
face of transition from subsonic to supersonic flow in a Laval nozzle, 
which has two planes of symmetry. The straight line of intersection of 
these two planes we will call the axis of the nozzle, while the point of 
intersection of the nozzle axis with the sonic transition surface, to 
which the axis is normal, is the center of the nozzle. Making the origin 
of cylindrical coordinates x, r, 6 coincident with the center of the 
nozzle and choosing the x-axis to be coincident with the axis of the 
nozzle, let us write the equation, which determined the gas flow in the 
neighborhood of the surface of transition, in the form 

0, Fo 1 1 a> 


ax? ap: + agi r Or =e (1) 


where @ is the potential, such that 


a, a9 a, a, 1 
x+1 dz a Or r a+ir 
where ve, Y,. vg are perturbations, in the x, r, 9 directions, on the 
velocity which in magnitude is equal to the critical velocity a, and is 


directed along the nozzle axis; * is Poisson's adiabatic index. 


In order to get shock-free solutions of the nozzle, let us consider 
only analytical solutions of the equation (1). In the case of plane and 
round nozzles the desired solutions have the form: [ 2,3 } 


In the general case we will look for solutions of the equation of 
motion (1) in the foregoing similarity form. Substituting formulas (3) 
into equation (1) we get: 


( 125 ays + =! (4) 


Since we are interested only in analytical solutions of equation (1), 
the desired solutions of equation (4) are of the form: 
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A 
f= (9) E + (9) (5) 


Using equation (4), we will get the following expressions for func- 
tions g, (6) and ¢, (9): 


{ 


1 n 


£2 (9) = A3 64 j cos 28 + mcos 4$ (6) 


where A, n and a» are arbitrary constants: in what follows we will take 
A> 0 everywhere. From formulas (2), (3), (5) and (68) we find the ex- 
pressions for the potential and the velocity components of the flow: 


\ 


n 
5 cos 28 + meus 49 


\ 
ncos 29) xr? + 
64 12 


* 


ncos 


n 
2n cos 28 zr +. cos 29 + 4m cos 48 
iV 


x+ 1 


sin 28 — 4m sin 48 r° 
a 


2nA®zr sin 28 + A® 6 
In the above solution the functions v, and vy. are even with regard to 
6, the function vg is odd. Hence it follows that formulas (7) describe 
the flow in the neighborhood of the surface of transition from subsonic 
velocities to supersonic velocities in nozzles whose cross-section has 


two axes of symmetry. 


Assuming that n= a = 0 in formulas (7), we obtain a stream in a round 
Laval nozzle; choosing n= + 1/4, » = 1/192, we have the flow in a plane 
nozzle [1-3 


Let us consider now the form of the surface of transition through the 
velocity of sound, which is obtained from the equality = 0. Hence we 
have, using the second of formulas (7), 


Going over from the cylindrical coordinate system to Cartesian coordi- 
nates by substituting : = r cos 6, y= r sin 6, we obtain the equation of 
the transition surface in the form 


1 
(8) 


4 
From equation (8) it follows that for |n| < 1/4 the surface of transi- 
tion will be an elliptical paraboloid, for |n| = 1/4 it is a parabolic 
cylinder, for |n| > 1/4 @ hyperbolic paraboloid. From relations (7) it is 
easy to see that it is possible to give the magnitude of the velocity of 
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the stream, and, consequently, the form of the transition surface corres- 
ponding to flow in plane and round nozzles even though the flow as a whole 
is not given. We also note that in the general case the surfaces ‘= 0 

vg = 0 may not coincide; the former is described by the equation 


—"/gn cos 28 + 4mcos 48 


14 
A 


2a cos 28 


the latter is given by 


1/,nsin 28 + 4msin 48 


2a sin 28 


Let us find the equations of the characteristic surfaces passing 
through the center of the nozzle. The characteristic surfaces are described 
by the first order differential equation 


(ax? 1 /ér\3 a 
Az = A* n cos 28 jr (9) 


Or } 4 


which can be formulated in the form grad? xs = Ob /Gx, Hence it follows 
immediately that as the characteristic surfaces approach the surface of 
transition through the velocity of sound they become perpendicular to the 
axis of the nozzle. Therefore the characteristic surfaces touch the sur- 
face of transition at the point xs = 9, r = 0, We will consider only those 
characteristic surfaces which have the same planes of symmetry as the 
nozzle itself, which pass through its center and do not have breaks. For 
their determination we will assume: 


z= y (8) (10) 


Substituting expression (10) into equation (9), we obtain a first 
order ordinary differential equation for the function x (8): 


Por the characteristic surfaces under consideration the derivative 
dx/d@ must be equal to zero for 4 = 0 and 8 = 4&7, because in this case 
a function x(r, 9), determined in the first quadrant of the plane r6, can 
be continued symmetrically, as follows from equation (11), into the re- 
maining three quadrants without discontinuities of the first derivative 
with respect to 9. This can be obtained only for n| < 5/16. The desired 
solutions of equation (11) can be formulated as follows 


A 
== [2+ Ait + (+ F A.) 


A 
16 


[2+ Ay + A, + (+ 4,-+ os 29} 


where A, = V¥5~ 16n, A, = V5 4 16n. Four characteristic equations, 
touching the sonic transition surface at the center of the nozzle, can 
be now written in Cartesian coordinates in the form 


— 
A— 
| 
* + Ay + cos 28 (11) 
| 
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Aji + A») y? + Att + A,)2? 
(12) 


Por |n| < 1/4 the first two of equations (12) constitute the equations 
of elliptical paraboloids, extending in opposite directions along the 
nozzle axis, while the second two are hyperbolic paraboloids. For n= 1/4 
equations (12) give 

{ 


+ — Az}, Ay’, 


4 


vere "= 
z= 7 2°, 4 ’ 4 


Thus, for In| = 1/4 two of the surfaces under consideration constitute 
parabolic cylinders, one is an elliptical paraboloid and one a hyperbolic 
paraboloid. For |n| > 1/4 two of the characteristic surfaces, given by 
formulas (12), are elliptical paraboloids, extending along the nozzle 
axis in the direction of increasing values of x, the other two are hyper- 
bolic paraboloids. Por |n| = 5/16 elliptical and hyperbolic paraboloids 
coincide in pairs. We may note that the first of the solutions (12) 
describes a disturbance caused by a needle situated on the axis of the 
nozzle and touching with its point the surface of transition; in this 
case the Mach cone transforms into an elliptical paraboloid. 


Por 1/4 < n < 5/16 the two elliptical paraboloids given by equations 
(12) are tangent to each other along a curve lying in the plane :z = 0, 
Between these paraboloids it is possible to construct a family of charac- 
teristic surfaces which have breaks on the z-axis, in cross-sections 
x = constant, and which touch along the indicated tangent curve of the 
characteristic paraboloids. For — 5/16 < n< — 1/4 analogous characteristic 
surfaces will have breaks on the y-axis in cross-sections x = const. 
Characteristic surfaces for | 1/4| < n< |5/16|, situated downstream, 
which are tangent in the center of the nozzle to the surface of transi- 
tion and which do not have any other common points with the outside 
characteristic paraboloid, except the point x = 90, r= 0, vanish. For 
|n| > 5/16, there does not exist a characteristic surface which does not 
touch the sonic transition surface anywhere, except at the center of the 
nozzle, and which extends downstream (i.e. corresponding to the limiting 
Mach “cone” with apex at the nozzle center). The latter statements are 
easily obtained if equation (9) is written in the form: 


az toe At —ne0s28) ) 
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and the expression under the radical in this formula is analysed. 


In conclusion, I take this opportunity to express ay deep gratitude 
to S.A. Christianovitch for his discussion of the subject and the results 
of this work. 
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Frankl’ showed in his article |1] that the main term in Chaplygin’s 
equations can be used for the computation of “shock-free" plane-paralle! 
Laval nozzles in the region close to the throat. Frankl’ presented the 
main term of the solution in a form of a linear combination of two hyper- 
geometric functions. Later Fal’ kovich succeeded in transforming the main 
term into a polynomial of third degree, thus simplifying the analysis and 
computation of the flow in the nozzle. Both solutions are sufficiently 
accurate, however, only in a zone immediately close to the throat of the 
nozzle. This restricts their practical applicability. 


This article presents an approximate solution of the equations of 
Chaplygin, which are more accurate at a much larger distance from the 
: nozzle throat, than the solutions by Frankl’ and Fal’ kovich. The solution 
: obtained is applied to the construction of the initial portion of the 
c supersonic part of a Laval nozzle, whose streamlines in the subsonic part 
have the form[1 |]: 


B > Zon (*) sin2Bn0 { (0.1) 

2 j Zen K+1 2, 

n=] = 


Here B, B,, B, are constants, Zp, 1s Chaplygin’s function, ° Chaplygin's 
variable, wv the flow velocity, a, the critical velocity, k the adiabatic 
exponent, ** the value of 7 for wv = a. 


3 1. Integration of an auxiliary system of equations. To solve the 
% problem we shall proceed from Chaplygin’s equations [2]: 

ay 
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Here @ is the angle of inclination of the velocity vector, p the gas 
density, P. the stagnation density , a the sound velocity in the gas flow, 
wv the stream function, @ the velocity potential. 


An auxiliary system of equations will be set up for the solution of 
the proposed problem. The function 6 in the system (1.1), given by equa- 

tion (1.2), is replaced by an arbitrary function hk. The system (1.1) will 
then become 


an an oo hr OT, 3) 


h ay’ ay 09 


The system of equations (1.3) is to be integrated. The function A will 
be determined during this integration. The constants in the A function 
are to be selected in such a way, that in a certain interval 7 the func- 
tion h will approximate to the function 6 in the equalities (1.2). If we 
succeed, the solution of the system (1.3) will be an approximate solution 
of Chaplygin’s equations in that range of values 7, wherein the function 
h approximates to the function 6b. 


To integrate the auxiliary system of equations, we eliminate the angle 
@ from the system (1.3): 


09 


hr, ~ ( 4) 


We seek an integral of this equation in the form 


where (7) and Fis) are functions to be determined, ¢ is a constant. 


Putting into equations (1.4) the values of the derivatives obtained 
with the help of (1.5), we obtain, after carrying out the differentiation 


hen, hy, 


‘ 4 1 1.6) 


0 


The prime here and further on means defferentiation with respect to 7. 


Assuming 
hn’ hn ey? 


where ey is a constant, this results in 


+ = 0) (1 8) 
The three unknown functions ®, h, F, can be determined from equations 
(1.7) and (1.8), 


Particular solutions of equation (1.8) are the functions: 


} ¢coae cy (1.9) 


The first of equations (1.7) gives 
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h®’ = e; = const (1.10) 


Introducing this, the second of equations (1.7) gives 


= (c,? — hy), or 


hn (¢4 = const) (1.11) 


We introduce a new function 


z=hV—7 


(1.12) 


(In what follows we shall be interested in negative values of 7). 


Putting the expression v, obtained from (1.11), into (1.10) we obtain 
222dz 

(z* + c,*)? 

After carrying out the integration and substituting z, in agreement 


with (1.12), an expression is obtained, which determines the function h 
(for e3 = 1): 


= (1.13) 


— h*y + arc tg hV--7 ( + Cs ( ) 


Thus, the integra] (1.5) of the equation (1.4) has the form 
® = c,e°? cos (1.15) 
wherein ® is determined by equation (1.11), At the same time -function h 
of equation (1.4) is determined by relation (1.14), 


In order to complete the integration of the auxiliary system (1.3), 


the expression for the angle of inclination of the velocity vector has 
to be obtained. 


Returning to the system (1.3), we get 


1 


where U( Ww) is a function to be determined. 


The expression for the angle 6 is obtained by taking an /d ws from (1.15) 
and comparing with (1.10): 


= sin ceyp + U 


After substitution of 07/A9¢ and 90/0W into the second equation of 


the system (1.3) the function U( vw’) is obtained by integration, and hence 
the required function @: 
= sin ceyy + ecg) 


(1.16) 


2. Approximate integration of Chaplygin's equations. Expressions (1.15) 
and (1.16) are integrals of the system (1.3) in the case when the function 
h is determined by equation (1.14). However, we are interested in the 
system (1.1) which, instead of the function h contains the function 6b, 


3 
* 
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defined by (1.2). 


Therefore, the constants Cy» Cy and cg in the expression (1.14), defin- 
ing the function h, are to be selected in such a way, that the function A 
will approximate to the function 6. Then the integrals of the auxiliary 
system of equations (1.3) may be considered to be the approximate solution 
of Chaplygin’s equations. 


We are interested in the solution of Chaplygin’s equations for the 
supersonic zone of the nozzle, adjacent to the transition line. Therefore 
we will approximate the function 6 in the region of negative values of 7, 
beginning with 7 = 0 (y = 1.0), 


TT 


40 


J0 


20 


7 


Pig. 1. Pig. 2. 


To select the constants, we require that equations (1.11), (1.14), 
(1.15) be satisfied at the center of the nozzle, where $= W= O and 
0, 


Indicating the values of functions on the transition line, by an 
asterisk (*), (remembering that ¢3 = 1), we obtain 


= ®,, — ®,*h,', Cs rT 


~ 
Hence, the integrals of the auxiliary system of equations for the 
discussed are: 


t =e? cose V 
6 = V sine V Dh — 
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Computations show that, when h. = 6. = 2.11 and ® = 0.2, the function 
h approximates quite well (Fig. 1) “to the function b between the limits 
0>n 0.45, i.e. for 
1<M<15 (2.5) 


As is known, replacement of the function 5 by the function h is equi- 
valent to the replacement of the adiabat by another relationship between 
the gas density and pressure. This relationship can be easily established 
when the function h is known. Simple transformations give, for the case 
discussed 

P 


=! ~1.4(1—-?_) + 0.295 (14 + 0.012 (1 — 


\ Pe 


The analogous series for the adiabatic relationship is: 


re 


Ce Pe 

Comparison of both expressions and the results of computations (Pig. 2) 
show that over the range (2.5), approximation of the adiabat by the rela- 
tionship between density and pressure, corresponding to the function h 
of (2.4), can be considered satisfactory. In order to prove that the 
functions (2.2) really represent the flow in the initial portion of the 
supersonic part of the Laval nozzle, which has a subsonic part of the 
type given in (0.1), it is necessary to check: 


(1) that equations (2.2) satisfy the symmetry conditions with respect 
to the streamline wv 0: 
n(?, =n(, — 9), » = —0(e,— 9), (9, 0) =0 
(2) that the flow given oy equations (2.2) joins on the transition 


line with the flow given by the function (0.1). The first is obvious. The 
following section is concerned with the proof of the second condition. 


3. Expansion in series of a stream function and its derivatives. In 
Ref. [1] Frankl’ demonstrated that the stream function (0.1) represent- 
ing the subsonic part of the nozzle, and also its derivatives, can be 
given on the transition line by the series: 


(2B)'"* 


vo ™ i 
(* 3) 3 ls 


4+ + + 


"+ + + --- 


+ > + 


By +. 
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where D and & are constants. 


We will show that the stream function defined by equations (2.2) and 
representing the initial portion of the supersonic part of the nozzle, 
and also its derivatives, can be given by a series of similar form on the 


transition line. 


Equations (2.2) are used, eliminating %. Then 
6 = V (ttgcV —cV (3.2) 


Taking into consideration that t = 1.0.on the transition line, and ex- 
panding tecy (Dh 3 wy yin series, 9 can he represented by the following 
series: 

= r + a,3° + a,8° + ---) (r= V = ¢V (3.3) 

4/2 

The function v, can be expanded in a series of powers of 9°'°. Raising 

both parts of (3.3) by the power 1/3, we obtain 
(a5 + a;8% + = + + + - 

If the last series is inverted, and its first coefficient computed, 

then 


2m+1 


+ 3 +... 


m 


ails 
cD, h,? 


3 
To determine a series for @//0n, we use equation (3.2), Differentiat- 


ing first by 7, and then by 9, and assuming ¢t = 9, we find that on the 
transition line 


ay 
(5) ob V etgeV 


From these equations it follows that 


a@ 
\O7, } ch h,? - 


Using (3.5) it is simple to find 


| 


— 0 


Therefore, the stream function represented by equations (2.2) and 
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derivatives really can be expressed by a series of the same form as the 
stream function (0.1), 


The solution obtained by Pal’ kovich [2] for the transition zone of 
the nozzle can be derived from the solution (2.2) as its first approxima- 
tion. To show this, we expand the functions in (2.2) in series and take 
only the first two members of each series. Applying (2.3) and replacing 
hy by its equivalent 6°, we have 


{ 


Characteristics ne 


+ 

| 

Transition line. 


Pig. 3, 


After opening parentheses and neglecting the term containing dy? in 
the first equation and the term with dw? in the second equation, the 
transformation gives: 


These expressions coincide with the solution in Ref. [2 ]. The cons- 
tant A, introduced in Ref. [21], is linked with the constant c by the 
relation A = cO 57. This means that the constant c has the same meaning 
as the constant A in Ref. [2]. 


4. Construction of the flow in the initial portion of the supersonic 
part of the nozzle. Equations (2.2) make possible the construction of a 
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nozzle flow in the OW plane. Transformation to the ry plane can be 
accomplished in the usual way with the help of the relations 


dz dy — sin Ode +-©* cos Ody 


pr 
The following formulas are obtained for the coordinates of streamlines 
in the transition zone of the nozzle: 


z—z, 


1 
y—y, sin 6dt 


In these formulas z, yy, are the coordinates of the intersection point 
of a streamline with the transition line, ¢ is the function defined by 
equation (2.3) and shown in Fig. 3. 


Similar expressions can be derived for other characteristic curves: 
lines of equal velocity characteristics, and others. 


When dimensionless coordinates are used the flow in different nozzles 
(different values of A) can be plotted on the same diagram. 


Results of the computation of the streamlines and lines of constant 
velocity are presented in Fig. 4. 
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The extensive and important work by L. Fowel! [1] contains a solution 
to the problem of inviscid supersonic flow about a flat delta wing with 
supersonic leading edges at a finite angle of attack without yaw. 


Since the leading edges are supersonic, the conical flows formed by the 
*top" and the “bottom"* of the wing do not interfere with each other, 

and therefore can be examined separately. Unfortunately in this interest- 
ing work, as it will be shown later, the statement of the boundary con- 
ditions for the expansion surface is incorrect. This weakens Fowell’s 
conclusion concerning flow about the expansion surface. The correct 
picture of the flow and the statement of boundary conditions for a delta 
wing with supersonic leading edges are contained in the author's paper 


(3), 


If a conical flow has a velocity potential ¢, then the velocity com- 
ponents along the system of Cartesian coordinates o, x, y, z can be 
written: 


* "Top" and "bottom" stand for the expansion and the compression sur- 


faces of the wing, respectively. (Translator) 
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= Fy, v= = F,, w= = F — Eu — mp, = 2F (E,7) 


where F satisfies the equation 


AF es + 2BF,., + CF,, = 0 (1) 
Here 
qu) 


B = (a? — w*) En + (un + v&) w — ur, — ut ot — 


a is the speed of sound, a, 9%, are, respectively, the speed of sound and 
the speed at a certain point in the flow, * is the ratio of specific 
heats. The plane En has a single physical sense; it is the plane z= 1 
in the space ryz, while é, ", respectively, are coordinates of the points 
x and y in this plane. 


A = AC — B* = a? (1 + 4+ — (u — Ew)* — — — (Ev — (2) 
Let us examine the picture of the flow about a delta wing in the plane 
En (Pig.2); due to symmetry only one half of the flow is shown, for 
é > 0. The representation of the flow according to Fowell is shown in 
Fig. 2 a, and that by the author {2] is given in 6b. 


The wing is represented by the segment 3 (the axis 9z lies in the 
plane of the wing). The envelope of the Mach cones in the undisturbed 
flow with apexes at the leading edges appears as the segment 1-2 with 
apex at the nose of the wing (point 0 in Fig.1). The flow about the sharp 
leading edge results in an oblique Prandt]-Meyer expansion which continues 
until the velocity vector is parallel to the wing. This flow is repre- 
sented by the bundle of straight line characteristics of equation (1) 
converging at point 3. Segments 3-5 in Fig. 2a and 3-9 in Fig. 2b 
represent the boundary of the Prandtl-Meyer flow, which is followed by 
uniform flow, next to the wing surface. 
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As boundary for the region of the ordinary conical flo# for equation 
(1), Fowell proposes the parabolic line 1-2-5-4 in Fig. 2a, constructed 
for the part of the conical flow already found. For the undisturbed flow 
this is part of an arc of the Mach cone 1-2; for the uniform flow adjacent 
to the surface of the wing it is also part of the Mach cone 5-4; and for 
the Prandtl-Meyer flow it is the parabolic line 2-5, However, between the 
Mach cones and the parabolic line 2-5 there is an essential distinction. 

A Mach cone for uniform flow is at the same time a parabolic line and a 
characteristic curve of equation (1), since all straight characteristics 
in a uniform flow touch the Mach cone (see, for example, Ref, [2 }), 
whereas the parabolic line 2-5 for the Prandt]-Meyer flow cannot be a 
characteristic, for it would then be an envelope of straight character- 
istics, which is impossible. If it is required that the velocity compo- 
nents of the ordinary conical flow change continuously along 2-5 into the 
velocity components of a Prandtl-Meyer flow, this is equivalent to the 
requirement that the function F and its normal derivative be given on 2-5, 
But the assignment of F and its normal derivative on the non-character- 
istic curve 2-5 determines, according to the Cauchy-Kovaleskii theorem, 

a unique analytical solution of equation (1), in a neighborhood of 2-5, 

and this is the Prandtl-Meyer solution (the curve 2-5 and initial data on 
it are specified by analytic functions). It follows that it is not possible 
to join these two different solutions of equation (1) along 2-5 in Fig. 2a. 


For this reason, in| 6 ] the ordinary conical flow in Fig. 2b is 
separated by the Prandt!-Meyer flow characteristic 2-9, then by the 
portion of straight characteristic 9-5 passing into a portion of the Mach 
cone 5-4, Straight characteristics cannot be extended to the surface of 
the wing, because, as the angle of attack 5 decreases, the region of the 
ordinary conical flow would fill all the interior space 1-2-3-0, Since 
the characteristic 9-5 is straight, the adjacent flow must be a simple 
wave (3), 


Properties of simple waves were investigated by the author in [2 Bs 
It was shown that for motion along curved characteristics of a simple 
wave, passing through 9-5, the encountered parabolic points cannot form 
a continuous parabolic line, along which the simple wave could be joined 
to a solution of elliptic type, which will exist in the interior portion 
of the ordinary conical flow (at the point OA > 0). This conclusion is 
correct if the simple wave has piecewise continuous third derivatives of 
F in the vicinity of the parabolic line. 


In Ref. [2], the case in which the curved characteristics of a simple 
wave converge to one parabolic point was not investigated. Assuming that 
F is sufficiently smooth, it can be shown that if the derivative of 
acceleration in a direction normal to the straight characteristic, upon 
which this parabolic point is located, is different from zero (the accele- 
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ration must become zero [2 }), then the characteristics cannot converge 
to one point. 


All these singularities of simple waves and certain other genera] con- 
Siderations of boundary problems connected with equations of mixed type 
led the author to a conclusion about the formation of a shock wave, which 
emerges from the parabolic point 2, where its intensity is zero, and lies 

in the vicinity of the curved characteristic 2-9, straight characteristic 
8-5, and the segment of the Mach cone 5-4 (dotted line 2-11 in Pig. 2b). 

The segment of the Mach cone can serve as a boundary of the conical flow: 
however if this is adjacent to a uniform flow, there must be a special, 
particular structure in the vicinity of the Mach cone [4 }, Por this 

reason the author considers the possible formation of a weak shock 2-10 

and includes it in the formulation of the boundary conditions, because, 

if such a discontinuity does not exist, we automatically obtain the seg- 
ment of the Mach cone 1-2, in the solution of the boundary-value problem. 
Within region 10-2-11-0 in Pig. 2b the author assumes that A= (AC— B*)>0, 
The boundary value problem is formulated in Ref. [2 Be 


Powell presents experimental data, which corroborates the scheme of 
the author of the present paper. According to Fowell’s scheme, there are 
two regimes of flow on the expansion surface of the wing: without a 
lateral shockwave and with a shockwave. The first case is observed when 
point 5 on Fig. 2a is not on line 1-0; when it is on line 1-0 a dis- 
continuity is formed. The angle of attack at which this occurs, Powel] 
called a critical one. In the neighborhood of the critical angle of 

attack there would have to be a sharp change in pressure distribution at 
the wing. The experiments indicated that such a change in pressure dis- 
tribution does not take place, but instead, the lateral shockwave 2-11 in 
Fig. 2b is formed at small angles of attack, which completely corroborates 
the validity of the author's scheme. 


Fowell’'s concept of flow on the compression surface of the wing coin- 
cides with the one presented in Ref. [2]. On the leading edge a plane 
shock 3-7 is formed (Fig. 2) followed by uniform flow. The region of the 
ordinary conical flow is bounded by the curved shock 7-8 and by the seg- 
ment of the Mach cone for the uniform flow following the shockwave 68-7, 
Here the author also introduced a possible discontinuity 7-12 in Fig. 2b. 


Fowell examined the rotational conical flow formed on the compression 
surface of the wing and came to the conclusion that the constant entropy 
lines converge at the point 0 (Fig.2) where Ferri’s vortex singularity 
occurs. This appears to be a particular case in the general pattern of 
conical flows. 


Let us examine the path of a gas particle moving in a conical] flow and 
its projection on the plane é. "; the equation of these lines, which we 
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4 shall call flow lines, will be 

; Along these lines the entropy remains constant. It can be shown that 
z for a uniform flow about any conical body there are two cases. The first 
: case exists when the flow lines run into the surface of the body, which 
. appears in this case as an isobar; the- second case occurs when the flow 


lines converge into one or several points, where Ferri singularities are 
formed. For instance, in a flow around an elliptic cone at zero angle of 
attack, two Ferri singularities are formed (Fig.3). 


Fig. 4. 


In a flow about an edge of a rectangular plate, only one Ferri singu- 
larity is formed (Fig.4). Here 0-9 is the wing; 1-7 is a characteristic 
of the Prandtl-Meyer flow formed at the leading edge; 7-8, 5-8 are a 
straight characteristic and the Mach cone for the uniform flow; 1-6 is a 
shockwave forming a boundary of the ordinary conical flow on the upper 
part of the wing: 1-2 is a shock wave; point 2 is the intersection of the 
Mach cone of the flow behind the plane shock 10-2 from the leading edge 
with the shock line 10-2; 2-4 is a possible discontinuity. All the lines 
converge to point 11 located on the upper surface. It should be noted 
that Lighthill [5] was the first to deduce the formation of a shock wave 
1-6. This was based on the behavior of the linearized solution in the 
vicinity of the Mach cone, which, as mentioned in Ref. [6] appears to be 
incorrect. For this reason Lighthill's deduction concerning the formation 
of the shock wave 1-6 (Fig.2) is not sufficiently convincing. 


In conclusion the author thanks C.B, Fal’kovich for his valuable 
suggestions. 


5° 
/ \ ] 
\ 
4 aN | 
LJ \ / 

/ 

A 


Solutions for the supersonic delta wing 


BIBLIOGRAPHY 


Powell, L.R., Exact and approximate solutions for the supersonic 
delta wing. J. Aero. Sci. Vol. 23, No. 8, 1956, 


Bulakh, B.M.. K teorii nelineinykh konicheskikh techenii (On the 
theory of nonlinear conical flows). PM Vol. 19, No. 4, 1955, 


Giese, J.H. and Cohn, H., Two new nonlinearized conical flows. 
Quart. Appl. Math. Vol. fl, pp. 101-108, 1953, 


Bulakh, B.M., K teorii konicheskikh techenii (On the theory of conical 
flows). PMM Vol. 21, No. 1, 1957. 


Lighthill, M.J., The shock Strength in supersonic, conical fields. 
Phil. Mag. Yol. 40, No. 311, 1949, 


Bulakh, B.M., K teorii konicheskikh techenii (On the theory of conica] 
flows). PWM Vol. 18, No. 4, 1954. 


Translated by 


567 
1, 
a 2. 
3. 
= 
VOL. 
5. 
ih 
4 
1 
# 
au * 
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PRNEDENNOI IMPUL’SIVNO V DVIZHENIE) 


PMM Vol.22, No.3, 1958, pp. 407-412 


L. A. ROZIN 
(Leningrad) 


(Received 29 November 1957) 


1, We will consider the anomalous boundary-layer motion which develops ,oCc 
* when a semi-infinite flat plate initially at rest in a viscous inconm- ? | 
a pressible fluid begins abruptly to move parallel to itself with a constant 
7 velocity U,. The problem of finding such a flow may be formulated in the 
4 usual way 1 ff with the motion transformed by considering the plate as 
a motionless and the fluid as moving with the velocity U, at infinity, in 
." terms of an integration of the equations 


us, Ou Ou (1-1) 
Ot Oz dy? Or 


under the conditions that 


u Lo for y> VU, 


(1.2) 


Here toy is an orthogonal system of coordinate axes whose origin is 
at the leading edge of the plate and whose x-axis is directed along the 
plate parallel to the velocity of the oncoming stream: t¢ is the time: 

V is the coefficient of kinematic viscosity: and uw and wv are the pro- 
jections of the velocity at any point in the boundary layer on the axes 
of x and y respectively. 


In analysing possible methods for solving the problem as posed here 
it is necessary first of all to point out one special feature, which is 


that the method of successive approximations [2] commonly used in the 
solution of problems of nonstationary boundary layers does not lead to 
a correct result in the present case. This fact follows at once from an 
inspection of the structure of the first approximation, obtained as a 
result of discarding the convective terms in (1.1). This approximation 
evidently corresponds to the development of a flow near a flat plate 
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infinite in both directions and thus in independent of x. In addition. 
succeeding approximations are all found to be identical with the first. 
Since the motion should reflect the influence of the leading edge of the 
plate on the formation of the boundary layer and consequently should de- 
pend on x, no useful solution is obtained. 


Application of other approximate methods of boundary-layer calculation 
[3.4] et ot-*) has revealed certain novel features of the difficulty 
in the present problem. For example, an approximate solution based on the 
method of Shvets [4] calls for the integration of the equation 


On 8 | OF 


16 vi (1.3) 
where 5(x,¢) is the thickness of the boundary layer and @ = U5 . In 


addition, the function & is required on physica! grounds to satisfy the 
conditions 


for t=) I= for z 


The solution which is obtained is 
Gwe, 


Hence it is seen that two regions, separated from each other by a 
moving rectilinear boundary at «x = 3/8 U,¢, exist near the plate. On one 
side of this boundary (x > 3/8 Ut) there is a non-stationary motion 
which is unaffected by the leading edge of the plate, and on the other 
(0 < , < 3/8 U,t) there is a stationary motion corresponding to the solu- 
tion of the Blasius problem. As time goes on the stationary regime spreads 
toward larger values of «x and gradually occupies the whole plate. 


The solution represented by (1.4) has the defect that the first partial 
derivatives of the function 5(s,t) are discontinuous at «= 3/8 U t. This 
in turn implies a discontinuity in the first partial derivatives of the 
velocity component u at s = 3/8 U.¢, and also a discontinuity in the 
velocity component v. This result is explained by the fact that (1.4) was 
constructed as an integral surface of (1.3) passing through the two 
mutually perpendicular straight lines x = 9 and ¢ 0 in the space 
(z,¢,%). The necessity for just such a solution is dictated by the initia) 
value problem (1.1), (1.2) and is evidently connected with the peculiarity 
already noted. 


Similarly, the construction of an “outer” solution, valid in some 


* In particular, an aerodynamic method for the computation of non- 


stationary boundary layers was developed by Struminskii [5 ), and the 
problem of the plate was treated by way of example. 
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measure near the edge of the boundary layer, 
the form 


leads to an expression of 


y 
erf 2> U0 
u= (erfz = y aa) (1.5) 
vz 


which follows if the multiplicative factor u is replaced by Uy in the 
transport terms of (1.1), and Ou/dy is put equal to zero. The same con- 
clusions can be drawn from (1.5) as from the formulas (1.4). The only 
difference between (1.4) and (1.5) is found in the velocity of propaga- 
tion of the boundary between the stationary and nonstationary motions. 
This velocity is equal to 3/8 U, in formula (1.4) and to U, in (1.5), 


It must be concluded that the results enumerated above are a conse- 
quence of the incorporation of the boundary-layer theory in the simplified 
mathematical formulation of the original problem in the form (1.1), (1.2), 
In reality, during the first instant of time after the plate has begun to 
move in the fluid the influence of the leading edge can only make itself 
felt for small values of x, for which the loca! Reynolds numbers U,2/v 

are not large. This influence is subsequently propagated downstream toward 
larger values of x. Thus the formation of the flow near x = 9 in the first 
moment of time plays an important role in the later development of the 
boundary layer on the plate. To obtain a correct picture of the flow in 
this region it is necessary to turn to a solution of the full Navier- 
Stokes equations, inasmuch as the statement of the problem for smal! 

U,x/v in the form (1.1), (1.2) exhibits the same deficiencies as in the 
case of stationary motion !6]. In the light of the remarks already made, 
we will now proceed to investigate the initial period of development of 
the flow on a semi-infinite plate through an integration of the Navier- 
Stokes equations. 


2. The Navier-Stokes equations may be reduced to a single equation for 
the stream function \ in the form 


L(y) = K (49) (2.1) 


as 32 
Oy Ox Ox Oy 
We will look for a solution of (2.1) with the aid of the method of 
successive approximations. It is known that in the first moment of time 
the motion of the fluid near the plate will be potential. For very smal! 
t, therefore, the stream function “ may be taken as equal to Wy = Uny. 


On substituting this function Wy in the right-hand side of the equation 
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(2.1), we will arrive at an equation Li, ) = 0, Differential equations 

for succeeding approximations may be obtained in a similar way. The method 
indicated for solving (2.1) is equivalent to the representation of the 
stream function W by a series 


the terms of which satisfy the following system of equations: 


Yo = Uoy 
L = K (Ho) 
L = K + — 


(2.3) 


We will limit the investigation to the first approximation. Noting 
that uy = OW,/ dy, we can write down the equation for the first approxi- 


mation to the velocity component ay: 


Ou, \ Ou, 


| uy (2.4) 


At the same time, physical considerations which are not confined to 
the framework of the boundary-layer theory require the boundary and initial 
conditions to be prescribed in the following manner: 


u, = 0 for t=0 


u=—U, for y=0, z>0 
u; + 0 for |y|~ oc, z>0 (2.5) 
u, 0 for |z| or 


Further, putting 


z 


the problem (2.4), (2.5) when written in terms of the two independent 
variables n.€ becomes 


for co, E+ 
for »=0, E>0 
E>0 
for 1ort oc, E<0 


for 


0 


Taking into consideration (2.3) and the expression (2.6) for v,, the 
series (2.2) may be written in the form 
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=U + Uo V vt (n, &) + Uo? toa (n, ©) + Uot [Uo oar (n, &) + 


Thus it is seen from (2.8) that construction of a solution of the 
equation (2.1) by the method of successive approximations is nothing else 


but a search for a solution of (2.1) in the form of a series in powers of 
the time ¢. 


In investigating the development of the flow near the plate in the 
initial period of the motion we will restrict ourselves to the first twe 
terms in the expansion (2.8) with the understanding that UVve >> Uy" e, 
or Uy? t/v << 1, Our problem will then consist of finding solutions of 
(2.4), (2.5), It should be noted that the equation (2.4) and the condi- 
tions (2.5) are quite often encountered in problems of a similar nature 
[7,8]. In particular, Howarth [8] has investigated the development of 
the fluid motion near a semi-infinite plate ‘y = 9, x > 9) which at the 
instant t = 9 begins to move with a velocity Uy parallel to its lateral 
edge. By tracing the analogy between the mathematical formulation of the 
problem of Howarth [8] and the problem (2.4), (2.5), the velocity com- 
ponent u may be accurately represented up to the second approximation in 
the following two ways. 


In the form of a series written in polar coordinates T 
(2.9) 

u 


)sin(n— 


where R = ¥n*4 &? and 6 = are tg (n/€). The expression (2.9) is con- 
venient for calculations when Ff is small, in which case the series con- 
verges extremely rapidly. 


In the form of definite integrals 


=erf for z>0, =1—J, for r<0 (2.10) 
0 


[ (—1)° | Ky), 5) (n=O nam 1) 
R 


\2+7 


which are correct everywhere, 
Ris large. 


but are convenient for calculations when 


The results of computations [8] according to formulas (2.9), (2.10) 
are presented in Fig. 1, where u/U, is shown as a function of € for 
various values of 7. The curves in Fig. 1! give a graphic picture of the 
way in which the motion of the fluid along the plate develops in the 


572 
where 
z* 
{ 


al 


Growth of a laminar boundary layer on a flat plate 


first instant of time. Thus for x > 9 the flow may be divided into two 
regions. The first region, described approximately by E > 2, is character- 
ized by the fact that the influence of the leading edge of the plate is 
small, so that the motion of the fluid corresponds to the flow near a 
plate infinite in both directions; that is, u/Y, = erf &. In the second 
region (0 < € < 2) the action of the leading edge is important in the 
motion of the fluid, and the variable x enters into the expression for 

the velocity. From Fig. 1 it is seen that there does not exist any sharp 
boundary between the regions just described. Nevertheless, we will ende- 
avor tentatively to specify the shape of this boundary by introducing a 
criterion for the relative influence of the x-coordinate (leading edge 

of the plate) on the longitudinal velocity component uw: 

du Ou 
Oz (3:),. 


Then the equation of the boundary may be written down as follows: 


Ou / Ox R \ F2 \ 2.41) 


R 


where € is a sufficiently small quantity. The dependence of 7 on ¢. con- 
puted according to formula (2.11) for € = 9.05, is presented in Fig. 2. 
The nature of this dependence allows the conclusion first of all that the 
influence of the edge of the plate extends over a larger interval as 7 
increases. Furthermore, for large 7 the curve in Fig. 2 approximates to 

a line E = const., whereas for small 7 it approaches the value E = 0 with 
a certain slope. The latter result appears to be a consequence of the 
fact that for any smal! E not equal to zero, some 7 << E may be chosen 
such that the equation (2.11) will be satisfied. 


Fig. 2, 


From the considerations which have been brought out relative to the 
two regions of the flow and to the boundary between them, it may be con- 
cluded that in the initial period of the motion the influence of the 
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leading edge of the plate will be propagated along the x-axis in a region 
whose width is proportional to V(vt). This is evidently explained by the 
fact that at the very beginning of the motion, when y(vt) >> Got, diffusion 
plays a dominant role in the movement of vorticity along the x-axis. In 
the course of time the quantity U,)t becomes larger than y(vt) and the 
propagation of vorticity begins to depend on transport by the flow past 
the plate. During this period the velocity of transport of vorticity 
reaches the magnitude U, at the edge of the boundary layer, and conse- 
quently the width of the region of influence of the leading edge of the 
plate for large y is approximately equal to U,t, For decreasing values of 
y the width of the region in question decreases because of the retarding 
action of the plate, and finally for very small y the region of influence 
in terms of the coordinate x near the plate vanishes altogether. These 


results correspond to some extent to the approximate solutions presented 
above for the problem (1.1), (1.2). In fact, the solution (1.4), which is 
obtained with the aid of methods valid for small y, leads to a width 
equal to 3/8 U.t for the region of influence of the leading edge of the 
plate. On the other hand, the formula (1.5), obtained through the con- 
struction of an “outer” solution valid for large y, gives the width of 
this region as Upt, 


It should be observed that the solution (2.9), (2.10), in contrast to 
known solutions for the problem of the stationary flow past a semi-infinite 


plate [1,6] is accurate for all values of x. This raises the possibility 
of studying certain interesting aspects of the flow near a plate with the 
aid of (2.9), (2.10), In particular, the influence of the plate on the 
external flow of fluid situated to the left of the axis oy may be followed 


using the solution (2.9), (2.10). Thus, if € is negative, it is seen from 
the second formula (2.10) that for large 7? and finite 7 the dominant term 
4 in the asymptotic expansion for u/U, does not depend on 7, and the curves 
4 in Fig. 1 tend to one and the same value. Moreover, substantial changes 
4 in velocity ahead of the plate occur mostly in the region |€| < 2, 
: I wish to express my deep appreciation to L.G, Loitsianskii and L.&, 
% Stepaniants for their valuable advice during discussions of the present 
work. 
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We will consider the diffusion of an impurity from an instantaneous point 
source in a horizontal stream, the velocity of which varies with height 
in accordance with a linear law. 


One of the most urgent problems of the theory of turbulent diffusion 
is the description of the behavior of a diffusing impurity in a stream 
with a velocity gradient. We shal] consider the diffusion of an impurity 
from an instantaneous point source in a horizontal stream, the velocity 
components of which depend linearly on height as follows: 


U (Za, t) = v,, (t) + @,, (t) 23 (m = 1, 2) (1) 
4 The vertical axis x; can be considered in this case as the principal 
, ae axis of the turbulent diffusion tensor [1]. A semiempirical equation of 
a turbulent diffusion, taking into account gravitational sedimentation of 
4 particles, can be written in the following form®: 

0q ra] aq 

| )+a,, (t) x3} (t) Or. 

v 


Here gq = concentration of the impurity, w = steady-state velocity of 


ig particle falling in a quiescent medium, Ky (t) are the components of the 
* tensor of turbulent diffusion, assumed independent at the coordinates, 
a = 0 

4 ie The initial condition corresponding to the instantaneous point source 


located at a height A, has the form: 


Q8 (x;) 8 (x2) 8 (x3 ~h) 


In equation (2) and in the following, the Latin indices a, n run through 
1 and 2, whereas the Greek indices #, ¥ run through 1, 2 and 3, Repeated 
indices denote summation. 
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where 2 is the total amount of impurity. 


The boundary condition consists of the condition that the concentra- 
tion q become zero at infinity. 


We shall introduce new variables, which will allow us to eliminate 
purely kinematical terms from equation (2): 
t 


t 
== \ (t) de — de — \(t—t)a, (t)dt, (4) 
0 0 


t 


0 


These variables emerge naturally in the solution of the kinematic 
problem, i.e. the solution of equation (2) without the right-hand side. 


Using the new variables, equation (2) and the initial condition (3) 
assume the following form: 
aq 
= O8 (y,) 8 (yo) 8 
fe / 
(t) = K,,,, (0 + Koa (t) \ (t) dz 
a 
t 
S mg (t) = Som (t) (t) \ (t) dt, (t) = Koa; (t) (6) 
We apply a two-sided Laplace transformation with respect to all three 
variables y, in equation (5), Por the result we obtain 
dq° 
Here “, is the transformation parameter with regard to the variable 
is the transform of the function gq. 


The solution of this problem has the form 
(t)a@,%,) 


The inverse Laplace transform is 


q \\\ exp (aa, ) da, da.day (4) 


The parameter © may, in our case, be put equal to zero. We shall re- 


place a, by iBy. 


Then 


x 
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and after some rather simple computations we obtain finally 


Q 
exp 4 py (t) 


if 
(47) Det (T) 


Here a" 65) is the matrix inverse to 7,,,(t), and Det(T) is the de- 


terminant of the matrix 7),,(¢). 


In order that the integra! (10) have meaning and that it be equal to 
expression (11), it is necessary that the following inequalities be ful- 
filled: 

> 9, 


22 —(T 12)? > 0, Det (7) >0 (12) 


(T;, and T>» are arbitrarily selected diagonal elements of the matrix). 
Inequalities (12) impose definite limitations on the matrix Sy (t) in 
equation (5), and in addition they assure positive definiteness of the 
quadratic form Ty (t) yp yp The last circumstance ensures that the con- 
centration q vanishes at infinity. 


Equations (11), (8), (6) and (4) give the solution of the proposed 
problem. We shall consider in greater detail the important case of a 
stationary stream, in which case the parameters v, and . in equation (1) 
may be considered stationary. The components of the turbulent diffusion 
tensor will be also considered stationary. The horizontal coordinate axis 
in the case of a stationary stream may be so selected that the parameter 
a> in formula (1) is zero. Coordinate axes selected in this way are also 
the principal axes of the turbulent diffusion tensor [1]. We denote the 
corresponding coefficients of turbulent diffusion by k,, k> and kz. 
Inasmuch as these coefficients are positive, it is easy to check that the 
inequalities (12) are fulfilled. 


In view of the preceding remarks, equation (11) can be reduced to the 
following form: 


(4nt) ky koks 
ryt — 2ayt (x3 + h)/? — vot)? (Z3 h + wt)? 


x exp 


where 


This equation can be used for the description of the dispersion of 
an impurity in a free atmosphere with a vertical gradient of wind velo- 
city. 


Analysis of formula (13) leads to the following basic conclusions. 


1, After the lapse of a certain time when the inequality 
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> (15) 


begins to hold true, one may neglect the coefficient of turbulent diffu- 
sion ky. 


2, After the lapse of the above time, the concentration at the center 
of the diffusing cloud begins to decay with time as ¢” (instead of 
r .. in the absence of the velocity gradient). 

3. Lines of equal concentration in the plane > vot are ellipses 
which, turning, are strongly elongated in the horizontal] direction. The 
ratio between the horizontal and vertical axes of the ellipse for long ¢ 


become proportional to a, ¢. Thus, the frequent observation that clouds 


of diffusing material are elongated in a horizontal direction can be ex- 
plained by the presence of a vertical wind gradient instead of assuming 
that ky > ka. The last explanation could be valid when there is no change 
of wind velocity with height. 
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In this note we consider the problem of the dependence between the stress 


and the motion of the boundary for the case of a steady axial flow of a 
liquid between two infinite parallel cylindrical surfaces. We take into 
account the generation of heat due to the dissipation of energy and also 
the dependence of viscosity of the liquid on temperature. 


1, One of the simpler thermohydrodynamic problems is that of the flow 
between two flat parallel, infinite planes, one of which moves uniformly 
and with no pressure gradient in the direction of motion. 


The elementary solution of this problem is wel] known. It is not too 
difficult to obtain somewhat more complicated results, taking into account 
the heat exchange and the temperature effect on the viscosity of the 
liquid, but, as before, neglecting the dissipation of the energy. In these 
cases the energy equation is integrated independently from the equation 
of motion. In this way the effect of the velocity field on the thermal 
regime of the flow is neglected, and the viscosity distribution in the 
liquid layer appears to be independent of the velocity of the boundary. 
Therefore, it follows from al] these solutions that with increasing velo- 
city of the wall U the friction stress increases linearly, 7 = aU, It is 
obvious that accounting for the dependence of the viscosity on dissipative 
heating of the liquid may substantially change the character of the 
dependence between 7 and U, 


In the work by Hage [1] a solution has been given of the problem of 
flow between flat parallel planes, taking into account the energy dissi- 
pation of the liquid, the viscosity of which depends on temperature 
according to Reynolds’ relation 
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where and are constants, and 7. = n(T). The solution for *(U) ob- 

tained by Hage for the case of simple boundary conditions indicates that 
increasing the velocity increases the stress to a certain maximum value, 
after which the latter gradually decreases, approaching zero asymptotic- 
ally. 


In papers by Pavlin [2] and Targ [3 ] the same problem has been con- 
sidered for a different dependence of viscosity on temperature, namely 
for a hyperbolic law 


i+a*(T—T,,) 


(1.2) 


It was found by them that for increasing velocity the stress mono- 
tonically increases, attaining asymptotically a certain definite value. 
However, in this case also the analytical solution showed an upper limit 
on the friction stress for arbitrarily high values of velocity, other 
conditions remaining constant. 


We may note that from the solution of other thermohydrodynamic problems 
[4.5 ], where the hyperbolic dependence (1-2) between the friction stress 
and characteristic velocity of the flow has been also utilized, one can 
obtain results qualitatively analogous to those of Ref. [2,3 - 


Golubev [6] was able to show that over a considerable range of velo- 


cities, solutions [2,3 ] agree quite well with experiment. The data of 
Golubev indicate that the slight change in stress for considerable changes 
in velocity, shown by the solutions [2,3 ], may occur under real condi- 
tions, approximating to that in a lubricating film. 


The demonstration of limitations on the stress for arbitrarily high 
velocities of a liquid is one of the essential results of thermohydro- 
dynamics. It remains unexplained, however, to what extent this effect is 
determined by the nature of the assumed dependence of the viscosity on 
temperature and other assumptions underlying the solution. It is necessary 
to point out that equations (1.1) and (1.2) assure an exact solution for 
comparatively small changes of temperature which, of course, corresponds 
to rather small changes of velocity. Therefore, the use of the formula 
r =r(U), from the solutions in Ref. [1,2], for great values of U, (which 
is essentially equivalent to the extrapolation of equations (1.1) and 
(1.2) into the region of arbitrarily large temperatures) cannot be con- 
sidered sufficiently reliable. 


In the following we study the dependence between the stress and the 
velocity of a viscous liquid contained in a narrow gap between two 
cylindrical surfaces, for an arbitrary dependence of the viscosity on 
temperature. 
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2. Consider a layer of a viscous liquid contained between two infinite 
flat planes y = 0 and y = h, one of which moves uniformly in direction 
x with velocity U. As has been shown before, all axial flows in the gap 
between two arbitrary cylindrical planes can be reduced to such a form 


[4a]. 


The flow and heat transfer processes which are established in such a 
system, in the absence of body forces and of pressure gradients in the 
direction of flow, can be described by the following eqmtions [3]. 

dv : a°*T 
- ae * = (2.1) 

Here r =f ‘ is the tangential stress, v = v. is the flow velocity, 

k is the thermal conductivity of the liquid, 7 = n,(?1 is the viscosity, 
J is the mechanical equivalent of thermal energy. We shall assume the 
plane y = 0 to be stationary. Then the boundary conditions for the velo- 
city are 

v(0) = 0, v(h)=U (2.2) 


The boundary conditions for the temperature we take to be in the 
simplest form, assuming the temperatures of both walls are known: 


T (0) = Ty, T(h) = T, (2.3) 
We introduce into the system (2.1) - (2.3) the dimensionless variables 


y T —T 
—- 


m 


where T. is the characteristic temperature, such that T > T, and 
n, = 7(T,). 


We introduce also the dimensionless parameters 


The quantity nl, represents the dimensionless stress, IL, determines the 
strength of heat generation, [I], is a dimensionless characteristic velo- 
eity. 


In the new variables the system (2.1) has the form: 


where u = uw (8). Eliminating the function vw from the last equation by 
means of the first equation (2.6), we obtain 
du 
ae + Il, i 0 (2.7) 


The boundary conditions for the velocity u, temperature @ and fluidity 
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u(O)=0, 8(0)=%, O(1) =H, (2.8) 


The second equation (2.6) can have its order lowered, and reduces to 
the following: 


‘ 8 
— Fe F* = const) 
0 


Equation (2.7) can be also integrated, after which we obtain 
II; (u* —u) = const, (2.10) 


We shall determine the constants u* and F* by means of the boundary 
temperatures. From (2.8) and (2.9) we have 


= I1,*|F* — F 6,’* = |F° — F (8,)] (2.41) 


Similarly, from (2.10), after squaring both sides of the equation, we 
find: 


6,"? = Il,*u*?, 6,2 = =(u* — 1)? (2.12) 


Solving the system (2.11), (2.12) for u*, F*, we obtain 
— F (00) 


(0:)—F 
ut = 1+ = (1+ + F (2.43) 


From equations (2.9) and (2.10) it is seen that u* is the value of 
the velocity, and F* is the value of the function F(@) at the point 
= O(€*), where = 0. 


From the second equation (2.6) it follows that over the whole range 
of values of é for which the solution has meaning and wv (@)> 0, the 
second derivative of temperature d°0/a & is strongly negative. 


Thus, all extremal temperatures in this domain represent maxima. 
Therefore, in the interval of interest to us (0,1) there may exist a 
maximum of temperature, but, of course, only one. 


In order for the point é* corresponding to this maximum to be located 
in that interval (0,1), it is necessary and sufficient that the following 
inequalities be satisfied. 


6,’ >~0, 0, or 0<u* ql 


From the first of equations (2.13) we obtain finally the condition 


for the existence of a temperature maximum in the layer of liquid: 
>> | F — F (8p) | 


The inequality (2.14) indicates that starting with sufficiently large 


a 
‘or 
(2.14) 
: 
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velocities of the boundary, when tl, is large, the maximum temperature 
always occurs in the interval (0,1). Inasmuch as we are interested in 
conditions of flow at high velocities, we shall assume in the following 
that condition (2.14) is satisfied. 


We shall now find an integral relationship for determining fl, . To this 
end we shall integrate (2.9) with respect to &, with the limits (64, &*) 
for 6+ > 0, and the limits (€*, 1) for 6° < 0: 


fe 6, 


Fe — FO 


(0’<=0) (2.15) 


From (2.15) we obtain 
+t 
® 
6° 
J = \ 
a, 


2.17) 
where the integral J in (2.17) is obviously non-negative. Equation (2.17) 


represents the desired relation between parameters , and [l,, the latter 
being related to F* in accordance with formula (2.13). 


3. Before investigating the properties of the integrals entering into 
equation (2.16), we shall prove that when the inequality (2.14) is ful- 
filled, the derivative 


_ Ms (61) — F (3.1) 
alls ITs* 

is non-negative, i.e. F(@*) = F* is a nondecreasing function of il,. In 

addition, from relation (2.13) it is obvious that F* + o for Il, +o, 


Consequently, inasmuch as we are interested in the relation between 
fl, and Il, for great values of [], we may study the behavior of fl, as a 
function of [l, for large values of F*. 


In equation (2.17) the integral Jo has limits independent of F* and 
obviously tends to zero for F* + «, independently of the form of the 
function F(@). 


We shall present the second integral J (2.17), which is improper, 


the form: re 


F(6,) 


aFjao 
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Remembering, that dF/d@= W(@), and that for a liquid (dm/dT< 0) we 
always have Ww > 1 for 86> 0 (T> T,). it can be easily shown that the 
integral J is convergent. 


The problem consists of establishing the relation between the character 
of the function F(@) and the properties of the integral J for F* + or 


+ 


Introducing the variable t = Vy F(@)/F*, the integral J may be written 
as follows: 


VF 


Vi-# 


Making use of theorems following from the well known lemma of Arzela 
and of the theorem of the mean value (see for example Ref. 7) it may be 
shown that: 


(a) lim J= 0 for 0% + ~, if Dio) = O and H(t F*) is limited from 
above. 


(b) lim J = for + w, if < o and (ty F*) is limited 
from above. 


(c) lim J = o for 0% + w if Plo) = w, (3.4) 


Returning to the determination of the function F(@), it is seen, 
that if J (9) is continuous, which is valid on physical grounds, the 
function(@)is also continuous, and in addition for 6 = 0 we always have 
®= 0. Therefore, for cases (a) and (b) the boundedness of ® is assured 
for arbitrary values of 4 and hence of tVF*. 


Inasmuch as the functions ®, corresponding to points (a) (b) and (c) 
constitute a very considerable class, then with them it is possible to 
describe all practical possible cases of the dependence of the fluidity 
wv on temperature. 


In the desired relation between I, and Il, according to (2.17) we have: 


If for 0* + «, the fluidity Ww tends to a finite value, then the func- 
tion 


(3.6) 


i 
© (0°) = ( 


increases without limit. If ws (cc) = «, which occurs in the majority of 
cases, then eliminating the indeterminacy in the expression for @(@*) we 
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lim TI, = lim I, = (co) (3.5) 
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(3.5) 


obtain from finally 


lim = «V2 lim (3.7) 


6°~ ao 


Thus the behavior of the parameter Il, for large values of [l, is fully 
determined by the thermal behavior of the fluidity. From relations (2.17) 


and (3.7) one can easily obtain the results of Ref. [ 1-3 - 
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TRANSIENT HEAT CONVECTION WITHIN A 
SPHERICAL FILM 


(0 NESTATSIONARNOI TEPLOVOI KONVEKTSII ¥ 
SHAROVOM SLOE) 


PUM Vol.22, No.3, 1958, pp.419-423 


G. SEVRUK 
(Perm) 


(Received 25 April 1955) 


An approximate solution is obtained for the problem of weak transient 
heat convection within fluid trapped between two concentric spherical 
walls, which are maintained at constant temperature. The assumption is 
that at the instant of starting, the fluid is at rest, and is at a uni- 
form temperature everywhere but differing from that of the walls. The 
temperature and velocity of the fluid are found to the zero and first 
approximations, expressed as expansions of these terms in powers of the 
Rayleigh number. Finally, in these approximations, the effect of con- 
vection on the rate of cooling of the fluid is reviewed. 


1. Statement of Problem. We will deal with the problem of transient 
heat convection in fluid confined within the space bounded by two con- 
centric spheres of radius R, and R, (R, R,), maintained at constant 
temperature T,., if, at the initial instant the fluid was at rest and was 
at constant temperature T, # Fes 


We will make use of the well known equations of free convection {1 a, 

ov 

a +vAv— 3gT’, divv=0 (1.4) 

where v is the velocity of the fluid, T° and p’, temperature and pressure 
reckoned from the values which they would have had under conditions of 
mechanical and thermal equilibrium at some mean temperature, 9 is the 
mean density of the liquid, v, Bf, y, respectively, are the coefficients 
of kinematic viscosity, thermal expansion and thermal] conductivity of 

the fluid, and g is the acceleration due to gravity. 


We eliminate p’ by applying operation rot to (1.1); thus 


ot + vrot rot rot v rot [v rot v] = 8[gVT’] 
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We introduce the dimensionless variables, 


u=>— V, T= = (1.3) 
xX ~ 2 
where l = R. — R,. Using this notation for the nondimensional] time and 
coordinates in what follows, we arrive at the following dimensionless 
equations of the problem: 
0 


{ 
a rot u+ rotrot rot u— rot [urot uj = prVer| tk] (1.4) 


Or 
At = (ut) + Np, divu=0, (yy, )— (Prandtl No) 


3 
Nor = — (Grashof No) k= — (1.5) 
If we reckon the value T of the fluid temperature from T,, then T’ = 
T- T, andr = (T- T,) (T, ~ T,). It follows that the temperature r at 
the boundaries of the field is zero at any given instant of time, whilst 
at the initial instant it is unity: 


t)=0, t(r, 0) = 1 (1.6) 


The velocity of the fluid uw at the boundary is taken to be zero at al! 
times,whilst at the initial instant it is zero over the whole fluid as 
stated for the problem at the outset: 

u(f, t)= u(r, 0) =0 (1.7) 

Assuming the convection to be weak the required values can be evalu- 
ated from (1.4) as a power series in Grashof numbers [2]. as the Gras- 
hof number only enters the equations of the problem in the combination 
called the Rayleigh number, the quantities we are looking for can be 
expended in a series of Rayleigh number: 


If we limit ourselves to the zero and first Rayleigh Number approxi- 
mations, we obtain the following equations of the problem: 


Oty 


rot + rot rot rot = [\7tyk], div u,; = 0 (1.10) 


2. Zero Approximation. It is evident that the zero approximation, 
equation (1.9), describes the process of cooling of the heated fluid by 
molecular heat conduction(to be explicit T, is taken > T,). 


It follows from symmetry that 7 = +7 (r,t), where r is the dimension- 
less distance from the centre of the sphere. 


Using spherical coordinates the first equation (1.9) is as follows 
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a 
= Np, (rt) (2.1) 


In order to be consistent with the postulated initial and boundary 
conditions, we require that the solution of (2.1) satisfies the following 
conditions: 


R, R, 
To (ri, t) = to (re, t) = 0, To(r, 0) = 1 (>, 
Solving by the method of Pourier, we get 
242 9 \ 
n 
= > A,exp — t) sin nn (r — ry) ( A, = (hi — COs nn) (2.2) 


n=1 

3. First Approximation. 1. We will first find the velocity of the 
fluid. To do this we have to solve equations (1.10) taking (2.2) into 
account with the corresponding initial and boundary conditions. 


Note that the fluid motion is symmetrical with respect to the vertical 
diameter of the sphere. We will introduce the dimensionless stream func- 
tionWw =wW (r, 8, t). Por the components of the velocity a, in the 
spherical system, we will have: 
1 i ay 
Mir = 000 = — Or (3.1) 


We will look for a stream function Ww in the form 
b= f(r, t)sin? 6 (3.2) 
Now putting (3.2) into (3.1), and the result of this into (1.10), we 


obtain 


From conditions (1.7) we get the following conditions: 
th =f (re, t) =0, (ri, th=f’ (re, t) =9, f(r, O=f’(r, 0)=O (3.4) 
(both here, and in what follows, the prime denotes differentiation with 
respect to r). We will look for a solution to the nonhomogeneous linear 
differential equation (3.5) in the following foram: 


@ 
f(r, > R, (r) (3.5) 
k=1 
where 
C,@ 
(Agr) + (Apr)] + + (k = 1,2,...) (3.6) 


are eigen functions of the homogeneous problem corresponding to the non- 
homogeneous problem (3.3), (3.4), whilst S,(t) are, so far, undetermined 


functions. 


In equation (3.6) A,(k = 1,2..) are roots of the equation 
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sind 
= 


3 (ri? + cos + - 


6rivo 


and the constants C, have the values 


C ,@) = (rire) [V (Ay?) V 


C,(2) = (rire) (Apri) — (A,,P2)] 


C, (3) = [J, (Ay?) Joy, (Axr,) Jy, 


r 
C,@ = — [Cy (Apri) + C, _»), 


(J is 


the Bessel function). We may note that the system of functions 
Ry (r) (k = 1,2,..) is complete (see Ref. [3 ]) 


It can be seen on checking that the functions Ry(r) and (2R,/r° - Ro”) 
for k # m are mutually orthogonal and therefore if we multiply both sides 


of (3.5) by (2R, p* = R,) and integrate with respect to r within the 
limits r, and r, we obtain 


4 To find the integral on the left-hand side of (3.9) we multipiy both 
* sides of (3.3) by Ry and integrate with respect to r from rs to r. [4 - 
; Integrating by parts we shift the differentiating operation from the 
4 function f to Ry, and, after straightforward rearrangement we obtain the 
equation 
(3.10) 
7 2R, T: a 
\ 
Gy —H, =) (Gt \ far, H, (t)= = dr ) 


Now we solve the equation (3.10) for G,(t), taking the initial con- 
ditions (3.4) into account. The result of the calculation is 


G, (t) = — exp (—A,*2) \ A, (t) exp de (3.11) 


— 


This expression for the integral is put into (3.9) and the second 
equation there is solved for S,(t). Introducing the value of S,(t) so 
obtained into (3.5), we then arrive at a solution of equation (3.3) which 
formally satisfies all the conditions (3.4) in the form: 


r,? exp (— A,7t) 
f(r, th==S, Rr) = : (3.12) 


(2, y dr 


/ 
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Putting (3.12) into (3.2), the stream function can also be expressed 


as a series. 


We find the velocity components to the first approximation in Rayleigh 
numbers from the formulas 


\ 
‘pe Ge O VerVor dy (3.13 


2. We will now turn our attention to finding the fluid temperature. 
The second equation in (1.9), which in the first approximation yields the 
convective portion of the temperature distribution, can be written in 
spherical coordinates |(bearing in mind (3.1) and (3.2) ] in the form 


Ot, f 


2 cos 6 = or (3.14) 


The initial and the boundary conditions of the problem (see section 1) 
also taking into account the conditions under which the zero approxima- 
tion temperature equation (see section 2) was solved, give 


8, t) = (ra, 9, 1) =0, (r, 0, 0) =0 (3.15) 


We will look for a solution of equation (3.14) in the form 


=@(r, t)cos® (3.16) 


into (3.14) we arrive at the equation which the 


Now putting (3.16) 
function @ must satisfy 


1 20 89 af Ar, 


From (3.15), we have the following conditions for the function @: 


(r, 0=0) (3.18) 


t) = t) =0, 
Using the method of separation of variables we find the solution of 
the problem (3.17) and (3.18). 


t 
@ 
g(r, t)= — D, (r) exp (- (t) t)de (3.19) 
Np, >» Np, 6 \ Np, 


Here, 


D, (r) = (e,r)~" [J_»), (eri) J. (e,r1) J_»), (3.20) 


are eigen functions of the homogeneous problem corresponding to the non- 
homogeneous problem (3.17)—(3.18), and €,; are roots of the equation, 


Ts 
190 08 () =\ 29 pune |\ 


Therefore in the first approximation we get for the dimensionless 


temperature 


a 
a 
V 
4 
= 


. 


Sevruk 


T=T)+ 


(3.21) 


where To is obtained from formula (2.2), and rs from formulas (3.16) and 
8): 


4. Heat Flow. Cooling Time. 1. We will now find the quantity of heat 
Q flowing through the boundary over a finite time interval ¢ (for 
instance, over the time ¢ from the start of the fluid cooling process). 


For this, we make use of the formula 


t 

(Fi), (4.1) 
0 (8) 

where A is the coefficient of heat conductivity of the fluid, (s) is the 

bounding spherical surface of the film, n is the outward normal to this 

surface. In the approximation we are dealing with, this fluid temperature 


distribution is given by the formula 


T = T; 4. (To Np (4.2) 


where 7, and r, are determined from equations (2.2), (3.16) and (3.1). 
If we put (4.2) into (4.1) and integrate we find; 


@ 
(T;—T) A,? [exp (— yt )— (4.3) 


n=1 


Equation (4.3) shows that the heat lost by the fluid in time increases 


asymptotically to the value (A x) V(T, —- T,), where V is the volume of 
fluid. 


2. In the study of transient heat transfer problems, the cooling time 
or "equalization" time is an important quantity. 


If we study the solution we find that in the case of our first approxi- 
mation, convection does not have much effect on the heat transfer of the 
fluid, i.e. molecular heat conduction is the main controlling factor in 
the heat transfer process. 


Indeed, as may be seen from the solution of the problem, the tempera- 
ture distribution in the fluid is determined by the sum of products of 
functions of the coordinates and exponential] functions of time. Obviously, 
the rapidity of temperature change is mainly determined by that term in 
the sum which has the least absolute value of the coefficient of t. The 
reciprocal of this coefficient can be used to express the "equalization" 
time. It appears that the temperature “equalization” time is given by 


t= 1? yv7* for both cases, i.e., for purely molecular thermal conduction, 
and for the case when thermal convection affects the temperature distri- 
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bution. 


We should be able to obtain a graphic picture of the heat transfer 
process if, in any plane containing the axis of symmetry of the flow, we 
drew out streamlines and isothermals for various instants of time. How- 
ever this was not done because the formulas obtained are so unwieldy. 


The author thanks I.G. Shapshnikov for making available the subject 
of the work, and S.I. Melnik and V.S. Sorokin for some valuable criticisms. 
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ON THE EQUATIONS OF MOTION OF A RAREFIED GAS 


(OB URAVNENIIAKH DVIZHENIIA RAZREZHENNOGO GAZA) 


PMM Vol.22, No.4, 1958, pp.425-432 


M.N. KOGAN 
(Moscow) 


(Received 28 May 1957) 


1. Introduction. Strictly speaking, the Navier-Stokes equations of 
aerodynamics are legitimately applicable to flows in which the character- 
istic length L is much larger than the length of the free path of the 

molecules A. 


For larger values of A (i.e. for less dense gases) or smaller values 
of L (i.e. for flows with large gradients), the motion of the gas cannot, 
generally speaking, be treated as the motion of a continuous medium - 
account must be taken of its molecular structure. The motion of a mon- 
atomic gas (in which triple collisions of molecules are extremely rare, 
and the mutual interaction of the molecules arises only during collisions 
between molecules, occupying intervals of time which are short by com- 
parison with the intervening time between collisions) is assumed in the 
kinetic theory of gases to be characterized by a distribution function 


flx,, x5, €,, €, = fls,, 

The distribution function is normalized in such a way that the express- 
ion Edd€ dé,= fdq represents the number of molecules per 
unit volume at the point z;, moving with velocities between ¢, and + 
+ dé.. The hydrodynamic quantities are expressed in terms of the dis- 
tribution function as follows: 


p (21, t) = mn = m\\\ f(z, t, d:, d:, = m fdq (density) (1.1) 


(mean velocity of the 

(Sis = n \ molecules) (1.2) 
SAT (2, t) = | /etdq (temperature) (1.3) 
p =knT (pressure) (1.4)° 


Here k is the Boltzmann constant, m is the mass of the molecule, n is 
the number of molecules per unit volume and c* = +, + e,* + e,, where 


¢, = f; - u,; is the velocity of the molecule with respect to coordinates 
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moving with the mean velocity of the molecules u,;. Expressions of the 
type 

\f 


are called moments. Moments with a simple physical significance are: 


Pi; = m \ jeicjdq = Pig + (stress tensor) (1.5) 
Bij (Kronecker delta) 
m 
=F (vector current of ) (1.6) 
é energy) 


In the absence of body forces, the distribution function satisfies 
Boltzmann’s equation: 


= — gb = (1.7) 


The right-hand side of Boltzmann’s equation gives a measure of the 
number of molecules with velocities in the interval (é,, ej + dé.) as a 
result of collisions with molecules having velocities in the interval 


(é,°, €,°+ d€,°). 


In (1.7) g = |q-— q*| is the modulus of the relative velocity of the 
colliding molecules, 6 is the approach distance. The integration is 
taken over all possible velocities q* of the incident molecules and with 
approach distances from 6 = 0 up to a certain Qaae such that when b > 
—_ it can be assumed that the interaction potential of the molecules 
} 1s equal to zero . The primes after f and f* in the right hand side of 
(1.7)"show that these functions are evaluated for velocities +4 and €2" 
respectively, of the molecules after the collision. These velocities are 
determined from the velocities of the molecules before the collision, 
their approach distance and the interaction law of the molecules. The 
structure of the right-hand side of the equation even for the simplest 
laws of interaction of molecules turns out to be extremely complex, which 


represents one of the fundamental difficulties of the application of 
equation (1.7). 


If equation (1.7) be multiplied by a, mc, OF 1/2 me* ** and integrated 
with respect to q, then the integral on the right-hand side is identic-. 
ally zero[1, 2], and from the left-hand side we obtain, respectively: 


*It is assumed that the potential possesses spherical symmetry. 


**T.e. by the so-called summatory invariants. 
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Equations of motion of a rarefied gas 


a ti f 
(equation o (1.8) 
Ox; conservation of mass) 


(equation of motion) (1.9) 


Ou; { 


dp 
) 
(MiP) + Pi; 


Je, = 0 (equation of heat flow) (1.10) 


ntinuing this process further (i.e. mltiplying equation (1.7) by 
cf {oA and integrating), we obtain equations for Pi js q,; and higher 
moments * . The right-hand sides of the equations, however, do not now 
vanish identically, and are expressed in the general case in terms of 
the moments of all orders. The conjoint infinite system of equations, 


when obtained, is equivalent to Boltzmann's equation (1.7). 


This system, however, is so complex that until now only very degene- 
rate exact solutions have been obtained by this method. 


The equations (1.8) - (1.10) determine all the hydrodynamic ‘quantities 
p, u; and p. In order that this system should be self-contained, it is 
necessary that the stress tensor P;. and the vector flow of heat q; be 
expressed in terms of the hydrodynamic quantities and their derivatives. 
It is easy to show, however, that this is not possible for every value of 


the Knudsen number K = A/L. 


In fact, suppose that there are two planes with temperatures T, and T, 
(for definiteness T, > T,), separated by distance L from one another. If 
the length of the free path A >> L, then the temperature between the 
planes T(T, 2 ge T,) is uniform. Nevertheless, heat will be transferred 
from plane 1 to plane 2, i.e. in this case c; at a certain internal point 
cannot be expressed in terms of the hydrodynamic quantities at this point 
and of their derivatives of any order. Om the other hand, when A << L, 
the Navier-Stokes equations, which are obtained from (1.8) - (1.10), are 
applicable, and it is well known that P;. and q; are expressible in 
terms of the derivatives of the hydrodynamic quantities. Accordingly, it 
may be thought that if in general it is possible to represent P;. and q; 
in the form of functions of the hydrodynamic quantities and their deri- 
vatives, then this can be done only for a certain range of slightly 
rarefied gases. 


For small Knudsen numbers Enskog [1] sought the distribution function 
in the form of a series: 
Jf=fot+ Kf, + (1.11) 
* Different forms of the corresponding infinite systems of equations 
have been obtained by Grad [2] and Truesdell [3 }. 
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The right-hand side of equation (1.7) has order K~*. Accordingly, 
substituting the series for f in (1.7) and equating terms of the same 
order in K, we obtain a recurrent system of integral equations for the 
determination of fo» f,- The solution of the equation for f, is Maxwell's 
equilibrium function 

f/m »\ 

Jo="\ er) 

If we limit ourselves to this approximation, then Pj - pS and 

q,; = 9 and the equations (1.8) - (1.10) become Euler’s equations. 


Substituting the f, found in this way in the integral equation for f, 
and solving it, we find f,. Restricting consideration to two terms of 
the series, we obtain the Navier-Stokes equations. In succeeding approxi- 
mations we obtain Burnett's equation [1, 4], and so on. The solution of 
the resulting integral equations, however, is extremely complicated and 
already in Burnett’s approximation we are reduced to seeking a solution 
for the distribution function in a particular form. 


Grad [2] found these same approximations by a somewhat different 
method for Maxwellian molecules, applying the method of iteration to a 
simplified system of equations for the moments. In order to achieve 
simplification he had to restrict himself to a study of the equations, 
corresponding to a distribution function of a particular form, which 
compels one to doubt whether all the terms in the equations were included. 


In the present paper Boltzmann’s equation is simplified in such a way 
that it is not only easy to find from it the distribution function to an 
arbitrary degree of approximation, but also it is easy to find the re- 
mainder of the series, which makes it possible in any practical case to 
estimate the error of the accepted approximation for the flow of a 
slightly rarefied gas. 


The approximate form of Boltzmann's equation obtained in this paper 


makes possible in this case an important simplification of the calcula- 
tions, 


2. Simplification of Boltzmann’ s equation. The right-hand side 
of equation (1.7) can be written in the form of the difference: 


(2.1) 


in which ®, is defined as the number of molecules having velocities in 
the interval (é., €,+ dé,) and leaving it as a result of collisions, 


whilst ®, is the number of molecules acquiring this velocity as a result 
of collisions. 
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Let us consider any one of the molecules, possessing the velocity é.. 
The number of such molecules at a given moment of time t per unit volume 
at the point x; is equal to f(x,,t,€;) = f. Let us consider the colli- 
sions of this molecule with molecules, possessing velocities ¢;° { the 
number of such molecules per init volume is equal to f(x, t,é,*)). Let 
us assume Maxwell's law for the interaction of molecules, i.e. that the 
force of molecular interaction F = ar~°, where r is the distance between 
the molecules and a is a constant. In other words, the molecule 2 with 
velocity ¢, interacts with molecules 1 with velocities f° for any 
approach distance b. However, the greater the approach distance, the less 
the interacting molecules change each other's motion. Accordingly, from 
each group of interacting molecules it is expedient to select only those 
which undergo a large change in their momentum and energy in the colli- 
sion. Let us consider the collision of the molecules (Fig. 1) in coordi- 
nates moving with the velocity é; of the molecule 2 before the collision. 
Let us direct the axis of y along the direction of relative motion g. 

The components of velocity of the molecule 1 after the collision are given 


by 


Vix = gsina, Viy = = gcosa-+—ge 


where a is the deflection of molecule 1. Let 5 be such that the deflec- 
tion @ is small. Then the change of momentum is of order mga. On the 
other hand, the impulse received by molecule | with the Maxwellian inter- 


action law is (Fig. 1) 
\ F cos 6 dt = \ F cos 6 


cos’ = 


Accordingly the ratio of the change in momentum to the characteristic 
change of momentum mg is 


const 


195 
me 
| 
big big 
4 
| 
= = 17 
Fig. 1. 


M.N. Kogan 


If we require that, when 6 is equal to 6° - the effective radius of 
a collision - this ratio should equal a certain small quantity which is 
the same for all collisions (i.e. all g), then the effective radius of 
the collision b° must be related to g by the formula 6° = const. gi/?, 
Then the effective collision cross-section 0° is equal to 


co = A/g (2.2) 


where A is a constant depending on the sort of molecule. This same rela- 
tionship is obtained also from consideration of the change of energy. 


Accordingly, of all collisions of the molecule 2 under consideration 
with molecules 1, we shall consider only those which are included within 
a cylinder of height g, and having a base area of o° = A/g. The number 
of such molecules is obviously equal to Af*. Then the total number of 
collisions of the molecule considered, with molecules having velocities 
€., is 


1’ 


®, = A/ \ "dq = Anj (2.3) 


Accordingly, a part of the collision integral ®, is expressed in a 
simple form. In order to simplify the very complex part ®, of the colli- 
sion integral, we assume that the colliding molecules acquire as a result 
of the collision the most probable distribution for a given number of 


molecules, and given momentum and energy. According to (2.3), the number 
of colliding molecules is 


\ Anjdq = An’ (2.4) 


Their momentum and mean kinetic energy (temperature) are, respectively, 


m \ Anfixdq = Amu;n’, \ Anjetdq = + kTn®A (2.5) 


Then it is easily seen that the most probable distribution is the 
Maxwell Distribution 


= m \"ls mc? \ ae 
@®,= An exp( aT ) = Anf, (2.6) 
where f, is Maxwell’s distribution function, corresponding to the given 
function f. Accordingly, the distribution function of the colliding 
molecules in our case is proportional to the Maxwell distribution 
corresponding to the parameters of the whole stream. 


The assumption concerning the most probable distribution of the mole- 
cules after collision is justified by the following arguments. It is well 
known (see [2], and also Section 3 of the present paper) that, whatever 
the distribution of the molecules, it tends to the equilibrium (most 
probable) distribution according to an exponential law. Moreover, the 
relaxation time is of the order of the time between collisions, i.e. when 
the molecules collide once, the distribution of the molecules approximates 
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appreciably to equilibrium. 


exact 


Fig. 2. 


In Fig. 2, 3 and 4 are shown examples of the tendency to the equi- 
librium distribution for three degenerate simple cases, very far from 
equilibrium before collision; all the cases were calculated for rigid 
spheres. In each of the cases, two groups of spheres collide, one of the 
groups being at rest before the collisions. The other group is moving 
with constant velocity in the case depicted in Fig. 2. In this Fig. is 
shown the distribution of molecules with respect to velocity in the 
direction of the initial motion of the molecules of the second group. In 
Fig. 3 is depicted the result of the collision of the molecules for the 
case when the second group consists of two equal parts, moving towards 
one another with the distribution Bi ul e-*l sl where B and k are constants. 
In the third case (Fig.4), the second group of molecules moves with 
spherical symmetry towards the centre, with distribution of the molecules 
according to their velocities Bc?e"**. 


a8 expected 


20.90 40 30 Bt 
Fig. 3. Pig. 4. 


All these examples show that, after one collision, the distribution 
of velocities has come very close to equilibrium. Finally, it is possible 
to contrive special examples when this is not so. Such cases, however, 
must occur extremely rarely. 
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Accordingly, Boltzmann's equation (1.7) can be rewritten in the 
following simple approximate form: 


af of 


The right-hand side of Boltzmann’s equation, in a form analogous to 
(2.7), has been used by many authors on the basis that, for a state close 
to equilibrium, the trend of the velocities towards equilibrium is pro- 
portional to the deviation from the equilibrium state. In the paper [ 5 | 
an analogous equation was applied without justification to all Knudsen 
numbers. The analysis presented above shows under what assumptions Boltz- 
mann’s equation can be represented in the form (2.7). In particular, it 
follows from the analysis that equation (2.7) is unsuitable for Coulomb 
interactions, to which it is applied in the paper [5]. 


3. The equations of motion of slightly rarefied gases. 
Assuming that the hydrodynamic quantities po, u, and T appearing in fo 


are given, we can write the solution of equation (2.7) in the form 


(3.1) 


(0) dt + f (Zio, M (t)= exp \ Andi 


0 0 


(Zig + &t, 


Integrating successively by parts, we obtain 


Ay (Zip + it, t, + (3.2) 


day 


+ f(z;,. O, &)— 2; (Zio, 0, a) | 4 ; 


v0 


If the series converge for all points of the region as N+ «, then 
(3.2) transforms to Enskog’s series (1.11). It is interesting to notice 
that in this case the distribution function ‘and consequently all moments 
as well) at a certain point of the flow is completely determined by the 
lyydrodynamic quantities and their derivatives, and does not depend 
directly upon the boundary conditions. 


If, however, there is a point (x, 0, €,) in the region, at which 
Enskog’s series does not converge ‘for example, inside a sharp density 
discontinuity), then the boundary conditions are not completely elimi- 
nated. However, at distances of several free paths of the molecules from 


N 
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this region (for example, from the discontinuity) the factor #* in 
(3.2) becomes so small that at this point it is possible to use a finite 
portion of the series, containing only the parameters relating to the 

given point. 


The formla (3.2) makes it possible not merely to write out all the 
terms of Enskog’s series, but also gives an expression for the remainder 
of the series, which in any practical case enables one to estimate the 
error of the accepted approximation. From the form of the remainder term 
it is obvious that the series converges asymptotically for large An 
(i.e. for slightly rarefied gases). 


Substituting the distribution function (3.2) in (1.5) and (1.6), let 
us find Pi; and q, expressed in terms of the hydrodynamic quantities and 
their derivatives. 


Thus, retaining only two terms (the Navier-Stokes approximation), we 
obtain 


kT | Ou; 2 kT Oy 
aT 
Vi = Am dz, 


Accordingly, for co-efficients of viscosity u and heat conduction A 
we obtain 


kT 5 kT 5 k 


The exact Boltzmann equation also leads to a linear dependence of A 
and #« upon the temperature for Maxwellian molecules. The coefficient 
linking A and » in the exact theory, however, is 15/4 and not 5/2. 


Let us consider a certain state of the molecules, when u, = 0 n= 
const. and T = const. in the whole of space, whilst Pi; qj and the other 
moments are not equal to zero, 


Then the distribution function satisfies the condition 


df (t) 
~ dt 


= An (fo — /) (3.5) 


where n and f, are constants with respect to time and space. The solution 
of this equation, clearly, is the expression 


f(t) =/,(t) + [/ (0) — 7, (0)) (3.6) 


Then for the moments we have 


pi; (t) = (0), qi (t) = (0) and so on, 
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or, eliminating A by means of (3.4), we obtain 
pi; (t) = e-*!* pj; (0), qi (t) = e~"'* (0) and so on, 
where r = u/p is the relaxation time. 
The exact solution for this case is, however, [2 ] 
pis (t) pis (0), (t) (0) and so on, 


Here again, the exact and the approximate solutions differ in the 
constants. 


Finally, let us introduce for comparison the infinite system of equa- 
tions for the moments, equivalent to Boltzmann’s equation, in the case 
of Maxwellian molecules [2] and the parallel system (on the right), ob- 
tained from (2.7), i.e. 


the exact and the approximate systems differ only in the coefficients. 


ER 


It would be possible to derive Burnett’s equation and higher approxi- 
mations from the series (3.2). The complexity, however, even of Burnett's 


approximation leaves little hope of the possibility of making use of 
them. 


Equation (2.7) and formla (3.1) are suitably employed for assessing 
the remainder term of Enskog’s series also in those cases when an 


: explicit form for the distribution function itself is required for 

analysis. 

| 4. The motion of a highly rarefied gas. For large Knudsen 

Z numbers (A/L >> 1) the influence of collisions is small and in the first 

a approximation can be neglected. Then Boltzmann’s equation has the solution: 
: + Bit =f O, (4.1) 


Accordingly, for given initial and boundary conditions it is easy to 
find the distribution of the velocities of the molecules at oft’ "iy" of 
the region, and consequently, in w first approximation n' 

u, °) and fy (0), Substituting the f (0) and fy °) so obtained in the right 
hand side of the approximate Boltzmann equation, we obtain equations for 
the determination of f'*’and so on. 


In so far as the collisions play a comparatively minor role for high 
degrees of rarefaction, then it is possible to hope that the assumptions 
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made in the simplification of Boltzmann’s equation are completely admiss- 
ible for calculations of flows approximating to free-molecule flow. 


Generally in those cases when the approximate Boltzmann equation can- 
not guarantee the necessary accuracy, it should be regarded as a mathe- 
matical model of the exact Boltzmann equation on which, thanks to the 
comparative simplicity of the approximate equation, one can study the 
behavior of the distribution function. 
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The peculiarity of transition through the velocity of souvnd in a plane 
nozzle, i.e., in the case when the tangent to the sonic line coincides 
with the direction of characteristics which pass through the axis of the 
channel, was pointed out by Khristianovich [1]. Later Frankl, on the 
basis of a hodograph transformation, investigated in detail the character 
of a plane stream in the vicinity of the sonic line {3}. Applying a 
direct method Falkovich obtained the main term of the solution in the 
form of a third degree polynomial which considerably simplified all the 
calculations of the transition region of a nozzle [3]. In the present 
work on the basis of this solution, some properties of flow with axial 
symmetry are investigated. The investigation is based on the method of 
Falkovich, since, in this case, it is not necessary to make use of the 
hodograph transformation. 


1. Analytical nozzles. The equations of transonic flow of a gas 
with axial symmetry in a cylindrical coordinate system have the form: 


—(x+1)UU,+a,V,+a,V/r=0, (1.1) 
where U and V are the additions to the velocity along the axes x and r 
which is equal to the critical velocity @ and which is directed along 
x-axis; « is Poisson's adiabatic index; the subscripts denote partial 
differentiation. 


It is well known that the flow near the throat of a nozzle is not 
necessarily free from discontinuities in density [1,2]. Therefore in the 
computation of a nozzle initial conditions are given in terms of an ana- 
lytic velocity distribution along the nozzle axis rather than in terms of 
prescribed wall shape. From the equations of motion the velocity potential 
corresponding to these functions is determined. Two stream lines in this 
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flow field which are symmetrical with respect to the x-axis, are then 
taken as the walls of the nozzle. 


lt should be noted now that in going over from exact equations of gas 
dynamics to the simplified equations (1.1) we have to deal in essence 
with linear theory, though the equations (1.1) are not linear. But it 
follows from this that the quantity: 
x=0, r=0 (V=0 r= 0) (1.2) 


is a unique numerical parameter which describes the flow along the nozzle 
axis. 


In the paper [4] the system of equations (1.1) is shown to be in- 
variant under the continuous group of transformations: 


U, (z, r) = U (az, Vi (z, r) V (az, a"r) (1.3) 


(where a and n are arbitrary constants). If in the formulas (1.3) we take 
n= 1/2, then the initial data (1.2) will also be invariant with respect 
to the indicated group of similarity transformations. Hence we conclude 
that the values r~*U and r~’V can be functions only of one variable, 
namely £ = xr~*. Thus the flow in an analytical nozzle in the neighbor- 
hood of its center will be self similar. To determine it we assume: 


u=(xt1\U/a,, vr=(e+1)V/a, (1.4) 
Then equations (1.1) take the form: 
—uu,+v,+v/r=0, Uy = Vx (1.5) 


Conforming to the outline above we look for a solution of the system 
of equations (1.5) in the form: 


u = r*f(5), v = r°g (5), ¢=z/r* (1.6) 


The functions f and g satisfy the system of ordinary differential 
equations 
—4¢4+2%e’=0, +¢'—2/=0 (1.7) 


Eliminating the function g from the system (1.7) we obtain, for the 
determination of function f, a second order differential equation: 


U— + —4/ =0 (1.8) 


Equation (1.8) has a simple particular solution, which we shall call 
the basic solution, 


(1.9) 


where A is an arbitrary constant, equal in magnitude to the derivative 
u, at the center of a nozzle. Using equations (1.6) and (1.0) we find 
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u = Ax + A®r?, v= + = (1.10) 


Formulas (1.10) describe the flow in the neighborhood of the transi- 
tion surface in nozzles of revolution. Assuming the velocity to increase 
along the x-axis, we have A > 0, 


2. Investigation of the flow in the neighborhood of the 
nozzle center. (he of the properties of flow in plane Laval nozzles, 
as determined by Frankl, is the many-valued character of the transforma- 
tion of the physical plane in the hodograph plane in the neighborhood of 
the sonic line. It is found that in a complete circuit around the origin 
of coordinates the region between two characteristics in the hodograph 
plane is traversed three times [2]. We shall show in this section that 
in the case of axial symmetry also there is not singlevalued corres- 
pondence between the zr and uv planes. Indeed, let us look at the Jacobian 
j = 0(u,v)/olz,r) of the transformation (1.10). Equating this Jacobian 
to zero determines the branch line (L-curve) in the xr plane, along which 
the one-to-one correspondence between the physical plane and the hodo- 
graph plane is violated. Since j = 1/2 A?(x - 1/8 Ar”), the equation of 
the L-curve will be 

= — Ar* (2.1) 


Hence it follows that, as in the case of the plane nozzle, the L-curve 
is concave toward the oncoming stream. The transformation of the branch 
line in the hodograph plane is S-curved, the equation of which is written 
in the form 


u=—v'h (2.2) 


To clarify the position of the branch line in the physical plane and 
in the hodograph plane, let us find, in addition, the equations of the 
characteristics which pass through the nozzle center, and also the equa- 
tions of the lines u = 0 and v = 0. The characteristics are determined 
by the differential equation 


(dx / dr)? =u = Ar + (2.3) 


These give the equations of the characteristics which pass through 
the nozzle center and which are tangent to the sonic line; in future such 
characteristics will be called "singular" characteristics. They are 


l= A(i+ V5) r? (c°,- characteristic) 
(2.4) 
(i — V5 )r? (c°_- characteristic) 
Substituting formlas (2.4) into equations (1.10), the characteristics 
in the hodograph plane ({[ - characteristics) are obtained, 


(2.5) 
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From formulas (2.5) it follows that both c° - characteristics in the 
physical plane transform into different branches of the same semicubical 
parabola in the hodograph plane. Let us write now the equation of the 
sonic line; in the hodograph plane the sonic line is the axis u = 0; in 
the physical plane its equation will be 

I= — Ar? (2.6) 


The equation of the line on which the radial velocity component 
vanishes in the hodograph plane has the form v = 0, while in the physical 
plare« 

Ar* (2.7) 


It is seen from formmlas (2.6) and (2.7) that the sonic line and the 
line v = 0 are concave, as in plane nozzles, with respect to the super- 
, sonic flow. It follows from equations (2.1) and (2.7) that in the case 
99 4 of flow with axial symmetry the radius of curvature of the branch line 

: is not equal to the radius of curvature of the sonic line, instead it is 
equal to the radius of curvature of the line along which the velocity of 
the stream is parallel to the nozzle axis. 


The neighborhood of the nozzle center is shown in Fig. 1 where the 
relative positions of the sonic line of the characteristics, of the line 
of zero radial velocity and of the branch line are shown. As the values 
of r can only be greater than, or equal to zero, only the upper half of 
the physical plane needs to be considered. A transformation of the 
neighborhood of the origin of coordinates in the uv plane, which has the 
form of a folded surface, is shown in Fig. 2. Corresponding regions in 
Fig. 1 and 2 are denoted by the same numbers. Regions IV, V and VI of the 


xr plane map into the same single region of the uv plane. 


al 


! 


Pig. 2. 


Note: It should be noted that the branch line in the case considered 
does not coincide with the characteristic which passes through the nozzle 
center, as was the case in two dimensional flows. This is due to the fact 
that the equations of motion in the case of axial symmetry are irreducible 
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owing to the presence of an additional term in the equation of continuity. 


As formulas (2.4), (2.6) and (2.7) show, the corresponding curves in 
the case of axial symmetry are situated closer to the vertical line than 
in the plane case if in both flows the derivative uy at the nozzle center 
is the same. The flow in a nozzle of revolution is therefore more uniform 
than in a plane nozzle. From this point of view the construction of 
nozzles of revolution is to be favored over that of plane nozzles with 
the same rate of acceleration from subsonic to supersonic flow. 


3. Nozzles with surfaces of weak discontinuities. 1. Consider 
now the case when weak discontinuities, i.e. discontinuities of first 
derivatives of velocity components are formed along the Mach lines, 
originating from the center of the nozzle. For this purpose we shal! 
assume that A in formulas (1.10) in regions I and II is equal to some 
value A,, while in region IV it is equal to some other value A,, where 
A, # A.. Assuming that limiting values of the derivative u, at the nozzle 
center when approached from both left and right are positive, we find 
that A, > 0 and A, > 0. Then in regions I and II we shall have: 


1 
u= + A,r’, T= ie (3.1 ) 


and correspondingly, in region VI 


A,r*, v= + + (3.2) 


u = A,r 4 
The equations of the c° - characteristics, using equations (2.3), 
(3.1) and (3.2), can be written in the form 


characteristic 
(3.3) 
characteristic 


We now note that the equations obtained coincide with the lines & h 
€ = const (see Section 1). Therefore the solution of the equations of 
motion (1.5) in regions III, IV and V can be expected, as before, to be 
of the form (1.6), reducing the problem in this manner to the integration 
of an ordinary differential equation (1.8). For the c° - characteristics 
the following equations apply: 
1 = 
« Aji (8—po)r on ¢ .- characteristic 
(3.4) 
u = = (3 +] o)r- on ¢,- characteristic 
Using formlas (1.6), (3.3) and (3.4) two limiting conditions for the 
integration of equation (1.8) are obtained: 
! 
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Since A, > 0 and A, > 0, it follows that from equations (3.5) 

a< 0, >0 (3.6) 
2. The method of investigation of the formation of weak discontinuities 
along a Mach line can be simplified further if we make use of the in- 
variance of equation (1.8) with respect to the group of similarity trans- 
formations ®(f) = a~’flaé), where a is any constant not equal to zero. 
Assuming there fore 


{= (3.7) 


equation (1.8) is written in the form 


d¥ 7¥F + 6F?— 8¥ —4F (3.8) 


The basic problem is now reduced to the investigation of equation 
(3.8). The general picture of the field of its integral curves is illus- 
trated in Fig. 3. This graph clarifies the character of singular points 
of the curves 7,° and ¥,°, at which the value of the derivative d¥/dF 
is equal to zero, and also the character of the lines F = 4 and = 9, 
where the derivative d¥/dF becomes infinite. 


For our purpose we need to know the location of the points 


A(0,0), C[4,—2V5 (v5 —2V5 (V5 


and of the particular point FE which recedes to infinity and which is 


q reached by going down along the line ¥ = — 2F. It can be shown that the 
4 point A corresponds to the x-axis; the point C corresponds to the c° - 
z characteristic, while the point D corresponds to the c° - characteriStic 
P. determined by equation (3.3); the point F corresponds to the r-axis. 

From equations (1.6) and (3.6) it follows that the ordinate corresponds 


to the sonic line, one half of the plane to the right of this axis corres- 
ponds to the region of supersonic velocities and the left half of the 
plane corresponds to subsonic velocities. When moving along some integral 
curve in the F¥ plane, the corresponding lines £ = const wil! describe 

a certain region in physical space. Hence it is clear that & must not 
have any extreme values, because otherwise we would get a multivalued 
physical xr plane, in which the flow will be superimposed upon itself. 

A line on which the value & is stationary is a limit line. Using equa- 
tions (3.7) and (3.8) it is easily seen that from this point of view 
transition through the line F = 4 is impossible. The only exceptions are 
those integral curves which pass through the particular points C and D. 


Using formulas (3.7) we have 
fi =&(2F +P) (3.9) 
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From this equation we can obtain the equation of the integral curve K 
which is the transformation of the basic solution (1.9) in the Fw plane; 
this equation does not depend on the constant A 

Y= (3.10) 

For motion in the physical plane from the subsonic region to the 


supersonic region the motion along the curve (3.10) will be in the 
direction indicated by the arrow in Fig. 3. 


Fig. 3. 


Consider now flows with weak discontinuities along characteristics 
originating at the center of the nozzle. In this case the flow in regions 
I and IT will be, as before, represented by the segment of the K-curve 
between points A and, while the flows in region VI correspond to the 
segment of the K curve between the points C and A, because equation (3.10) 
does not depend on values A, and A,. On the characteristics the values of 
f are continuous, but the values of f” have discontinuities. Hence it 
follows that the values F must also be discontinuous and equal to 4, while 
the values Ww must undergo discontinuities of the first kind. Therefore 
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when moving along the segment of the K-curve in the direction away from 
the subsonic region and reaching point D, we have a unique possibility 
to realize flow with weak discontinuities jumping from point D to point 
C. From the point C we can move along any integral curve that is bound 
by the two branches of the K-curve to the point F£, and then return along 
the continuation of this curve to the point C again. In the limiting 
case the motion will take place along the K-curve which goes in the 
opposite direction; namely by jumping from the point D to the point C, 
continuing from this point along the K-curve to the point £, then along 
its continuation to the point D and again jumping to point C. 


From the investigation of the field of the integral curves of equation 
(3.8) we can derive several interesting properties about flows with weak 
discontinuities. 


Since the flow past the c°, - characteristic is mapped in the interval 
of the K-curve between points C and A, it follows that there are no dis- 
continuities in the first order derivatives of the velocity components 
on the e. - characteristic, although they did arise on the c°_ - 
characteristic. Thus, weak discontinuities (i.e. discontinuities in first 
derivatives) do not reflect from the nozzle center even in the case when 
the nozzle is axially symmetrical. This property is derived from the 
degeneracy of the equations of motion at this point into equations of 
parabolic type. An exception to this behavior is the limiting case, when 
the flow between singular characteristics reflects in the K-curve extend- 
ing in the opposite direction. In this case weak discontinuities form on 
both the c°_ - characteristic and the c°, - characteristic. If we move 
from the point C along the integral curve situated above the dividing 
curve K, then f’ for the c°_ - characteristic becomes infinite. 


3. We now clarify the character of the integral curves of equation 
(1.8) which correspond to the curves in the Fw plane considered above. 
First it is to be noted that the magnitude of the discontinuity in the 


derivative u. for the c°_ - characteristic may not be an arbitray quan- 
tity. Indeed, computing from formula (3.9) the value of f’so we approach 
the c°_ - characteristic from the left, we have 
A = 
V5) (3.11) 
Hence, denoting the magnitude of the discontinuity in the derivative 
u, across the c°_ - characteristic by ful, we get 


[us] = —+ A, (5— V5) <0 


Thus, if we assume a given flow on the left side of the c°_ charac- 
teristic, we can obtain a different flow on its right side. However, the 
value of the jump[u] across the line of contact of the two flows is 
constant. 
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Let us consider now an integral curve of equation (1.8) corresponding 
to some curve in the Fw plane, originating and terminating at the point 
C. Qn the r. - characteristic, when approached from the right (and from 
the left), we have 


te’ = Ag (3.12) 
Equations (3.5), (3.11) and (3.12), which have to be satisfied at the 


limits of integrating for equation (1.8), may be written in the form 


fi =2(VS—1)% where £=& 
fy = 43,7, fe’ =2(V5—1)%_ where 
The reduction of the last four equations is made possible by the fact 
that the limits of the interval P(E, ,f,) and Q(t,,f,) are the singular 
points of equation (1.8), through which pass an infinite number of inte- 
gral curves with the same slope. Indeed, computing the roots f’* of the 
equation f*? + 4éf’ — 16&7= 0, we have 


(3.13) 


he=2(+Vo—1)% (3.14) 


This also follows from the fact that the point C is a singular point 
of equation (3.8). Using inequalities (3.6), it follows from formulas 
(3.13) that f,’ < 0, fo’ > 0, i.e. the function f is not monotonic in the 
interval considered. Correspondingly the magnitude of the velocity u at 
first decreases but then increases along lines r = const in the region 
between the singular characteristics. 


We now investigate the limiting case when the flow in the Ft’ plane 
is given by the K-curve extending in the opposite direction. In this case 
equation (1.8) has a simple solution: 


f= —+A,(3 — (3.15) 
Quantity A, is expressed in terms of constant A, by the formula 
Ay = + (7 (3.16) 
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From forma (3.15) it follows that in this limiting case f’ is less 
than zero everywhere, i.e. the velocity along r = const in the region 
of flow bounded by the singular characteristics, decreases monotonically. 


Since the flows mapped in the FW plane by the portions of the K-curve 
extending in the forward and backward directions are finite, it is easy 
to establish the inequalities 


The picture of the field of integral curves in the &f is represented 
in Fig. 4. As follows immediately from equations (3.13) both boundary 
points P(E, f,) and Ole, f,;) lie on the parabola f = 4&*. The line 
f = 1/4 A? + A,é, corresponding to continuous flow, and the line 
f= 1/8 A,?(7 $73) A, (3 - V5) €&, corresponding to flow with 
discontinuities in the first derivatives on both singular characteristics, 
are finite. All the other integral curves of equation (1.8) which have 
their origin at the point p and bounded derivative at the limits of the 
interval considered are situated between them. 


It is interesting to point out that in the case of flow with weak dis- 
continuities on both singular characteristics the lines u = const are 


concave toward the oncoming stream in the region between the two character- 
istics. 


The line of zero radial velocity is also concave in the direction of 
subsonic velocities and is given by the equation 


_ 2 
Ayr 


The branch line, which is defined by the formula 


is, in contrast, concave with respect to the supersonic flow. Besides, 

it is easy to convince oneself that the Jacobian changes sign also on 
both singular c° - characteristics. Therefore the mapping of the neighbor- 
hood of the nozzle center in the uv plane wil! be considerably more 
complicated in this case than in the case of the flow in analytical 
nozzles; the latter was shown in Fig. 5. 


The flow patterns in the physical plane for the cases of continuous 
flow and flow with possible finite weak discontinuities are represented 
in Figs. 6 and 7 respectively. 


It is seen in these Fig.- that the shape of the throat of the nozzle 
(i.e. its narrowest part) in the case of the discontinuities in the deri- 
vatives of the characteristics is elongated considerably. 
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4. Plane nozzles. Let us consider briefly some of the properties 
of flows in plane nozzles. In this case the term v/r must be deleted from 
the equation of continuity. The solution of the equation of motion can be 
looked for, as in the preceding investigation, in the form (1.7). The 
equation analogous to equation (1.4), will take for form[3]: 


(f — 45?) 7” + — 27 =0 (4.1) 
Falkovich has derived a general integral of this equation [3]. 


It seems useful, however, to make use of the method of the "phase" Fw 
plane again, mentioned in Section 3, so that some of the properties of 
the flows investigated may be clarified. 


Since equation (4.1) differs from the equation (1.8) only in the 
coefficients of the last two terms, it is also invariant with respect to 
the group of transformations defined above. Making use of formulas (3.7), 
it can be reduced to the form 


+ 6F? — 10¥ — 6F 


dF (4.2) 


The general picture of the field of integral curves of (4.2) is 
represented in Fig. 8, where the notation of the last section is used. 
The basic solution of equation (4.1) can be represented in the form [3 |] 


= At (4.3) 


As before, we shall call the representation of the basic solution in 
the Fw plane the K-curve; its equation will be 


Y= —(1+ 2FF V1 +4 2F) (4.4) 

Motion along the K-curve in the direction indicated by the arrow (Fig. 
8) corresponds to flow in an analytical nozzle. As before, flows with 
discontinuities in the first derivatives of the velocity components across 
Mach lines are represented in the Fw plane by the curves originating and 
terminating in the point C. In the limiting case the flows with weak dis- 
continuities will map into the K-curve which goes in the opposite direction. 
If we move from the point C along an integral curve situated above the 
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K-curve, then for the corresponding flow in the physical plane the func- 
tion f° becomes infinite. 


Fig. 8. 


Hence it is easy to derive the properties, which were first pointed 
out by Frank! [2], and which, as it was shown above, occurred in the 
cases of the stream in nozzles of revolution. Repeating the arguments of 
Section 3 it can be concluded that, generally speaking, the weak discon- 
tinuities along the Mach line, originated along the nozzle center and 
directed downstream, do not arise. The only exception is the limiting 
case of flow which maps onto the K-curve extending in the opposite direc- 
tion; in such a flow the discontinuities in the first derivatives occur 


on both c°-characteristics. In this case the solution of the equation 
(4.1) has the form: 


The constant A, is expressed then in terms of A, by the equation 


A,=+A, (4.6) 
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Hence we have [ 2 ] 
1<A;/A,<4 (4.7) 


Also it is easily shown that in the case of the flows represented in 
the Fw plane by the curve originating and terminating in the point C, 


hi’ = 24 <0, Jo’ = 2%, >0 

Hence it follows, as before, that the velocity along the line r = 
const at first decreases, but then increases only in the region between 
the Mach lines originating at the center of the nozzle. In the case of 
flow with discontinuities in first derivatives on both c°-characteristics 
the velocity in the region between them decreases monotonically, as is 
readily seen from equation (4.5), Further, the magnitude of the discon- 
tinuity (u, ] on the c°-characteristic, if the constant A, is assumed, 
is expressed uniquely in terms of it. The behavior of the solutions of 
equation (4.1) will be qualitatively the same as that of the curves shown 
in Fig. 4, while patterns in the physical xr plane of flows in analytical 
nozzles and in nozzles with weak discontinuities on both singular c°- 
characteristics will be similar to those shown in Fig. 6 and 7. The 
character of the transformation from the xr plane to the uv plane in all 
the cases under consideration will be the same, because in the case of 
plane gas flows there exists in the hodograph plane a fixed net of 
characteristics, which does not depend on the solution of equations (1.1). 
From the character of the integral curves in the Fw plane in the neigh- 
borhood of the point C it is seen that discontinuities of the first 
derivatives on the c°-characteristic (which we have called weak discon- 
tinuities everywhere) will reflect from the center of a plane nozzle 
along the e, - characteristic in the form of the discontinuities in the 
second derivatives of the fluid velocity components. The weak discontin- 
uities along the er. - characteristic will reflect from the center of a 
nozzle of revolution in the form of discontinuities in the third deriva- 
tives. In this sense the statement that the weak discontinuities are not 
reflected from the center of a nozzle, which was made above, is not 
exact. 


In conclusion we note the property, peculiar to plane flow, that the 
c° - characteristics x = 1/2 Ar*® coincide with the branch line. From 
equation (2.3) it is possible to deduce that the derivative d*r/dx?, 
which determines the curvature of the c-characteristics, becomes zero on 
the line L. Therefore every c°-characteristic belonging to one family 
has its point of inflection on the above singular c°-characteristic of 
another family. This property is due to the fact that in functions 
x(u,v), r(u,v) are not single-valued in the region bounded by the 
branches of the semicubic parabola v? = 4/9 u’. For each branch of the 
functions x(u,v), r(u,v) in this region the sense of concavity of the 
c - characteristics does not change along the entire length of the 
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branch line, which corresponds to the results of Khristianovich [1]. 


Each of the singular characteristics r = + / 2 x/A is also a locus of 


points at which the quantities u and v attain extreme values along the 
non-singular c-characteristics. Since the mapping of the physical plane 
on the hodograph plane is not one-to-one, the [° - characteristics of one 
of the families extend in both forward and backward directions. This 
property is derived from the fact that the c°-characteristic of one 
family is the last characteristic which connects any non-singular c - 
characteristic of the other family with the sonic line [5]. 


The author appreciates many discussions with S.A. Khristianovich which 
stimulated the present work. 
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The problem is considered of the one-dimensional unsteady motion of 
gas forced out by a piston moving with the speed » = ct", without con- 
sideration of the back pressure. The corresponding problem for the 
case a = 0, including the counter-pressure, was solved by Sedov {1,2 ] 
in 1945 and by Taylor [3] in 1946. Solutions of the problem of the 
expanding piston with speed » = ct" for the three values »# = — 0.5, 
— 0.1, 1 were given by Krasheninnikov [4]. 


In the present work the problem is considered for a wide range of 
the number ew in order to investigate the equations for various a, 
since it is found that depending on the ralations between v, y and a 
one obtains different pictures of the motion. If it is supposed that 
the motion of a mass of gas due to a strong explosion is simulated by 
the expansion of a cylinder or sphere with speed » = ct", for vy = 2 or 
v = 3 we obtain the solution of the problem of a strong explosion 
including the forcing out of the air by the products of explosion. 


1. In a quiescent gas let a plane piston begin to move at the initial 
moment, or the gas begin to be displaced by a cylinder or sphere with 

speed v = ct", where m> — 1. We neglect the initial pressure p, in the 
undisturbed gas. The equations of one-dimensional! unsteady motion of an 
ideal non-heat-conducting gas have the form[ 1]: 


Ov , 1 Op _ Oe Opr er 


(1.4) 


where y is the adiabatic exponent, and v = 1, 2, 3 respectively for plane, 
cylindrical or spherical symmetry. 
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From the characteristic parameters of the problem 
=L, = ML, =LT-" 


it is possible to form only one dimensionless combination 
et 
A= (1.2) 
r 
and the problem is consequently self-similar. For the unknown functions 
v, @ and p one can write the formlas [ 1 | 
2 
v=—VQ), PQ) (t.3) 
If we substitute v, p and p from (1.3) into (1.1) and introduce in place 
of p the new function z = yP/R, the system (1.1) is transformed into 
[1,4] 


dz 2(2(V —1) + v(y—1) —m— 1p 

z{(y —1)V (V — 1)(V — m — 1) + 22 (V —m—1+m/y)) 14 
(1.4) 


R (V —m 
V—m—1) \ ly —1} (1.5) 


V(V —1)V —m 


2 (1.6) 


From the conditions on the shock wave we obtain expressions for V, 
z, and R, behind the shock front (ahead of the front V,=2,= 0, R, = 1): 


2 (m + 1) _ 2r(y- 1) (m + R 


Vo = 


y+i (y + 


We find the boundary conditions on the piston: 
dr, 
dt 


ans ci™, or r= prt 


» 
m+ 1 
From (1.2) and (1.3) we obtain 
Vi.=m-+1, h=m+1 (1.8) 
(an asterisk indicates values on the piston). 


Thus the problem is reduced to the integration of the system of three 
ordinary differential equations (1.4)-(1.6) for the unknown functions z, 
A and R with boundary conditions (1.7) and (1.8). 


2. For the solution of the problem it is necessary to carry out a 
qualitative investigation of equation (1.4) and to find from equation 
(1.6) the direction of increase of the parameter A along the integral 
curves. The straight lines V = m+ 1 and z = © are members of the family 
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of integral curves. 


It turns out that in the region 0< V< m+ 1, z> 0 equation (1.4) 
may have the following singular points: 


(1) Point O(V = 0, z = 0), a nodal point. In the neighborhood of point 
O the integral curves have the form 


(2.4) 


(2) Point C(V = m+ 1, z = 0), a complicated singular point. The 
asymptotic formula has the form 


(V — m— 1)" = C240) [vz — my (V — m — 1) (2.2) 
(3) Point D(V = m+ 1, z = 0 ). Near this point 


2m 


z= C(m +1 Fi) 
(4) Point E(V = 2m/vy, z= ) 
(5) Point G(V = 1, z = 0) 


(2.3) 


(6) Point Fi is found as an intersection of the curves 
— 1) + v(y — 1) V] (VV —m—1) —(y —1)V (VV —1)} 
2(V—m—1+m/y) (V—m 1) 
—m— 1) 
With variation of the parameter m from — 1 to « the character of these 


singularities changes, four characteristic cases being found. 


“ 


First case, m> 0, Points O, C, G are nodes, D and F are saddle points, 
and point £ is not singular. The integral curve of the problem of the 
piston | passing through the point (V,, z,)) enters point C, where the 
asymptote has the form 


2m 
z=C(m + 1—V) 


(2.4) 


The solution of the problem exists for all m. 


The case m= 0 was investigated by Sedov [1,2]. Points 0, C and 
A(V = 0, z = 1) are nodes, and F and D are saddle points. The straight 
line V = 1 is not included in the integral curves. Since in this case 
the problem is self-similar for arbitrary Py. that is, for arbitrary zy) 
the solution of the problem in the (V, z) plane is given by an arbitrary 
segment of the integral curve between the points (1, z) and (V,, z,), 
where V, and z, are connected by the relation 


2, = (1—V-) {1 + V2) 
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Second case, m”’<m< 0. Here 


(2.5) 


The points O and D are nodes, and FE a saddle point. Three integral 
curves pass through point C: the straight lines V = m+ 1 and z = 0 and 

a certain dividing curve entering at the angle ~ my/v; consequently, this 
point corresponds to two saddle points. There is an odd number (always 

at least one) of the points Fi, of which the nearest to the point C is a 
node, and the further ones alternately saddle points and nodes. For 


m=m' = 


(2.6) 


the field of integral curves coincides with the field for a strong 
explosion. The equation of the integral curve ‘coinciding in this case 


with the dividing curve entering point C) has in the (V, z) plane the 
form [1 ] 


(y—1) 
(2.7) 


2 [2 /(2 +) 

For m= m’ the point (V,, z,) lies on the dividing curve, for m> m’ 

it lies between the straight line V = m+ 1 and the dividing curve, and 
for m< m° it lies between the dividing curve and the z axis. 


If y < 2, the value m= m’ does not belong to the range of values of 
m considered, and the solution of the problem of the piston exists. The 
integral curve passes through point D. 


If y > 2, with m< m’, moving along the integral curve from the point 
(V,, z,) in the direction of increase of the parameter A, we reach neither 
point C nor the point D, where V = m+ 1; consequently the solution of 
the piston problem does not exist in this case. We devote further atten- 
tion to the case m= m’. Point F has the coordinates 

2+v(y—1)’ [2+ v(y — IP iv-+2(y— 


With v = 1 or v = 2 and also with v = 3 if y < 7, the point (V,, z,) lies 
between points E and F; with vy = 3 and y = 7, the point (V,, z,) coincides 
with point F; and with v = 3 and y > 7 it lies between points F and C. 
Consequently the solution of the piston problem exists for v = 3 and 

y> 7. 


For y > 7 the solution is given by the segment of the integral curve 
(2.7) between the point (V,, z,) and point C; that is, it coincides with 
an appropriate solution of the problem of a strong explosion. The pressure 
and density are equal to zero on the surface of the piston; consequently, 
the piston may be replaced by an empty cavity. 


For y = 7 the solution of the problem of a strong explosion is given 
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in the (V, z) plane by the single point (V, = 0.1, z, = 0.21), whereas 
the solution of the piston problem is given by the segment of the inte- 
gral curve (2.7) between this point and point C. At the point (V,, z,), 
A = 0; consequently the shock wave moves away at once to infinity. 


Thus, for y < 2 the solution of the piston problem exists for all m 
in the range considered. With y > 2 in the cases v = 1 or v = 2, and with 
2<y< 7 in the case v = 3, it does not exist for m”< m< m’; nor does 
it with y > 7 and vy = 3 for m”< m< m’, where m’ and m” are given by 

(2.5) and (2.6). 


Third case, <m< m”. Here 


(2.8) 


points 0, C and D are nodes, FE a saddle point, and point F is nof a 
singularity. We consider first the case y < 2. 


The value of the parameter m = m’ belongs to the range of m under con- 
sideration. For this value of m the solution of the piston problem is 
given by the segment of the integral curve (2.7) between the points (V,, 
z,) and C. However, in moving from the point (V,, z,) to C the parameter 
A decreases. Such a family of motions represents for t < 0 the motion be- 
hind a shock front arising from a peripheral explosion. This case was 
considered by Grodzovskii [5 ]. 


For m> m’ a solution exists not only for a diverging shock wave (with 
the integral curve entering point D), but also for a converging one. For 
m’” <m< Mm’ a solution exists only for a converging wave. (The motion 
behind the front of a converging wave for t < 9 can be regarded as arising 
from a peripheral explosion with the motion of the products of explosion 
neglected). 


For y > 2 the motion involves only a converging shock wave. 


Fourth case, — 1< m< m™”. Points O and C are nodes and D a saddle. 
The solution exists only with a converging shock wave. In all cases of 
converging shock waves the integral curve passes through the point C. 


Thus, from the results of the present section we can draw the fol low- 
ing conclusions: 


(1) For m> m’ the solution of the piston problem exists for all v 
and y. 


(2) For v = 3, y > 7 the solution of the piston problem exists also 
for m= m’. If y # 7, it coincides with the solution of the problem of 


the strong explosion. 
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(3) The solution of the problem of a peripheral explosion neglecting 
the motion of the products of explosion exists for - 1< m< a” 


(4) For y < 2 and every m there exists a solution of the piston problem 
with either a diverging or converging shock wave. 


(S) For y > 2 and m”< m< m’ there exists no solution of the piston 
problem with either a diverging or converging shock wave. 


(6) Furthermore, for m= m’ there exists no solution or the piston 


problem with either a diverging or converging shock wave for v = 1 or 2 or 
forv = 3, 2<y< 7. 


The first of these conclusions was obtained by Grigorian [6], and 


also by Lees et al [7], who considered values of the parameter 
<m< 0, 


We note [7,8,9] that the problem of steady flow past a plane (v = 1) 
or axisymmetric (vy = 2) slender body at high supersonic speeds is equiv- 
alent to the problem of one-dimensional unsteady motion of gas forced out 
by a plane or cylindrical piston respectively, with speed U = V tan a. 
Here the coordinate x in the stream direction must be replaced by Vt, and 
a is the angle between the stream direction and the tangent to the surface 
of the body. The solutions with converging waves give the flow past 
slender ducted bodies. 

US 


4 


Thus for m’ < m< 9 the piston problem considered here is equivalent 
to the problem of flow at high supersonic speeds past slender blunted 
plane profiles (vy = 1) or bodies of revolution (vy = 2) of the form 

r x"*1 Here the shock wave is similar in form to the body. In the case 
of converging shock waves the distance from the shock wave to the axis of 
symmetry is less than the corresponding distance for the body. Grodzovs- 
kii [5] has considered the case of self-similar flow past a body producing 
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a parabolie shock wave x = kr’, 


3. We present some results of integrating the system of equations 
(1.4) - (1.6) with the boundary conditions (1.7) and (1.8) for values of 
m increasing by 0.1 from- 0.9 to + 0.9 with vy = 3 andy = 1.4. Fig. 1 
to 8 show graphs of the functions’ v/v,, p/p., p/P, (where the subscript 
2 indicates the characteristics of the motion immediately behind the 
front of the shock wave). From relations (1.2) and (1.3) it follows that 


The graphs indicate how the characteristics of the motion depend on the 
parameter m. 


In connection with the four characteristic types of behavior of the 
integral curves considered in the previous section and the conclusions 
drawn for y < 2, we obtain three types of graphs, namely: Fig. 1 and 2 
correspond to case 1, Fig. 3-5 to case 2 and to case 3 with m’ <m< m”, 
Fig. 6-8 to case 3 with m” “ < m< m’and to case 4. Consequently, Fig. 
1-5 correspond to motions with diverging shock waves, and Fig. 6-8 to 


converging ones. 
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It is evident from the graphs that the speed of a particle of gas 
adjacent to the piston is greater than the speed of a particle of gas 
immediately behind the shock wave. The relative distance between the 
shock wave and the piston {r, _ r,)/r, depends only weakly on m, growing 
as m increases. 


As is known [1], for self-similar motions the radius of the shock 
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front To, its speed D, and the pressure P> behind the shock front are 
determined by the formulas 


261 drs m-+-1)ct™ 
Hence it is clear that for m> 0 the speed D of the front’ increases 
with increasing t from zero to infinity. There the counter-pressure Ps 
can be neglected in comparison with the pressure p, at the shock front 
only for large t. It is evident from the graphs that in this case the 
pressure on the piston exceeds at any time the pressure at the shock 


front. The density at the piston is infinite, the temperature is infinite- 
simally small, and the pressure is finite (Fig. 1, 2). 


For m= 0 the shock wave and piston move with constant speed. The 
pressure, density and temperature on the piston are finite. In this case 
the motion is self-similar even including the counter-pressure, since 
[e]= [p,] [p,] = ML~*T~? and, consequently, [c? ] = (p,/o,). 
The solution of the problem of the motion of gas forced outwards by a 


sphere expending with constant speed was first given by Sedov [2] in 
1945, 


For m< 9 the speed of the shock wave decreases with time from in- 
finity to zero; consequently the counter-pressure can be neglected for 
times near the beginning, when the pressure at the shock front is great. 
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For m= - 0.1, - 0.2, - 0.3, - 0.4, -— 0.46, and - 0.5 (m’ < m< 0) 
the density at the piston tends to zero, the temperature to infinity, 
and the pressure is finite (Fig. 3-5). For m= — 9.1 the pressure on the 


piston is greater than at the shock wave; in the other cases it is less. 


For m= — 0.6, - 0.7, - 0.8, - 0.9 ( l< m< m’) a different picture 
of the flow is obtained. In this range of the parameter m the radius r 
of the shock wave is smaller than the radius of the piston r,. that is, 
A, > m+ 1. Consequently the speed of the shock wave ; 


D =(m + = ct™ 


is less than the speed of the piston. 


In this case one must suppose that the mass of gas occupies the 
exterior of the sphere of radius 


ct™ 


expanding in the course of time. The shock wave lags behind the piston. 
The disturbed motion occupies the region 


re <r< 


and inside the sphere of radius 


ct™ 


m+i 


ct™ 

the gas is at rest, the pressure is equal to zero, and the density is the 
initial density p,. The density on the piston is infinite, the tempera- 


ture is equal to zero, and the pressure is finite (Fig. 6-8). 


As was mentioned in the preceding section, such a motion can be 


630 
| = a | 
10 105 10 115 10 |__| 15 
| 

| | 

| 


Unsteady motion of a gas driven outward by a piston 631 


regarded as arising for t < 0 from a peripheral explosion with neglect 
of the motion of the products of explosion. 


For m= — 0.6 the calculation was made using formulas giving the exact 
solution of the problem of a strong explosion. (We note that the numerical 
values of the characteristics of the motion in the case m= — 9.6 do not 
agree with the values obtained in Ref. 5). 
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1. Statement of problem. Consider the motion of a stream of gas with 
uniform subsonic velocity and at zero angle of attack past a double wedge- 
shaped profile (Fig.l), of length 21 and apex angle 27/f= 28. Since 
the flow is symmetrical only the upper half-plane (y > 9) need be con- 
sidered. The oncoming stream begins to slow down ahead of the profile, 
from some given velocity 7, at infinity down to zero velocity at the apex 
O. After this, it speeds up again to reach sonic velocity along a para- 
bolic line AB. This line is of finite length in the subsonic case, extends 
to infinity in a direction transverse to the flow in the sonic case, and 
in the supersonic cases it is terminated by means of at least one shock 
wave, the exact character of which is unknown. In sonic flow the hyperbolic 
region influences [1] only that part of the elliptical region, directly 
adjacent to the line of transition and to the limiting characteristic 


B’F. 


The boundary value problem corresponding to the given flow in the 
hodograph plane (Fig.2) can be formulated as follows: 


The stream function w (r, @) must be a solution of the Chaplygin equa- 
tion [2 
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which satisfies the following boundary conditions 
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, 1+(3 —1)t0¥ 
t(i—t) (1— +) 06? 
(t= / wx) B= — 


for (condition of symmetry) (1.2) 

¥ (<,8) =0 for 0<t<7, (condition of flow along the (1.3) 
wall) 

X=/ for §=8 t=, (condition that sonic velocity is (1.4) 


attained at point A) 
YY —0 on the characteristic AF (condition at the center of (1.5) 
expansion A) 

Here w is the fluid speed, w.., 18 the maximum speed, x is the exponent 
of the adiabatic curve and 8 15 @41)-1 corresponds to sonic velocity, 
while @ is the angle between the velocity vector and the x-axis. We must 
also satisfy the conditions on the shock wave bounding the supersonic 
zone AB. Further, since all stream lines in the hodograph plane originate 
from the sare point D(r,, 9) corresponding to the flow velocity at 
infinity, the stream function at this point has a singularity. In the 
sonic case (r, = r _) the problem stated becomes a determinate triconic 
problem for utr, 05 in the shaded region (Fig.2) of the (r, 0) plane. 


Previous investigations in this region have been confined to flows 
around thin wedges [3,4] with velocities near that of sound. Here all 
authors use Tricomi’s equation [5 ] 

Yan + 1% = 0, {= ‘(1 ) (1.6) 
2 > 

Cole, in his paper [3] concerning the subsonic flow of a compressible 
gas around wedges, first found the solution to equation (1.6) satisfying 
all boundary conditions of the subsonic region (1.2), (1.3) and (1.4), and 
with the singularity corresponding to the flow at infinity. This solution 
cannot be considered completely satisfactory, however, since in the limit- 
ing case of sonic flow, shown in [6], the solution does not have the 
required singularity introduced by Frank] [1]. Trilling and Walker 
succeeded in satisfying condition (1.5) by adding to Gole’s solution a 
series of regular solutions of (1.6). Using this more accurate solution 
the sonic line AB becomes curved (in comparison with Cole’s sonic line)- 
and more realistically shaped. 


The problem of sonic flow about a wedge was solved by Guderley and 
Yoshihara [7] and Ovsiannikov [8] in the subsonic case, Tricomi’s 
equation [1.6] was applied to investigate the flow. 


In flow around a wedge, however, a critical point arises at the sharp 
nose in the vicinity of which velocities are quite small. It follows that 
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equation (1.6) is not valid in this region and a more exact one (1.1) 
has to be applied. Mackie and Pack [9] have found the solution to this 
equation that satisfies conditions (1.2) and (1.3) and has the required 
singularity at this point (ro, 0), For this they used the method of 
generalizing an incompressible flow. Consider an incompressible flow 
past a profile with velocity at infinity equal to ») and having a complex 
potential 


(1.7) 


The method of generalizing consists in changing from this potential to a 
"generalized" complex potential of the form 


p (tye? (1.8) 


Here rT, corresponds to the oncoming stream, and 
is Chaplygin’s [2 ] function well known in gas dynamics. 
F is a hypergeometric function with parameters 


The "generalizing" function fv(r,) mst satisfy the limiting condition 
Ws asr, 0) ive. 


~ as (1.9) 


0 


However, this condition is not sufficient to determine a unique "gene- 
ralization*. The major difficulty of the above method arises in the ana- 
lytical continuation of series (1.8) into the region r > i.e. down- 
stream beyond EN. Mackie and Pack [9] overcame this difficulty by using 
the simplest choice for fv(r.) = e’S0, where 


ar th (— =)"—arth(5 
| *s \ 1 \ Tt (1.10) 
¢= artht,: — 3) 


Investigations of the above flow show that the corresponding stream 
function in the limiting case of sonic flow does not have the required 
singularity of Frank! [1]. Besides, the Mackie and Pack [9] generalized 
an incompressible flow, about a half-body consisting of a finite wedge 
of equal sides followed by a semi-infinite plate. We are interested in 
profiles of finite length. 


In this work we initially formulate the problem of compressible flow 
around a finite double wedge-shaped profile which we shall solve by an 
approximate procedure based on the exact equation (1.1). 


Consider the singularity corresponding to a stream at infinity with 
boundary conditions (1.2), (1.3) and (1.4). Here the use of the exact 
equation (1.1) permits us to consider a double wedge of arbitrary apex 
angle and arbitrary thickness. It is understood that the solution will 
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not be unique, since the conditions in the supersonic region are not 
satisfied. To solve the problem we shal! again use the method of general- 
izing an incompressible flow. In order to get rid of the major drawback 
of the solution of Mackie and Pack we shall impose new demands on the 
function f,,(r,) together with (1.9). 


The generalizing function, while being as simple as possible, should 
give, in transonic flow, a stream function which has Frankl’s singular- 
ity [1] i.e. has the form: 


* 
Y* 6) ~ Ly 


sin v8 (1.11) 


Further, for nearly sonic values of r, the function f,,(r,) must 
describe the "generalized" flow, corresponding to the transonic law of 
similarity [14]. With this we shall completely determine the method of 
approximating r, to r,. The method described will then give correct flow 
behavior at the ends of the range of variation of ro 9, rj. We should 
expect from this that the property of similarity will be fairly realistic- 
ally defined for the functions f,(r,) in the whole range of r,. It will 
be shown later that al! the requirements imposed on f(r 5) can be satis- 
fied if the function is chosen to be of the following form: 


where B is an arbitrary constant, and the factor (27)~' is chosen for 
ease of calculation. 


2. Subsonic gas flow past double wedge-shaped profile. The 
problem of incompressible fluid flowing symmetrically past a double 
wedge-shaped profile (Fig.l), with the fluid velocity at infinity equal 
to w, can be solved with the help of conformal mapping. 


Using the Schwarz-Christoffel theorem, we find the following complex 
potential 


— = (wy) (2.1) 


The symbol (2n-— 1)!! denotes the product of odd numbers. This series 
converges in the region [@] = 1, with the exception of point @ = 1 which 
is a singular point and corresponds to the flow at infinity. Generalizing 
this result with use of (1.8) and (1.12) we obtain the following *general- 
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ized" complex potential 


tts = 4 
wm) —_2  Ba—t 


and the stream function 


These series converge fort <1,(s < If we take account of the 
fact that as we get 


(0) +O tor to 0, 
i.e. 
WwW for 0 

and the requirement (1.9) is fulfilled. Cases of nearsonic and sonic 
(rf ,=fr oJ velocities of the oncoming stream will be given special con- 
sideration below. We shall note here however, that as shown in Section 
3, (2.3) possesses Frankl’ [1] singularity (1.11) at the point (r., 9). 
Further, the constructed stream function satisfies the conditions (1.2) 
and (1.3) i.e. the axis of symmetry and the wall of the wedge act as one 
streamline. Further use of Chaplygin’s equations [ 2 | 

do OF - Velocity (2.4) 

and the transformation formula [ 2 ] 


e w 


in 8 om P 
dy = do + at (9p - density) (2.5) 


along the symmetry axis {4 = 9) give 


Since 0< <r 


as in Ref. [2], we shall obtain the following velocity distribution on 
the front face of the wedge. 


(2.6) 


=] 


(t) = G, (t) = b(t) + 


To show that x(r,) +-o for 6+ 0 we shall turn to the asymptotic 
behavior of the Chaplygin functions. Lighthill obtained the following 
formla 


or using (2.3) and evaluating the integrals which appear 
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= [TS] (2.7) 


which is valid for |v|+«, 0<r <r. and for the whole complex plane 
v, excluding circles of arbitrary mal! radii with centers v = — n, 


(n = 2, 3, 4...). For the samer and real »v we [16] found the asymptotic 
relation 


(t) = v (1 +) (1 — eve {1 +0 (2.8) 


Further, applying Stirling's formla[10] we have (n + «) 


Substitution of the values found into (2.6) will lead to a divergent 
series, as expected. Hence, x(r) + — « as 6 + 0 and (2.3) determines a 
physically feasible flow. It remains to connect the xy andr @ planes by 
fulfilling condition (1.4), which determined c*. For this we have to know 
the stream function wv (r, 6) in the region [ 9, r . But the point r = ro: 
6 = 0 is singular. As a result of this the region of convergence of 
series (2.3) is limited to the arear = r, in the hodograph plane or the 
curve EN in the physical plane. Therefore it is required to continue the 
series (2.3) analytically through the region r =1,. This constitutes 
the major difficulty of the method applied. 


3. Analytical continuation of series (2.3) into regionr > +, 


Analytical continuation is performed by a proper choice of an auxiliary 
Barnes’ integral [10]. Consider 


\S 


exp | (8 + + iv8] ( 


i+ tv 


| 637 
99 
a 
\ 
Fig. 3. 


638 S.K. Aslanov 


The path of integration AFB is chosen so that simple poles né, 
(n= 1, 2...) are located to the right of this path and all remaining 


poles to the left. In order to exclude the possibility of appearance of 
second-order poles, we shall assume & to be irrational, and such that 


= s.)/2m will not coincide with n+ 1 and (n - to 
the left of AEB, the expression under the integral (3.1) J(v, 0, 7) has ; 
simple poles at the points v = (n+ 1), v=- (n- V2)€ and vy = - 2n/ 


(o — s,). Let us show that (3.1) forr < r, transforms into (2.2). For 
this we shall close the path AEB by a semicircle ADB of radius R = N&+1/2, 
located to the right of the imaginary axis, which does not contain any 
singular points when N is an integer (Fig.3). Evaluating J(v, 6, 1) on 

the semicircle ADB of a large radius |v|= R-+ « with the aid of asymp- 
totic gamma-functions [10] and (2.7) we obtain 


J (vy, 6, saa (REY ‘exp {u(s — so) — 9(4 +-4 — 


where we have a minus sign for @ < © and a plus sign for @> 9. 


Hence the integral (3.1) approaches zero as R+ oo and < Tro, 
0< @< 2y. Therefore, the residue theorem[10] applied to the region 
AEBDA gives 


W = (gg )exp (5) + (2) = 


/ 


The series obtained converges for any @ andr < To 


On the opposite side we shall complete the path of integration AFB by 
a semi-circle ACB of the same radius, located to the left of the imaginary 
axis. Then by analogy we can show that integral (3.1) vanishes on the 

curve ACB as R+ forr, <r <r, and 0< @< 28 and the residue theorem 
leads to the following: 


@ 
nC. (t) E 


- EXp [So +i ap 


(in on 
= 1 for »=0, 


Here* 


— So 


residue V(r) at pole v = — n is equal to (r ) where 
(a,) — b, + 1) 


(a, —a) + 1) 
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It follows that the stream function for r > +, has the form: 


1—(n+!/3)E/z) 


x p, (t)sinn (8 — 6) — 


E 
§— } 
x sin 


and, as can be seen, immediately satisfies the condition (1.3). Besides, 
the series converges for any @ and ro <r <r,. In the particular case 

r. =f. using the asymptotic form[ 18] we can show that the integral 
(3.1) is defined in the characteristic triangle KPB’ with arc 28 (Fig.2). 


To find the velocity distribution on the front face of the wedge we 
shall integrate (2.5) along 6 = 5. After substituting (2.3) and (3.2) we 
have for 0<r <r, 

nti (2n — 1)!! Gag () 
(c, %) => — cos + >> (—1)**" 


n=! 


i 


(n+ ) 


+ x (to, to) (3.3) 


_ Hence, satisfying the condition (1.4) we obtain the equation 


x\? (r ., ry) = | for the determination of c*. Summing, we find the 


coefficient of local pressure 


(p,, p, are the pressure and density of the oncoming flow). 


Along the face of the wedge CA we find the coefficient of frontal 
pressure per unit span: 
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The integration of the latter by parts and substitution 


*0 


of (3.3) give 


n 252 
Wmax =. 2” n! n 
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@ 


1+ n&/z 
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Fig. 4. 


4. Flow of a sonic stream past a double wedge. 


(t ts) — V (t,) + 


Equations (3.3) has been evaluated [19, 20] for = ll. 
r = 0,8, 0.12, corresponding to a wedge apex angle 2y= 31° 
stream Mach number M, = 0.660, 0.826. Results are plotted in Fig. 4. 


ing case, when To r (sp = o) the stream function (2.3) has the form 


+ 


(t + 


(3.4) 


6129 and 
and free 


In the limit- 
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@ 

6) = c?B > sin 
8 

This series converges absolutely and uniformly for 0< Fr < r, and 
arbitrary @ and has a singularity at the point r = r,, = 90, 

In order to explain its characteristics, let us perform the following 
identical transformation: 


@ 
n=] 


(t) 
x sin (n2f)+ +e >» ; Sin (n°6) 


nr 


—D (x+1) 3 (4.2) 


2x—1 x+2 ! 2 
( 


a=x2 


is the coefficient in the asymptotic formla (vy + + « ) derived by us 
[16] which for transonic velocities r can be expressed as 


P(t) aver 2h’ (2) — a(x + eve 


| 


2r (0) 


3+ clg (4.3) 

Here u(s) and v(s) are two linearly independent solutions of Airy’s 
equations Us) — sV(s) = 0 tabulated by Fok [11]. Using (2.9) the con- 
vergence of the first series (4.2) at.r = +7. becomes obvious. From here 
it follows that the important singularity is completely represented by 
the second series, which coincides with the main term of Frankl's [1 |} 
singular solution (1.11). Even though in the approximate formlation of 
the problem conditions in the supersonic flow region remain unsatisfied, 
the singularity, corresponding to an incident sonic stream, turns out to 
be chosen correctly. Therefore [1] the stream function (4.1) is regular 
on the characteristics B’F (Fig.2) and determines the flow where all the 
stream lines cross the sonic line. Assuming that r = ine 
given by (3.3), (s, = 0) we shall obtain the formula for the velocity 
distribution on the front face of the wedge. In this case, condition 
(1.4), which defines the scale coefficient c*B, should be taken in its 
limiting form 
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In order to realize the transition to the limit, we transform this to 


on 
max 2” n! > ! 


(x 


x Gus (ts + 


(0) 


By applying (2.9) and (4.3) we can show that it is permissible to 
interchange the order of the operations lim and = in the first series. 
The last limit was previously calculated [3] as 


ne} 

where ¢ is the zeta function [10]. Hence (4.4) and (4.5) determine c7B. 
The coefficient of frontal pressure is determined from (3.4) by substi- 
tuting +, =1,. The velocity distribution on the wedge € = 11.6129 

(6 = 15°5) in the case of sonic flow is shown in Fig. 7. Here we also 
show the results of Ovsiannikov [8] for a wedge with 5 = 15°, using a 
dotted line. 


If we consider the flow past a thin wedge, then € is large and 
Chaplygin’s functions can be replaced by their asymptotic representations 
(4.3) i.e. 
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(t) = Gs (2) (4.6) 


one 2" nl! 


C.= e*Ba (x + 1) 2 (—1)"+2 (2n — 1)!! 
Vs, (1— 3) + nl 2 ns 2" vl (4 ) 


bed 1 
(x + 1)!" v’ (0) (2n 1)!! n ls 


u aw} 


The graphs of the velocity and pressure distribution on a wedge with 
a 10 per cent relative thickness are given in Fig. 5 and 6 respectively. 
For comparison we show experimental results [17] as the dotted curve. 
In Fig. 6 we also show the results of the theoretical investigations of 
Guderley [7] for a wedge of the same thickness. For C,* we shall note 
that (4.7) gives 


od 
C.° =1.77 =1.15 — 
(x + 1) (x + 


The latter (in brackets) are the results of Guderley [7]. 


5. Transonic gas flow past a thin double wedge. In order to 
obtain the case of transonic flow past a thin double wedge from the 
general results of Section 3, we assume that f* andr. - r, are small. 
We can then apply the asymptotic formula (4.3) in (1.45 and (3.4). We 
combine the velocity of the oncoming stream ro (so) and the angle of the 
wedge -5(£) to form a parameter of transonic similarity 


Furthermore, in order that the coefficient of frontal pressure corres- 
ponding to the law of transonic similarity shal! have the form: 


Cy = —* 
+1)" 


(x 


we shall disregard the following terms in the asymptotic expansion (4.3) 


2n? 


o— 


ctg(n + ctg 


Then to the order of £' and r,- > we shall have 
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a(x + 1)" 2n — 1)!! 
«&X 


—1 1\ 


(0) ((n +4) Viv + — 


[v (0) w — w (0) w — 


Where 


n=! 


nt-3(2n 


—1) 


voy (0) + 5) (0) x 


v(0) 


In Fig. 4 we have the calculated velocity distribution on a wedge with 
5 = 7°.5. For purposes of comparison we have plotted experimental curves 
[12] for a wedge of 8 = 7°.5 followed by a semi-infinite plate. They are 
shown as dotted lines. 


Fig. 8 shows « + 1)1/3 /§5/3 as a function of k, and experi- 
mental points [12]. Using some cumbersome expressions, an have also 
shown that on the surface of the wedge the above 55/3 formulas give 


dM | 
aM, 
M, 


where M is a local Mach number. This fact was established experimentally 
[12,17]. 
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In the case of transonic flow, we are especially interested in the 
form of the sonic line. The latter allows us to estimate the size and the 
behavior of the local supersonic zone near point A (Fig. 1). Integrating 
(2.5) along r = r., we find, to the order of &-1 that the coordinates of 
the transition line in a system with origin at point A are 


0 
a. a, (1—,)” 
> fo) ‘s 
where a, is the critical sound velocity. Within the limits of the accepted 
approximation (2.11) has the form 


+"/,) Es, 4 


(2) | (2n — 1)!! 
x (n-+1),) & (t) cos n-+- — | i+ ) 


x 
Vek, k, '* 


te 


x (*) sin (x — }} 


When introducing the latter into (5.1) and applying the asymptotic 
(4.3) it is necessary to disregard the terms with ctg(n + 1/2) &m and 
etg[272/ lo - s,)) sO as not to change the law of transonic similarity 


[4]. As a result we obtain the equation of the sonic line in the para- 
metric form 


(x + 1) (1 — ,)* 
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Fig. 9. Pig. 


The curves obtained are plotted in Fig.9 where the dotted line shows 
the experimental [12] results for a wedge with a semi-infinite plate 
downstream. It is understood that the disturbance decreases as we get 
away from the profile, so that d = max, y, = y, (min @) determines exactly 
the diameter of the local supersonic region in terms of k,. In Fig. 10 
the result for a double wedge of 12 per cent relative thickness and the 
experimental [15] result (dotted) for an airfoil section of the same 
thickness are compared. Here we can see directly that the supersonic 
region is enlarged with increase of velocity of the oncoming stream and 
extends to infinity when M, = l. It also follows, from the character of 
Frankl’s singularity, that in this case the sonic line away from the 
profile has the form 


y, = Cath 


From this we can deduce that the "generalizing function" (1.12) not 
only gives a correct qualitative picture of the flow past double wedge in 
the region 9 < M, < 1 but also leads us to quantitative results which are 
in a complete agreement with the experimental ones. Naturally we cannot 
expect a unique choice of f(r), as the problem was solved in an approxi- 
mate form and the conditions in the supersonic region remained unsatisfied. 
However, when the velocity of the oncoming stream is not great, the super- 
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sonic region is small and its influence can be neglected. As we approach 
the sonic flow about a double wedge our solution is still correct and 
describes the existing flow with an adequate degree of accuracy because 
of the accurate character of the singularity, and of the stream function 
for this flow. Besides, as shown in[13], the satisfaction of condition 
1.5, governing the expansion of the stream at the point A (Fig.1) leads 
to only negligible changes of the aerodynamic characteristics of the 
flow. 
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This paper deals with small vibrations of thin plane wings arranged in 
tandem in plane incompressible flow. The solution is obtained by breaking 
the problem down into two simpler ones [1]. one of these problems is 
nonhomogeneous and represents noncirculatory flow past a system of wings, 
whilst the second is a homogeneous problem which can be solved by means 
of functional combinations containing several] constants. Thin wing theory 
is used to solve these problems [2], the whole investigation consisting 
essentially of finding the constants by means of linear equations. 


Closer attention is given to the problem of vibrations in a tandem 
biplane system in which one of the wings is fixed. Approximate express- 
ions are given for the hydrodynamic forces and the energy characteristics 
of the system, regarded as a moving group. 


1. Kinematic relations for vibrating planes in tandem. We 
consider a system of thin plane wings of infinite span in tandem which is 
undergoing small harmonic vibrations of frequency ¢ in a stream of in- 
compressible fluid moving with constant velocity v). We introduce the co- 
ordinate system Ory (Fig.1) which moves with the undisturbed stream at 
velocity v,; then if we assume the disturbed fluid flow to be irrotational, 
the velocity potential ®(x, y, t) of the total motion satisfies the 
linearized flow conditions 

at a,b, (k=1,..,,9; j= V—1) (1.1) 


q 
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Both here, and in what follows, we shall only deal with the real part 
(with respect to the imaginary number j) of complex expressions which 
involve the exponential time term. Moreover, for brevity, but without 
restricting the validity of expression (1.1) it is assumed that the 
average angle of incidence is zero. If the thin wings vibrate as solid 
bodies the complex amplitude of the normal velocity vp (x) can be deter- 
mined from the expression 


Unk (2) = ( r) (wo = (1.2) 


\ Vo 


where v, and @ are the complex amplitudes of the vertical and angular 
velocities of the plate a,b,. 


Assuming the disturbed vibrational motion of the fluid to be quasi- 
stationary we find 
® (x, y, t) = p(z, ye, =Unk(Z) on by (1.3) 
The harmonic function w(x, y) must satisfy several additional condi- 
tions. In fact, for the fluid pressure we have the linearized expression 
(py and p are respectively the pressure and density in the undisturbed 


fluid) 
fa) 


Thus from symmetry considerations and the condition of continuity of 
pressure we obtain 


— y) — p(7,0)=0 for 
in (1.5) 


—jtop =9 for y=0 outside a,b, (x 


It follows from these conditions that, behind the wing-trailing edges, 
lines of discontinuity in horizontal velocity exist, representing a 
vortex sheet originating at these trailing edges. The solution we are 
trying to find should satisfy the condition of finite velocity at the 
trailing edges a,. 


To solve the problem we introduce the function w = 6’ + iv of the 
complex variable z = x + iy, where the imaginary number i = Vy — | is not 
interchangeable with the imaginary number j. Later on we shall split the 
above problem into the two simpler problems; wz) = w,(z) + w, (z) where 
the functions = + and "= + ty’,, satisfy conditions 


dw 
Im —* —Unk(Z) on a, by, Re wo (x) = 0 outside a, 6, (1.6) 
Imw,(z)= Ax on a,b, Rew,(2)=0 for r>b 
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Re — ws) {for y=0 outside an 
The function wy (z) represents the complex potential of fluid flow 
without circulation, while the function w, (z) is a solution to the homo- 
geneous problem and is linear in terms of the constants Ay. It is obvious 
that the function w(z), determined from conditions (1.6) and (1.7), 
satisfies (1.3) and (1.5). The constants A, in this function must be 
found from the condition of firfite velocity at the trailing edges a. 


Using thin wing theory [2.3] we find immediately that 


de 
ly 


(2) = ([] (2 — 


"Is 


(2) = ((be — 2) (2 — ax) — (1.9) 


sek 


The constants B,(k = 0,1, ..., n= 2), which are real with respect to i, 
are found by equating to zero the circulation round n — 1 sections a,b, 


2 k (4.10) 


nk (5) (5) 


To determine w, we introduce a further function 


=r + is = — jugw, (1.44) 


From (1.7) we have the following conditions for the function f(z): 
Im = — Ar ona, d,, Re = 0 outside a,b, (1.12) 
It follows from these conditions that the expansion of the function 


f(z) in the neighborhood of a point at infinity takes the following form 
(a, is real with respect to i) 


f(s) (1.13) 


The function f(z) is thus determined, and so is dw, /dz. In fact, using 
the expansion (1.13), we shall have (C, is real with respect to i) 
BRAS 


k=0 k=0 ap 


To determine the constants C, and A, we make use of the condition of 
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finite fluid velocity at the trailing edges a, which can be written 
(dwo 


lim (z — + 0 ..., 8) 
za) dz 
Applying this condition we arrive at rg system of linear equations 
A (5) d? 
(5 
+ +25 di=0 (t=1,...,2) (4.15) 
k=l 
: in which all the constants C, are given linearly in terms of A,. To de- 
‘ termine the latter we must satisfy the first of the conditions (1.7). 
EB: To do this let us regard (1.11) as a differential equation in wh: Rear- 
¥ ing in mind that at large distances in front of the planes the fluid is > 
bs undisturbed we find 10! 


x 
(x, 0) eines | e-itex ¢ (x, O) dx (1.16) 
MH Making use of this expression and satisfying the first of the condi- 
; tions (1.7) we have the following system of linear equations 
bs —1 
A, = \ e~imex s(x, O) dx + As le 4 
co 
1 
+3 e ims s(x, 0) dz] Gui, (1.17) 
y In this way, the final determination of the function wz) consists of 
a finding the constants A,, B, and C, by means of the linear equations 
5 (1.10), (1.15) and (1.17). However, an analysis of transient motion of 
z multiplanes in tandem [3,4] in the general case, with arbitrary varia- 
: tion of normal velocities with time, leads us into great difficulty be- 
4 cause some unwieldy integral equations have to be solved. 
4 2. Vibrations of one wing in a tandem biplane. We now dis- : 
- cuss a tandem biplane, the edges of which are determined thus: — a, = 
= b, a,=-c- b and b, =-— c+ 6, where c is the abscissa of 
- E the center of gravity of the second wing, and 26 is the width of this 
: wing. We shall now assume the second wing to be at rest (v5 (x) = 0)*, 
a then formulas (1.8), (1.9), and (1.14) for this case take the form 
a * In all our calculations we assume c > 0, i.e. the stationary wing is 
bs at the rear. If the stationary wing is in front(c < 0) the following 


change should be made in the formulas, =- (| a*| 1/2 
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(Bo +2 a) 


a —c+b 
{(z)= (Co + + 2jpo Ay \ de + Ay \ pe dz) (2.2) 
—a —c—b 
g (2) = ((2*— a*)[(z + — gy (x) = ((a® — [(x + — 


(2.3) 
= (| —a?| — (x + 


To determine the constants we have equations (1.10), (1.15) and (1.17), 
which in particular give 


By | 81 (z) +2 (z) di = 0 (2.4) 


—ce+b 
(FE) + jo A 


By Cy—Cya +2 ( + | (2.5) 


oa 
By + Cy—Cx (e+) + 2 (onl) + Ar) ((a?— — 
—ce+b 


—2juy 


—c—b 


di =0 (2.6) 


A, = \ s(x, 0) dz (2.7) 


—chb 
A, = A, 4 eite (b—c) \ s(x, 0) dx (2.8) 


Let us suppose that the stationary wing is much shorter than the 
vibrating one so that c >> b. In this case equations (2.4) - (2.8) allow 
us to find explicit approximate expressions for the constants entering 
these equations, if we represent the stationary wing as a concentrated 
singularity. In fact, it follows from (2.1) and (2.4) that outside the 


section (— b, + 6) the following expressions are valid to 
accuracy of the order of (b/c)?. 


a 


a 


ae 
| 
(2.1) 
dz 2ni 
—a 
by 
VOL. 
+A 
| 
- 
| 
: 
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Expressions (2.9) represent fluid flow without circulation round an 
isolated thin vibrating wing. It therefore follows that the effect of 
the stationary wing on the noncirculatory part of the fluid flow close 
to the vibrating wing, which gives rise to the supplementary effect of 
connected masses, is only manifest in dipole, quadripole and higher 


approximations. 
; Equations (2.5) and (2.6) appear in the following simplified form with 
* this degree of accuracy 
4 Cy—Cya + — 5) A, = (e—a) D, (2.10) 
Cy — Cyc + a? Ay = + Cy + cA; + 
+ 4 jiuy (3 — 2'!2) — A) (2.41) 
i D,=—2 \ vn (2) (<= +) d:, \ dz (2.12) 
: If follows from (2.2) that outside the section \(- c —- b, - c+ 6), to 
: an accuracy of terms of order (b/c)*, the following expression prevails 


° ‘ 9 Cc Cre 2A 
1 — A, (2 — (2* — —— (6.19) 
2ni (z + c) (z* — a*)* 


, oy while it follows from (2.11), that the second factor in (2.13) is of 
 S order b/c. Thus the approximate expressions (2.9) and (2.13) correspond 


5 to representation of the effect of the stationary wing on the fluid flow 
: 2 close to the vibrating wing, by that of a concentrated vortex of given 
strength. 


- © Using expressions (2.7) and (2.13) we can obtain the following equa- 
tions to determine the constant A;: 


2 


C, (u) — 2epA, = bey (Co — Cye + (u-- wea) (2.14) 


du 3 HY (w) (x, (2.15) 


Here H(?) ~ JN, is a Hankel function, and from relation (2.15) 
we obtain 


2 
Eg — 


Zo 


2ay 


(2.16) 


where the functions H.‘?) and H,'2) have been tabulated [5] and are ex- 
pressed in terms of Hankel functions by means of relations 


190 
1 
a 
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(2.17) 
_f »(i , ail 
Hs (=. = ( cos zdz, H,' = (= )sin rdz 
0 


0 
Equations (2.10), (2.11) and (2.14) allow us to determine the constants 
C; and A; to an accuracy of order (b/e)!?), To do this, we put 


C; = Cio bCi,, Ay Aw + bAy (2.18) 
Then from these equations, we obtain 
Cio = C Dy, 2rpAyy = (1 —C(p)) Dy 
Coo = — Dy 
Cor = [ (20 — 1) + — $) (1 —€ (2.19) 


=|1—C(u) + ~ (%o —1)£, T (u)} 


Here Clu), T(z) and G represent the following expressions 


(2) 
(w) T (u) 
H,? + (u) (2.20) 
For the final determination of all the constants we must find the 


value of A,,.. From equation (2.8) and expressions (2.13) and (2.19) we 
find 


C (u 
H,® (u) + pHo® (w) 


As = (1 — By) — D, (2.21) 


dE 
E =| = 2.22 


Note that the functions E. and E, can be evaluated in terms of Bessel 
functions T,(u). Actually, if we make the substitution U = x ~— (x? - 1)1/2 
the expression for E, takes the following form 


E,=— (U4 = & — (a? — 1)"'*) 
Now, making use of the expansion 


exp (U+- )] + Di jt 4 
\ = 


5 
V 
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we arrive at the following expression for E,. which is convenient for 
calculation, 


@ 


k 
E, = — > Ty (u) (2.23) 


k=] 


3. Hydrodynamic forces which act on the tandem biplane. We 
now work out the hydrodynamic forces which act on the vibrating wing in 
the tandem biplane. If we use expression (1.4) and represent the func- 
tion w in terms of w, and f, we arrive at the following relations for 
lift and moment: 


Y = ov (7 (2) jot dz 
K 


M = [2 f(z) + 2(1 + (3.1) 


where K is the contour which bounds the section (— a,a) and is anticlock- 


wise. 


From formulas (2.9), (2.13) and (2.19) and the theorem of residues we 
find ‘ 
Y, + Y;, M = M, M, (3.2) 


where Y, and M, are the lift and moment respectively corresponding to the 
vibration of an isolated wing: 


a 
2 1 


t) = (x) 


a 
2 


2a 
a 


on 
(¢ (u) =) Jen (x, t)dz 


z 


and Y,b/a and M,b/a are the supplementary force and moment caused by the 
action of the stationary wing as a concentrated vortex. 


C 


— 1 


Ey T + (a? — 


) = Geist ( 
(3.4) 


My = pro 4. (u) — (a0? — 1)-"*) 


To calculate the suction forces at the leading edges b,, we use the 
general formula [2 |] 
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X, = —prlim — bx) eiat } (3.5) 


Using (2.9), (2.13) and (2.19), we get an expression for the mean 

value of the suction at the leading edge z = a of the vibrating wing 
t+2n/o 
XxX; — Xi (A = \ A (t) dt) (3.6) 
t 

where X59" is the average suction on an isolated vibrating wing 


a (z 


1 *b/a is the supplementary component in the suction expression 
pea by the stationary wing acting as a concentrated vortex. 


° 2 —1 = 
(3.8) 
\ (a? (C (u) — 1) Dy 


To work out the suction forces acting on the stationary wing, we must 
start with the accurate formulas (2.1), (2.2) and (2.5) and after this 
we must transform the boundary. The result of this gives 

b 
X= |G? (3.9) 

The complete expression for the projection of the hydrodynamic forces 
on the x axis takes the form (A(t) is the angle of incidence of the 
vibrating wing): 


f = (B(t) wie") (3.10) 


For several modes of vibration 7* > 0 and in this case a tensile 
force appears, i.e. the vibrating wing in the biplane tandem system can 
be regarded as a moving group. In this case the average value of useful 
and wasted power is given by the 


E° == T° 9%, = —(¥V + MQ)’ 


(V = veist, Q = weit) (3.11) 


The relations obtained above allow one to work out these energy 
characteristics and the thrust efficiency 7 = F*/N*. 
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ON THE REPRESENTATION OF THE GENERAL SOLUTION 
OF THE BASIC EQUATIONS OF THE STATIC THEORY 
OF ELASTICITY FOR AN ISOTROPIC BODY WITH 
THE AID OF HARMONIC FUNCTIONS 


(0 PREDSTAVLENIT OBSHCHEGO RESHENIIA OSNOVNYKH URAVNENIT 
STATICHESKOI ZADACHI TEORII UPRUGOSTI IZOTROPNOGO TELA 
PRI POMOSHCHI GARBONICHESKIER FUNKTSITI) 


PUM Vol.22, No.4, 1958, pp. 473-479 


Vv. I. BLOKE 
(Khar’ kov) 


(Received 16 Deceaber 1957) 


The known representations of scalar biharmonic function in a three- 
dimensional domain by means of three-dimensional harmonic functions are 
considered jointly as a general representation of a biharmonic function 
through harmonic ones, independently of the problem regarding the possi- 
bility of reducing the number of such functions. This representation is 
supplemented by an expression containing plane harmonic functions. 


In employing this expression for the construction of the general so- 
lution of the basic equations of the theory of static elasticity for an 
isotropic body, it is possible to obtain a generalized solution of 
Papkovich, which includes two of his separate propositions and which is 
supplemented by a solution using plane functions, which do not follow 
immediately from the other ones. One of the two methods indicated by him, 
which leads to a differential relationship between harmonic functions, 
may be represented in a form which contains independent functions. 


1. Om the representation of biharmonic through harmonic 
functions. (a) We assume that a biharmonic scalar function B, con- 
sidered in a three-dimensional domain, may be represented in the form of 
a product of two scalar functions R and S, which mst be four times 


differentiable in this domain: 


B= RS (1.1) 


Then the condition for the function B to be biharmonic may be repre- 
sented in the form: 
R(A AS) (7 AS) + (A*S) + 
+ 2/(R)(AS) + 4(7 AR) (VS) + (A AR) S=0 (1.2) 


Pele 
q 
7 
a 
4 
659 


B.I. Blokh 


660 


Here is Hamilton’s operator (nabla), A is Laplace's operator, and 
the dot is the symbol for scalar mltiplication. In order that the given 
equation is satisfied for arbitrary functions R and S, it is necessary 
that each additive term on its left-hand side be equal to zero separately. 


Excluding from our considerations the trivial case when one of the 
functions, R or S, is an arbitrary biharmonic cne, and the other is a 
constant, it is easy to conclude that the indicated requirement of vanish- 
ing of each additive term will be satisfied for most general functions R 
and S, in the following four cases: 
1) VR=0, VAS = 2b; 3) V*R=0, AS = 2e (1.3) 
2) VR=b, VAS=90; 4) V?*R= 2cl, AS = 0 
where b is a constant vector, c is a constant scalar and I is the unit 


tensor of rank two. Obviously, in view of the symmetry of the equation 
(1.2) with regard to functions R and S, their properties may be inter- 


changed. 


Designating by ® a harmonic function in the three-dimensional domain 
considered and indicating by K and L the constant tensors of rank two 
and three, respectively, the results of integration of equations (1.3) 
may be represented as follows: 


1) R=a, S=QO+K...r+L...ree 

2) R=ab-r, S=QO+K..rr 

3) R=a+b-r, S=@O+4K..rr (1.4) 
4) R=a+b-r-+ cr’, S=@® 


where a is a constant vector, r is the position vector of the point under 
consideration, r is its modulus, K° is the scalar contraction of the 
tensor K of rank two, L'1-2) is the scalar contraction of the tensor L 
of rank three with respect to its first and second ranks; analogously, 
L'2-3) and p\3-1) indicate the scalar contraction of tensor L with res- 
pect to its second and third ranks, and with respect to its third and 
first ranks, respectively. 


We shall use the results of the fourth case since it will be shown 
later that the results of the remaining cases can be reduced to it. The 
function B in this case, in accordance with (1.1) and as a consequence 
of representation of the fourth group of equations (1.4), will be of the 
form: 


B=(a+r-b+r°c)@® (1.5) 


Obviously, a more general formula for the biharmonic function may be 
obtained by adding such representations as (1.5), in which the constants 


|| 

= 
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and the value of the harmonic function ® are changed. 


Designating such variable constants and functions by the subscript n, 
we introduce harmonic scalar functions and a harmonic vector function 


The biharmonic function B may then be written as 
B=F+4+r-G+rH (1.6) 
Returning to the first three groups of equations (1.4), it should be 
noted that in using them for the construction of the biharmonic function 
in accordance with formla (1.1), there occur also the products a(rr.. 
K+err... L) and (a+ rb)(rr.. k), which represent rational poly- 


nomials of second and third degree with respect to the variables, as may 
be easily verified, which may be obtained with the aid of formula (1.6). 


(b) Let the three-dimensional harmonic function S be of the form: 
Ss = z®, (1.7) 


where , and ®, are two harmonic functions at the point of a domain in 
a certain plane, and z is measured along the normal to this plane. 


If this expression is substituted into (1.2), then it takes the form: 
4(J*R). + 2(7*®D,) + k (V@,) + (V@,) + 
+ 4(TAR) + z(V®,) + + (AAR) + 2®,) = 0 
where k is in the z-direction; in the absence of such a point, or if the 
vectors are oblique, the multiplication has to be considered as a dyadic 
one. 


The given equation will be satisfied independently of the particular 
form of the plane harmonic functions ® and ®, if 


= 2[c(I — kk) + gkk} 


where c and g are two constant scalars. From this follows the expression: 


R=a+r-b-+ + 2°¢ 


where a, b and r take on the same values as earlier in formula (1.5), 
and p is the modulus of the position vector of the point in the plane 
normal to the z-axis, i.e., in a plane in which the arguments of func- 
tions ®, and vary. 


The harmonic function B to be found will be in this case, as a conse- 
quence of (1.1) 


B=(a+r-b-+ + 2*g)(®, + 2®,) 


Adding such expressions with different values for the constants and for 
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the functions ®, and ®,, B may be expressed by the equation: 


B = F, + + + p*Pyf+ zp*P, + (1.8) 


Here F,. P,. P, and P, are plane, mutually independent harmonic scalar 
functions and G, and G, are harmonic vector functions, whose three com- 
ponents along the coordinates are represented by plane scalar functions. 
If the above expression is compared with the representation (1.6), it 
may be noted that some of the additive terms of formula (1.8) do not 
follow immediately from equation (1.6). 


In fact, putting, for example, Hf = z®,, we find 
= (zp? + 2) 

where the decomposition of the right-hand side into two mutually inde- 

pendent additive terms, like the two last ones in formula (1.8), does not 


take place. Neither are they decomposed with the aid of other additive 
terms of the representation (1.6). 


(ce) Seeking to obtain an expression of the three-dimensional biharmonic 
function through harmonic ones, which would enter differently into such 
an expression, we supplement formula (1.6) by additive terms which would 
ascertain a direct occurrence of therms which enter into equation (1.8). 


Keeping in mind that expressions of the type (1.8) may be constructed 
separately for each of the three mutually perpendicular planes of three- 
dimensional space, the supplementary additive term, which shal! be desig- 
nated by B,. will be given the form 


Bowrr...Par°...P 


where P is a three-component tensor of rank three of special construction 
represented by formla 


P = P,iii + Pyjjj + Pakkk (1.9) 


Here P.. P_ and P_ are three harmonic functions in certain domains 
which are situated on mutually orthogonal planes, whose normals are indi- 


cated by subscripts, while i, j, k are unit vectors of the Cartesian 
system of coordinates. 


After having supplemented formlas (1.6) by this expression, we obtain 
the following representation of the biharmonic function: 


B=F+r-G+rH+r...P (1.10) 


In Cartesian coordinates this expression will take on the form: 


B= F + 2G, + yGy + + 2)H+ 
+ Px (y, + y*Py(z, 2) + (2, y) 


where G_, G, and G, are the coordinate components of vector G. 
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Since, in the solution of concrete problems it may be desirable to 
have at our disposal different forms of additive terms in the right-hand 
side of equation (1.10), we shall conserve in this equation all the addi- 


tive terms, as we proceed to the general constructions in three-dimensional 
domains. 


2. General solution of the basic equations of the theory 
of elasticity. As is known, the problem concerning the determination 
of displacements and stresses which are produced in an isotropic elastic 
body, subjected to the action of external body and surface forces, may 
be reduced to the problem concerning the state of stress in the same 
body in the absence of body forces, but subjected to some different sur- 
face tractions. This possibility of elimination of body forces in the 


solution of the basic differential equations of the theory of elasticity 
will be used here. 


We start out from the following representation of the displacement 
vector in an elastic isotropic body: 
u=v—VB (2.1) 


where ¥ is a harmonic vector and B is a biharmonic scalar. From the 
differential equation of equilibrium 


(i1—2vAut+ V?-u=0 


where v is Poisson's ratio, it follows that the functions v and B should 
be related by the expression 


V-v=2(i—vyAB (2.2) 


The expressions for the displacement components along the coordinates, 
analogous to the representation (2.1), for the case in which the vector 
v had only one component, were used already by Hertz [1]. For the plane 
problem of the theory of elasticity such formulas were obtained in their 
complete form by Love [2 ]. 


Let us use equation (1.10) to represent the biharmonic function B. In 
this case equation (2.2) will take on the form: 


V-v=4(1 —v)[V-G+ 3H + 2r-(VA) + 3r- (2.3) 
Let us now represent the vector V as: 
(2.4) 


where w is also a harmonic vector; we find then from the preceding equa- 
tion, that the vector w should satisfy the equation 


A-w = 3H +2-(VH) + 3r-P" (2.5) 


The displacement vector u, represented by equation (2.1), may also, 
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in consequence of expressions (2.4) and (2.10), be represented as: 
(2.6) 


The given equation represents a generalized solution of Papkovich, 
inasmuch as it includes two forms of the solution which were suggested 
by him separately and which are supplemented by additive terms consist- 
ing of plane harmonic functions which he did not take into account. 


In fact, if all the functions on the right-hand side of this equation 
vanish, except F and G, we obtain the representation 


(2.7) 


which is known in the literature as the Papkovich-Neuber solution, 
established by Grodskii [3,4,5,6] as well as these authors. A 
particular form of this solution for the case when two coordinate com- 
ponents are absent in the harmonic vector G, was obtained earlier by 
Boussinesq [7 ]. 


If, on the right-hand side of equation (2.4), all the functions are 
eliminated, except w, F and H, then we obtain the formla 


u=4(1—vw—V(F +Pr°H) (2.8) 


which was also suggested, independently from the previous one, by 
Papkovich as a solution of the basic equations of the theory of elasti- 
city [4]. 


The relationship between the harmonic vector w and the function H, by 
virtue of (2.5), will be 


V-w = 3H + 2r (2.9) 


which was also indicated by him. However, the integral of this equation 
was not obtained by him. 


The question regarding the possibility of eliminating one or the 
other function in the first form of the solution (2.7) was a subject of 
special studies. 


Neuber has shown how one of the components of vector G or the scalar 
F may be eliminated from the general expression for the displacement 
vector. Papkovich [4] established that the scalar function F may be 
omitted only in the case when v ¢ 0.25. Finally, Slobodianskii found that 
the question regarding the possibility of elimination of the function F 
depends also on the degree of boundedness of the volume occupied by the 
body considered and on the presence of internal closed boundary surfaces 


[8]. 


The functions which enter into (2.6) are not completely independent, 
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since some of them have to satisfy equation (2.5). It is possible, how- 
ever, to free oneself from this dependence by means of integration. With 
this aim in mind, we introduce a harmonic vector R, determined by 
H=VYV-R (2.10) 
and a harmonic tensor 0 of rank four in the form 
Q = iii [Qry(y, 2) 5+ Qx2(y, 2) + jjj(Qy: (2, + Qyx (z, 2) i) + 
+ kkk (z, y) i+ Qzy(z, y)j} (2.11) 


where Q. (y, z), QO..(y, z) ete., are functions of the two Cartesian co- 

ordinates of the point indicated; this tensor is related to the tensor P 

by the condition 


It is easily verified that the integral of equation (2.5) may be re- 
presented in this case as 
wer(\ + (2.13) 
where S and T are arbitrary harmonic functions in the domain considered, 


a scalar and a vector function, respectively, and x is the symbol for 
vector multiplication. 


Formla (2.6) for the displacement vector then takes the form: 
-R)+r-(VR)—(VR)-r +3r-Q%) — 
(2.14) 
where F is combined into + F, or also in the form: 
u= VF + XT + (3 — G — (VG)-r + 2(1 — (VV -R) + 
+ 4(1 —v)fr-(R) — (7R)-#] — + 
+ 12(1 — vr-Q%” — — (2.15) 


In a Cartesian coordinate system the component u. of the vector u may 
be represented in this case as 


= OF 


ar, 
+ (3—4)G,—(2 + +2 + 
OR, AR aR, aR, 
+ 2(1—2v + gr) + 
OR, aR, aR aR, 
as ( 
+ (2, 2) + (2, — 32*(—™ + — 
3 9 ( 22ve Ae) 


Y Oz Or 


Ux 


+y/( 


(2.16) 


Oz ax 


» P=Q-7 (2.12) 
= 
| 
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The corresponding expressions for the components u._ and u. for the 
same vector are obtained by cyclic permutation of coordinates and subs- 


cripts. 


It is clear that the representation (2.14) or (2.15) includes also the 
second solution (2.8) of Papkovich in a form which is free of any inter- 
relation among the harmonic functions entering into it. 


If the stress tensor o is introduced by means of Hooke’s law 
E fe 2v 


where FE is the elastic modulus, then the following representation for 
this tensor is obtained, using equation (2.15) 


+ 2X 42 (1-29) (VE+6V) — 
+ + 4(1 +») + 8r-(7?-R) + 
+ —v)[r-(VR) + — (V?-R) — 
— 4y{(J?-R) r+ +120 A) I—12r-(Q- 
— (Q- + 12 (1 — + QE” + + 
(2.17) 
Here, in the underlined tensorial expressions, transposition of dyadic 


factors is assumed, or transposition of subscripts in coordinate repre- 
sentations. 


Cos 


We give below the expressions for the coordinate components of the 
tensor o in a Cartesian system which follow from the equation (2.17): 
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+ 2°. 


oz 


The remaining expressions are obtained from the above by cyclic per- 
mutation of coordinates and subscripts. 


The availability of the general expressions for the displacement 
vector and the stress tensor given above, which contain harmonic func- 
tions in various combinations, will, by means of appropriate selection 
of these functions, permit these expressions to be made more suitable to 
the special features of concrete problems. 
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This paper deals with discontinuous solutions of three-dimensional prob- 
lems in the theory of ideal plasticity, for the case when the plastic 
state of stress corresponds to the edge of the prism, which interprets 
the Tresca-Saint Venant’s condition of plasticity in the space of 
principal stresses. 


It is noted that the discontinuous solutions in the theory of ideal 
plasticity were originally brought to attention by Khristianovich {1}. 
More recent and detailed investigations of this problem are credited to 
Sokolovskii [2], Prager [3,4 ], Winzer and Carrier [5], Lee [6], 
Hodge [7], Hill [8], Shapiro [9], and others. 


l. Let us consider surfaces of discontinuity in axisymmetrical prob- 
lems in the theory of ideal plasticity under the condition of complete 
plasticity. Let us direct the z-axis along the axis of rotation and let 
the p-axis be perpendicular to it. Obviously, it will be sufficient to 
investigate the distribution of stresses in the oz plane. 


In this case, the Tresca-Saint Venant condition of plasticity is of 
the form 
(2, — + = 4k? = ; +3,) +4 (1.1) 


and, therefore, the following relationships will exist: 


3, = 2kw + Asin 20, k cos 26 
1.2 
a, = 2kw — ksin 24, +k (7.4) 


Relationships (1.1) and (1.2) are completely analogous to the corres- 
ponding relationships for the plane problem. This analogy permits the 
extension of the basic relationships between stresses at the lines of 
discontinuity, which were obtained by Prager [3] for the plane problem, 
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to the case of axisymmetrical problem considered here. 


However, because of the different character of the equilibrium equa- 
tions, solutions of problems for the case of plane deformation may not 
be directly extended to the case of axisynmetrical problems. For the case 
of plane problem, equations of equilibrium represent differential rela- 
tionships which could be satisfied with any choice of constants @ and 6. 
The equations of equilibrium for axisymmetrical problems 


I de t 


This makes imposs- 
ible the direct extension of such results of a plane problem as a dis- 
continuous solution for a wedge, or any consequences of such a solution. 


Therefore, the problem of finding discontinuous solutions for axi- 
symmetrical problems leads to the complicated problem of matching regions 
with variable stresses. 


Note that equations (1.3) are satisfied for a particular case when 


2. Assume that a certain surface S is a discontinuity surface of a 
stressed state. This surface S may separate states of stress corresponding 
to different edges of the prism which interprets the Tresca-Saint Venant 
condition of plasticity in the space of principal stresses. Further in 
this paper this prism will be called the Tresca-Saint Venant prism. 


Obviously, it will be sufficient to investigate the cases when on either 
side of the surface S one of the conditions 


is satisfied, inasmuch as this may always be attained by suitable 
labelling of the principal stresses. Two basic cases will be considered 
below. First, when the discontinuity surface S separates plastic states 
of stress for which, in (2.1), the signs of the constant 2k are the same 
on either side of S. Second, the case when these signs are opposite. 


Let us investigate the first case. At a certain point of the surface 
let us define an orthogonal system of coordinates a, fh, n. The n-axis will 
be directed along the normal to the surface S. Then the axes a and fA will 
be located in the tangent plane to the surface S. 


Consider at the same point the directions of principal stresses 01, 
0,, 03. 


The mutual orientation of axes a fi, n and axes 1, 2, 3, which define 


* 
ao" 
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che directions of principal stresses, will be specified by the direction 
cosines, which are presented in the table: 


Further, having related all the stress components to the constant 
+ 2k, we obtain 
= 3, $+ = + n,*, on = 3, 
Tag = Tan = Tan = 
where 
3, = = + + Fn) 
The components Pa: Tan’ "Bn must be continuous at the passage through 
S, that is 
[sn] [tan] == [Ten] =: Q Ha S (2.2) 
where a component in square brackets indicates the magnitude of its dis- 
continuity at the passage through S. 


Components may be discontinuous. 
Denoting by n, = cos $,, n, = cos d,, n, = cos 6, we write relation- 
ships (2.2) in the form 


+ cos? = o + cos? 
cos 9,* cos §* = cos 9,” cos on (2.3) 
cos cos = cos 9, cos 


Since cas*¢, + cos*d, = sin’@, the latter two of the relationships 
(2.3), if squared and added, will yield 


sin? 26° = sin® 26- (2.4) 


It is easily shown that the following relationships must be satisfied 
between the angles, if (2.4) holds 


+ 


1,... 
(2.5) 


§* 


Relationships (2.5) lead to the equality 


cos#* = -+sin& for =+6 (2.6) 
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and to the equality 
cos §* = + cos & (2.7) 


for all the remaining cases. Note that in relationships (2.5), (2.6), and 
(2.7) the signs do not correspond. These signs are easily obtained for 
each concrete case. 


It is easy to show that in case (2.7) the components @,, °R; Tag are 
continuous, and a consideration of only case (2.6) will be to the point. 
Then 

cos 26* = — cos 26" (2.8) 


From (2.3) and (2.6) we obtain 
cos 9," = -+-cosq, 


cos = + cos, cig? (2.9) 


[co] cos 20°, 


It is easy to obtain ea 
cos? 


[¢.] = cos 20" 1+ sin? 
= cos 26 ( 1+ 


sin? 6- 


COS 1~ COS Pa~ 
sin? (2.10) 


[tap] = cos 20 
Let us show that if the plastic state of stress on either side of the 

surface S corresponds to one and the same edge of the Tresca-Saint Venant 

prism, only the second case should be considered in relations (2.4). 


[6] = — 20° + 2m + (m=0,1,...) 


In fact, it follows from (2.10) that for @~ = 1/4 
[ea] = [22] = [tag] = 9 
which indicates that there exists a continuous distribution of stresses; 
and, consequently, the third principal direction does not change its 
original orientation at the passage through the surface S. This is in 
conflict with the first relationship of (2.6) 


[9] = > +m (m =0,1,...) 


In the case when the surface S separates regions of plastic state of 
stress which correspond to different edges of the Tresca-Saint Venant 
prism, then on the contrary, in view of analogous reasoning, let us con- 
sider only the first case of relationships (2.6), while the second case 
will be omitted. 


Thence, the conditions on the surfaces of discontinuity S may be 
written in final form as 


[2] = cos 26°, [6] = — 20° + xm + 5 (2.11) 


when the plastic state of stress on each side of the surface S corres- 
ponds to one and the same edge of the Tresca-Saint Venant prism, and 
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[c] = cos 20°, 
[6] = (2.12) 


for the case when the plastic stress states ‘which are separated by sur- 
face S) correspond to different edges of Tresca-Saint Venant prism. 


Pig. 1. Pig. 2. 


If axes a and #8 are so directed, that cos o = 0, then cos*¢, = 
sin’@~. For such a case denote axes a and f by x and y. Then, from rela- 
tionship (2.10), it follows that 


[cx] = a, [ty] = 2a, [txy] = 0 (a = cos 26-) (2.13) 
Let Ww be the angle between axes a and x. We have then 
= 3,008" + a, sin*) + 2p 
tap = (cy — ox) Sin 2h + cos 2p (2.14) 
From (2.13) and (2.14) it easily follows 
[cz] = a(i-+sin*}), [2,] = a(1-+cos*h), [tag] = asingcosp (2.15) 


The change of magnitudes of discontinuities for components o, and ’ af 
in the tangential plane to the surface S is shown in Fig. 1. Point A 
traces the curve of change of discontinuity of the component o>, and the 
Point B indicates the same for the component ’ a 


Note that from (2.15) it follows that 
— + 4[tap}* = 


Now consider the change in orientation of the third principal diree- 
tion at the passage through the surface S. From the second relationship 
of (2.9) it is clear that cos ¢,* = 0 whenever cos ¢,~ = 0. This indicates 
that the direction of the principal stress 0, is always situated in the 
noy plane. 
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The change of direction of the third principal stress at the passage 
through the S surface is shown in Fig.2. The direction of the third 
principal stress is indicated by rays (A and OB. The line L is the inter- 
section line of the noy plane and the surface S. If following Prager, the 
first and the second directions of shearing are introduced in the noy 
plane, it is then easily observed that the direction of the discontinuity 
line L, in each of its points, bisects the angle formed by the inter- 
section at that point of slip lines of the first family. These lines are 
indicated by dotted lines in Fig. 2. 


Consider the second case. Assume that 


= = =%, +1 (2.16) 
Then 


a 
° 
a 


= COS COS ,.. 
Sa = Tag = —COS9, COSQ,,... 


~ 1 
=e +F 


From the continuity condition for the components On Tan’ "Bn We 


obtain 
o* + cos*#* o —cos*# + = 


cos py’ cos = — cos 9, cos (2.17) 
cos = — cos}, cos 


Obviously,in this case too, the direction of the third principal stress 
is situated in the noy plane. 


Since sin 26*= sin 267, the relationships (2.5) to (2.8) are valid. 
Obviously, the discontinuities arise in all the cases. 


For =+6 4 = + xm, cos = + sin & 


we will have 


3’ 4 sin? 6- 
COS COS cos? ‘ 
[tae] sin? [Se] = 1 Sin? (2.18) 


From (2.18) it follows that 
[c.] = —1, [sy] = 0, [tay] = 0 
= — cos*p, = — sin’, [tag] = 
It is obvious that 
([¢a] —[2g])* + 4[tag]* = 1 


A diagram of change of discontinuities, analogous to the one shown in 
Fig. 1, can easily be pictured. 
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= -+ 6 + xm, cos = -+- cos & 


= — 2cos® +=, = — 2(cos* 6 — cos*@,”) 
[ag] = 2 cos 9, cosg, , [¢,] = — 2(cos*? & — cos* >) (2.20) 
From (2.20) it follows that 


[tx] = —(1+a), [try] =0 
[ca] = — 2a — (1 — a) , = — 2a— (1 — a) sin*} 
[tag] = (1 — a)singcosh 
+ 4 [tag]* = (1 — a)* 


In this case also it is easy to imagine a picture of variation of dis- 
continuities, analogous to one shown in Fig. 1. 


Note that for the case (2.19), (2.20) the direction of the third 
principal stress either does not change at the passage through the sur- 
face S, or the direction of the discontinuity line in the noy plane is 


the bisectrix of an angle which is formed by the directions of the third 
principal stress. 


Now we pass to some examples. Planes of discontinuity which separate 
regions of constant stresses are of greatest applicability for the con- 
struction of discontinuous solutions for space problems. Let us develop a 


discontinuous state of stress for a four-sided pyramid whose cross- 
section perpendicular to its height is a rhombus (Fig.3). 


Fig. 3. 


Assume that normal stresses act on the faces of this pyramid. Introduce 
planes of discontinuity AOO,, BOO, , Coo, , DOO, . Apply relationships 
(2.19) and (2.20). Identify by index (1) components in the Region ABOO, ; 
use index (2) for region BCOO, and so on. Assume that within the region 
ABOO, , the positive sign is used for 2k in relationship (2.1); within 
the region BCOO, the negative sign will appear and so on. Hence obtain 


675 
For (2.19) 
we have 
dae 
a 
195 | 
£--3- ad 
A 


D.D. Ivlev 


2 
= — + >, = — 2 Hy) + 


2 
(2.24) 


2 
G2) = %3) + >, = %) + 2 cos*64, — 


Adding relationships (2.21) and considering that 913) - 91>): 913) = 
obtain 


cos? = cos* 62) 


from which it follows that 6, a 6, and, consequently, the rhombus ABCD 
must be a square. If 2y denoted the angle between the faces ABO and 
CDO, then, as is easily seen, 


cos § = COs (2.22) 
where the subscript for the quantity @ is omitted. 


Assume that the faces BCO and DAO are stress free. Then co, = 0 in 
the regions adjacent to these faces. Using relationships (2.16). (2.20), 
(2.22) obtain the unknown value of the constant norma! pressure which 
acts on faces ABO and CDO: 


p = — 2k (2 — cos*y) 


In an entirely analogous way a pyramid with an arbitrary number of 
faces may be investigated. Following [5], it can be shown that the number 
of intersecting discontinuity planes at a single straight line mst be 
not less than four. 


Consider an example which would generalize the familiar presentation 
of the discontinuous solution for a truncated wedge [5]. Imagine a four- 
sided pyramid whose cross-section perpendicular to the height is a regular 
traperium, Fig.4. By increasing the height 00, and leaving the contour 
ABCD unchanged, a prism is obtained which was considered in [5] under 
the conditions of plane deformation. Introduce the discontinuity surfaces 
AOO,, BOO, , coo,, DOO, . Assume that the direction of the third 
principal stress in the region ABOO, is perpendicular to the face AOB. 
Direction of the third principal stress in region ADOO, will be deter- 
mined by the conditions at the discontinuity plane. If the face ADO is 
parallel to the direction of the third principal stress, then the shear 
stresses in its plane will be equal to zero. Further, if passing through 
the discontinuity plane DOO, , the direction of the third principal 
stress is parallel to the face DCO, in such a way that its projection 
on the ABCD plane is perpendicular to the line CB, then only normal 
stresses will act on the face DCO. Inasmuch as the stresses in the 
region ABOO, are related in an elementary manner to the stresses in the 
adjacent regions, it follows, assuming that the stresses acting on the 
face ADO are equal to zero, that the normal stresses on faces ABC and 
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DCO may be determined. 


The development indicated is based on an elementary idea and is made 
possible through application of conditions (2.11). It leads to cumbersome 
transcendental relationships between the angles, which are characteristic 
of the pyramid, and are omitted here. 


The projection of the direction of the third principal stress on the 
ABCD plane is indicated by line EFGH in Fie. 4. 


BIBLIOGRAPHY 


Khristianovich, S.A., Ploskaia zadach matematicheskoi teorii plastich- 
nosti pri vwneshnikh silakh, zadannykh na zamknutom konture (Plane 
problem in mathematical theory of plasticity for external forces 
being assigned on a closed contour). Mat. So. Now. Ser. Vol. 1, 
No.*4, 1936, 


Sokolovskiil, V.V., Teoriia plastichnosti (Theory of Plasticity). 
Isdatel’stvo Akademii Nauk. SSSR, 1946, Gostekhteoretizdat, 1950. 


Prager, W., Discontinuous solutions in the theory of plasticity. 
Courant Anniversary Volume. 1948. 


Prager, W., Discontinuous fields of plastic stress and flow. Proc. 
2nd U.S. Nat. Congr. Appl. Mech. 1955; Mekhanika, Sb. perow. IL. 
Mechanics, (Collection of translations). Vol. 4, No. 38, 1956, 


Winzer, A. and Carrier, G.FP., The interrelation of discontinuity sur- 
faces in plastic fields of stress. J. Appl. Mech. Vol. 15, 1948, 


Lee, E.H., On stress discontinuities in plane plastic flow. Proc. 
3rd. Syap. Appl. Math. 1950. 


Hodge, P.G., Approximate solutions of problems of plane plastic flow. 
J. Appl. Mech. Vol. 17, 1950, 


Hill, R., The Mathematical Theory of Plasticity. Oxford, 1950, 


Shapiro, G.S., Uprugo - plasticheskoe ravnovesie klina i razryvnye 
peshenia v teorii plastichnosti (Elastic-plastic equilibrium of a 
wedge and discontinuous solutions in the theory of plasticity). 
PMN Vol. 16, No. 1, 1952. 


Translated by V.A.V. 


677 
5. 
6. 
“4 
| 
| 


ON THE EXTENSION OF THE OPTICAL-MECHANICAL ANALOGY 


(0 PRODOLZHENII ANALOGITI) 


PMM Vol.22, 


No.4, 1958, pp. 487-489 


N. G. CHETAEV 


(Moscow) 


Hamilton discovered the analogy between the wave-optics of Huygens and 
the motions of a mechanical system subject to holonomic constraints and 
subjected to forces that can be represented by a potential function. 


This famous discovery has directed the progress of analytical dynamics 
for a whole century. 


Theories of light continued to develop. Cauchy was the first to set 
the problem on the corresponding extension of the optical-mechanical 
analogy. In this article we establish the analogy between the mathematical 


theory of light of Cauchy and the stable motion of holonomic, conservative 
mechanical systems [1]. 


Let us investigate a mechanical system subject to holonomic constraints. 
Let us denote its independent generalized (holonomic) coordinates as 


9;, +++, GM, m is the number of degrees of freedom, Py» «++, Py are the 
conjugate momenta. 


For simplicity we will assume that the holonomic constraints are inde- 
pendent of time, and the forces acting on the system are represented by 
a potential function U(q,, ++, 9,) independent of time. 


Let 
27 = >) PiP; 
iJ 


denote twice the kinetic energy of the material system under considera- 
tion; under assumptions made, functions Rig= Ryi do not depend on time 
t and may be dependent on the coordinates qT: 


Hamilton's partial differential equation has the form 


where h represents the constant of the kinetic energy. 
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av a 
(U +h) (1) 
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The complete integral of the Hamilton equation (1) is a function 
U (qi, -» @n) + const, 


satisfying equation (1) and depending on the constants @,, «++, @, none 
of which is arbitrary: 


PV 
| 89, 8a; | 
and the constant of the kinetic energy is some function of the constants 


h = h(a,,. 


According to the well-known theorem of Hamilton-Jacobi, the general 
solution of the equation of motion is given by equations 


av Oh 


where B; are constants. 


Perturbed motions of the mechanical system are defined by different 


values of constants a; and B;. 


In order to select from among the possible motions of a mechanical 
system those which are stable with respect to the variables, under con- 
ditions of perturbation of only the initial values, let us investigate 
the differential equations for Poincare variations 

eH 
dt (9,07, Op Op; } 


OH , #H \ (3) 


950%; ) 
where ¢i. n,; are variations of coordinates q; and of momenta P;, and 
H=T-—U 

For a stable unperturbed motion, equations for Poincare variations 
(3) represent a system of linear differential equations, reducible by 
means of a nonsingular linear transformation of variables to a system of 
linear differential equations with constant coefficients; all the 


characteristic values of the system of independent solutions must be 
equal to zero. 


Variations of the coordinates and the momenta of those perturbed 
motions that are defined by variations of constants B; only, whilst the 
a; values remain fixed, will have zero characteristic values, if the un- 
perturbed motion is stable. 


In such perturbed motions, because of equation (2) 
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av 
n= 9,84; j (i = 1,...,n) (D) 


Hence, taking into consideration the explicit expression for H, we 
have 


=2 (81534, ) (= (4) 


Variables q; and constants a, appearing in the right-hand part of 
equation (4), must be replaced by their values corresponding to an un- 
perturbed motion. 


For a stable unperturbed motion let equation (4) be reducible by a 
nonsingular linear transformation 


j 
with a constant determinant [ = || Vij i. 


If €,., «++, €&,-(r = 1, ..., h) denote a normal system of independent 
solutions of equation (4), then 


Liy = Dr Sir 
j 


will be the solutions of the reduced system. For a stable unperturbed 
motion all the characteristic values of the solutions (x... 5666 ,,) are 
zero, as we have seen, and consequently 


av 
= C = | = rCexp\ (84 


where C*, C are some constants different from zero. It follows from the 
last relation that for a stable perturbed motion 


As the functions Ry; are defined by the expression for kinetic energy 


2T = 


the principal diagonal minors of the discriminant || Ris | will all, 
according to the theorem of Sylvester, be positive, ont consequent ly 


equation (5) will be elliptic. 
Let us investigate some twice differentiable function 
@(—ht + V) 


dependent on the complete integral — ht + V of the Hamilton-Jacobi partial 
differential equation. 
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For a stable unperturbed motion, because of (5), (1) and (2) we have 


and consequently 


2(0 +h) , 


This wave equation establishes the analogy between the mathematical 
theory of light of Cauchy and the stable motions of holonomic conserva- 
tive systems. 


If, when integrating the Hamilton equation (1), the variables can be 
separated, then conditions of stability similar to (5) could be written 
down for each complete group of separated variables. 
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As soon as the nonholonomic relations, discovered by Hertz [1], were 
introduced into mechanics, there arose the question whether the already 
existing theorems for holonomic systems could be extended to nonholo- 
nomic ones. First the question was raised (by Hertz[1] ) whether 
Hamilton’s principle was valid for nonholonomic systems. Hertz [1] ex- 
pressed doubt with respect to the validity of this principle for non- 
holonomic systems; Appell [3,2] asserted definitely that this principle 
need not hold for nonholonomic systems. If one examines the derivation 

of Hamilton’s principle, it becomes clear that the validity of Hamilton's 
principle is based on the admissibility of transpositional relations 


d8z = 8dr, d8y = 8dy, d8z = 8dz 


for all coordinates of the system. 


Kirchhoff [4 ] proved that these relations hold for holonomic systems, 
Appell [2] shows by an example that for a nonholonomic system the 
relations mentioned may fail to hold for all coordinates. Subsequently 
the question of the validity of these relations has had the attention of 
various scientists. Hamel [5 }, for example, considered it. Finally, in 
recent years, this topic has been treated in a number of works by Soviet 
scholars. 


1. Let a material system be given. Let Fis seer be generalized co- 
ordinates of the system. We suppose that the system is subjected to 
linear differential constraints of the type 


k—m 


ge’ + Inge + 20 = 9 (8=1,...,m) (1.4) 


t=] 


with coefficients that are differentiable in some region A. 


The motion 


qv = y(t) 


(v= 4,...,h) (1.2) 
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of the material system is said to be kinematically admissible if the 
functions ¢,(t) satisfy identically the system of equations (1.1). 


The following theorem is true for a sufficiently smal] neighborhood 
of every point q,°, ey 9°, t° im the region A. 


Every kinematically admissible motion (1.2) of the given material 
system, which satisfies the condition = q,° = l, ..., k), can 
be given by a one-parameter family of kinematically admissible motions 


qy = D, (t, a) (v=i,..., k) (1.3) 


where @ is an arbitrary parameter such that the functions ® (t, =) satisfy 
the identities 


FO, FO, 


where k — m of these functions can be chosen arbitrarily except for the 
conditions imposed by (1.4). 


Proof. Let us select twice-differentiable functions @ 
satisfying the conditions (1.4), but otherwise being arbitrary. We sub- 
stitute these functions in the equations of the system (1.1). That 
system can then be written in the form 


qo = a, 91, (9 m) (1.5) 


The right-hand members of the equations of this system will be diffe- 
rentiable functions of all indicated variables. This system has only one 
solution q9 = dp(t, «)(@= 1, ..., m), satisfying the conditions 

«) = 19° (9 = 1, m). 


The system of functions 


®, (t, Dm (t, @), (1.6) 


Ons, (t, (t, a) 


defines a one-parameter family of kinematically admissible motions of 
the system. We shall show that this family of motions satisfies the con- 
ditions (1.4), 


Indeed, from the fact that for (t) (eo = l, ..., @) 
the system (1.1) has a unique solution passing through the point a,°, 
t°, namely, ag = = 1, ..., m), and from the fact that 


® (t, dug't) fo = l, ..., R-—m), it follows that 0) = 


= 1, ..., m). 

Thus, the system of functions (1.4) satisfies the first of the 
identities (1.4). We now show that it also satisfies the second identity 
(1.4). 


®, (t, 0) =, jibe (1.4) 

q : 
| 


ite 
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For this purpose we substitute the functions ®, (t, a), 
in the equations of the system (1.5), and obtain 
OD, (t, a) 
= Fy (t, a) eee (1.7) 


The functions Fg(t, a)(@ = 1, 2, ..., m), obviously, will be diffe- 
rentiable functions of t and a. Differentiating the members of the 
identity (1.7) with respect to a, we obtain 

(t, a) OF (t, a) 
dadt da 


§=1,...,m) (1.8) 


On the other hand, one may write the system of identities (1.7) in 
the form 


t 
D, (t, a)= =| Fo(t, a) dt + (9=1,...,m) 

Differentiating these expressions with respect to a, and performing 
the differentiation under the integral sign (which is permissible owing to 
the fact that the functions Fait, a)(@= 1, ..., m) are assumed to have 
continuous derivatives of all orders with respect to a), and different- 
iating the result with respect to t, we finally obtain 

HO, (t, a) OF (t, 
da 

Combining these identities with those given in (1.8%), we obtain the 
second identity of (1.4). This establishes the lemma. 


1et an arbitrary kinematically admissible motion of a material system 
be given by the equations 
= Ov(t) w=—i,...,k (1.9) 
with the initial conditions (t°) = q,°(v= 1, ..., We include it 


in the one-parameter family 


Qv =D, (t,a) (1.10) 
of kinematically admissible motions of a material system satisfying (1.7). 


The system of quantities 


(t,@) a) 


(v=ai,...,&) 


a= 
is called the variation of the motion (1.%) subjected to inclusion with- 
in the family (1.19) of kinematically admissible motions of the system. 


The quantities 5a, -++, Sq, are, obviously, differentiable functions 
of time. 
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We call attention to the fact that the quantities Basu “oe 
5a, may be chosen arbitrarily. This is a simple consequence of the 


Next we prove the following theorem. 


If the variations of every kinematically admissible motion, subjected 
to inclusion in all possible families of kinematically admissible motions 
of the system, satisfy all possible transpositional relations, then the 
system of equations of constraints (1.1) is completely integrable. 


Proof. In the neighborhood of an arbitrary point @.°, ..., a,, t° of 
the region A, we select an arbitrary kinematically admissible motion 
q, ( tly = 1, ..., k) satisfying the conditions 4(t°) = q,,°(v = 1, 
Rk). We include this motion in a one-parameter family (te, a) 
(vy = 1, ..., k) of kinematically admissible motions satisfying the con- 
ditions (1.4), which can be done in consequence of the established lemma. 


The equalities 
k 


—m 

a 

ar + t+ a9 = 0 (9=1,2,. 
o=l 


ag (t, D, (t,a),..,,Dx(t, 


must hold identically in t and a. It follows from these equalities and 
from (1.4) that 
k—m k—m 4 
d 
ai + mio di + + =0 (98=1,... 


Here we have introduced the notation 


0a 
v=) 
In this section the asterisk will indicate expressions in which the 
coordinates q,, «++, 7, are replaced by the corresponding functions 


By the hypotheses of the theorem, the quantities 5q,, ..., 5q, must 
satisfy identically all transpositional relations. In other words, we 
have the identities 

k—m 


590+ >) = 0 (9 = 1,...,m) (1.12) 


o=1 
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Differentiating them with respect to time, we obtain 


k—m k—m 


d d a’ 
o-l 


Let us subtract from the members of these equations the corresponding 
members of the equations (1.11) and obtain the system of equations 
k—m k—m 
d . d 
> rT > 849 m+o Pm+o— bay = 0 
o=1 o=1 
Making use of the expression (1.1) and (1.12) we eliminate from the 
last displayed system of equations the velocities o> +++, O» and the 
quantities 5a,, soe) 5q,. These equations are thus reduced to the form 


k—m 


a 
> ( a, mit 4 at) + 


r=0 


mit 845 mic 


These identities must hold for arbitrary 5a, under a given 
motion q,, = (t) (v= 1, ..., k), and for arbitrary mane 
at the given point t°. The coefficients of 
5a, and of ast O must, therefore, be zero in the above 
identities. But since the point t° was chosen arbitrarily 


in the region A, it follows that the following set of identities 


m 
045 > 045 m4+ 
a, 


ot 


da da 
mic 09, 


(o,t=i,. 


must hold in the entire region A. This means that the system of equa- 
tions (1.1) is completely integrable, as was to be proven. 


Thus, in the case of nonholonomic systems, we cannot interpret all 
possible transpositions of the system as variations of the motion of the 
system within the class of all kinematically admissible motions of the 
system. 


2. Let us suppose, as before, that a given material system is 


subjected to the differential constraints (1.1). 
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1, First, we make the following two hypotheses. 


In the neighborhood of an arbitrary point @,°, vee q,° of the region 
A, and at a fixed time t°, it is possible to select (with a given amount 
of arbitrariness) a continuously differentiable field of velocities 
satisfying (1.1) at the given time. 


The field of velocities is given by the system of equations 


Qe’ 


k—m 


be > +o” ay 


where the functions Pont -++, O are continuously differentiable in the 
indicated arguments but are otherwise arbitrary. 


Let qv = (t) (v= 1,...,&) (2.2) 


be any kinematically admissible motion of a material system satisfying 
the conditions 


p(t?) = (2.3) 


At any instant of time one can select a possible displacement of the 
system so that in the process of motion there is obtained some chain of 
vossible displacements. The second one of our initial hypotheses asserts 
the following: in the neighborhood of an arbitrary point q,°, dedi a 
t° of the region A, it is possible to select, with a known degree of 
arbitrariness, a continuously differentiable (with respect to time) chain 
of possible displacements of the system. 


Temporarily denoting the possible displacements of the system by 
the sequence 745, +++, 7Q,, we may write the resulting chain of displace- 
ments as 


Tq, = (t) (v= 1,...,h) 


k—m 


m(t)=— 
t=1 
= mie (t, Pris (t),- Pe (t)) 


where the functions (t) are continuously differentiable 


but otherwise arbitrary. 


2. We introduce an operation 5 which has the following properties: 
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(a) this operation is applicable only to functions of coordinates and 
time which are differentiable with respect to time; 


(b) the result of the application of this 5-operation to the function 
f(t, sees q,) at the point +++, t° is written as 


where the partial derivatives are taken at the point q,°, ..., a. 
while the set of quantities 5q,, pba 5a, represents an arbitrary dis- 
placement of the system at the considered instant of time. 


3. Let us take an arbitrary point a q,° , t° in the region A, 
and select within the neighborhood of this point at the fixed time t® a 
continuously differentiable field of velocities. This field is determined 
by the formulas (2.1). Applying the operation 5 to the equations (2.1) 
(which are here considered as identities) we obtain the following equa- 
tions which hold at the point eer ¢°: 


9=1,...,m 
k—m 


Introducing the notation 


| 
(Fat) = 
and then dropping the subscript zero, since the point a”. sabia %) t° 


was an arbitrary point of the region A, we may write 


=— a9, m+o%m+o,v — 


Eliminating the coefficient ag, in these equations we finally obtain 


k—m 


& 
= — m+o > — > Cate — bag 
o=1 v=1 o=m 


» 
v=] 
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Thus, the sequence 5q,, ééa 5a, is completely determined if our 
hypotheses are satisfied, and if we are given the generalized velocities 


of the system, its possible displacements, and the coefficient matrix 


(2.6) 


4. In the neighborhood of an arbitrary point GF, 
region A, let us take a kinematically admissible motion (2.2) satisfying 
the conditions (2.3). Along the path of this motion we select a con- 
tinuously differentiable chain of possible displacements of the system. 
This chain is determined by the equations (2.4) in which, however, the 
terms 7q,, 79, have to be replaced by 5q,, Differentiating 
the modified equations (2.4) and setting t = t° in them, we obtain the 
following set of equations which must hold at the point q,°, vere % t° 


d 5 dn, 
a (7), 
k—m 


k—m 


t=] t=! 


We should note that the following equalities hold: (2.8) 
do, \ 

= (8¢m+e)o =1,..., = (qv')o 
This means that the time derivative of the chain of possible dis- 
placements is determined at the point t° as soon as there 

are given the generalized velocities of the system at this point, the 


possible displacements, and the set of quantities 


(Ss +1) (As +) 


This last set of quantities can be represented in the form 


k 
v=] 

Let us suppose, however, that only chains of possible displace- 
ments are taken into consideration for which the quantities 9° aaatoe 
(n’ all vanish whenever the possible displacements 
(5q,) +++, (8q,), vanish. One mst then set = = (B,), = 9, 
which implies that 


= 
£2 
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d 
( = (Bm++.v)o (8qv)o (tm i,..., (2.9) 


Because of the arbitrariness of the point q,°, ..., %°: t°, one may 
drop the subscript zero in the equations (2.7), (2.8), and (2.9). 
Eliminating the quantities nm,” » bbs * from equation (2.7) and making 
use of (2.8) and (2.9) we can reduce ‘3, 7) to the form 


d 
it 


vol 
k—m k—m 


t=] 


( 


Thus, the time derivative of the chain of possible displacements for 
a material system, which at the time t° has the position @°. ocee Ops 
is determined as soon as there are given the generalized velocities of 
the system, its possible displacements, and the coefficient matrix 


Bm+or (2.11) 
Bes 


5. Equating the quantities 5a, to the corresponding (with respect to 
subscript v) quantities d5q,,/dt for the same values of the defining 
parameters, we derive, by means of (2.5) and (2.10), the following system: 


d 
89 => ra 
P k—m k—m 


t=) 


at 


k 
045 mis 4 005 mit ) 


t=1,...,k—m) 


v=1 
On this basis we conclude that the operations 6 and d( )/dt are commuta- 
tive (transpositional) for the last k — m generalized coordinates; this 
transposition is valid at every point of the region A independently of 
the values of the generalized velocities eee 5 bbas a, and possible 
displacement. The situation in regard to analogous transpositional rela- 
tions for the remaining coordinates is described by the theorem. 


In order that the 5-operation at a given point shall satisfy the 
transpositional relations 
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d 
ar (é=1,...,m—a) (2.13) 


it is necessary and sufficient that the following equations hold at that 
point 


m 
04,45 mie s+i, 04,45, m+t 00,44, Ste, 0 


(2.14) 


Proof of Necessity. Taking into consideration the relations (2.13) we 
obtain from (2.12) the equations 
k—m k—m 
D batt, Dy Tn moe — = 0 =1,...,k—m) 


o=1 tT=1 
k 


da da 


v=1 


By isolating within these equations the expression Sa..i) , and 
and by then eliminating the quantities 7,, «++, 
with the aid of the relations 


k—m k—m 


qe + > +a.=0, G0 + > =O 1,...,m) 


t=] 
we reduce the identities (2.15) to the form 


k—m 


m 
Oa, 4; da 


| 
k—m 


t=1 


These equations must hold for arbitrary 54.46 and q°.,,. The ex- 
pressions within the parentheses must therefore be equal to zero, that 


m 
99 m++ oq, 


(omi,...,k—m; t=1,...,k—m; i 
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which is exactly the equation (2.14). 


Proof of Suffictency. Carrying out the presentation in the reverse 
order, we pass from equation (2.14) to the equations (2.15), whereby the 
latter equation will hold for arbitrary 5q,,,, 5 
are Taking into account the equations (2.15) in connection with the 
identities (2.12), we can derive the relations (2.13). This concludes the 
proof. 


We obtained the equations (2.14) at a point. However, if we assume 
that the transposition of the operations 6 and d( )/dt is permissible at 
each point of some region, then the equations (2.4) must hold identically 
in this region. 


In accordance with the theorem just proven, al! material systems which 
are subjected to constraints of the form (1.1) fall into m+ | classes 
corresponding to the different realizable relations of the form 
6. In conclusion we consider an example which illustrates the last 
theorem. We take the system 


dq: +9249,=0, (2.16) 


The integrals U of this system satisfy the following system of linear 
first order, partial differential equations 


au wu au 


Following a well-known method of the integration of systems of linear, 
first order, partial differential equations, we can convince ourselves 
that this system of equations does not possess any solutions other than 
the constant one. This means that the system (2.16) does not possess an 
integrable combination. 


On the other hand, the coefficients in the equations of the system 
(2.14) satisfy identically the equations (2.12) for k = 5, m= 3, s = 2, 
t= 1, 


Therefore, the system (2.16) admits the transpositional relations 


d d d d d 


d 
= 
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ON THE STABILITY OF MOTION OF A GYROSCOPE 
ON GIMBALS, II 


(OB USTOICHIVOSTI DVIZHENIIA GIROSKOPA V KARDANOVOM 
PODVESE II) 


PMM Vol.22, 


No.4, 1958, pp. 499-503 


V.V. RUMIANTSEV 


(Moscow) 


(Received 11 April 1958) 


The author investigates the stability of a certain kind of motion of a 
symmetrical gyroscope on gimbals when the stationary axis of the outer 
gimbal ring is horizontal. This note is a continuation of [1 ]. 


l. Let the fixed point O of a symmetrical gyroscope coincide with the 
origin of a fixed, rectangular, coordinate system Ofn¢; the O¢ is 
horizontal and coincides with the fixed axis of rotation of the outer 
gimbal ring. The rectangular coordinate system Oxyz moves with the inner 
gimbal ring; the axis Ox coincides with the axis of rotation of the inner 
ring, the axis Oz coincides with the axis of the gyroscope. The directions 
of the axes On and Oy are such that the rectangular coordinate systems 
O€n ¢€ and Oxyz are right-handed. Let the axes x, y and z coincide with 
the principal axes of inertia of the inner ring with respect to the 

point O; let the weight of the gyroscope plus the inner ring be P and let 
the center of gravity of the gyroscope and the inner ring be on the 
z-axis, its coordinates being (0, O, z,). Let A = B, C and A,, B,, C, be 
principal moments of inertia of the gyroscope and of the inner ring with 
respect to the fixed point O respectively and let A, be the moment of 
inertia of the outer ring with respect to its axis 0d. 


As the independent generalized coordinates, which define the orient- 
ation of the mechanical system under consideration in the space Ofn¢, 
we shall take the Fulerian angles: the angle of nutation @ (between the 
axes ¢ and z), the angle of precession W (between the axes € and x) and 
the angle of rotation of the gyroscope itself d, that is the angle 
through which the gyroscope turned about the axis Oz with respect to the 
inner gimbal ring. Projections of the instantaneous angular velocity of 
the gyroscope w, and of the inner ring @®,, on the moving coordinate 
axes are expressed by the following formulas: 
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(1.1) 


, 


Py =@’, =Y'sin 6, cos § 


The vector of the instantaneous angular velocity of the outer ring is 
directed along the O¢ axis; its projection on the O¢ axis equals w’. 


We shall use the following expression for the kinetic energy of the 
system (1.1, 


T = {(A + A,) 9? + [(A + B,)sin® 6 + C, cos? + + C +’ cos 6)*} 


and the following force function of the gravity forces 
U = —Pz,sin6sing (1.1,2) 


Constructing the Lagrange function L = T+ U, we obtain the following 
equations of motion for our system: 


(A + A,) —(A + B, — C,) sin cos + C + cos sin 6 + 
+ Pz, cos sing = 0 
{{(A + B,) sin? 6 + C, cos? 6 + + C + cos 6) cos + 
+ Pz sin§cosy = 0 (1.2) 
+ ¥ cost) =0 
The equations of motion (1.2) admit the first integrals 


(A + A,) 6’? +[(A + B,) sin® 6 + C, cos? § + A,] py? + 
cos 6)? + 2Pz,sin§ising =h 
+ cos$ = r = const (1.3) 
the first of which is the energy integral. We shall investigate the 


stability of rotation of the gyroscope about a vertical axis, described 
by the particular solution of the equations (1.2): 


, 1 
§=—r, Y=90, (1.4) 
It is immediately seen that in the (1.4) case, the middle plane of the 


outer ring is horizontal and the middle plane of the inner ring is 
vertical. 


Substituting perturbations 
6’ = 7, p= = 1's (1.4,1) 


we easily find that the equations of the perturbed motion admit the 
following first integrals: 
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V, = (A+ A;) + (A + By + As) M2? + € + 208) — 
— Pz. + 727) +... = const 
V,=£§ = const (1.5) 


The first of the above integrals contains the first and the second 
order terms only with respect to the variables ", and Nos The function: 


V = V, — 2CaV, = (A + A,) 9? + (A + B, + Az) M27 + 
+ — + 92°) +--- (1.6) 


is a positive-definite function of its variables only when 


Hence, the above inequality is a sufficient condition for stability of 


motion (1.4) with respect to the variables 0, 0’, wv, wv’, r* for any 
value of w. It is easily seen that the stability is of a secular kind. 


In the case of an equilibrated gyroscope (2, = 0) the motion (1.4) is 
stable with respect to the variables 0’, wv’, r. 


When 2 > 0, the degree of instability is even, hence the gyroscopic 
stabilization is possible according to Kelvin’s theorem. We shal! find 
the condition for the gyroscopic stabilization by utilizing the funda- 
mental Chetaev theorem [2] on the existence of a definite quadratic 
integral of the variational equations for a stable unperturbed motion. 


It is easily seen that in the considered case the variational equa- 
tions 


(A + Aj) + Car’ — = 0 
(A + B, + Az) 42” — Can,’ — P2o%2 = 0 (1.7) 


admit the integral [ 2 ] 


= 2[(A + Ay) — (A + By + As) + + — 
— As (A + By + Ag) — (A + Ay) + 


+ (4,2 — = const 


Let us consider the following function: 


V= 3 Cc aV, -}- P20 = 


Crew? 4+ (Ay — By — Az) P 
(A 4 Ay) + 2(A + Ay) Pron’ ne + 


Skimel V.N. Nekotorye Zadachi ob ustoichivosti dvishenia tverdego 
tela. (Certain problem of stability of motion of a rigid body) 
Avtoreferat dissertatsii, Kazan, 1955. 
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2Cw 
2 A B,—A 
4. + ( Bs Pro (A + By + Az) —2(A + By + Ag) + 


C%qw? A RB, — A) Pt 


In the case when zy > 0, the function V is a positive-definite func- 
tion of its variables if the following single condition is satisfied: 


— (2A + A, +B, + A, + 2V (A + Aj) (A + +.A2)) (4.10) 


The condition (1.10) turns out to be the condition for the gyroscopic 
stabilization of the motion (1.4) with respect to the variables @, w, 


Neglect of masses of the gimbal rings reduces (1.19) to the well- 
known Maievki condition C’a* - 4 APz,, > 0, which is the necessary and 
sufficient condition for stability of rotation of the Lagrange gyroscope 
about a vertical axis. It could be proved* that the inequality (1.10) is 
also the necessary condition for the stability of motion (1.4). 


If the gyroscopic stabilization does take place, it will be sooner or 
later destroyed by the dissipative forces; that is, the stability of 
motion (1.4) in the case z) > © and satisfying the condition (1.19) is 


temporary. 


In order to prove the above statement, we shall assume that in the 
perturbed motions the dissipative forces which are derivatives of the 
positive-definite Raleigh function are present. 


2f = ayy’? + 2by + (1.1A) 
The approximate equations of the perturbed motion are 
(A + A;) + Can,’ — = — an,’ — bn,’ 


(A + By + Az) — Can,’ — = — by,’ — cn,’ 
Let us consider the function 
2W = (A + Aj) + (A + B, + Ag) — (11? + — 

— 4e[(A + Ay) mm" + (A + By + As) MoM’) (1.12) 

and its time derivative, in view of the differential equations (1.11), 

W’ = — {[a + + + 2by, + + + B, + A,)] + 

+ 2P2y8 (m1? + — 2e [Coo — + + + 

+ + C%2%2' (1.13) 


See the preceding footnote. 
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Here « is a positive constant, sufficiently small to make the main 
diagonal minors of the discriminant of the quadratic form W’ positive. 
Then, the function W’ will be negative-definite, the function W will 
have an infinitely small upper bound and also could be made negative by 

a suitable choice of numerically small values of My: Ms hus No’: On 
the strength of the Liapunov theorem on instability we nabaie that the 
motion (1.4) is unstable with respect to the variables 6, w, 0’, w’, 
when dissipative forces are present. 


We shall consider also the problem of the rotational stability about 


a horizontal axis of a heavy symmetrical gyroscope, as defined by the 
particular solution of the equations (1.2): 


6=0, #=0, (1.14) 


In this case the middle surfaces of the inner and outer rings are 
vertical and coincide with each other. We shall prove that the motion 
(1.14) is unstable with respect to the variables 0, vw, 0°, w’. The equa- 
tions of the perturbed motion in this case have the form 


(A + Aj) — (A + By — Cy) + C (@ + 9) + 
4 Pzons (1— + 0 


(Az + Cy) M2” + 2(A + By — Cy) + (A + By — Cy) + 
+ (1— —C(o+Omn' +...=0 (1.45) 


where the rows of dots indicate omitted terms of higher order than three. 
Let us consider the function 


V = (A + Ay) + (Aa + C1) (1.16) 
whose derivative V’, in view of (1.15), with terms above the second order 
omitted, is 


— P29 + 42") + (A + Ay + Ao + C1) +... (1-16,1) 


Let, for example, z, > 9. In one of the parts of the region V < 0, 
defined by the simultaneous inequalities 


’'<0, >0 (1.16,2) 


the function V’ is a negative-definite function for sufficiently small 
numerical values of the variables. 


It follows that the function V satisfies all conditions of the Chetaev 
theorem on instability, which proves our previous statement that the 
motion defined by (1.14) is unstable. 


2. We shall now consider an interesting case of a gyroscope on gimbals 


with a moment of external forces L_ applied to the axis Oz. In particular, 
we could choose a moment such that the angular velocity of rotation of 
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4 the gyroscope itself would remain constant; that is 4’ = constant. Let 
i ‘ us assume that the moment L, is a continuous function of the Eulerian 

4 & angles and their time derivatives. 

q . In the case under consideration, the equations of motion of a 

. symmetrical heavy gyroscope with a horizontal axis of rotation of the 

4 . outer gimbal ring could be reduced to the form (2.1) 


(A + A,) 6" —(A + B, —C,) p* sin 6 cos 6 + Cry’ sin 6 + Pz, cos 6sin = 0 
+ By) sin®6 + C, cos*6 + Ay] — sin 6 + Pz sin 6 cos = 0 


dr 


Irrespective of the character of the function satisfying the pro- 
perties of L, the first integral of the equations of motion (2.1) is 
(2.2) 
(A + A,) + [(A + B,) sin? 6 + C, cos? 6 + A,] + sin 6 sin }=const 


and it is analogous to the energy integral. 


We shall assume also that the equations (2.1) admit particular solu- 
tions of the kind (1.4) or (1.14), which is obviously possible when 

L= 9. It is easily seen that all the reasoning given in Section 1 con- 
cerning the stability or instability of motions described by the 
particular solutions of (1.4), or (1.14) is valid for the present case. 


Indeed, the equations of the perturbed motion (1.4) have the first 
integral 


Vy = (A + Aj) + (A + By + Ag) — + + ... = const (2.3) 


which at Zo < 0 is positive-definite with respect to the variables M1: 
N>» 1,» 92°, showing that at z, < © the unperturbed motion (1.4) is 
stable with respect to the variables 9, 0’, vw, wv’. 


As before, the variational equations are of the form (1.7), and admit 
the integral (1.8). Examining the Liapunov function 


Ve + CoV, + P20 (2.3,1) 


we obtain for z, > 0 the condition (1.10) for the gyroscopic stabiliza- 
tion (first approximation) of the motion (1.4) being destroyed by dis- 
Sipative forces. 


Examination of the function (1.16) shows that in this case the motion 
(1.14) is unstable. 
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V.V. Rumiantsev 
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ROLLING OF A SPHERE ON AN INCLINED PLANE 


(KACHENIE SHARA PO NAKLONNOI PLOSKOSTI) 
PMM Vol.22, No.4, 1958, pp.504-509 


E. I. KHARLAMOVA 
(Moscow) 


(Received 20 March 1958) 


The problem of a sphere rolling on a horizontal plane was completely 
solved by Chaplygin on the assumption that the center of gravity of the 
sphere coincides with its geometric center, [centroid]. As far as we 
know, the problem of a nonhomogeneous sphere rolling on an inclined 

plane, having a triaxial ellipsoid of inertia about the center of gravity 
which coincides with the geometric center of the sphere, has not yet been 
solved. We show in this paper that if certain restrictions are imposed on 
the initial conditions, the equations of motion of a sphere on an inclined 
plane can be reduced to equations whose form is identical with those in- 
vestigated by Chaplygin. 


With the inclined plane we associate a coordinate system 0,649.4), 
where the axis 0 ¢, is directed normal to the plane and 0,6, is directed 
along the line of steepest descent. We take the origin of the coordinate 
system O&n¢, with axes parallel to 0,€.944,. at the geometric center 
of the sphere. 


Let Re, , Ry be the components, along the axes Ofn¢, of the re- 
action of the plane at the point of contact of the sphere, and let Ke, 
K,. K» be the projections of the angular momentum of the sphere relative 
to its center onto the same axes. We denote by vlvg, Ups 0) the velocity 
of the center of the sphere and by owe, Wy we )its angular velocity. 


Assuming that the center of gravity of the sphere coincides with its 
geometric center, the general equations of dynamics are 


(1) 


where m is the mass of the sphere, op is its radius, and F is the com- 
ponent of gravity parallel to the plane. 
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From (1) we obtain 


dK dv 
n 
at 


K,—mpv, =n, Ke=h 


We have set the constant of the second integral equal to zero. There 
is no loss in generality since the time does not occur explicitly in the 
corresponding differential equation. 


We suppose that the sphere rolls without sliding and that therefore 
the points of contact of the sphere with the plane have zero velocity. 
Then 

v—axpk = 0 (2) 
where k is the unit vector along 0¢. Projecting on the axes O&n¢, we 
obtain 

VE =POn, = — (3) 


Hence 
(4) 


With the sphere we associate a fixed coordinate system Oxyz, with axes 
having the same directions as the principal axes of the ellipsoid of 
inertia at its center 0. We denote by L, M, N the principal moments of 
inertia about the center, and the components of the angular velocity 
along these axes by p, a, r. If the projections of the unit vectors along 
the axes O€, On on the axes Oxyz are a, a”, B, B’, B”, ae 
respectively, then 

We = pa + qa’ +ra’, Ke = Lpa + Mqa’ + Nr2’, 
tn = pB + 98" + 78", K, = LpB + Map’ + 
= pyr +rr’, Ky = Lpy + May’ + 
From (5) we obtain 
(Kg + + (A, + mp*w,)® + + = n® + + (h + mp*ux)? 
(6) 
or, in terms of the axes Oryz, 
(L + mp?)?p? + (M + mp*)? q? + (N + mp*)? r? - 
= + + [h + me? (py + + 

Since the unit vector k{y, y’, y’) is invariant, taking (2) into 

account, we have 


dk dk 
0xk =0, 
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and consequéntly the square of the velocity may be expressed as 


+ + 7%) (9) 
Hence the energy integral can be written as 


+ Mgt + + (i? + + 7) = 2F (10) 
where | is a constant of the vis viva which, without loss of generality, 


can be made zero by the choice of the origin of the fixed coordinate 
system on the inclined plane. 


In addition, vg = dé,/dt and vy = dn,/dt. Hence, in view of (3) and 
(5), 
dé, , dm , 
=O + + 7B"), = — p (pa + ga’+ ra”) (11) 


Equation (8) gives 


d dy’ dy 


From these equations and the third equation of (4), which by (5) can 
be written as 


Lpy + Mey’ + Nry’ =h (13) 
we find 

+ + Ny) = hy + — (14) 

q (Ly? + My’? + = hy’ + Lyi’ — 

r (Ly? + My’? + My") = hy” + Lyi’ 
The second equation of (4) can be written as 

(L + pB + (M + mo") + (N + mot) = pFt 

If the formulas By + A’y’ + 0, + + BY? = 1 (the re- 


lations between the direction cosines relative to rectangular axes) are 
adjoined to (c) and if these three expressions (2) are resolved relative 
B, B’, B” , we obtain, in view of (7) and (13), 


(n® + =n [(M + mpo*) gy” — (N + mp*) + (L + mp*) ppFt — 
— pFt + (py + + 
(n? + Ft?) B’ =m [(N + mp*) ry — (L + mp*) py”) + (M + mo*) gp Ft — 
— pFt{h + mp* (py + a7’ + 7’ 
(n® B* = n[(L + mp*) py’ — (MI + mo*) + (V + mo*) roFt — 
— pFt [h + mo? (py + + 7" 


(15) 


Substituting (15) into the first equation of (11), we get 
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+ mo?) gy” — (N + mp) ry'] p + 


+ 1(N + mp*) ry — (L + mp?) py"). + ((L + py’ — (M + mp*) + 

+ pFt [(L + mp*) p* + (M + mp*) + mp?) r?] — 

— p*F tm (py + + ry")? — hpFt (py + + (16) 
* The expression included in the braces can be written as 

j Lp — gr") + Mq — + Nr — Pr’) = Loy + May’ + (17) 
5 The second and third terms on the right side of (16), in view of (10) 
: and the obvious relation 

are transformed into 


pFt {Lp* + Mq? + Nr* + mp? [(p? + + 7°) (7? + 1? + 1) — 
— (pr + + = pFt{Lp* + Mq* + Nr? + 
+ me? [(ry’ — + (py — rr? + (91 — PD = 


= pFt[Lp* + Mg? + Nr® + mo*(q? + + = 
Using (14), we find 
+ =p —N) + (N —L) + (L— +41 (18) 


where 


H = Ly* + My? + Ny? 
3 Equation (16) can be written in the form 


=n (Ley + May’ + + 


— ht (M —N) +(N —L) (19) 


Hence we have a closed system of equations (7), (10), (14), (17), 
(19) which determine P, ae 


Eliminating p, a, r from (7) by means of (14), we get 


+ + LM" + 
+ (Ly? + My’? + Ny") [mp? (1? + 7? + 7?) — = 0 (20) 


For convenience in the further calculations we write the integral 


(10) in the form 
(L + mp?) + (M + mp*)q? + (N + mp*)r? = 2F%, + 
+ mp? [((p? + 9? + 7?) (7? + + — on’)? — (pr — — 


or 
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(L + mp*) p? + (M + mp*) q? + (N + mp*) r? = + mp? (py + or’ + 


Multiplying this expression by mp’ and subtracting from the integral 
(7), we obtain 


L(L + mp?) + M (M + mp*)q® + N (N+ mp") = 
= n® + p* Ft? + h? + 2hmp* (py + gy’ + ry") — 2mp* 


In view of (14) and (18) this relation may be rewritten as 


— LM + (ML — +(NMyy— + 
+ NLq’? + =— + + NY) — 

— (MN (N — M) + NL(L—N) + LM (M —L) 
+ me — + (N —L) + (L—M) + 


moth? 


+n? + — 2mp* Fh (24) 


Eliminating p, a, r from (19) yields 


24 
= 2pF%,t — 
oF ht 


th + (M —N) + (N—Ly +(L—M) (22) 
+ —N) M + N(L— M) 777) 
If the sphere is placed on the plane without applying an initial velo- 


city, the constants of integration h and n in (4) are zero. In that case, 


(22) reduces to 


_ of 


or & = + vi? (23) 


We shall determine the constant v. The position of the sphere on the 
plane is determined by the coordinates oi. n, of the center and the 
orientations of the axes Oxyz relative to the plane, i.e. by the Euler 
angles. The initial position of the sphere on the plane determines the 
initial values of the Euler angles, and consequently the initial values 
a,” By, By’, By”, of all nine direction 
cosines. 
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Since the sphere is initially at rest, 


Po=% =9 
Substituting (5) and (4), we get 


Apa + Bqa' +- Cra” = 0 
Ap + + CrB” = pFt 
Lpy + May’ + = 0 
where for brevity we have introduced the notation 
A=L+ B= M + C = N + (26) 
Since dé, /dt= vt, the first expression of (11) gives 
pB + 9B’ + = —t (27) 


Differentiating (25) and (27) with respect to t and setting t = 9, we 
get, by (24), 


AxoPo + Bao qo + =0 
ABoPo + qo + CBo"ro = pF, LyoPo + M%o'qo + 
BoPo + Bo" o (28) 
The determinant of the first three equations relative to the required 
initial values Por Tor Mo is different from zero. Indeed, 
Ba,’ Ca,” 


A AB, B38,’ CB,” = LBC — Bo ) + 
Ly, My Nx" 


MC (%"By — %o8") + NABY_" (%oBo’ — Bo) 


But 


There fore, 


A = LBCy,? + MCAy,* + NAB"? +0 
and 


Po = (CMa, To _ To ) 

ro = — AMaoy,’) 


Substituting these values into (28), we obtain 


y= — + Po! (ANaoto” — + 
+ B,” (BLao'%o )] 
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which on the substitution of (26) finally yields 


+ NI Bo’? + LMB,"* 4+ mp* (Tyo? + My,’* + 
LBCyq? + MCAy,'? + NABy,”* 


v= p*F 


Hence the center of the sphere moves with uniform acceleration in the 
direction of the line of steepest descent, and the acceleration is a 
function of the initial orientation, with respect to the plane, of the 
principal axes of the central ellipsoid of inertia of the sphere. 


Substituting for é, from (23) into (20) and (21) yields, on the 


assumed conditions, 
+ + LM mo? (724 =e 
(LN yy — 4 (ML — + (29) 
+ — NLyy') (MNy? 4 NLY*4+ LM 7) = (F — my) 


We introduce a new independent variable r by the equation 
2tdt d= 


Then (29) takes the form 


1 , dy” » dy\? 
a — LMy + (MLy — MNx 4 (30) 


2 


=z — my) 


Equations (30) coincide with equations (18), (19) of Chaplygin’s paper 
[11], which describe the motion of a sphere on a horizontal plane on the 
assumption that the angular momentum is horizontal. 


Hence the solution of our problem has been reduced to a problem already 
investigated. All the results obtained by Chaplygin in his work for h = 0 
can be extended to our problem if the time is replaced by the parameter r. 


In particular, it remains to correct the geometric interpretation of 
the motion given by Chaplygin in his paper, which consists in the follow- 
ing: there are associated with the sphere two quadric surfaces - an 
ellipsoid and a hyperboloid. Describe a square about the sphere with one 
side of the square tangent to the sphere at its point of contact with the 
plane and perpendicular to the line of steepest descent, and with the 
side parallel to the first side tangent to the sphere at the diametrically 
opposite point. The surfaces associated with the sphere touch the sides 
of this square during the motion of the sphere. As distinct from the 
problem considered by Chaplygin the square does not move with constant 
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velocity in the direction perpendicular to its plane, but with uniform 
acceleration v. 


In the general case, i.e. forn #4 0,h #4 0, the problem reduces to 
the integration of a system of three ordinary differential equations of 
the first order. 
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CONSTRUCTION OF PERIODIC SOLUTIONS 
OF AUTONOMOUS SYSTEMS WITH ONE DEGREE OF FREEDOM 
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The method for the construction of periodic solutions of autonomous 
systems with one degree of freedom is worked out in detail for the case 
of simple nonzero roots of the equation for the basic amplitudes {1,2 ]. 
The present paper considers the general case when the roots of the above- 
mentioned equation, being real and nonnegative numbers, can have any 
multiplicity. 


1. Consider a nonlinear vibrating system with one degree of freedom 
d*z dz \ 
+ =uf(2, Fe) (1.1) 
The function f(x, dx/dt, «) will be considered analytic with respect 
to its arguments in a certain domain. The quantity u is a small para- 
meter. 


Introduce a new independent variable r = kt. Then equation (1.1) 
assumes the form 


d*r dz \ 

de tt= pl (1.2) 
In what follows the derivatives with respect tor will be denoted by 

a letter with a prime. 


Since the system is autonomous, then without loss of generality one 
of the initial conditions can be assumed to be 
z’(0)=0 (1.3) 
Corresponding to this assumption the solution of the generating equa- 
tion (x = 0) 


a 
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Zo" (t) + Z(t) =0 
has the form xz, (r) = A,cos ©. 
We shall seek periodic solutions of the basic equation (1.2) by the 


method of a smal! parameter. Let the second initial condition be of the 
form 


z(0)= A, + 8 (1.4) 


where 8 is a function of uw vanishing for » = 9. Then the unknown func- 
tion x will have the form x = x(r, A, pw). 


It is well-known that the period of vibrations of the autonomous 
system (1.2) depends on the parameter » and may be put in the form of a 
sum T = 27 + a, where 27 is the period of the generating solution and a 
is a certain function of » vanishing for p = 0. 


Let us determine the structure of the function x(r, 8, «). Assuming 
that this function can be developed in a series of integral powers of 
the parameters & and uw, we shall have 


© (=, By st) = 20 (2) + By ()B + Cy (2) (2) BY + Dy (2) Bu + 
The functions B,(r) satisfy the equation 
B," + B, (t) =9 
the initial conditions being 
B, (0) = 1, (0) = 0, B, (0) = 0, B,,' (0) 0 (an = 2,3, sé 
Consequently, 


B, (x) = cost, B,(t) = 0 (n= 2, 3,...) 


Taking this into account, the function x(r, 8, w) can be represented 
in the form 


x Psu) = Ascoss + peoss + (Cy + B + + (1.5) 


It is necessary to remember that all Cr) and their derivatives with 
respect to § are evaluated for 8 = » = 0. From formula (1.5) it follows 
that the identity 


(==) =(=*) (1.6) 


w= 


| 
>“) 
2 
3 
holds. 
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It is obvious that this property is possessed not only by x but also 
by any of its derivatives with respect tor. In particular, 


(==) = (7 ) (1.7) 
83" \PA™/ 

Let us prove that differentiation with respect to 8 can be replaced 
by differentiation with respect to Ay also in mixed derivatives of x with 
respect to 8B and uw, these derivatives being evaluated for the zero values 
of the parameters. First notice that under the assumptions made the 
function f(x, kx’, #) can also be developed in a double series of inte- 
gral powers of and pn. 


Consider the coefficient of A"! in the expansion of x(r, B, u). 
This coefficient can be obtained by solving the corresponding nonhomo- 
geneous differential equation of the second order for the initial condi- 
tions equal to zero. Multiplying both sides of this solution by 


m'(n + 1)! we obtain 


fam tnt, n+1 ant 


Assume that 


(<= ( 


and that a similar identity exists for x’. Let us prove that analogous 
formulas hold for the mixed derivative of the order m+ (n+ 1). 


Since 


(= 
then 
tny 


ants ) ) 
8-0, u—0 Au” u=0 


au” 
From the formula (1.8) and the formula obtained by differentiating 
both of its sides with respect tor, the sought relations immediately 
follow. The identity (1.9) holds for n = 0, and, consequently, it will 
hold also for any n. Analogous identities hold for any derivatives of x 
with respect tor. 


Making use of these properties, the function x‘r, 8, «) can be re- 
presented in the form 


x(t, B, = Aycost + Beost + (Cy 4 + 
n=1 
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Consequently, in order to construct the function x(r, 8, w), it is 
necessary first to know the coefficients C,{r) of w". The remaining 
coefficients of the double series can then be obtained by successive 
differentiation of C,,{r) with respect to A,. Denote 


{ 
H,, (t) 1)! (“ 
(n— 1)! \du 


where df/du is the complete partial derivative of the function f(x,kx’ ,p) 
with respect to uw. The coefficients C,,{r) satisfy the equation 
Cn (t) + Cal) =p H,,(*) 
the initial conditions being C,(0) = 0 and C,, (0) = 0. From this it 
follows that 


0 0 


The first four functions Hr) are 
H, (=) = f Ato’, w) = f (Ay cost, — kAgsin =, 0) (1.12) 


H,(t) = + (55) +/( (1.13) 


1 


\ 


+ (aut), + + 
( au ) 0 + + (3; A), at 


(1.15) 


The subscript © indicates that in the partial derivatives of the 
function f the variables x, x° and uw mst be replaced by Ay cosr, 
~ A. sinr and 0 respectively. 


2. The periodicity conditions for the function x(r, 8, w) and its 
first derivative with respect tor, in conformity with the initial con- 
ditions (1.4) and (1.3), can be given in the form 


(2m +2,B, 2) = do +B (2.1) 

+a, B, =0 (2.2) 
From condition (2.2) which defines the quantity @ implicitly, let us 
determine a = a(f, uw) in the form of a double series of integral powers 
of B and w. For the determination of the coefficients of this series it 
is necessary to calculate the partial derivatives of a with respect to 
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B anduw forr = 27 and f= = 9. 


The existence of partial derivatives of the implicit function a(f, «) 
is assured in the present case by the condition 


(2x, 0, 0) = — Ay #0 (2.3) 
Thus the construction of a series solution for the function a(f, xz) 


is possible only in the case when the amplitude of the generating solu- 
tion is different from zero. 


Since all derivatives of x’(r, 8, uw) with respect to & are equal to 
zero forr = 2” and uw = 0, then 


Qn the basis of the identity (1.9) in mixed derivatives the differen- 


re = tiation of the function @ with respect to 8 can be replaced by 


differentiation with respect to Ay, i.e. 


am 
a3” au" \@A™au" ), 0, u=0 


Consequently, it is only necessary to calculate the partial deriva- 
tives of the function a with respect to uw. Calculating successively the 
first four derivatives, we obtain 


(5) (2n) = N, (2m) 


2 1 ‘ 
(Ss) (2n) + Hy Ny (2n)] = 2N, 


(Sat), = + ge — [Cy (2m) + — 


Hy’ (2n)C,' — (2n)| N, (2n)} = 6N, (2.6) 


(=), A, a + iz H, N;(2n) 2 (2x) — Pe H, (2) 
— H,” (2x) C,'? — H, H,' (2%) (22) — 


2k* Ay 


Hence for the function a we obtain the expression 
x(B, u) = >, (Nat Pt > 


n=! 


Let us note that all quantities NV. and their derivatives with respect 
to A, are evaluated for r = 2” and 0, 


Now consider the condition (2.1). For a preliminary simplification of 


te 
(2.4) 
q (2.5) 
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this condition expand the left-hand sides of (2.1) and (2.2) in series of 
powers of a. Multiply the equality (2.2) by @ and subtract it term-by- 
term from the equality (2.1). We then obtain 

B, — + (2n, 8, u) — (22, B, uw) — (22, 8, u)—... = 


= A, + 8 (2.9) 
Substitute in this equality the expressions for x(27,f, x” (2m, 
B, w), ... as given by formula (1.10) and for a its expression by formla 
(2.8). The terms of the left-hand side of this equality are products of 
two functions, each of which possesses the property (1.9). Terms on the 
same side which are independent of uw are compensated by the right-hand 
side. Thus the condition (2.9) can be put in the form 


@ 


eM, 
> (Mn + 5a! =0 (2.40) 


n=l] 


Let us note that the quantities M,, are also evaluated for r = 27 and p 22 
B = uw = 0: Calculating them we obtain 


M, = C, (2n) (2.14) 
= Co(2n) + (2.12) 


M,(2n) = C;(2n) + (2n) way H C,' (2n) Jevem (2.13) 


(2x) C,’ (2) + 


3. The obtained formulas permit us to pass to the determination of the 
quantities a and # and to construct periodic solutions of the equation 


(1.2). 


Assume that the quantity 8 can be expanded in a power series of p, i.e. 


8 = > Age” (3.1) 
n=1 


Substituting this series into the formula (2.10) and equating to zero 
the coefficients of all powers of u, we obtain* 


M, (2n) = C, (2n) = 0 (3.2) 
A, 4+ M.(2n) =0 (3.3) 


The formulas (3.2) to (3.4) coincide with the periodicity conditions 
(21), (26) and (31) for the functions a,(r) in the paper [ 2 FF 


. 

| 

ae, 

4 
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An + tA t Ms (3.4) 
A} + 
+ My (2n) = 


From the obtained condition the amplitude A, of the generating solu- 
tion and the coefficients A_(n = 1, 2, ...) Pe RIOT are the initial dis- 
placement 8 of the system can be esiesianet in succession. 


The condition (3.2) is an amplitudinal equation from which A, can be 
calculated. If A, is not a multiple root of the equation (3.2), then from 
the remaining conditions, which are linear with respect to A,, A 


these coefficients can be calculated in succession. 


If equation (3.2) has a double root, then for such a root dC, /dAp 0. 


In order that a periodic solution exist in the last case, it is 
necessary that the supplementary condition M,(27) = 0 be satisfied. This 
last fact is easily seen from the condition 13.3). 


If this condition, together with that of (3.2), is identically satis- 
fied, then OM, / AA, = 0. The coefficient A, is given by the quadratic 
equation 

1 


2 PC, 


+ M;(2n) = 0 


Since the quantity A, must be real, then there can exist for A, either 
two values or none at all. The equation for the determination of the re- 
maining coefficients A,, A,, --» will again be linear. 


The case of a triple root of the amplitude equation (3.2) can be dis- 
cussed in a similar way. Here, for the existence of a periodic solution, 
it is necessary to satisfy one additional condition M, (2m) = 0. The 
coefficient A, in such a case is determined by an equation of degree 


three. 


It is obvious that for a root of multiplicity n of the equation (3.2), 
n-— 1 supplementary conditions will have to be satisfied, and the coeffi- 
cient A, will be given by an equation of degree n. 


Thus, in the case of mltiple roots of the equation for the basic 
amplitudes, bifurcation of the generating solution is possible. 


In order to determine the period of the solution of the equation (1.2) 
assume that this period can be represented in the form of a series in 
powers of un, 
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T + hyp + hp? + --- (3.6) 


(3.7) 


Substitute in the right-hand side of the formula (2.8) the expression 
(3.1) for 8 and replace the left-hand side by the series (3.7). Equating 
the coefficients of equal powers of p on both sides of the equality we 
obtain* 


(3.8) 


(3.9) 


ON» aN, 
+ Ai +548 


Let us make an additional substitution for the independent variable 
by putting 
t= 7% (1 + hyp + hyp? + ---) (3.12) 


and let us look for a solution of the equation (1.2) in terms of r,. This 
solution has period 27, independent of u. Substitute (3.12) for r into 
the functions C,,(r ) and cos r and expand them in series of powers of p. 
We then obtain 


and 


COS = COS tTo— Sin tox — (het, sin t) + +- cos — 


— (haz, sin + hy hg? COS — 2 sin t%)p? — --- (3.14) 
Substitute into the formula (1.10) the expressions (3.13) and (3.14) 
for the functions C,{r) and cos r and drop the subscript 9 of ro: Expand 
the left-hand side of this formla in the form of a series in powers of 
the parameter uw, i.e. let 


* Pormulas (3.8) to (3.10) coincide with the formulas (22), (27) and 
(32) of the paper [2 ms obtained from the conditions of periodicity 
for the functions bi(r). 


; 716 
Then 
n=} 
h, = N, | 
ON, 
he = => +N 2) | 
{ ON: , 1 aN, \ vol 
hs = (42 + A, Ns) (3.10) >7 
4 ON, } 9° 
= 
2 1 ON; 
+ At gag At + Ni (3.11) 
| | 
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= X(t) + wx, + p*z,(t) + --- (3.15) 
Equating the coefficients of equal powers of » on both sides of the 
equality, we obtain 
Z(t) = Ay cost 
2, (t) = A, cost + — hy Agt sine 


(zt) = A, cosz + Cy (t) + hytC,’ (x) + A, — 


— h, A,t sin = — + hy? cos t — 


- 2 


(t) = Ay cost + Cy + + A, 
#C 
+ (t) + A, aA, 4 7 — h,A,tsin= — cos — 


—h,A,tsin= + Agr sin — cost — hgAgzsin= (3.19) 


It is obvious that the functions C,(r) contain nonperiodic terms which 


are compensated by the terms depending on h,, h,, ver h.. 


4. Consider the case of a zero root A, = 9 of the equation (3.2) for 
the basic amplitudes. 


Let us note that one root of the amplitude equation is always zero, 
which may also be a multiple root of odd order. The preceding analysis, 
however, is not applicable in the case of a zero root. 


By means of formula (3.12) introduce into equation (1.2) a new inde- 
pendent variable. Then we obtain 


h? 
is fiz, 2’, (4.1) 
\ J / 


where 
(4.2) 


Let us look for a solution of (4.1) in the form of a series (3.15). 
The function x, is determined by the equation 


2," +2, =k *f(0, 0, 0) 
The solution of this equation under the conditions (1.3) and (1.4) 
have the form 


xz, = P, cost + k*/(0, 0, 0), P, = A, —k*/(0, 0, 0) 
For the function x, we have the equation 


ay 

(3.18) 
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If Ay = 0 is a simple root, then from the periodicity condition for 
x, it follows that P, = 0. In the case of a mltiple zero root we have 


the condition 


Under the assumption that the expression in the squared brackets is 
equal to zero, it follows from the periodicity condition for the function 
x, that P, = 0. Hence we have that x, = A,. From the conditions of 
periodicity for the immediately following functions x, we obtain that 
x, = A,, x= A,, and so on. Consequently, 


x= >} An” = (4.3) 


n=1 


Thus the zero solution of the generating equation corresponds to the 
time independent solution of the complete equation. 


Substitute the obtained value of x in equation (1.2). Then 
B = pk*7(B, 0, 2) (4.4) 


Expanding both sides of this equality in series of powers of uw and 
equating coefficients of equal power of pw, we will obtain formulas for 
the successive determination of the coefficients A,. 


The case of the zero root corresponds to the equilibrium of the gene- 
rating system. Consequently, the equilibrium of the generating solution 
goes over into the equilibrium of the complete system. Only the coordi- 
nate of the equilibrium position can change. 


5. Let the function f(x,kx’, uw) be independent of » and have the form 
f(x,kx’) = kf, (x)x’. In this case the expressions for H,(r) simplify to 


Hy (2) =k 2 (a0) Cy) 


‘ 
Hy (+) =k (x0) Cx? + fr (20) (5.2) 


It can be shown that in this case C, ‘(2m ) = 0 and C,(2” )= 0, 


On the basis of (2.12) and (3.3) it follows that A, = 0 in the case 
of simple roots of the equation for the basic amplitudes. Further it 
can be proved that in the case of a root of mltiplicity n the equality 
= 0 holds. 


6. Finally, consider some examples. 1. Let the function f(x,kx’) be 
of the form 


718 
2 
(9.1) 
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f(x, kx’) = + ex + + + (6.1) 


4 4c The equation for the basic amplitudes, after rejection of the zero 
root, is 


yAo* + 2BA,* + 8a = 0. 
The double root of this equation is 
Ag? = = Say 
The equation for the determination of the coefficient A, 
This equation does not possess real roots either in the case 


« =« = 9 or in the general case. Thus, in the case of multiple roots 
of the amplitude equation, periodic solutions of the equation (1.1) do 


195 , not exist if the function f(x,kx’) is given by the formula (6.1). 
Se 2. Let flx,ke”) be of the form 
f(z, kr’) = + Ba? + + 2’ (6.2) 
4 The equation for the basic amplitudes (besides the zero root) is 
1684,? + 64a = 0 
4 If one considers a double root of this equation, then an additional 


equation 


158A,¢ + 167A,” + 168 = 0 


must be considered. 
Evaluating C, (r ) we obtain that 
Cy (2) = sin 72 + + Sin St — 
(234g + 1 sin 3+ (2 + 2 
For the coefficient A, we have the equation 
725 Aq? + +34 = 0 
For 5 = 0 a periodic solution will not exist ‘as a consequence of 
Example 1.). For 8 4 0 a sufficiently narrow interval will exist in which 
periodic vibrations are possible. These intervals are bounded by the zeros 


of the polynomials, being the coefficient of A,’ and the free term of the 
equation. We have 


— 1.875 Ag? — 1.527 Ag? 
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The upper bound is determined only approximately. The period of vibra- 
tions up to the terms containing yw? is 


T = + Agth? (2 + dy Ag? + -] 


2 are given by the 


The vibrations themselves up to terms containing u 
formula 


x(t) = Ay cost + [A, cost + C,(t)] pp + 


where A,, A, and C, (r ) are determined by the above mentioned formlas. 
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ON THE QUASIHARMONIC SYSTEMS, CLOSE TO SYSTEMS 
WITH CONSTANT COEFFICIENTS, IN WHICH PURE 
IMAGINARY ROOTS OF THE FUNDAMENTAL EQUATION 
HAVE NONSIMPLE ELEMENTARY DIVISORS 


(0 SISTERAKH, BLIZKIKH K SISTERAE 
S POSTOIANNYS! KOEFFITSIENTANI, U KOTORYKE CRISTO 
ENINYE KORNI FUNDAMENTAL’ NOGO URAVNENIIA 
NEPROSTYE ELEMENTARNYE DELITELI 


PUM Vol.22, No.4, 1958, pp.519-533 


M.A. KUSHUL’ 
(Moscow) 


(Received 27 Moveaber 1957) 


In this paper we consider the quasiharmonic equation (1.1) in which 
the coefficients are analytically dependent on a small parameter yu 
and when w = 0, it converts into a system with constant coefficients. 
We assume that among the roots of the fundamental! equation | a4. — 5 ph! 
= 0 there exist pure imaginary roots and zero roots, which are 
multiples of one another and differ from each other by a quantity of 
the form 2mpi/q@ (wm is the period of the coefficients of the quasi- 
harmonic systems; p is an integer) and such that not all of the ele- 
mentary divisors corresponding to these roots are simple. 


In this article attention is mainly focused on those character- 
istics which arise in the examination of the quasiharmonic system in 
connection with the existence of the nonsimple elementary divisor of 


the matrix || 2.8 5 All 


Using the Newton polygonal method it is possible to establish the 
dependence between the structure of the matrix | Ps 5 ph | and the 
quantities ui/Y with respect to the integral powers into which 
characteristic roots (and exponents) are developed. 


For the practical computation of the characteristic exponents, 
using substitution (2.1), algebraic equations are derived from which 
one determines the characteristic exponents in first approximation in 
the presence of elementary divisors of arbitrary power of the matrix 


Il - 8,gAll. 
The results obtained are applied to the examination of the stability 
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of periodic solutions of quasilinear systems with many degrees of 
freedoms and in those special cases when the fundamental equation of 
the generating systems has pure imaginary and zero roots, the 
multiples of which are not equal to the number of groups of solutions 
corresponding to then. 


1. Let us consider a quasiharmonic system 


< 


where the functions fa (t.n ) are periodic with respect to t with period 
@, and analytic with respect to the smal! parameter u 


fap (ts = fap + + 
If w = 0 then the system (1.1) reduces to 


= 2 = const) (1.2) 


Let us assume that among the roots of the fundamental equation 
| | = 0 (3,, = 8,6 =Q for s= B) (1.3) 


-of the system (1.2) there exist roots with zero real parts; the roots of 
such type we will call critical. We assume that among the critical roots 
one encounters both multiple roots and roots which differ from each other 
by quantities of the form 2ap i/o where p, is an integer, the number of 
the groups of solutions of system (1.2) corresponding to the critical 
roots which are not equal in their mltiplicity. 


We first consider the case of resonance where among the critical roots 
A of the fundamental equation (1.3) there exist the zero and pure imagin- 
ary roots 

ho= 0, hu ..., P) 

Let %Q% be the highest power of the elementary divisors of the matrix 
\| corresponding to the zero root. Let us denote by Coy the 
number of elementary divisors A”, where y = l, ..., I (if there is no 
elementary divisor from that series for any value of y then e,. = 0). The 
multiplicity of the zero root k, and the number of the groups solutions 
Mm which corresponds to them are equal to 


ky = Yeoy> Mo = > Coy (1.5) 
Y=1 


Y=1 


Similarly, denote by q,, the highest power of elementary divisors, 


corresponding to each root of the pair A, = + 2np,i/w and Cw as the 


. 
in 
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number of elementary divisors (A - A_)” with y = l, ..., 


The multiplicity k. of the root A, and the number of the groups of 
solutions .. corresponding to them are equal to 


qu 
ky = > my, = - Cuy (1.6) 
Y=1 Y=1 


Denote by x y(t)...2,,(t) the solution of the fundamental system (1.1), 
defined by the initial conditions 


23; (0, = 1, z,;(0, = 0 (s#7) 
Looking for the solution in the form of series 
245 (t) = (t) + (t) + 
in which the functions x, ,‘')(t) satisfy initial conditions 


=1, 


(0) = 2,;°(0) = ...=0 (847 
we obtain 
n 
2,5 (t) = \ Dd) Zep (t — 2) X (2) de (Xj = >» - 
0 i=] §=—1 


Then, in the limit of the first approximation, the characteristic 
equation of the system will be written as 


D(p, 2) = | (@) + preg” (@) — | = 0 (1.7) 
Let p, be the root of equation (1.7) for u = 0 
D (p, 0) =! 294 (ce) — | = 0 (1.8) 


To every root Ao» AL of the fundamental equation (1.3) from the series 
(1.4), there corresponds a root of equation (1.8) equal to unity; con- 
sequently, the multiplicity of the root p, = 1 of the equation (1.8) is 
equal to k = ky + 2k, + and the point = 0, p = 1 is critical. 


As it is known, for sufficiently small uw, the equation (1.7) has k 
roots p(n) for which p(0) = 1, and these roots wil! be expanded into 
series of integral powers of the quantity pi’? where l<u<k. 


Let us denote by q the highest power of the elementary divisors, 
corresponding to the roots (1.4), i.e. the largest of the numbers Mp» 94) 

-+» @,+ We derive conditions for which all k roots o(n), converting for 
pw = 0 into unity, will be expanded only in integra! power of the quanti- 
ties ..., Note that to every elementary divisor (A A” 
of the matrix || 248 - 5 pr || there corresponds the elementary divisor 


| 123 

| 


af 


724 M.A. Kushul’ 


(p, - LY of the matrix || x (0) (q) - 5 8% || and therefore the number 
of the elementary divisors 6. - 1)” is emal to 


= Coy + 201, +... + (y=1,..., 49) (1.9) 


The multiplicity k of the root p, of the characteristic equation (1.8) 
and the number of groups of solutions corresponding to it are 


k = Dre, m= >) ey (1.10) 


y=1 
Let us introduce in place of p the variable o equal to 
(1.11) 


The characteristic equation (1.7) changes into the form 


2) =| tag” (@) + reg” (w) — (1 + 2) | =0 (1.12) 
From (1.9) and (1.10) follows, that the matrix 
| (co) — (1 + 2) | (1.13) 
through elementary transformations, can be reduced to the diagonal matrix 
(G.:: 
in which the diagonal members C; are equal to 
C,= tori=1 


where E.(o) are polynomials not reducing to zero for o = 0, and the 
numbers « are equal to 


Ry = Cy (1.15) 


Expanding the characteristic determinant (1.12), we represent the 
function Dlo, ») in the form of the series 


D(s, = (2) (1.16) 


where a, (a) are polynomials ino eith constant coefficients: 


a, (s) = + by otvtt 4... (1.17) 
and ¢,, represents the smallest exponent of the o in the polynomial a, (0). 


We consider each column of the characteristic determinant D(c, u) as 
a sum of two columns. The first colum hes for its cee the members 
(a) ail +o), and the second has members ux 1) 


Then, any member pa, (o) of the series (1.16) is equal to the sum of 


4 
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E; (2) for i=n—m-+1,...,n—m+e, 

; 

C, = E;(s) for i=n—m+x,+1,...,n—m+x, +e, 

Cy = o%E, (3) 
i 

4 

4 


1 
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the determinants of n-th order, in each of which should be entered v 
second columns and (n - w) first columns, where the number of the deter- 
minants is equal to the number C” consisting of n elements of v. The 
sum of the determinants we denote by a symbol 


ya, (s)= (1.18) 
1 


where the symbol in the bracket after the summation sign indicates how 
many second columns will be contained in each of the summed determinants. 


In order to examine the nonexplicit functions D(o, uw) = 0 in the 
neighborhood of the critical point » = 0, o = 0, we apply the Newton 
polygonal method, from which we determine satisfactorily the smallest 
exponent of the power ¢, for o in the polynomial a, (0). We begin with the 
polynomial a, (a) in which only the constant factor differs from the ex- 
pression (o)...E Since E (0) #0, i= 1, ..., n, then, among 
members of the series (1.16) not containing », the smallest exponent in 
the power of o is equal to k. 


Further, we determine the smallest possible exponent v, for » in the 
members of the series not containing co. Evidently, the exponent v, > m. 
In fact, for v, < m each determinant of the n-th order would contain the 
minor of the matrix (1.13) which has an order greater than (n — am). How- 
ever, as follows from equation (1.14), in the greatest common divisor of 
such minor will enter o as one of the factors, with a power equal or 
greater than unity. We assume that v, takes the smallest possible value 
vi =m; then for the construction of Newton's polygon, it will be suffi- 
client to determine the lower exponents of the polynomials a, (o) for 


For v = m— 1, in each determinant from the sum (1.18), the minors of 
the matrix (1.13) of order n — m+ 1 will enter. The greatest common 
divisor of those minors, as can be seen from (1.14), is equal to the 
derivative of the coefficient of o which does not reduce to zero for 
o = 0. However, the smallest possible power of o in polynomial a. (a) 

i tas > 1, Thus, it is easy to show that for any polynomial a, te) for 


t <e, the smallest possible power foro is¢, ; > t. 

To pass to the general case, we assume that the exponent v = am — -h 
where ‘y is determined according to the expression (1.15), and A and y 
take values: h= 1, ..., e,, y = 1, ..., qa. The orders of the minors of 
the matrix (1.13) contained in each of the determinants from the sum 
(1.18) now will be changed from n — m + +lton—--m+ + e,. By in- 
creasing the order of the minor to unity, the domain becomes ¢. > A> 1 
as follows from equation (1.14); the greatest common divisors of the 
minor acquire the factor oY E (a) where E (0) * 0. However, the last 
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member of the polynomial a, with the index i = a Ky h contains 
to the power 


If the last member does not vanish in any of the polynomials a,(o), 
then the function Dlo, #) is equal to 


D(a, 2) = o* + + Dy + H (1.49) 
h,¥ 


where H is the set of members not belonging to the construction of the 
Newton polygon. 


The Newton polygon for the functions Dlo, ») is represented in Fig. 1. 
Through the points N(0, k) and N, (m, 0), lying on the coordinate axes a 
dotted line NN, is drawn. 


6 


N(0,K) 


Pig. 1. 


Every member of the series (1.19) represents a point, whose abscissa 
is equal to the exponent of u, and whose ordinate is equal to the ex- 
ponent of o. Newton's polygon consists of the q segments: N,N, bee 


NN, NM 


As it is known, to each segment of the polygon correspond as many 
solutions o(u), which convert to zero together with uw, as the difference 
of the ordinates of the end points of the segment. Further, we assume 
that if the coefficients of the first member of the series corresponding 
to each segment are all different, then the fractional power of the argu- 
ment from which the expansion is made for each segment is equal to the 
tangent o(u) of the route angle with respect to the vertical. 


From Fig. 1 it follows that the tangent of the angle of the segment 
NN, 4, with respect to the vertical plane is equal to 1l/y. Then, the 
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function o(), in the neighborhood of the point o = » = 0, is expanded 
in powers of (segment N.N,), (segment N,N,) ... (segment 
NN ). The number of expansions corresponding to the segment N Pe is 
equal to ye, and, in general, the number of expansions for the function 
o(n) in the neighborhood of zero ts equal to k, as it should be. 


From the construction of Newton's polygon for the function Dlo, »), 
we conclude that the last member of any polynomial a,c) does not vanish. 
However, the Newton polygon for the function D(c, uw) remains, as shown 
in Fig. 1, provided the coefficient of the last members, which correspond 
to the points N,. -++, N. of the polygon, do not convert to zero, i.e. 
the following inequality holds for q 


bm—n, # 0 base (1.20) 


where Ky is defined by (1.15). Another form of the conditions (1.20) will 
be obtained below. Thus, we arrive at the following proposition. 


Let us assume that for the quasiharmonic system 


dr 


the following hold: 


(1) The fundamental equation |a_p- 8 pA! = 0 has among its roots, 
the zero root, Ao» and the pure imaginary roots A,=t 29 p,i/w where 
p, is an integer (u= 1, ..., r), w is a period of the function fait), 


and the sum of the multiplicity of the roots Ay, Ay is equal to k. 


(2) Elementary divisors of matrix |! a.8- 6. All corresponding to the 
roots Ay, A, are not all simple, and the C helt power of these divisors 
is equal to qa. 
Then, in order that k characteristic roots p(n) of the system (1.1), 
for which p(0) = 1, be expandable in a series of the quantities xz, pi/2 
, pi! the following sufficient conditions must be satisfied: 


(a) the first approximation for the group of the roots, p(n) = l+ 
a + developed in powers of is different for every y; 


(hb) satisfy inequality (1.20). 


In general, the number k of the roots p(y) developed in series of 
powers of »!/Y is equal to ye,, where ey is the sum of the members of the 
elementary divisors A”, (A - \ y of the power y. 


If the conditions (a) and (b) are satisfied, we will have the non- 
degenerate case. 
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N, 


Fig. 2. 


Remark 1. From the assumption above, it follows that if the roots 
Ay. A, have only simple elementary divisors (y = 1), and k characteristic 
roots for which 9(0) = 1 differ little from each other in the first 
approximation, and the coefficient b. # 0, the those characteristic roots 
are analytic functions in the smal] parameter pw. This property was indi- 
cated by Shumanov. In this case, the polygon of Newton is represented by 


the line NAN, (Pig. 2). 
‘\ 


| 


Fig. 3. 


Remark 2. If one of the conditions (1.20) is not satisfied, and if 
for any fixed y the coefficient b., at i= ae- Ky: is equal to zero, but 
the coefficients 6; , and 6:,, at a- l and at a - + are diffe- 
rent from zero, then in addition to the expansion of the characteristic 
roots in the nondegenerate case, in powers of pn, see 2y + 1, 
the roots must be expanded in powers of p?/(2y + 1) (Pig. 3). 


So far, we have considered the expansion of the characteristic roots 
with respect to fractional powers of the smal! parameter in the case of 
resonance. If, among the critical roots of the fundamental equation (1.3), 
there exist pure imaginary roots A = + if, A,=t (2p, /w + Ai, u= 1, 
--+, rT, where 8 is a real number which is not zero and also is not a 
multiple of 27/w, then, instead of applying equation (1.1), we use the 
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substitution o = p - 2 Bo. then, it is easy to show that the results ob- 
tained are valid in the so-called case of nonresonance. 


2. For the practical computation of the characteristic exponent of 
quasiharmonic system (1.1) Artm’ev has applied the substitution 


x, = ety (t) (2.1) 


where a is the required characteristic exponent, and y, (t) is a periodic 
function of period ow Here we assume that the fundamental equation (1.3) 
has neither multiple roots nor roots differing from each other by the 
quantity 2p, i/w (p is an integer). 


Shumanov has considered more general cases, assuming that among the 
roots of the equation (1.3) there can exist roots which are either 
multiples of each other or which differ from each other by the quantity 
+ 2 mp, i/w; the multiplicity of the roots was assumed to be equal to the 
number of the groups of the solutions of the system (1.2) corresponding 
to these roots. 


We try to remove this last restriction by using the substitution (2.1), 
and we consider the case when the critical roots of the fundamental equa- 
tion (1.3) have elementary divisors, which are not all zero. The method 
of determination of the characteristic exponent developed below is based 
on the work of Malkin [2]. 


Furthermore, we assume that to all critical roots (1.4) of the funda- 
mental equation (1.3) for which the sum of the mltiplicity is equal to 
k, there correspond m groups of the solutions; and, in general, the 
number of elementary divisors A”, (A - A” (uw = l, ..., r) with the power 
y is equal to ey ly Oh 


The homogeneous system of differential equations (1.2) has m and only 

m periodic solutions of period w, which we denote by & i where i = 1, 

We assume that to the periodic solutions PTT for 
which e¢, > i> 1, there corresponds a set of simple elementary divisors 
A, A-A,, and that the periodic solutions ¢, coer @, corres- 
send to “the set of the elementary divisors of? t e > 
Az, A-A In general, the solutions, for which the 
todos i takes a value x, >i> Ky is defined by (1.15), corres- 
pond to the set of the - A” of the power y. 
Except wy m periodic solutions %,; i there let to the critical 

roots A k — m independent particuler solutions of the system (1.2) 
of the Fe type: 


-+9,,°-) | for 


4 
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where the functions $3 are periodic of period w, satisfying recursive 


n 
— >i > hy (p = 1, coon T= 1) (2.3) 


The simplest method for determination of the solutions (2.2) was 
given by Chetaev [4]. 


Denote the periodic solutions of the system 

dz, ~ 
teers = 0 (2.4) 
conjugate to (1.2) through v5 , where i = 1, ..., m. As in the previous 
case, we assume that such satledie solutions Voi for which the index i 
is defined in the range Kya > i > «,, correspond to the set of the ele- 
mentary divisors A”, (A + A_)” in powers of y of the matrix ||-a 
5 pAll. Except for = periodic solution Weir there correspond to the 
critical roots A,, A,, k — m independent particular solutions of the 
system (2.4) of the same type as in (2.2), i.e. the solutions 


for x 


tsi + 


where the functions wv” are periodic with period w, satisfying the 
recursive relation 

d (p) 
+ + °=0 (2.5) 


The existence conditions of the periodic solutions of the nonhomo- 
geneous system of equations 


dz 
= + (2.6) 


in the case of resonance, when all the functions f, (t) are periodic with 
period @, as known, can be written [2] in the form: 


From the relation (2.3) it fellows that the functions 6, ;"? are the 
periodic solutions of the nonhomogeneous system (2.6) for which +; (t) = 
-@ ar Further, because of relation (2.7), we obtain that in che 
interval for which Kai > i> ty the orthogonality conditions mst be 
satisfied. 


730 
dt 
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Ay?” = Dd PY, dt = = 0 ‘) (2.8) 


fmi,..., me 


Moreover, for p = y in the interval of i, at least one of the integrals 
is equal to zero, i.e. 


0 


s=1 


In particular, for any i < e, one of the sums 


Au = # (2.10) 


Similarly, from relations (2.5) and (2.7), we obtain thet for any 
fixed j in the interval %ya1 > j> ny 


\ dt= > = 0 (p=i,...,5¥= 1) (2.11) 


0 s=1 s=1 


However, at least one of the sums is different from zero: 


s~! 
Using the property of the solutions of the conjugate equations (1.2) 
and (2.4) it is easily shown that 


> (— 1)” >» 
In addition, if we have the form (2.11), we found that for any fixed 
value j from the interval! ®ya1 > j> Ky the conditions of orthogonality 
are satisfied, namely, 


Ay” 1) — >) Dy, 1) — 0 


m 
t=! 


From equation (2.8) and equation (2.12) it follows that Ay; 
at least one of two indices i or j is greater than e,; A, ," 
of the two indices is greater than €, + €53 in general Aj; 
i, < Im addition, it is evident that y-2) 0, ifi, j< 


and both of the functions ¢, ;'’-?) and v,,'¥~?) are identically zero. 


Thus, the quantities A, ,{¥-2) can differ from zero for only those 
values of the index i, j, which satisfy the inequality 


Having established the above properties of the quantities A, 7), 
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we pass to the determination of the characteristic exponents of the quasi- 
harmonic system (1.1). Substituting equation (2.1) into equation (1.1) we 
have the following system of equations: 


= + + (t) +...lys—ays (2.13) 


In the nondegenerate cases, as has been shown, the characteristic ex- 
ponents a will be expanded in the powers of p/Y where y = l, ..., @, 
and for any y the number of the expansions in the pi/Y is equal to yey. 
Therefore the characteristic exponent a and the periodic functions y, can 
be written in the form of the series 


a = ayy! agp? !¥+..., = y, +p! I 4 pt! +... (2.14) 


We begin with the determination of those characteristic exponents, 
which can be expanded in powers of uw. Substituting the series 


Ys = Ys + + py, + ... (2.15) 


into (2.13), we obtain the systems of differential equations 


dy, (1) 


n n 
>) Asgy + yg — ayy, 


n 
9 


The system obtained, (2.16), has a family of periodic solutions 


ys = M,°o,, +... + Ma Oem (2.19) 
where M° is an arbitrary constant. From the conditions of the periodicity 
of the functions Y, 1) we obtain 


P; = (By a, Aj;) M,° eee -{- (Bim 4,Ajm) = 
(j =4,...,m) (2.20) 


n 


By =\ feo! at, An=\ dt (2.21) 
0 » B 0 


As shown, Aji = 0 for i, j > e, . Therefore, the system of equations 


dy, 
dt 
: 
ry 
% 
7 (2.16) 
4 

where 

ea 
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(2.20) can be written in the form 


(By a,A;,)M,° eee (Bye, @,Aje,) M.° Bj 641° + 
+ BimMm?=0 (i 
+... + BimMme=0 ™) (2.22) 


and consequently, the coefficient a, is the root of the algebraic equa- 
tion 
| 


(2.23) 


which is of order equal to ey: The equations which are obtained will not 
be satisfied identically if the last m - €, rows (and columns) of the 
determinat A, which do not contain a,, are linearly independent. Thus, 
we have obtained e; existence conditions for the expansion of the 
characteristic exponent in powers of uw, in a form different from equation 


(1.20). 


In nondegenerate cases the condition of linear independence of the 
m—e, last rows (and columns) of the determinant A, is satisfied. More- 
over, all the €, roots of a, are simple. Let one of these roots be a,. 
Then, among the minors of the m— 1 order determinant A,, at least one 
minor is not equal to zero, and from the system of the equations (2.22) 
the quantities M° can be found, from which one, say M.°, can be arbit- 
rary. The quantities W.°, ..., o..°. a, are simple solutions of the 
system (2.22), and for them 

8 Pop) 
@(Mi°,..., My, 41) 


1 


For a nonzero determinant (2.24) we can formally construct the series 
(2.15), with as many members as we desire. 


In fact, the periodic solution for y, (1) is of the form 


= Mo, + M + + 
) 


is any 


where M (1) are arbitrary constants, and 
partioular solution of the periodic system (2.17). Substituting (2.19) 
and (2.25) into (2.18), we obtain from the conditions of the periodicity 


of the functions ’, 2 
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m—1 


> a,Aji) + ByM one 


i—1 i—e,+1 


— +C;= 0 
i—1 
(2.26) 
ByM,® + ... + + C;=0 (j = + 1,..., m) 


where C. is an arbitrary the of equations (2.26) 
we can find the quantities M, Mees in such a way that the 
determinant of this system ebinstéve with nonzero determinant (2.24). 


Thus, successively one can determine all coefficients a » By, eee of 
the series (2.15). Assuming as a, all e, roots of the dajeak bees (2. 23) in 
succession, we obtain ey PEN FPHPE exponents of the system (1.1) 
which can be expressed in integer powers of nu. 


We pass to the determination of these characteristic exponents which 
can be expanded in integer powers of pi/2, The number of such exponents 
is equal to 2e,. 


Substituting the series 
= + + Yo = Ys? + + py, + .. (2.27) 


into (2.13) we obtain the system of equations 


dy, (2) A 
Dd + D —agys™ ete, 


Assuming for the fundamental solution (2.19), we obtain the conditions 
of the periodicity for the functions y, 2) 


a, +... + m) (2.29) 


Because A. . = 0 for i, j > e,, the last m- e, conditions (2.29) are 
identically satisfied, and the first e; conditions, for a, # 0, take the 
form 

M,°A;, +... +M,Aije, = 0 (j = 1,..., €1) (2.30) 


Let us show that the determinant |A, ; | of the system (2.30) differs 
from zero. In fact, in the opposite cane the equation (2.30) will admit 
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at least one of the solutions c,, Coy seen Coy different from the trivial 
solution c, = cy = ... = ¢,; = b: Then, assigning to the i a fixed value 
P, equal to one of the numbers from the series 1, ..., e,, we replace the 
solution of the system (1.2) by the solution $.5° = €,6,, + «++ + c.3% 


sei’ 
leaving other solution ¢.. for i # p unchanged. For the new system of the 


st 


fundamental functions 


Ai, is given by 


= \ Pap * dt = (Aj +... t+ Ce, Aje, = 


= €1) 


In addition, A..* = 9 for j > e,, then A; sss OF . = 0, which is 
contrary to the conditions (2.16): this proves that the determinant 


= 0. 
Therefore, 


ys = Mo, 41°@s.0.41 + ... + (2.31) 


t—e,+1 


where the constants M, eas ..., M° remain undetermined. The family of 
periodic solutions of the system (3.32) is given by (2.33) 


= + ...+ M + a, (Mois Pe,e,41° +... + M n° Pem™) 


where ) 6666 are new arbitrary constants. 


Because A;; = 0 for i, j<e and A. ,{1) = 0 for i, j < €; + €, the 
conditions of the periodicity of the fanctions Y, 2), with no further 
transformation, are obtained in the following form: 


P; = > (By; > = 0 ( =e) + 


i—e,+1 


(2.34) 
Ps = +... + Bim = 0 (j= 1 
P; = + BimM — + ... + AjeMe,™) 
(j = 1,..., (2.35) 


The constants Mio), seas & (1) equations (2.34) 


e,+1’ e 


> 
ee 
4 
q 
99 |A.,| # 9. Thus, the equation (2.30) can have only the trivial solution 
| 
| 
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and (2.35) are not all zero, only for such values of a,, for which the 
the determinant of the system (2.34) becomes zero, i.e. they are roots 
of the equation 


2 4!) 


= 0 


Indeed, if the determinant A # 0, then from the homogeneous system 
of equation (2.34) it follows, that @ sas @ 0; however, if 
a, # 0, then from the system 35) wlth che determinant 9, we 
obtain that M,'!) =... = = 0. 

From equation (2.36) all 2e, characteristic exponents can be determined 
to the first approximation, if the last m — kK, rows (columns) of the 
determinant A are linearly independent. If, in addition, all roots are 
simple, then assuming a, as one of these roots, we find the quantities 


M, M.°, from which, say can be arbitrarily chosen; whereby 
1 


(2.37) 


The constants M vee M.°, obtained ym the system of equations 


1 


Exactly as in the case for y = l, it is easy to show that for a nonzero 
determinant of (2.37) the series (2.27) can be formally constructed with 
an arbitrary number of terms. 


Consider the case y = 3. Substituting the series 


into (2.13), 


we obtain 


(0) dy,(1) 
ay, (2) 
= — ayy.) — 
8 


dy,(3) 
= Lins ys + fog yg —ayys — — agy,” ete. 
8 
From the an two systems of equations we find that for the functions 
(©) and y,(2) the equations (2.31) and (2.33) remain valid. The condition 


Ys 


B 
— 9.2 4) 
-- Px) 
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of the periodicity of the function y,(?) is given by 


m m 
ay >> AyM + a? > + 
i 


m 
+ a, > M;°Ax= (j = 1,..., m) 
ime,+1 
The last a — K; conditions are identically satisfied, but the first 
K3 of these can be written as 


a, (Aj My + ... + = 0, (2.39) 
+ + = 0, (2.40) 


It is not difficult to show that the determinant of the system of 
equations (2.40), 1A, ,{) |, differs from zero. Therefore, 


=.= = ooo = M,™ =0 
and the functions will be equal to 


m m m 


ys = > + ay > 
i=—x;+1 ime,+1 i=-x,+1 
m m 


m 
i~1 i—e,+1 i—x,+1 +1 
Transforming the conditions of the periodicity of the function we ob- 
tain 


m 
ByMe —a, 


i=x,+1 


m 
i=x, +1 


> BuMe—a? = 0 


i—x,+1 i=x,+1 


i=—x,+1 


From the system of equations (2.42) it follows, that the constants 
M° differ from zero only for values of a, which satisfy the equation 


—a,3A —a,2A) 


137 
(2.41) 
(2.42) 
a 
A; By — Pan By B, m = 0 (2.43) 
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where k, = ¢, + €, and Ky = ¢, + €, + €,. If the last m— x, rows (and 
eshume) of the determinant A, are linearly independent and al! roots 

of equation (2.43) are simple, then the series (2.38) can be constructed 
with an arbitrary number of terms. For y = 3 we obtain for the first 
terms a, of the series (2.14), the same structure as for y = 1, 2, 3. 
The proof of this statement will not be given. 


Until now we have considered the determination of the characteristic 
exponents of the system (1.1) in the case of resonance. If among the 
roots of the fundamental equation (1.3) there occur pure imaginary roots 
of the typeA = + if, A, = + /o+ where B is neither zero nor 
a multiple of the quantity 27/o, then the characteristic exponents, 
corresponding to these roots, can be written in the form of the series 

y 


a= if +p! a, + n?/Ya, + a8 described previously, without essential 
change. 


Remark. In the above study we have used the conditions of periodicity 
(2.7), in order to obtain certain general dependencies. Practically, we 
can write down the existence conditions for the periodic solutions with- 
out recourse to the canonical form or considerations of conjugate systems 
(which will not be done here). 


3. The results obtained will be of use in the investigation of the 
stability of the periodic solutions of the quasilinear system of the 
type. 


n 


dz 
+ + s(t, 2) (3.1) 
@=1 


“dt 


where ag are constant coefficients and the functions f. and F. are con- 
tinuous and periodic with respect time t, with period w In addition, 

v. are analytic in the variables re We assume that the corres- 
ponding matrix || ag - 5 a Il has the same structure as an analogous 
matrix for the quasiharmonic system (1.1), shown above. We restrict our- 
selves to the case of resonance, i.e. we assume that among the roots of 
the fundamental equation (1.3) there exist zero roots A, = 0 and the 
roots of the formA, = + 2mp,i/w (p, is an integer), to which no simple 
elementary divisors correspond. The real parts of all other roots of 
equation (1.3) are negative. 


Note that the quasilinear systems (3.1), whose pure imaginary roots 
Ao» A, of the fundamental equation have elementary divisors of the second 
degree (q = 2), occur in many important practical problems, when the 
frequency of the perturbed forces is considerably greater than the 
natural frequencies of the system. Such problems arise, in particular, 
in studying the dynamics of high speed machinery and mechanisms. 


4 
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Let the system (3.1) have the periodic solution gw), which 
is analytic with respect to a small parameter «, and whose stability is 
to be studied. Using the variational equations for these solutions, we 
obtain 


8 
= lass + 125 (tas (3.2) 


i.e. a quasiharmonic system considered above. 
In nondegenerate cases the following propositions are valid. 


(1) If the roots Ay have only simple elementary divisors, then 
for the asymptotic » eT of the periodic solution, it is sufficient 
that in all roots of equation (2.23) the real part has to be negative. 
In that case the problem of stability is solved by using the Routh-Hurwitz 
criterion. 


(2) If the critical roots Ao» A have elementary divisors of the 
oe and second degree, then for the stability of the periodic solution 

- ¢, (uw, t) it is necessary that the roots of the equation (2.23) have 
ne positive real parts and the square roots of the equation (2.36) are 
real negatives. 


The first condition is obvious; the necessity of the second condition 
follows from the fact that in equation (2.36) a, occurs only in even 


powers. 


Both conditions are necessary, but they are not sufficient for stabil- 
ity of periodic solution for q = 2. 


(3) If the critical roots Ay have elementary divisors of the 
third degree, then the sestedia poe z,= 4%, (t, w) is unstable. 


In fact, let a,’ = v; then for any value of vs either complex or real, 


which satisfies equation (2.43), the coefficient a, will take on at least 
one value, whose real part is positive. 
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ON THE ACCUMULATION OF DISTURBANCES IN 
TRANSIENT LINEAR IMPULSIVE SYSTEMS 


(0 NAKOPLENIT VOZEUSHCHENTIA V NESTATSIONARNYER 
LINEINYKA IMPUL’ SNYKH SISTEMAKE) 


PUM Voll22, No.4, 1958, pp. 534-536 


Ia.N. ROITENBERG 
(Moscow) 


(Received 9 May 1958) 


Theories of impulsive systems have in recent years formed the subject of 
an extensive literature, including work by Gardner and Burns [1 }, 
Bulgakov [2], Tsypkin [3], Ragazzini and Zadeh [4], and a number of 
other authors. 


The present paper studies the problem of the accumulation of dis- 
turbances in transient linear impulsive systems under the influence of 
external forces of bounded magnitudes. 


Consider the impulsive system, described by the difference equations 


The system of scalar equations (1) is equivalent to the matrix equa- 
tion 
y(t¢+7)+ a(t)y(t) = z(t) (2) 


where y(t), a(t), x(t) are the matrices 


a(t) = ay, x (t)=|z, 


Denoting by @©(t) the square matrix whose columns are the linearly 
independent solutions of the homogeneous matrix equation 


the solution of the equation (2) may be represented in the form 


y (t) = (t) (t — Or) y* (t — + yew O-1(¢ — Se + fr) z(t — + ft — 7) (5) 
j=-1 
In this formula, the quantity @ denotes the integral part of t/r and 
the matrix @* (+) is the inverse of the matrix @(¢t). Since the second 
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term in (5) vanishes in the interval 0< ¢t <r, one has by (5) 
y (t) = y* (¢) (0<t<7) (6) 


i.e. the unknown matrix y(t) coincides at any point of the interval 
0< ¢<r with the matrix y*(t), given in advance. 


By (5), the elements of the matrix y(t) will have the form 


y, (t) = (t) (t — (t — 92) + 
k=1 


kel j=1 


Denoting by N(t,jr) the matrix weight function 


N (t, jt) = (t) (t — + jr) 


the solution (5) may be written 


8 
y (t) = N(t, 0) y* (t — + Dre, jt) 2(t — + jr 
j=1 


Correspondingly, the expressions (7) take the form 


n n 
y, (t) (t, 0) yy (t — 8t) + (ts jt) (¢ — + +) (10) 
k=1 k=1j=1 


The state of the system at the fixed instant of time t = ty is deter- 


mined by the quantities (10) for t = ty: for this purpose, the quantity 


6 must be replaced by 6,. i.e. by the integral part of t,/r. 


Assuming now that the external forces =, (t) are of bounded magnitude 


(t)|<L, (11) 


one obtains from (10) for t = t, an estimate of the largest possible dis- 
placement of some coordinate y, at the instant of time t = ¢ 


1° 
n 


n 
py N gy (tr, 9) | + >» Ly DI (tx, 77) | (12) 
Kel k=1 j=1 


The expression (12) also gives a solution of the problem to hand. How- 
ever, it will be noted that, as it is well known, the determination of 
the fundamental matrix ©(t), and consequently also of the matrix weight 
function N(t, jr) represents a difficult problem and that it can effect- 
ively be achieved for only special types of the coefficient matrix a(t). 
Therefore interest attaches to the statement of an algorithm which permits 
the deduction of the estimate (12) with the help of a numerical scheme. 
For this purpose, consider the system of difference equations 


ay 
3 n 
; 
ie 
(8) 27 
= 
i 
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n 


The coefficient matrix of the equations (13) is the transposed matrix 
of the matrix a(t) of the original system (1). The system of difference 
equations (13) is conjugate to the original system (1). Multiplying the 
k-th equation (k= 1, ..., m) of the system (1) by Y(t +f) and the 
i-th equation (w= 1, ..., nm) of the system (13) by —Yy,'t) and adding 
the left and right-hand sides respectively of all the equations thus ob- 
tained, one finds 


A > Y, = > Y, (¢ + t)x, (t) 
k=1 


(t) = Dy — 92) y,* (t — 9t) + 
k=l k=} 


n 8 
+>) DY, (t— + it) x, (t— 4 (15) 


k=1j=1 


Using (6), it is readily seen that the y,°(t) entering into (15) are 
functions, given in advance, which coincide in the interval 0< t<r 
with the functions Y,(t). 


For the instant ¢ = ti. the relationship (15) takes the form 


n n 
> Y, (ty) (ty) = > Y, (t; — 9,T) y,* (ty; — 
k=1 k=1 
n 
+ > (t1 — Ort + jt) (tr — + 


=1j=1 


Taking into consideration that 0 < <r, the asterisk on 
Y,*(t, - 67) in (16) may be omitted. For the determination of the solu- 
tion of the system of difference equations (13) one has to know in the 


interval 0< t <r the function Y,°(t), which in this intervals coincides 
with the unknown function Y,(t). 


It will now be demanded that the unknown function Y,(t) satisfies at 
any instant of time ¢ in the interval 6.7 €e< (6, + 1)r the condition 


Y,() =14, (1 = 1,..., 8 — 1, 8 + 1,..., n) (17) 


Obviously, the conditions (17) together with the equations (13) also 
already uniquely determine the functions Y,°(t). Subjected to the condi- 
tion (17), the expression (15) takes the form 
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(18) 


n n 
y(t) = (t1 — 91) y,* (ty — 917) + > (t1 — Sit + (tr + ft—7) 
k= k=1 j=1 
The expression (12) which is of interest here and which determines 
for | x, (#)| < Ly the largest possible deflection of some coordinate Ys 
at the instant of time ¢t = t, now takes the form 


n n 9, 


> Y (t1 — O17) — 17) | + > L, LY, (t: — + jt) | (19) 
k=1 


k=1 j=1 


where Y,(t) is the solution of the system of difference equations (13), 

satisfying the conditions (17). Likewise, from the above, there follows 

a method for the determination of the quantity ly, (t,)I with the help of 
an electronic computer. 
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NONLINEAR DAMPING OF THE NATURAL VIBRATIONS 
OF SYSTEMS OF ARBITRARY ORDER 
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PROIZVOL’ NOGO PORIADEA) 


PUM Vol. 22, No.4, 1958, pp. 536-538 


LARICHEVA 
(Moscow) 


(Received 22 July 1957) 


Nonlinear damping of the natural vibrations of a system of order 2n will 
be considered. 


Linear damping of the natural vibrations of the second order system 


(1) 


is due to the fact that in the presence of the damping term 5 = —- 2/hly 
one is dealing with the linear equation with damped solutions 


w*z = 8 


X¥+2[h| x =0 


The damping of natural vibrations of the system (1) by a nonlinear 
damping term 5 (which does not depend on the quantity y) will be studied. 


Let the system (1) with a nonlinear damping term be described by the 
equation 


(1—kK)r=0 (2) 


where = 0 for sy > 0, 0< a? < 1 for sy < 0. Then, at the instant 
corresponding to y = 0(x = max) the energy of the system (2) has de- 
creased to the extreme value 1/2 kof x” and the solution x of the 


max, 
equation (2) will be damped. 


The time it takes to reduce x to a value not exceeding 0.05 Snax for 
the initial conditions «(0) = 0, y (0) = 18 given by the formula 


be 1 
0.05 


In this formula, a is the number of cycles leading to the damping and 

Snax 18 the absolute value of the maximum of x. The described method of 
nonlinear damping will be applied to the damping of the natura] oscilla- 
tions of a system of order 2n without use of generalized velocities. 
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Consider the general case of the equations of the natural vibrations 
of a system with two degrees of freedom without friction 


+ + + = 0,B 12% + Barve + ayer: + = 0 (3) 
where 
> 0, > 0, 211202 > B12” (4) 


Bi > 0, Bos > 0, > Bra? (5) 


The inequalities (4) are the conditions for the system (3) to have 
positive potential energy, since the natural vibrations are a motion 
about the stable equilibrium position %, = %* 0. The kinetic energy 
will always be positive as a result of the inequalities (5). 


The solution of the system (3) has the form 
+7, = + heyy (6) 
where 
= A; cos + 91), 1 = Az Cos (coat + $2) 
Here A,, A>, %,. $5 are determined by the initial conditions and w,, 
@, by the. equation 


211 — WB yy 212 — 9 


the roots of which will be real on the strength of the inequalities (4), 
(5). The amplitude coefficients are given by 


ai2— ae2 — oe 
Let in the equations with the two damping terms 6,. 5, 
+ + + Arete = Brats + Bo Be + + = (8) 


the displacements z,, x, be related to the &é.7 by the formulas (6), but 
let &,n satisfy the equations 


E + (1 — = 0, 7 +7 (1—k,) =0 (9) 
k,?=0 for O<kt<i for m<0 
Then X¥y» Xp are stepwise continuous and given by 
= + — (1 — hg") — (1 —k,*) 
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Substituting (6), (11) in the equations (8) and using (7), one finds 


== (Bir + + (Bar + 
== (Bra + a2) + (Bia + 


As a result, the solution of the equations (8) will be stable in the 
final region (10). Since it follows from (6) that 


—k 


k 


where ke’, depend on the signs of =,)d/dt(k,x, 

(x, — ky d/dt(z, — k,x,) respectively. Thus, 5, are sectionally 
continuous functions of Tis which do not depend on the magnitude of 
the derivatives 


Similarly, one may solve the general problem of the damping of the 
natural vibrations of a system with n degrees of freedom without friction 
n 
rr 
2 + = 8; (2 = 1, ...,m) (13) 
s=1 
by the help of nm damping teres 5, which do not depend on the sagnitudes 
of the derivatives Myr Here are such that the solution 
of the equations (13) for 6, = 0 takes the forms 


> Ak cos Pp) 
p=1 
The constants A,,, Aya: Dye are determined by the initial 
conditions, @,, +» @ are the eigenvalues of the system (13) for 5, = 0, 
the a are determined “ty the system of equations 


-- 51) = B — ay 

The presence of friction in the system does not disturb the effect of 
the nonlinear damping term, whose equations are found by studying the 
conservative systems (3), (13). If ome adds to the systems (8), (13) 
negative friction, sufficiently small so that the solutions of the corres- 
ponding equations without damping terms are vibrationally unstable, then 
by the strength of the extent of the region of stability (10), the solu- 
tions of the equations (8), (13) with damping terms may provide for the 
predominance of the damping effect of the nonlinear damping terms over 
the oscillations. In other words, it will be required that in the interval 


a 

4 

4 

(12) 
ae one has 

a 
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& 


between two teros of the function of the time € (or m) the expenditure 
of energy of the system (8) at the instant ( € = 0 or n = 0), includ- 
ing the damping terms 6. 6,. exceeds the supply of energy due to the 
negative friction. 


In the equations (8), let 6,.= 0, whence zs satisfies an equation of 
the form 
+ + bry = + dB, (2>0, b>0, (14) 


2 . One obtains then from equations (9), (11) the stepwise continuous 
=. function of time 


By (6), (11), (15), and since wo - 2 aut + 6 = 0, one has 
fy (kg*) = w;! (k,* 4k,*) — bk,* 


+ = fy folk”) ) 22 
fa (k,,*) = — 4k,*) — bk,? 
4 Let 5, = mn, (ke”) +4 (hy), where my (ke*), my ( by”) are certain 
combinations of the numbers ke’, a, *. then 


Be = (1 — E — me (1 — 


fy (hs?) fe (k,*) 
k*)+ ¢ (k,*) = + ¢ 


my = 


It follows from the equations (6), (11) that E,n may be expressed in 
terms of and 

+ (1 — k,*) 2 + coy? (1 — 
(1 —k,*) — (1 —k,*) — oF 


(16) 


Here depend on 


sign [1 + — k,*) 21] 5, + (1 — 21] 


sign [ay + (1 k,*) dt [zy 4 (1 — k,*) 


i, respectively. Consequently, the equation for the nonlinear damping term 
may be written 


(ky ) (i — k,?) — (1 k,*) + (ky, ) — (1 — k,*) 
& when the linear damping of the natural vibrations of the system (14) 
$ depends likewise on the magnitude of the derivatives ¥, and y;. 
% Instead of the formulas (16) for &,n, one may use the equivalents 
| (12), when 


a 
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where be’, ," depend on the signs of the expressions 
(hae, — — 23), — kyx,)d/dt (x, — 
respectively. 


Similarly, one may solve the problem of nonlinear damping of natural 
vibrations of the system (13) with one damping term which does not depend 
on the magnitude of Da 


Translated by J.R. MLR. 
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ON A TRANSFORMATION OF THE SECULAR EQUATION 
(K PREOBRAZOVANIIU VEKOVOGO URAYNENIIA) 
Vol.22, No.4, 1958, pp.539-54! 


Ia.S. GOLDBAUM 
(Leningrad) 


(Received 3? January 1955) 


Starting from considerations used in the theory of integration of systems 
of linear differential equations, Krylov [1] has developed a method of 
reducing the determinant |A-—AE| to a form, where A occurs in the ele- 
ments of one row only. Krylov’s transformation has been analysed algebraic- 
ally in a number of publications [2], [3], [4]. The present note offers 
a new and entirely elementary method of such a transformation. It does not 
require any knowledge of auxiliary material and we believe that it is the 
most purely algebraical of all known methods. 


1. Let A be a real matrix of the n-th order, while x is a real column 
vector (with n components). Assume that the column vectors 


z, Az, A*z,..., A™ 2 (1) 


are linearly independent. Then the matrix 
X =| 2, Az, 
is nonsingular. We form the product of the matrices 
Turning to the determinants, we obtain by means of "fringeing" 


| 0 0 


(4) 


Now we transform the obtained determinant in the following manner. We 
multiply the first column by A and we add the result to the second column; 
we multiply the obtained second column by A and we add the result to the 
third column; we multiply the obtained third column by A and we add the 
result to the fourth column, and so forth In this way we ultimately 
arrive at 


| | 1 3” | (5) 

A—rE| |X|=|2 Ax 
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Since | X! #4 0, we have 
n 
A— rE |: 
In the determinant thus obtained we find A in the elements of the 


first line only. This is Krylov’s transformation in the so-cailed 
"regular" case [5]. 


2. The vector A"x can be represented as a linear combination of the 
vectors (1): 
= + p, A” 24... At + Ppt (7) 
We introduce the notation 


Multiplying in the determinant (6) the first, second, third, ..., n-th 
columns by Pre ~ Pye respectively, and adding the 
results to the last column, we find 


(Xi Ar Atz... A™ 320 


(8) 


A— | =(— NHN) (9) 


Thus, for an expansion of the determinant |A-—A£E| in terms of the 
elements of the first line, it is sufficient to find the coefficients of 


the relation (7). It is known {5 ] that this can be done without comput- 
ing the determinants. 


3. Let us consider the so-called “singular* case, when the vectors 
(1) are linearly dependent at any choice of x. Assume that the vectors 


are linearly independent, but 


We will show that the polynomial 


(A) = -- — — —g,_A—@, 
is a divisor of [A-—AE!. 


Assume that in the matrix 


| z, Az, Atz,... A*—'z | (13) 


of rank s, the rows with the subscripts Mis Mar sees M@, Ore linearly in- 


dependent. Denote by v,, >, «++» ¥,_, the subscripts of the remaining 
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rows and by Ey the k-th column of the unit matrix £. 


Porm the nonsingular matrix 


X =| 2, Az, Be 


t,’ 


(14) 


and consider the product 

(A —2E)X =| Ax A*x—dAz,..., 8, | (15) 
Turning to the determinants and "fringeing". we obtain, with the already 
known elementary transformations of the columns, 


2 Az Atz...A*'s A®z %, 


|A—arAE| |X| = (16) 


By means of elementary transformations, applied to the last nv rows, 
this determinant can be given the form 


0 0...0 
(17) 


where all elements of the block Ones, +1 are zero. 


Since |X| 4 0, we derive from (16) 


ee 


From the first of these two equalities we see that the determinant A 
is a divisor of |A-—AE|. 


We now note that the columns of the block Xe ott obey the same linear 
relations, which are fulfilled by the columns of the matrix (13); there- 
fore the determinant A can be reduced, by means of elementary transforma- 
tions of the columns, to the form 


ba) 
xX 0 


a—s! 


| 
| A—2r£ | = (—1)* (A) 


showing that W(A) is a divisor of |A-—AE|. 


We have mentioned already above that the coefficients of the poly- 
nomial W(A) (which are identical with those of the right hand member of 
(11) ) can be determined without computing the determinants. 
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4. Let us use E,(k = 1, 2, ..., m) as vector x and find the corres- 
ponding divisors WA). It is easily seen that their common minimum 
multiple ®(A) either coincides with the minimum polynomial of the matrix 
A, or is divisible by it without rest. Indeed, assume 


(A) = By (A) (A) 2) (21) 
Since, according to (11), Ww, (AE, = 0, we must have 


®(A)E, =0 (22) 


= EB = @(A) = 0 (23) 


which proves the correctness of our statement. 


All different roots of the equation |A-—AE| = 0 are roots of the 
minimum polynomial of the matrix A, therefore all different roots of the 


secular equation will be found among the roots of the polynomials WA), 
WA), WA). 
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3% OSCILLATORY PROPERTIES OF THE EQUILIBRIUM 

3 FORMS OF A BEAM COLUMN 

3 (OSTSILLIATSIONNYE SVOISTVA FORM RAVNOVESIIA 

STERZHNIA PRI PRODOL’ NOM IZGIBE) 

PMM Vol.22, No.4, 1958, pp.541-543 

A.S. KONDRAT’ EV 

(Kuibyshev) 

; 1. Consider a bar of variable rigidity under the action of an axial load 
: Pf(x); the function f(x) is assumed to be stepwise continuous and posi- 
tive. 

It has been shown by Trefftz [1] in 1923 that the deflections y(x) of 
7 such a bar satisfy the homogeneous integral equation 

Kune, s) y’ (s) da (s), (da (s) = f (s) ds) (1.1) 
0 

4 where K(x,s) is the influence function of the bar, | its length and 

K,. (2,8) = 0°K/dads. 


It is known that the kerne!] of equation (1.1) is positive definite 
[2]. Consequently, a1 of its eigenvalues are positive. These values P, 
are the “critical forces" of the bar, while the eigenfunctions y, (*) = 
z, (x) determine the possible equilibrium forms corresponding to those 
"critical forces". 


In the cases when (a) one end of the bar is pinjointed, while the 


other end is free, and (b) one end is rigidly built in, while the other 


end is pinjointed, the function Ky, s) represents Green's function of 
4 the Sturm-Liouville system; it becomes, therefore, oscillatory. Conse- 

$ quently, in the case of the end-conditions just indicated the functions 
2, (x) must comply with the complex of theorems elated to oscillatory 

properties. 

‘ Other types of end conditions require special consideration. 


2. Take the case when the bar is hinged at both ends. In this case, 
the function Ky, (2, #) will fulfil all conditions satisfied by the 
generalized Green's function of the boundary value problem 


2’ (0) = 2’ =0 


(Elz’)’ = —Pf (x) z, 
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4 Therefore, all eigenvalues of (2.1), except ty) = yri/2 will also be 
a eigenfunctions of equation (1.1). 

E : Let us write (2.1) in the form 

3 (Elz’)’ — 8fz = — 2’ (0) = 2’(l)) =0 (2.2) 
3 with 8 < P, and the notation P° = P+ 8. Now P = 0 is no longer an eigen- 
4 value for (2.2), therefore we can form for it Green's function C(x, s) 


in the usual sense. The kernel G(x, s) becomes oscillatory, because it 


is positive-definite and represents Green’s function of the Sturm-Liou- 
ville probles. 


We now form the kernel 


1 
Q(z, s) = V f(z) f (s) Kus (z, + nV (2.3) 


l 
\ Ku (x, s)ds =0 
0 


(2.3) has the same eigenfunctions as the kernel C(x, #). They will differ 
by the factor [ f(x 71/2, Thus it is clear that, although the kernel 

Ky, (x, s) is not oscillatory in the case of the end-conditions under con- 
sideration, a system of eigenfunctions can be obtained, possessing the 
complex of oscillatory properties, if we add to the eigenfunctions of 

Ki, s) the function [ }~1/2 = 2°(x) as a first eigenfunction, 
while the numbers of all other functions are increased by one. 


Starting from this result we will show that in the case of sufficiently 
small 5, the kernel (2.3) becomes oscillatory. 


Indeed, on the basis of the above proof, the eigenfunctions 2:°(<), 
t>(z), ... of the kernel (2.3) form a Chebyshev system; therefore the 


determinant 


must differ from zero for any x, < ... < S. of the interval (0, I). 
Using the known expansion [3] for positive-definite kernels, we have 


* 0 


Purthermore we form the function 


@(z)= (z, s,) = F,Kn (z, + = ——*_ 


755 
Since 
= 
(2.5) 
k=! k=} 18 V f (2), kay 


756 A.S. Kondrat’ev 


In the case of sufficiently small 8 and o # 0, the function (2.5) will 
have no more than n — 1 sign changes, and this is what is required. 


The conclusion holds true in all other cases of end conditions as well. 


3. Take the case when the first end of the bar is clamped while the 
second end is hinged. For such a bar the influence function Ky, ° Cs, s) 
of the rotation angles can be considered as the tangent of the rotation 
angle of the cross section at the point «x for the case of a bar with 
hinged ends, acted upon by a concentrated unit couple at the point s and 
a couple of some moment at the point 1. This permits to obtain the rela- 
tion between ts, s) and K,,(z, s) as follows: 

4 Ku z, s) Ky (z,l 
Ku° (2,9) = | (3.1) 


We shall establish the oscillatory character of the function 


Q(z, =V Ku? 9+ (x) f(s) 


as we have done in the case of hinged ends. 


On the basis of the formula (3.1) we get 


Ku 2) V7 (s) Ku 8) 


Ky (2, 8) V f(z) Ku (z, R (z, 


1 


)= V7 (2) 9) + 


Using Sylvester's identity for determinants we find 


n 
R 
zn 
V7 Ky . V 


R (21,21) . . . .R(2,2,) 


The determinant 


where 
Q xr 
| 
| R (z,,, 21) 

Mm. « +8 
R | (3.5) 
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is a polynomial of the n-th degree in terms of §-1, while the remaining 
expression in the right-hand member of (3.4) is a polynomial of the 

(mn — 1)-th degree. In the case of sufficiently large values of 5~', the 
sign of the determinant (3.4) must be, therefore, identical with that of 
(3.5). We know, however, that in the case of a sufficiently large §-1, 
the determinant (3.5) is positiye; therefore (3.4) will be positive as 
well, and this is what is required. 


If Ki, (s, s) is represented by the influence function of the rotation 
angles for a bar with one end hinged and the other clamped, while Ky, ° (2,8) 
is represented by the influence function of the rotation angles for the 

bar with clamped ends, then the above consideration leads to the further 
conclusion that also in the case of clamped ends and of sufficiently 

large values of | the determinant (3.4) will be positive. 


Thus, the oscillatory character of the function (2.3) is established 
for the case of the end-conditions considered in this Section. The con- 
clusion applies also to the case of clamped and elastically built-in ends. 


Therefore, it can be stated that, with respect to the "critical for- 
ces" and the derivatives of the functions determining the equilibrium 
forms of the bar, the latter possess the same oscillatory properties as 
in the case of a bar with hinged ends. 
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A law of work-hardening of plastic solids has been offered in a paper 
[1] by Prager. According to this law the yield surface moves trans- 
lationally in the stress space. Budiansky [2] noted that, if applied to 
two-dimensional state of stress, this law contradicts the assumption of 
original isotropy of the material. In the present note the law of de- 
formation for the plane state of stress is treated as a special case of 
the law for the three-dimensional state of stress. 


Denote by 0; the stress components and by the conm- 
ponents of deformation. Tresca’s condition of initial yield is repre- 


sented by a hexagonal prism in the stress space and is expressed by the 
formula 


Q= max Sg, Og) = hie (9), 
1<1<6 


fy = 63, fe=G2--G3, fy = 62 — 4}, 


The quantity Q characterizes the dimensions of the prism, while i* 
indicates the plane in which the stress point appears. In the process of 
hardening, which is assumed to be linear, the hexagonal prism changes, 
in a manner preserving similarity, with a moving axis of similarity. De- 
note by c’ Prager’s modulus of linear hardening and by c™ the modulus of 
linear isotropic hardening. Then the components of displacement of the 
axis of the prism will be e3. Denoting by a dot different- 
iation with respect to time, the law of deformation assumes the form 


(a) (a 1, 2,3) 


Q =f, (0, — — c’es, — 


if the stress point remains in the plane it, or 


| 22 
AZ 
| 
| 
| 
| 
| 
| 
where 
as 
(4) 
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if the stress point appears on the edge, representing the intersection 
of the planes i and j. From the equations (1) and (2) we find 
1 oO, . 


- 4 j 


where 
hi (4), S2, Gs), d = 2c’ ce”, 


The case A = 0 corresponds Prager’s law of hardening, while A = 1 
characterizes isotropic hardening. 


If at some instant the stress point appears on an edge of the hexa- 
gonal prism, then it remains on that edge, if 


or it goes over to the plane i (or j), when 


My (or M, (or (or 


+ 


ae 
159 
ae 
195 
S 
4 / 
/ y 
/ 
/ 
4 
4 / 
/ 
Pig. 1. 


in Pig. 1, 


a=arctg 8, = 


On the basis of the equations (3) and (4) 
for the state of plane stress in a form given in the following table: 


Regime 


Khuan Ke-Chrhi 


Consider the state of plane stress (o, = 0). Tresca’s yield condition 


in the plane (o,, o,) can be represented by a hexagon ABCDEF, as shown 
where 


= are tg 


Strain lew 


| Speed of Expansion of hexagon 


, we can find the strain law 


— 


4 
35% 
4 
[22 - 


“= 


= d (1 - 


4 


=> d [ey 4 — 


A) les + ae] 


= 6,/d, = (); = de, 


—A. 


22 
(201— 2) 


2, 


4 


= d(i - Wlat 5 
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The displacement components Uy. Ws of the center of the hexagon in the 
plane are connected with the displacement components 
ce, of the axis of the prism in the space (o, o, o,) by the formulas 


uy = (2ey + = d (1 —d) (er + es): us = (Zen + = d (1 —d) + (5) 


It follows that if a stress point is located on a side of the hexagon, 
then the center of the hexkgon will move, in the process of hardening, 
along the line connecting the center with the midpoint of the side. The 
stress point will be always on the edge if the stress increment vector 
is located in the wedge-like domain shown in Pig. 1. We give the most 
simple examples. 


Example 1. Simple extension o, = $(t), 9, = 0, = 0 (@>). The deforn- 
ation is 
4 


where Cy dis the initial yield limit. 


Exaaple 2. Two dimensional compression = 7, = - d(t), o,=0 
> 0). The deformation is 


4 e3 
(@ — Gp), (regime/])) (7) 


Comparing the expressions (6) and (7) with each other we see that the 
contradiction indicated by Budiansky [2] does not exist here. 


Exaaple 3. A circular plate, supported along its boundary and acted 
upon by uniformly distributed pressure p. We give here the results for 
the cases A = 0 and A = 1 only. In the case of isotropic hardening we 
obtain a solution identical with that of hodge [3], who uses a instead 
of A. In the case of Prager hardening (A = 0) the solution becomes 


cu 3 
MR 32 P (1 + 3¢,* -- 234 — + — 24) 
— K,(1— 9,*) + : In when 
P (1 — — + — Ki (1 — — 


— Ins — Ki (1 — + Kz Ine when <1 


3 7-2 
P 7¢*) 


1+ Po-*(112)3 — 8e4) + In 
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ia 
q 


Khuan Ke-Chrhi 


= $+ Ine — Pe? —3Ki + Kae? when 
2 Ms 3 

= = 1+ — P (9p1* — when Fi 
M, 16 

+4 Inp— = Pe? — 3K; — + Kip"? when 

where (8) 
_ di’ 6, h* 

: R= plate radius; h = thickness; » = deflection; Wy, Mp = bending moments; 

K,; = — — 14 + 4p," In + 3P (7 — 3p24)] / 16 (3 — p2°) 


Kz = e2*[3P — 7) — 4(1 + 31m 8(3 — 
while Py. P, are determined by the equations 
3P — p2) = 3P (7 + 627) (1 — p22) — 2 (1 — 92”) + 12 In 
Per? (11 6 In ) (3p_7! 2) =P (21 119.%) — 26 + 109? + 121n Qo 
\ 1 / 

At the beginning of the yield process (P = 1) we have P,= 0, P= 33 
when P + o, both p, and p, tend toward the limit V 7/3. When P = 1.5, we 
have Py = 0.5708, P, = 0.9670 and the solution (8) nearly coincides with 
that of Hodge [3 ] for the intermediate case a = 0.5. 
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Lenskii [1] has shown that it is possible to solve the problem of spall- 
ing [ scabbing ] by the acoustic approach. A solution of the above 
problem is constructed below with the aid of the method of incomplete 
separation of variables [1, 2] and operational calculus. 


Assume that at time ¢ = 0, a force P(t) is applied at some, point of 
the surface of a plate, z= 0, and that the lower surface of the plate 
is free of. stress. 


At first, a solution for a unit step force 


0 t<0 
(t<0) 
(¢> 0) 
is constructed, from which it is easy to go over to an arbitrary time 
variation of the force. 


In fact, if o*(r,z,t) gives the stress distribution under the action 
of a unit step force, then the derivative o,°(r,2,¢) will correspond to 
the stresses caused by a unit impulse. The stresses due to the force 
P(t) (P(t) 4 0 for O< ¢ <e, Plt) = O for t < O and t>«€) will be de- 
termined by the formula 


a(r, z, t) =| P(t) a,° (r, 2, —t)dt 
0 


Integrating by parts and changing the variable of integration, the 
last formula can be written as follows: 
t 


a(r, z, t) = P(0)o° (r, z, t) + \ P’ (t — t;) (r, 2, dt, 


An analogous formula also holds for the displacements. 


Assume at first, that the upper surface of the plate is acted upon by 
a pressure distributed along the radius as follows: 
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4 

4 In the limit as n+ o the unit step force is obtained. 

a The solution of the wave equation for the displacement potential (where 
4 ce is the speed of sound) 

dr? r Or * 2? ~ 

a with zero initial conditions and the specified boundary conditions @ill 
M4 be found, assuming 

o(r, z, t)=\ O(k, z, t) 1, (kr) dk, ® (r, 2, s) -{ (k, 2, dt 

4 An ordinary differential equation for the function ®(k,z,s) is ob- 

: tained. Its solution, satisfying the boundary conditions, is 


a 


m=0 


@ 
(k, 2, 8) = he +e 
m=] 


(k, 2, 8) = (2mh + 2) V 2, 9) = (2mh — 2) V 5 


where A is the thickness of the plate, A is Lame’s constant, and Bis) = 
l/s. 


Applying the inversion theorem, the displacement potential is found 


to be: 

—6,, (k 

as] I, (kr) dhe +- 

‘ It is known from operational calculus that each term of the series 
4 shown starts to differ from zero only at the time when the following in- 
4. equalities begin to be satisfied: 

— 2mh —2 +t>0, or — 2mh+2+4+t>0 

i The incident wave and waves reflected from the upper surface appear 


_ in the first sum; waves reflected from the lower surface appear in the 
second sum. 


After changing the variable of integration in the contour integrals to 
= s/k, the stress o*(r,z,t)-can be represented in the following fashion: 
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A #9 
(r, z, t) = 


k 
\ B (kt) e (%, z, 


I, (kr) dk + 


ae) 1, (kr) dle 


It is of interest for the solution of the problem of spalling to de- 
termine the stresses along the axis (r = 0) for two waves: the incident 
wave and the wave reflected from the lower surface of the plate. 


One can go from the straight line, parallel to the imaginary axis in 
the é plane, along which the contour integral is taken, by continuous de- 
formation without cutting across singular points of the integrands, to 
such contours Il, along which it is possible to interchange the orders of 
integration and to carry out the integration with respect to the variable 
e{3). Carrying out the operations described above, and letting n = o, 
one obtains for the incident wave 


(9, 2, 2x \ 


and for the reflected wave 


(0, z, 


The integrands in the last relations have one real pole each, to the 
right of the contour of integration. Application of the residue theorem 
yields 
1 

\ 


(0, t)= 2m 2 c 2,0= 2n (2h zy 


With the aid of formula (1), the stress due to the action of P can be 
found (P(t) 0 for P(t) = for < 0 and t 
| 2h — 7 
In contrast to the result given by formula (3) in Ref. [1] one always 
gets a compressive stress at the head of the incident wave front at an 
arbitrary 2z: 


q 
4 
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2n > \ 2ni 
0 o—ia@ 
2,-kin 1 = —9m (k, 
m=-10 o—ia@ 
= (2h- + 3 
q 
4 
1 
7 
27 
| 
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Therefore, in the case investigated here, face spalling cannot occur. 


As far as rear | back ] spalling is concerned, it can be explained by 
the appearing of tensile stresses when the wave is reflected from the 
lower surface of the plate. 


With an arbitrary law of variation of the force P(t), the tensile 
stresses will sometimes reach destructive magnitudes for the first time 
at the front of the reflected wave. This will take place, for instance, 
when P(0) is the largest value. In this case, in order to determine 
the depth of rear spalling zy, the stress at the head of the reflected 


wave front will be equated to the value of the destructive stress op: 


The following equation serves for the determination of Zo: 


20) 
— P( ) + PO) = 


2 c 
If P(t) varies with time according to a triangular law 
0 t<0 
P(t)= { P(0)(1—t/e) Omt<e 
0 t>ec 


then the equation for the determination of 29 simplifies as follows: 


1 / | { 2n 
+ = 


ec 

The solution obtained above is different from the solution in[1]. 
This is explained by the fact that in Ref. [1] a solution of the wave 
equation is sought, which satisfies zero initial conditions, boundary 
conditions on the surface z= 0 (except for the point r= 0), and retains 
an arbitrary constant in the form of a coefficient. This constant is de- 
termined from the condition that P(t) be the limit of the resultant 
stresses on the surface of a hemisphere with its center at the point 
r= 0, z = 0, whose radius tends towards zero. The last condition appears 
to be superfluous and does not ensure a correct choice of solution. 


The result shows that the solution does not satisfy the other necessary 
condition, which requires that the limit of the resultant inertia forces 
in the direction of the z axis be zero when the radius of the hemisphere, 
whose center is at the origin, tends towards zero. Besides, it is found 
that the resultant of the inertia forces in the radial direction, for 
that part of the hemisphere, which is cut out by two planes passing 
through the axis of symmetry, is infinitely large for an arbitrary finite 
radius. 
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This paper deals with the study of a homogeneous isotropic circular bar 


having two cuts (cracks) along the diameter. The solution is obtained by 
means of conformal mapping [1 }. 


1. The Mapping Function. The conformal mapping of the circle |C!< 1 
onto the unit circle with two cuts along the diameter from point +1 to 
a, and from point —1 to a. (Pig. 1) is accomplished by the function 


“ad 14 + 14 + 


a = cos 8 cos 8, 


b =sin8, e = — cos 28, 


2m 1 — m? 2n 1 

1 — aa, —V (1 — a3) (1 — a3) 1+ aya, —V (1 — a3) (1 — a3) 
ms R= 


Suppose that 0 < a, < i a, > la], i.e. it will be assumed that the 
depth of the "left" cut is greater than the depth of the "right" cut. 
Then 0 < a <1, O< n< il, (Pig. 1). 


The case n= 0 is that of two cuts of equal length. 


The roots of the denominator in expression (1.1) will be denoted by 
and ¢,. If n> a, then and ¢, are complex conjugates, |¢,| = |¢,| = 1. 


For n= = one has ¢, = ¢, = -1. If n< a, then the roots ¢, and ¢, are 
real and different, > 1, 


Por ¢ = Cy. the numerator of expression (1.1) has to reduce to zero, 
which is the condition for the choice of the branch of the radical, 
appearing in (1.1). The zeros of the expression under the radical in (1.1) 


will be denoted by Bye 


| 
195 
a cos 
= 
cos 8 (1.2) 
(1.3) 
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Pig. 1. 


2. The Complex Torsion Function. 1. Let n> «#, then a, > 0, Introduce 


the parameter y: 


(1 + n*)m V — m®) (T — 
cosy = — Ti+ sin = (i + myn (2.4) 


yielding 
d = — cosy, = — = — 2; (2.2) 


Proceeding similarly as in an earlier paper [3], the following ex- 


pression can be found for the complex torsion function: 


b? di 
(1 + 20% + 0%) Vi + 
272 


+ i(l + + log = + const (2.3) 


sin* sin(B+y) sin2$ 
P= 2{ctg r(1 + sin? log Sin (4 sin (6 — sin? (2.4) 


sin? y 


2siny — = 
sin y sin® sin Sin (8 


3 3 sin? sin (8 + 48 cos y + 


R = (1 + 2 cos* y) P — 83 (cos? 3 + cos* y), S = 163 cos y —Q — 4P cosy 


and it is to be understood that the branch of the logarithm is represented 
by the series 


log i (2.5) 


2. Let n= a, then a,= 0, y=, 5 = 8. The expression for the complex 


torsion function is found by substituting d= 1 in (2.3) and replacing 


P, Q, R, S by their limiting values for y + 7. Note that 
lim p 8 sin 2% lim R = 16ctg — 2 sin 24 — 8B (1 + cos? 3) 
3 


lim lim S = %ctg3+ 4 sin23—8@ (2.6) 
Y~* 3 3 


® ® 

a \B F A 

4 A 

7 

4 

where 
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3. Now let n< a, then a, < 0. In (1.1) carry out an additional trans- 
formation of the plane ¢ : 


As a result (again subsituting ¢ for ¢*) we find: 


where 


= on 9 9 
** 1+ 2cos8,cos®, (2.9) 


a, = (cos®; + cosBs), 


n(i + m*)? + 2m? (1 +n?) (1 — m*) V — n*) (1 — 
m (1+ m?*) (1 + n)? sin = m (1 + (1 + n)? 


cos 8; = 


n(i + m?)? — 2m? (1+ n?) 
m (1 + m?*) (1 — 


m?) V (m? — n®) (1 — mn?) (2.10) 
m (1 + m*) (1 — n)? 


cos Bs = sin 3, = 


The zeros of the expression under the radical in (2.8) will be 


= 2g = 2, ty = 23 


The following expression is obtained for the complex torsion function: 


{ fi 2 


i {—z,¢)(1—z 


where 


2 8 i 
(sin 82 sin 3;)—4a, q= (32 — 31) — (sin — sin 31) — 4a, (2.12) 
(82 — 81) 


4. Two equal cuts. Let n= 0, then @=-@= 28. Noting that B, = B, 
B, =m -— 8, it is found from (2.11) that 


= +\1 — tgm)t2—(1 + V1 + 2c + 
1+ 2c + 1 — 2,2 
—— log | + const (2.13) 


3. Stresses on the Circular Part of the Contour. The following ex- 
pression is obtained for the tangential stresses on the circular part of 
the contour of a transverse cross-section of the bar in the case n> a: 


sin? — sin? sin 8tg8 cos 8 — cosy 
(cos 83—vcosv)? tg? 8 V sin? 8 —sin? 3 snd 
sin 8 sin(9 + Mcos284+ Ncos8+K 
+ cos cos 8) log sin(8— 2x cos 3 sin 9 | 
=z=--3>9>%5 (3.1) 


ay 

V 
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where r is the amount of twist, uw is Lame’s constant, 


/sin? B sin (68+ y) 
M = 2 | (Sars —2sin y + Say) toe sin y ctg 


N= [sin 28 + 2 sin 26 ctg*y —2(ctg y + sin* ctg* y) log 


| 1 sin (8 + y) sin 28 
2 sin y sin (@—y) Sinty 


(3.2) 


K= 


\sin? y + siny  siny . 
The stress will be found at point D (Pig. 1) where z= i. The point 


o, = cos 6, + isin " is the correspondin a in the g plane, where 
cos 6, = - B cos sin 6, = 1 — cos‘f cos‘8. Letting @ = 6, i 
(3.1) 


1 
1— cos? 8 cos*8 


cos* y sin* sin + y) 
sin* y cos 8 


1 3 cos* 
[2 (1+ + )+ 


y sin*8 sin* y 


+ (3.3) 

The case a= 0 (8 = 1/27, y = 1/2m) is the limiting case, when the 
cuts meet at the point z= nm, and two bars of semicircular cross-section 
are obtained. Letting a = 0 in (3.3) yields 


4 
(2 =) ut 


which, in fact, is the expression that should hold for a semicircular 
cross-section. 


The stress on the circular part of the contour for the case n= a can 
be easi‘y found by substituting y = wm in (3.1) and replacing MW, NW, K by 
their limiting values for y + 7. 


Starting from (2.11), one can obtain the expression for the tangential 
stresses on the circular part of the contour for the case n< a. 


In the case of two equal cuts (n= 0), starting from (2.13), one ob- 
tains 


ut 
cos*8 


T,= 


— sin? cos 29 sin 28 2 sin (9+ 6) 


x/ sinS xsin? + cos log —§) + 
+2V sin? — sin® (3.4) 


The maximum stress in the case of two equal cuts is reached at point — 
D with 0 = 1/2m, 


2 2 1+ 


ut x arc tg m (3.5) 


4. Stress at the Edges of the Cuts. In the case n> a the following 


i 
2 
| 
( 
: — 
— T, =2 
> % 
22 
> 
| 
= 
ig 7 
| 
| 
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tangential stresses T9\*) at the edges of the cuts are obtained: 


V sin?8 — sin?9 
cos 8 cos 8 cos8 cos $ — sin8 V sin? 8 — sin? 9 


sin(8+ 9) sin M cos 29 + Neos K 
cos — cos y °8 sin (@ — 9) sin 8(cos — cos y) | (4.1) 


83>9>0 or 
The stress at point O (Pig. 1), = 0, is to be determined. In the ¢ 


plane, this corresponds to the point ¢ = e'Y, Substituting 8 = y into 
(4.1) yields (evaluating the indeterminate expression): 


siny + cost 8 sin'y cos*8sin*y sin(@ —y) 


= sin’ 3 cos y sin? 8sin28 3 sin*8 cos*y 


Letting a = 0 (the cuts meet) in the last formula results in 
= 


which, in fact, is the proper result for a semicircular section. The 
stresses at the sides of the cuts for the case n= a are easily obtained 
from (4.1) by letting y = 7, 


In the case of two equal cuts starting from (2.13) one obtains 


ut Wsin? — sin? [ 28 cos 29 sin 28 sin(8+9) 


Tw) = + 2 cos 9 log= 


™cos eos 9 — V sin?@—sin?9 sin 9 sin sin(p— 


8>8>0 or (4.3) 


5. Torsional Rigidity. The following expression is obtained for the 
torsional rigidity in the case of two equal cuts: 


| { { 
-C= 


— 1 (8 — 26)? + —- 28) sin 48 + sin? 26] (5.1) 


Substituting in (5.1) B= 1/47 (a = ¥3- 1) one can find C = 1/27- 
2/m. The limiting case a» = 0 (8 = 1/27) yields C = (wm — 8/r)p, equal to 
twice the value of the torsional rigidity of a beam of semicircular 
section, which, in fact, it should be. For » = 1 (8 = 0) one gets 
C= 1/2mp, i.e. the rigidity of a circular bar without cuts. 


The problem of torsion of a circular bar with two equal cuts has been 
solved by another method in a paper by Shepherd [2]. The torsional 
rigidity was calculated in two cases: for 1- a» = 0.1591 and 1 —- a2 = 
0.2929. 


| 
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Torsion of a circular bar with two cuts 
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Suppose the following homogeneous linear equation is given: 


-+ p, (thy = 0 (1) 


where, for the sake of simplicity, Py (t), P,(t), 
nomials of order not higher than the second. 


p,(t) denote poly- 


According to the [ complex ] differentiation theorem of the transform 
) 

and after operational! transformation, equation (1) corresponds to the 


following differential equation of second order: 


PUMP) | p PEP) Y(p) = pS (p) (2) 


n 
ad 
ty (tl) (—1)"p 


where P(p), Q(p), R(p) are polynomials of order < n, and S(p) is a poly- 
nomial containing the initial values. 


Let, for instance, R(p) be a polynomial of order not less than the 
orders of polynomials P(p) and Q(p); then from (2) it follows that 


pS(p) Qi(p) d | d* (p) 
(p) 


The terms of the relation (3) will be inverted separately. Assume, 
for the sake of simplicity, that the roots of R(p) are simple. Then 


| 

yn n 

d y 

at dt 

it 
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Transformation of a linear differential equation into an integral equation 


@ @ 
d Y(p) 
Y(p) = \ p=— — —pt 
(p) P \u Je Pip t) y(t) ade 


Q(p) 
Expand 


into simple fractions: 


Qip) A, + 
P, 
Then 
Rip) ?dp |p + Sp p,/Pdp “Pdp |p | + 
Pp { d [= 
p p—p, | 
r 
But 
d [Y(p) 
> Apy(t) 


yi — \ ) de 
Pp p—p,|"dpl p jf 
r r 
Similarly, if 
P(p) R B, 
Rip) £tp—p, 


then 


Rip) | Bot y (t) + \ "de 


r 


Using (4), (5) - (8) yields 


prt 
y(t) (1— Ayt + B,t*) >, \ ty at—)) B, \ 4 - Ke 
r r 


This is an integra] equation of the Volterra type of the second kind 
with a degenerate kernel, containing exponential terms. 


Everything said here can be easily extended to the case where Rip) 
has multiple roots. 


Example. The equation of Laguerre 
ty+(i—thy +ny=0 
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(6) 


(8) 


(4) 
ay 
and, by the convolution theorem, 
4 
= 
: 


V.V. Karamyshkin 


is, after transformation 


d 
(pP— P*) Pap 


From this it follows that 


[¥() 


and this means that the integral equation is 


t t 
ty (t) = (n + 1) \ y(x)dr—n y 
0 0 


t 


t 
ty (t) = (n + 1) \ y(t)e~*dt 
0 0 
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AN EXACT SOLUTION OF THE ENERGY EQUATION IN A 
PARTICULAR CASE OF THE MOTION OF A VISCOUS 
INCOMPRESSIBLE FLUID 
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SLUCHAE DVIZHENIIA VIAZKOI 
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In this paper an exact solution is obtained, in terms of Weierstrassian 
elliptic functions, of the energy equation for an incompressible viscous 
fluid with a Prandt] number equal to unity, for the case of the well 
known [1] plane steady flow between two nonparallel plane walls. Trans- 
formation of the solution from Weierstrassian functions to the tabulated 
Jacobian functions [2] makes it possible to present the solution thus 
obtained in graphical form. 


We note that after this work had been practically completed, the author 
became aware that this exact solution had already been considered by 
Millsaps and Pohlhausen {3}. However, in the latter paper the energy 
equation was integrated numerically. 


1. Formulation of the problem. It is well known [1] that the Navier- 
Stokes equations, written in a polar system of coordinates r, @, admits 
of an exact solution in the form 


rv, 


= = (6 — 6,, g2, + ry = 0 


4pv* 
3” (6 — 82, &s)+ + const 


where v, is the radial, and vg the tangential component of the vector 
velocity, p is the pressure, p e density, v the kinematic coefficient 
of viscosity, y the Weierstrassian elliptic function, &> and &, are the 
invariants of the function y, 6, is an arbitrary constant which may be a 
complex number. This solution can be interpreted as the plane flow be- 
tween two nonparallel walls with an included angle of 2a. Then the arbit- 
rary constants 95. &> and g3 are determined from the condition of no slip 


ag 
‘+ 
a 
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at the walls and from the condition of the specified discharge 0: 


It is not difficult now to verify that the equation of energy, written 
in the polar system of coordinates, admits of an exact solution in the 
form 

144Acv? 
t (6) (1.3) 
where A is the reciprocal of the mechanical equivalent of heat, o is the 
Prandt!] number, whilst the function ¢(@) has to satisfy the inhomogeneous 
Lame equation 


t” (u) = [120 (u) + 40 — 4] t (u) — [9 (u) + 02 (u) + 18 (u) + m] (1.4) 


u=§—6,, > 


We shall henceforth consider the case of constant temperature of the 
walls: then the function t(u) = t(@ - 6.) must satisfy the homogeneous 
boundary conditions 


t(a = t(—a — 9,) = 0 (1.5) 


Since the solution of equation (1.4) depends on the function y(@ — 6,. 
&>. &3), defined by the constants 6,. g, and g,, then in the study of 
the properties of the solution of equation (1.4) with the boundary con- 
ditions (1.5) we shall rely on the properties of the solution (1.1) ob- 
tained in the paper [4]. 


2. The solution for the temperature profile. In the case o = 1 the 
homogeneous Lame equation takes the form: 
t” (u) = 12 (u) t (u) (2.1) 


and it follows from the theory of elliptic functions that two of its 
particular solutions are 


t, (u) = ®’ (u) 


du 
te (u) = ¥’(u) \ 


where C(u) denotes the Weierstrassian function, 2@, and 2@, are the 
two elementary periods of the function y(u): 
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(2.2) 
‘ 
= (u + + (u +002) (u + 9) + 
+ (a*e; +- + c*es) u] (2.3) 


Solution of energy equation in the motion of a fluid 


= ¥ (@,) (i = 1, 2,3) 
= 1 
— (€1— 3) ’ (€2— 1) (€2 — es) (€3 — — 


(2.4) 


Applying the method of variation of arbitrary constants and utilizing 
the well known properties of the Weierstrassian functions y(u) and f(a) 
for the calculation of the indefinite integrals, we obtain as a parti- 
cular solution of the inhomogeneous equation (1.4) the following 
expression: 


t, (u) = (u) (u) + Bu + (u + + DE (u + + (u + (2.5) 


2,1 4 2 1 1 4 1 3 1 
& + le me), D=—6 (4 e 


(= ety + + Lles* + mes), B= Ce, + Dez + Gey — (2.6) 


The general solution of equation (1.4) is then 
t (0) = (u) + cz (ty) (u) + (u) 2.7) 


where Cy» €p are arbitrary constants, which must be found from the con- 
ditions (1.5) for the particular solution required with constant tempe- 
rature of the walls. 


We shall henceforth distinguish three separate cases, when the dis- 
criminant A= 27,” of the cubic equation 4s? - £3 0 is 
less than, greater than, or equal to zero. 


1. The case A< 0. Here we have [4 ] 6, = @, and the solution for the 
velocity profile 


| ent 


er + 7*=20VH (2.8) 


[38 (0 — wy) +- — [a0 


is the unique solution and gives a purely divergent stream which is sym- 
metric relative to the axis of the diffuser. Here the solution (2.8) de- 
pends on two independent parameters H and the Jacobian modular function 
a? The physical parameters of the problem - the Reynolds number Non = 
Q/2v and the angle of divergence of the diffuser 2a - are expressed in 
terms of the parameters H and k? by means of the conditions (1.2), and 
this relation is given by formulas (7.1), (7.3), or the tables presented 
in paper [4]. If now in the solution (2.7) for the temperature profile 
we make the substitution u = @ - w, and transform from the Weierstrassian 
functions y and € to the Jacobian functions sn, cn, dn and Zn, then the 
solution for the temperature, satisfying the boundary conditions (1.5), 
is obtained in the following form: 


q 
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= $(0) {4 T + BO + 2[MP (0) — VQ (®)] + DR) — 
— cy (pP (9) — + (8) + 
Q@)=VAk 


= nt 1 — 


sn tT snt 


E 2 = 


sn tdnt 


S (0) = 4H"" 


= — — alt + — 


(a) + Ba + 2 [MP (a) — NQ(a)| + DR (a) 
2[pP (a) — 9Q(a)] + R(a) + ye 


(ps qt) H-4, N = (pt + qs) 11-4 


D = — (ant —1) — 19 + 4 1) (1 — — 
— -2 1 A-3 
—1)H*4 2H] 


1 

B= H | (2M — 2D) —1) — k’? 14 
(1 —A*) — 4 2k? — 4 
(2k? — 4) (2k — 12 (4 ke) [= (2h ) 
— 4k? (1 — k*)] H-* 4+ 2(2k* — 1) 


t = H* 28 (2k? — t) (1 — k*) + 2 kh’ [+ (2k? — 1)? —4(1 —k*) + 
3 3 


+ (2k* — 1) kk’ H-? kk’ 


K and F are the complete elliptic integrals of the first and second kinds 
with modulus k. 


From the solution (2.9) it is easy to obtain the value of the tempe- 
rature on the axis of the diffuser. We have 


t (0) = 2H? (D — @,) (2.10) 


Since all the functions S, T, P, Q and R occurring in the solution 
(2.9) are odd, then t(@) is an even function, and consequently the dis- 
tribution of temperature in this case (A < 0) is symmetric with respect 
to the axis. 
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2 2° 
Pig. 1. Pig. 2. 


In Fig. 1 and 2 are represented the profiles of velocity and tempe- 
rature, computed from formulas (2.8) and (2.9) for the case 2? = 0.9, 


H = 144, which corresponds to a = 0.07074 = 4°, Na, = 20.34. 


2. The case A> 0. Here several variants are possible. 


First variant: 6, = @,. The solution for the velocity profile is [4] 
rr 
om = = — [39 (0 — ws) + 1] = 


(2.11) 
and consequently the stream is symmetric with respect to the axis of the 
diffuser, the quantity a taking the values Mae Moe sees which are the 
positive roots of the transcendental equation | 4 |} 


1+ —1 
sn* (7 V>) 


In this case the solution (2.11) depends on the two independent para- 
meters A and the modulus of the Jacobian function k*. The physical para- 
meters - the number Ne. and the angle 2a - are expressed in terms of A 
and k? by means of the conditions (1.2), and this relation is given by 
the formulas (8.1), (8.2) or the Tables 2 and 3, presented in the paper 
[4]. Substituting @ — w, in the solution (2.7) in place of the argument 
u, and transforming to Jacobian functions, we obtain the following ex- 


pression for the temperature profile, satisfying the boundary conditions 


(1.5), with = 


t (0) = S.(0) T; (0)+ B, 0+ CP: (0) + DR: (0) + GQ: (0) — 
[a*P (0) + (0) + (0) + (2.12) 

Here 


dn (0 } 2) 


sn (6 Vi) dn (6 V9) 
en (OF A) 


Ps (0) = Ts (0) R; (0) = T; (0) V3, 


Q: (0) = T (0) + -, T(0) >) 


3 
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S2 (0) = sn (0 V2) cn (0 VA) dn (6 Vd) 


(a) + Ba + cP2(a) + DR2(a) + EQ: (a) 
(a) + b* (a) + c7Q2(a) + yea 
2 — k? (2 — 2—k?* (2—k?)? 2—k?* 


1 + 1 +k (1 + k*)? {+k 
=" 


—je *-*- 
B= + D (2k* — 1) —G (1 


| 
2—k _ 2k? — 1+ k? 
ve = laa + -| 


The temperature on the axis of the stream is 


t (0) = (G — esc?) (2.14) 


By virtue of the fact that all the functions occurring in (2.12) are 
odd, the temperature distribution in this case (A> 0, 6, = @,is sym- 
metric with respect to the axis of the diffuser. 
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In Fig. 3 and 4 are shown the velocity and temperature profiles, com- 
puted from formulas (2.11) and (2.12) for the case k* = 0.8, A = 196, 
which corresponds to a = 0.08727 = 5°, Ne. = 34.82. In this case the flow 
obtained is purely divergent. 


With a = "= 2m, - the central diverging stream is flanked 
symmetrically on both sides by regions of inflow (Pig. 5). The temperature 
in this case is computed again from formula (2.12), but with another value 
of the constant Co. which is easily obtained from the following property 
of the functions T,. P,, R, and Q,, e.g.: 


Tz (8 + = (0) + — < (2 — (2.15) 


where nm is an integer. Then 
T2 (a) = T2 (m2) = K — + (2 — — T2(m) 


T,(,) has already been computed for the case when a = "y: 


v t 


\ 
\ 


6° 8 


Pig. 5. Pig. 6. 


In Fig. 5 and 6 are represented the velocity and temperature profiles, 
computed in this case (a = n, = 2@,-7,) for k* = 0.8, A= 196, (a= 
0.2346 =~ 13°30’, Na, = 10.82). 


When a = i 2@, +”, the central diverging stream is flanked 
symmetrically on both sides by regions of inflow and outflow. The tempe- 
rature profile is also correspondingly complex. 


Second variant: 6, = @,. The solution for the velocity and temperature 
is 


n*(0V 
(0 — ws) + 1] = — Vx) ~ (2.16) 


t (8) = Ss (9) Ts (8) + BO + CPs (8) + CRs (0) + GQs (0) — 
— (0) + (0) + (8) + (0) = — 202K? (1 — (D — (2.17) 
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Ry (8) = (8), Qs (6) = Ry (9), (6) = (8) 


Ps (8) = T2 (8), 


sn (6 V 4) cn (6 V 2) 
(6 V >) 
The expression for the constant C3 is obtained from formula (2.13), 

if instead of the functions with index 2 we substitute the functions with 

index 3. The expression for the coefficients and Cc. 0. G, 8B 

remain the same as in the first variant. 


(8) = — (1 


Here a can assume the following system of values [4]:a-<= a, ~ My. 
a= @, + My: a= + "3 and so on, @=n” (mn is a positive 
integer). If a = @ — 1), then the stream is purely converging and the 
temperature inside the stream is higher than the temperature of the walls 
(Pig. 7 and 8), = 0.9, A= 400, a= 4°, 31.9. If a= a, +, 
then the central converging stream is flanked symmetrically by regions of 
outflow and the temperature in the region of the converging stream is 
higher than the temperature of the walls, whilst in. the region of the 
diverging stream it is lower than the temperature of the walls (Pig. 9 

and 10), = 0.8, A = 400, a= 10°, 33. When a= +7,, the 
central converging stream is flanked symmetrically on both sides by 
regions of outflow and inflow. When a=n @,, the solution for the velo- 
city profile has the form [4]: 


2v 
— [3¥ (6 — a, — @3) + 1] 


r 


where a, = (a, for a, = @, and a, = Ms for a, = 2@,, and so 
on. In this case the stream is not symmetric relative to the axis, since 


(—0 — a, — ws) = # (6+ 2, + ws) = (0+ a, — ws) + (6 — 2, — wy) 


It is easy to show that in this case the temperature profile is also 
asymmetric. 


0 0 
0 6 0 


Pig. 7. Pig. 8. 


3. The case A= 0. Study of this limiting case shows that here only a 
single type of profile is possible - this is parabolic. The temperature 
distribution is described by a parabola of the fourth degree. 
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Pig. 10. 


From the exact solution obtained above for the temperature profile it 
follows that a symmetric distribution of the velocity profile corresponds 
to a symmetric distribution of temperature. An asymmetric velocity pro- 

file corresponds to an asymmetric temperature profile. For greater values 
of Na, there occur local elevations of temperature, in places with extreme 
velocity gradients, on account of dissipation. In all cases of flow the 

temperature profile is directed opposite to the velocity profile. 


Note. For Prandtl number o # 1 the equation (1.4) cannot be integrated 
in closed form. However, if 120 =n (n+ 1) (nm is an integer), the 
general solution of the homogeneous equation (1.4) is obtained in terms 
of the Weierstrassian functions ¢(u) and o(u). A particular solution of 
the inhomogeneous equation (1.4) is now expressed by quadratures in terms 
of unevaluated integrals, and therefore the general solution of the in- 


homogeneous equation (1.4) is obtained in a form which is cumbersome for 
study. 


If n= 6, 8, 10, ..., which corresponds to o = 3.5, 6, 9.16, a 
particular solution of equation (1.4) can be found in the form 


n n 
— 

to = (u)+ (u)+... 
and the general solution of equation (1.4) is then obtained in closed 


form. However, in view of its complexity we shall not embark upon a study 
of it. 
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PROPAGATION OF DISCONTINUITIES IN SOUND WAVES 


(RASPROSTRANENIE RBAZRYVOVY ZBUKOVYKA VOLNAKE) 


Vol.22, No.4, 1958, pp. 561-564 
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In this paper a solution of the equation of gas dynamics is presented 
which describes the propagation of waves of small amplitude. The extent 
of the disturbed region (the length in the direction of motion of the 
wave front within which the variables in the disturbed motion are of 
significant magnitude) is assumed to be small in comparison with the 
characteristic dimension of the problem. The nonlinear properties of the 
motion, exhibited in effect whenever the wave traverses distances sut- 
stantially greater than the length of the disturbed region, leads to a 
change in the profile of the wave, and the development of discontinuities 
in it. Computation of the nonlinear factors points to a damping of the 
shock front, a result that is in accord with acoustic theory [1, 2]. In 
the case of propagation of spherical (or cylindrical) waves in a homo- 
geneous stationary medium, the results agree with those obtained earlier 
in work by Landau [3]. Khristianovich [4], and whitham [5 ]. 


1. Characteristics. The basic system of equations of motion of a conm- 
pressible gas has the foram: 


Ov 


ot oz," * + Oz; at k 


or Ox, a 
where vege Pe Br denote respectively the velocity of the gas density, 
pressure, and velocity of sound, at a point with Cartesian coordinates 
z; at time ¢; Ri is the acceleration due to gravity, and the indices i 
and k take the values 1, 2 and 3. The pressure, density and velocity of 
sound are related to one another by the equation of state yp = pe? where 
y is a constant equal to the ratio of the specific heats of the gas. 


We consider the characteristics of the system (1.1). The equation de- 
termining the characteristic surfaces Ax, t) = constant has the form: 


OP \2 \2 Op 
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If the expression in square brackets in equation (1.2) is set equal 
to zero, we obtain 


teV (2) =0 (1.3) 


which determines two families of characteristics C, and C_ (correspond- 
ing to the choice of signs of the square root). If in the equation 

A(x ;, t) = constant, t is considered a parameter, in place of character- 
istic surfaces C, and C_ stationary in (z;, t) space, we would have 

moving surfaces N, and WN in (x5) space. The velocity of propagation of 
these surfaces, according to equation (1.3), is equal to v5 + en; where 
n,, the unit vector normal to the surfaces N, or W_, is defined by 


(1.4) 


which determines a family of characteristic surfaces Cy. defining the 
paths of particles. Corresponding to the characteristic Cy. moving in 
(x;) space, we now have a surface S moving with the gas particles. 


We use the following notation for the derivative along a character- 


istic surface, 


dr, Op/dt at 


As a result of the reduction of the system (1.1) to characteristic 
form, we obtain equations containing derivatives of the desired functions 
only along corresponding characteristic surfaces. Along the character- 


istics C, and C_ 


1.5 
(v, + en,) } + pe (nyv, + = + (1.5) 


The upper sign in (1.5) corresponds to C,. and the lower one to the 
characteristic; 5:, = 1 for i= k, and = 0 for if# k. Along the 


- characteristic 
Ov; Op ap GT.) 
8; | | — | | = O 
ete (Sr) + ee ( (1.6) 


The vector s, in (1.6) satisfies the condition s Of / dz; = 0 (that is, 
the direction of $i is tangential to the stream surface S). Since on the 
surface S there are two independent vectors satisfying this condition, 
the first equation (1.6) resolves into two independent equations. 


0 
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Thus, along the Cy-characteristic, we have three relations, corres- 
ponding to the fact that for a hyperbolic system of equations (1.1), sur- 
faces determined by the trajectories of particles are three coincident 
families of characteristics. 


2. Geometrical acoustics. Propagation of discontinuities of seall 
amplitade. We determine the solution of characteristic systems of equa- 
tions which correspond to the propagation of waves of small amplitude 
with a disturbed region of small extent. 


Suppose that in the undisturbed region, the pressure Po: density Po 
and the fluid velocity U;. are independent of time, and given as functions 
of the coordinates. We assume that the disturbance pressure A= p — Po: 
density 8 = p - Po and velocity es," %- U; are small quantities of the 
first order in comparison with the undisturbed pressure Po density Po 
and velocity of sound fo: The length of the disturbed region A is assumed 
to be small in comparison with the radius of curvature R of the wave 
front, and in comparison with the characteristic length # in which the 
medium changes perceptibly. In this case it is necessary to neglect terms 
of the order A?, AA/R, AA/# in comparison with A. Purthermore we shall 
assume that in directions tangential to the wave front, the changes in 
magnitude of the functions A, 8, a; are of the same order as the quantities 
themselves over distances much larger than the length of the disturbed 
region (that is, over distances of the order of R and #). 


We consider a diverging wave bounded externally by the surface NW. We 
determine the C, characteristics so that at the initial instant ¢ = 0 
they pass through a family of surfaces equidistant from the wave front 
(N, for ¢ = 0). The characteristics C_and C, are determined so that they 
pass through the wave front at the same time. With this choice of 
characteristics, the angles between the normals to the moving surfaces 
N,, A_, S, M, within the disturbed region of length of order A, will not 
exceed magnitudes of the order A/R, A/R. 


We write equation (1.6) for the Cy-characteristics in the form 


d ds, 
di = — 


d 
di (A — = (c? — U, 


Here d/dt = v, (9/dx,) indicates differentiation along a particle path. 


Integrating these equations with respect to time along the trajectory 
of the particle, and noting that the time a particle remains in the dis- 
turbed region is A/ep, we obtain 


ae 
"22 
4 
K\ Or, Ox, dt 
\ k 
4 


= 
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= O(A/ RK) 4+ O(A/ HF) (2.4) 
A — =O (A/ (2.2) 


The first of these equations is equivalent to: 
u; —un, = O, (AA / R)+0,(A4/ H) (u=/V 
The equation in the C_-characteristics may be written in the form 


au an 
(A — peu) = peniu, — vA — peta = 


— (uy + ny) pe — ) — un,) — u— 


Here d/dt = (vy en,) @/tey signifies the derivative along the tra- 
jectory of the element of a surface f#_. 


Since the surface N_ is found in the disturbed region for a time A/ey. 
integration of the equation with respect to t gives 


A — potou = / R) 4+ 0(4/ H) + 0(4*) (2.3) 


We notice that equations (2.1), (2.2) and (2.3) agree with relations 
at the shock front, if small terms of order AA/R, AA/#, A’, are neglect- 
ed; therefore the shock front does not influence the flow behind it to 
that approximation. 


We now turn to the equation for the Cc, characteristics (1.5), which 
we write in the forms 


dA dpe dn, OU, ou, 
A au 


Here d/dt = (v, + en, ) (0/dx,) denotes the derivative along the ray - 
the trajectory of an element of the surface M,. Integrating this equation 
nlong the ray, and neglecting small terms of enter A D/R, AA/B, and A? 
in comparison with A, we obtain the result: 


t 
sees: L = exp TY ae, dt (2.4) 


The magnitude a (on the given ray ) depends on the size of the surface 
M,. If the length of the ray is designated by |, the velocity of motion 
of the surface N, is di/dt, and therefore the equation for the C,-character- 
istic (1.3) can be written along the ray in the fore 


a 

=| k 
k 

pc 
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dl 
a = en,)* = 

If, in this equation, we replace A by its value from equation (2.4), 
and neglect terms which are small compared to A, we obtain, on integra- 
tion, the solution 


t 
+1 (n,U + ¢o) dt 


0 0 


+f(a) (2.5) 


where f(a) is an arbitrary function which is determined by the pressure 
specified in the wave at the initial time, ly is the position of the wave 
front for t = 0. The first term on the right of the solution (2.5) de- 
termines the translational motion of the wave as a whole; the second 
determined the change of its “profile* with time. 


We now obtain the equation for a ray in a similar manner. In equation 
(1.3), which determines the motion of a N, surface, we may neglect terms 
which are small in comparison with the undisturbed velocity of sound Co. 
and so determine the ray from the equation 


a9 
aot Un + 


From this, we have the equation of the ray in the fora 


dz; dn, Be, \ 


We can use the solution of (2.5) which we obtained earlier, to deter- 
mine the law of change of pressure at the front of the shock wave. Along 
the path of the front 1 = I(t) we have 


(2.6) 
V (, + con,)* 

which follows directly from the equation relating the pressure at the 

shock front with its velocity, if only terms of the first order are con- 

sidered. Differentiating equation (2.5) with respect to @ along the path 


of the front, and replacing di/dt by its value from (2.6), we obtain 
t 


+- Cy dt 2( it 


=9 
} (Up Cyt)” V L 


4 


— +2 
+ con)? V poe, 
(Up + Pyc 


From this we deduce that the law of variation of a at the head of the 
shock wave, along the ray, is 
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4 
Up + corm) Veet rt! 


(n,Uy, + al 
le 


If at the initial instant the pressure across the wave is continuous, 
the moment when the discontinuity appears is determined from equation 
(2.5) in the same way as in the case of the one-dimensional flow of gas 
(6). Por | >> ly the disturbed region, from the condition of conservation 
of energy, must contain boch a region with A> 0, and a region with A< 0 
(this condition does not apply to a plane wave). From equations (2.5) and 
(2.7) it follows that for I > > ly. the pressure profile behing the wave 
front is approximately linear, and independent of the profile of the wave 
at the inittal instant. The amplitude of the wave with linear pressure 
profile behind the front changes, from equation (2.7), according to the 


law 
(ng + cy) dl 


VERE) 


where Ay is the breadth of the region A> 0 at ¢ = 0. 


In a uniform medium at rest the surface of the wave front tends to 
become spherical as R + o, and the amplitude of the wave falls off 
according to the law A= B/R\V in A where B = constant for the given ray. 
The quantity B in this relation may be different in different directions, 
if the initial conditions do not have spherical symmetry. This solution 
for the uniform stationary medium is the asymptotic solution of equation 
(1.1) as R-+ o, for an arbitrary disturbance of finite energy, although 
in this case the breadth of the disturbed region is compared only with 
the radius of the curved wave front and A/R+ 0 as R+ ow. 


For a nonuniform moving medium the condition 


dt 


t 
A 


VU, 


must also be used, where the integral is evaluated along the path of the 
front. This fact limits the application of the resulting solution when 


+ 
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IMPULSIVE SYMMETRICAL CAVITATIONAL FLOW 
PAST A GRID OF PLATES 
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The steady symmetric cavitational flow past a plate in a stream of ideal 
liquid has been investigated by Gurevich [2], following Efros [1 ]. 
Apparently, this flow can be considered as a cavitational flow about a 
grid of plates of fineness I1/L. 


1. Boundary value problem. We consider a plate, set normally to a 
current of ideal liquid, which is bounded by parallel walls (Fig. 1). We 
assume that the plate suddenly attains a forward velocity 21 into the 
stream (frontal impact). The resulting impulsive flow has a velocity 
potential ¢, connected with the impulsive pressure p and liquid density 
p by the relation 

p=— pe? (1.4) 


The complex potential of the impulsive flow is »= G+ iw. The har- 
monic functions d(x, y), wiz, y), defined in the plane of flow z, must 
satisfy the following boundary conditions: 


1. On a free surface, p = 0 and therefore d= 0. 
2. The normal velocity on the plate 8¢/dn = », is known. 
3. The x axis and walls are streamlines w = const. 


Moreover, physical considerations require that the complex-conjugate 
velocity dw/dz approaches a definite value at infinitely distant points 
in the stream, tends to infinity at the edges of the plate and approaches 
zero on the streamline D. 


The flow region between the wall and the «x axis is mapped by conformal 
transformation into the upper right quadrant (Fig. 2) of the plane of the 
transformed variable u = € + im. Corresponding points in Fig. 1 and 2 are 
denoted by the same letters. The transformation is defined, following 
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du vou (u* — a*) (u? — 

where W is a physical constant, % the velocity magnitude corresponding 

to steady cavitational flow with a free surface, and e is a parameter, 


which may be expressed in terms of the basic parameters a, h by the rela- 
tion 


ah(Va—Vys -yi* 13 
/ a ith (1.9) 


Fig. 


The boundary conditions satisfied by the function de/du in the a plane 
are 
0 when © 
ri/dz/du| »= 0, (1.4) 
0) when 


The first of conditions (1.4) enables us to continue dse/du by symmetry 
into the second quadrant of the upper half u-plane. The analytic function 
de/du in the upper half-plane then satisfies the boundary conditions 


| v,|dz/du| when 1 = 0, (1.5) 

Im dw = —v,|dz/du| when (1.6) 
du 

0 wben —1 < (1.7) 


and is determined by Schwartz's integral, 


Ve ra 1) /(— —1) 
a*) h*) 


Integrating, we obtain 
du’ | N 
= (u® - = a?) (12 h?) a*) K, 
e* + (1 +2 ~2e) V(u+ 1) 1) +1 


+1 
uVer—i Vu 4-1) 1) | 


7 ref. [2], by 
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4 h?(1 +2 

Ki = | pet are tgy| (1.8) 
4 ® 3 + 2 

Ke = [Fe are tg a| 


This expression for de/da satisfies all boundary conditions, and the 
physical conditions to be fulfilled by dwe/dz. 


2. Determination of the iapulsive force. Let J, be the total impulsive 
force exerted by the liquid on the plate. Then from Fig. 1 and equation 
(1.1) we have 


pdz = 2ip dz 
Cc BC 


Integrating by parts in the transformed plane, and noting that d= 0 
at the ends of a plate, we obtain 


d d 
J,=—2ie \ du = —2ip | t(u)Re du (2.4) 
1 1 


where Re(de/du) Is to be determined by (1.8). The value of zr(u) is to be 
determined. 


Since the points B in the z and uw planes correspond, 
(1.2) gives 


integration of 


B, t 
=—i Aare tge + — arctgyt + B_yarc tg xT 


C, t 
+ are tg at+C a arctg (A +Bx+C.a) | 
(2.2) 


= u+i 4 e\? e\ 


Since the points C in the z and uw planes correspond 


N= A+ (Bx are tg x + arc tg al” Vol = Novol (2.3) 


where Ny = N/vol is a dimensionless coefficient. Finally, as in Ref.[2], 
the fineness of the grid I/L and the cavitation number A are determined 
from the equations 


ay 
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aa* (a? — h?) 2a + + 2¢) 
L ’ ™ (1 —a) (a — 2)? (2.4) 


If the variable a = sec @ is substituted into (2.1), (1.8) and (2.2), 
the impulsive force J, is given in a form convenient for numerical inte- 
gration. The dimensionless coefficient Tha = J Joo? for one plate of the 
grid was calculated for different values of the parameters a, fh. Purther, 
graphs for I/L and A were drawn with use of formulas (2.4) and (2.3). 


Pig. 3 shows the relation between u° and A for different values of 
| /L. Curve 1 corresponds to a plate grid with an infinite cavitational 
zone, curve 2 to cavitational flow past a plate in an infinite streas. 
It is evident that w° increases with increase in A when I/L is constant. 
The influence of I/L on uw° becomes more significant as I/L increases. Two 
important special cases are discussed here. 


| 


Pig. 4. 


3. Impulsive flow past a grid of plates with separation. When A+ 0 
and « + 0 the base of the streamline D disappears to infinity, and we 
have flow past a plate grid with a separated stream. After introducing 
these, limits into (1.3), (1.8), (2.2), (2.3) and (2.4), the values of »° 
were computed for different values of the independent parameter a (0 < 
a< 1). The graphs of I/L (Pig. 4) and A were then drawn (curve 1 in 
Fig. 3). A graph of the dimensionless coefficient fos for the plate grid 
in continuous flow is shown in Pig. 4 for comparison; it was computed 
from a formula in Ref. [3 ]: 

2/L¥ x 
Incos 

Fig. 4 shows that large increases in u° and u Ay occur only when I/E 
> 0.7. It is interesting to note that uy O/p° = 3 for any value of I/L. 
This may be explained by the fact that the disturbance of the liquid is 
caused mostly by the front part of a plate when flow about it separates, 
while both parts of the plate are involved during continuous flow. 
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When the grid mesh is wide (a- 0), 


If, for small values of a, we expand z(u) in powers of a up to terms 
of order o* and expand Re(dse/du) up to terms of order Pa we obtain the 
following formula for n°, which is accurate up to (a): 


1 
\ [A1A2 + a? + Ar + 442B;)] = 0.4224 + 0.86974" 
0 


nm — 20 
A; = 26 + 4sin 6 + sin 26, Az = (2m + 4) sin 8 + 4 cos? 6 In ctg r 
\ nm — 20 
B,= sin 6 + (F + 1) sin + In ctg i 


3 5 20 4 + cos 20 
By = 36+ sin® + sin 20 (3.1) 
This formula is valid for 0 < I/L < 0.001. When a-+ 0 streamlined flow 
past a plate in an unlimited stream is obtained, for which (3.1) gives 
the value n° = 0.4224, previously found in ref. [4]. 


4. Impulsive cavitational flow past a plate in an unlimited strean. 
When h-+ a the walls bounding the cavitational flow recede to infinity. 
In this case, from (1.3) and the inequality 0 < e < 1 we find that the 
limits of variation of the independent parameter a are 0< a< 1/2( V5 -1). 
In the limiting case when h- a in the basic formulas, values of Th were 
computed for different values of a. The graph of A was then drawn (curve 
2 in Pig. 3). It is evident that the value of n° increases very little 
when A > 8. Note that for a very short cavitation zone A + « and p° must 
approach 1/47, the value of the coefficient determined in Ref. [3] for 
continuous flow past a plate. For fully developed cavitational flow 
(a+ 0, A+ 0), proceeding as in Section e, we obtain the approximate 
formula 


2° = 0.4224 — 0.0378 a? 


which is valid when 0 <A < 0.1. When a+ 0 the value #° = 0.4224 given 
in Ref. [4] is obtained for flow past a plate with separation. 
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Comparatively little has been published about transient thermal convection 
in partly open regions, for instance in Ref. [1,2,3,4] only one, namely 
Ref. [4] deals with the case of a spherical film. In this article we 

give an approximate solution to one problem concerning slowly varying 
thermal convection inside a spherical cavity. This particular solution 
differs from those normally employed previously Ref. {1,3,4]. 


1. Basic Problems. 1. Assume that at the initial instant ¢ = 0 liquid 
is at rest at temperature T) and fills a spherical cavity of radius R, 
the walls of which are kept permanently at a temperature T;. which differs 
from the initial temperature of the liquid, i.e. let us say that Ty > T;- 
This kind of problem might represent, rather roughly, the case of liquid 
cooling in a spherical container, the walls of which are cooled by a 
stream outside. 


2. We take the origin of a Cartesian coordinate system X, Y, Z at the 
centre of the sphere and the Z axis vertically upwards. We introduce the 
following nondimensional coordinates and time 

X 
where v is the kinematic viscosity. The quantities which appear in the 
convection equations (see Ref. {3 ]) are: hydrodynamic velocity V*, the 
pressure p* in excess of the equilibrium pressure at temperature T. and 
the excess temperature @ above T;- We replace these by the corresponding 
nondimensional variables 


\2 
p* P, 0* (T, — 6° (1.2) 


where Py is the equilibrium density at T;. 


The convection equations in Ref. [3] then become: 
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+(VO)V = — Vp + Gon + AV 
08 1 v 
a t(VA)O= 48, divV=—0 (o- =) 
here y is the thermal conductivity, am is the unit vector along the Z 


axis. 


3. The initial and boundary conditions satisfying the requirements of 
paragraph 1 and the usual assumption of no slip at the wall are 

V=0, 6=t for t=0; V=0, 0=0 forr=1 (1.4) 
where r is the dimensionless radius vector. 


In addition we require the solution to be finite in accordance with 
physical conditions at the centre of the sphere. 


2. Method of Solution. Under the assumption that conditions vary slowly 
with time the corresponding Grashof number is small, and we may look for 

a solution of (1.3) with boundary conditions (1.4) in terms of a series 
for V, p and © in powers of Grashof number. Ref. [5]. 


V = 4 4 4+ +... ce 4 (2.4) 


Substituting these into (1.3) and into boundary condition (1.4), we get 
a linear equation for successive approximations. We will confine ourselves 
to zero and first approximations. 


2. In the zero order approximation we get the equation 


) (2.2 
3 . The boundary condition for this equation comes from (1.4), and the 

4 initial condition can be obtained from (1.4) so that when ¢ = 0, =1, 
1] Thus the boundary conditions for (2.2) are, 

for t=0; 6 —0 forr=1 (2.3) 


In the first order approximation we get the equations 


av’ 


— VP» + + AV®, div =0 (2.4) 
(1) 
with zero boundary conditions 
v) 0 —0 gor t=0; vo —0, 6-0 for r=! (2.5) 
ae and the condition that the solution is finite at the centre of the sphere. 


3. The solution of the zero order approximation (2.2) with the bound- 
ary conditions (2.3) is known (see, for instance, Ref. [6 ]). To solve 
equations (2.4) in the first approximation with the corresponding bound- 
ary conditions we shall use the following method. 


Introducing the notation div y(t) = and taking the divergence of the 


3 
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first equation (2.4) we obtain 
4 
2 — AN = — Ap™ + div (2.6) 
It follows from this that p\) satisfies 


Ap™® — div (6 n) (2.7) 
since the second of equations (2.4) gives 


an 

Therefore p(t) must be found in the solution of (2.7). This equation 

is solved by a known method. The solutions, which are bounded at the 

centre of the sphere, contain unknown functions of time. We choose one 

of these solutions pit) and the unknown functions of time so that, when 

P 1) is substituted into the first of equations (2.4) the resulting solu- 

tion for y(t) which satisfies the boundary conditions (2.5) and is bounded 


at the centre of the sphere leads to the conditions 


for r=1 (2.9) 


Then 1 will satisfy equation (2.8), with the boundary condition (2.9) 
and the initial condition 


for t=0 (2.10) 


which is valid because of (2.5). It follows that (= 0, i.e. the second 
equation (2.4) is fulfilled, as is known from Ref. [7]. We can now solve 
the third of equations (2.4). 


3. Solution of the problem and brief discussion of results. 1. When 
we substitute the solution to (2.2) with boundary conditions (2.3) (see, 
for instance Ref. [6 ]) 
(0) __ 4yk+1 sin ker 
(— exp —— (3.1) 
k=} 
into equation (2.7) we find that the solution for pt) which is finite 
at the centre of the sphere is 


2 k’ntt ds sinkn 
=1 


where vw) is the polar coordinate in the spherical system and s(t) is, so 
far, an unknown function of time. 


2. To solve the equations for the first approximation we use the 


complete system of orthogonal functions which are solutions to the equa- 
tion 


A® (r) + AD (r) = 0 (3.3) 


where A is a constant, with the boundary condition ®= 0 for r= 1 and 
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the condition that the solution is bounded at the centre of the sphere. 
This system of functions is as follows [7]: 


sin m 
pF (e,'r) (u) (u cos ¥) (3.4) 
where sn, i, have values, Here are Bessel func- 
tions, ¢; "’ are their roots, P_‘*’ associated Legendre functions, and d 


is the azimuth coordinate in the spherical system. 


If we substitute (3.1) and (3.2) into the first of equations (2.4), we 
obtain, by known methods, using (3.4) 
@ 
= > F; (t) (e;r) (u) cos ¢ (3.5) 


@ 
i=! 
@ 
2D gy, Mr) Pa (a) + 


i=] i=] 


t 
F, — exp t] \ G; (t) exp dt, 
0 


1 


\ (r, dr, H = 
0 


or 


2 
= 


~ 3 


a 


a 
2 d /sinknr’ — 
h=— 1)*+! dr (— jexp (3.6) 


and the coefficients K s(t) and the function s(t) are determined by the 
system 


@ 
K, + (cK, = +M,, =—W (3.7) 


t=1 


for zero initial conditions (the second of equations (3.7) is obtained 
from (2.9) ). Moreover 


1 
2¢ 
M, = \ Ju, dr, N,= ry, (er) de 
0 


(Jy, (3.8) 


ae 
ae 
q 
195 4 
where 
i 
h h), 
r 
A 
+4 
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We obtain the solution of the third equation (2.4) in a similar way, 


@ 
— (t) 45, cos (3.10) 
j=1 


t 


B = — exp [—(e;) \ Q; (t) exp [(e,Y)* t] de 
0 
1 


2 
Q; J (er) d 3.44 
[Jy 45), (2F (r, t) (r, 1442 ( ) 


(e,r), K = K; pols Jy, (e,r) 
i 


The solution to the system of equations (3.7) for the coefficients q; 
and the function s(t), was found when only the first three terms were 
retained (i = 1,2,3). However we shall not introduce this here since it 
is unwieldy. 


3. We note some special properties of convection, which can be deduced 
from the approximate solution to our probler. 


Writing down the equation of flow in spherical coordinates, we have 


jm dr, uj F —K 
2 


sind = cee 2F + K (3.12) 


¢:=const 


It follows from (3.12) that the liquid moves in vertical (r, W) planes 
which go through the centre of the sphere, and the motion is of the same 
form in all these planes. The motion is axially symmetrical, the hotter 
liquid rising at the centre of the sphere. The liquid sinks, during cool- 
ing, at the walls. (If T) < T, the condition would be reversed.) Fig. 1 
shows streamlines calculated from formulas (3.5) with the following 
values of parameters o = 6.75 (water at 20°C,) G = 300, and the nondimens- 
ional time ¢ = 1. Three coefficients K; were used. 


The temperature distribution in the liquid corresponds to its motion. 
Pig. 2, plotted with the same values as above, shows a plane section 
@= const. revealing a family of isotherms at a spacing of 0.1. Formulas 
(3.1) and (3.10) were used in the calculations, with three terms in the 
summation (3.1) and three coefficients K;. The temperature decreases in 
the direction away from the centre. The upper part of the region is, on 
the average, at a higher temperature than the lower. The liquid is cooled 
least in a region located at about one third radius above the centre 
(where there is purely molecular conductivity). 


f 
= 
where 
I 
: 2 


Thermal convection in spherical cavity 


Fig. 1. Fig. 2. 


In order to assess the effect of convection, in this approximation, 
on the rate of cooling of the liquid as a whole, we consider the integral 
from the convective part of the temperature © over the volume V 


= oa 4... (3.13) 


Por relatively small values of © (weak convection) this can be considered 
proportional, with sufficient accuracy, to the excess of the internal 
energy of the liquid over the value corresponding to full cooling of the 
liquid down to wall temperature T,. If we insert the expression @ 1) from 
(3.10) we find that the second integral on the right vanishes. This shows 
that, in this approximation, the energy of the liquid is the same as that 
of a solid with the same thermal] characteristics and with the same bound- 
ary conditions (the kinetic energy of the liquid is neglected since it is 
of the second order of magnitude compared with CG). Thus the approximation 
shows that convection fails to affect the rate of cooling of the liquid 
as a whole. This approximation represents a temperature redistribution 
within the liquid such that the liquid in the top part of the space heats 
up at the expense of that in the lower. The effect of increasing the rate 
of cooling as a whole on convection should become clear in further appro- 
ximations. 


The author is indebted to 1.G. Shaposhnikov for suggesting the invest- 
igation. 
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LAMINAR CONVECTION OVER A LINEAR HEAT SOURCE 


(LAMINARNAIA KONVEKTSIIA 


NAD LINEINY® ISTOCHNIKOM TEPLA) 


PUM Vol.2, No.4, 1958, pp.573-576 


I. 


G. SEVRUK 
(Perm) 


(Received 20 Noveaber 1957) 


An asymptotic solution to the problem of laminar convection of heat over 
a linear source of heat is given. It would appear that Zeldovich [1 ] was 
the first to deal with this problem. In 1937 he obtained formulas for the 
longitudinal velocity component and liquid temperature from dimensional 

considerations, without even solving the convection equations. 


1. Basic Problem and its Equations. We deal with the problem of steady 
thermal convection of a liquid over an infinitely long straight hori- 
zontal heated wire or thread. 


The heat emitted by the thread causes nonuniform heating of the liquid 
surrounding it, which leads to the convective movement of the liquid. The 
liquid flows in the form of a rising laminar jet which expands with height. 
When a certain height is attained the laminar flow breaks down and is re- 
placed by mixing and turbulence. 


In studying the laminar flow we may use existing knowledge of the 
effect of large velocity and temperature gradients transverse to the jet, 
a characteristic feature of the boundary layer close to a wall. 


The equations of free convection can therefore be simplified consider- 
ably [2 } by making use of the approximations in boundary layer theory. 
They may be written 


(vy) Vv vAv — g37", = divv = 0 (1.4) 


Here v is the velocity, T and p° are the deviations in temperature and 
pressure from their equilibrium values, p is the liquid density, g, gravity, 
B is the coefficient of thermal expansion, v and y are the coefficients of 
viscosity and conductivity of the liquid. The differential equations of 
motion of the jet can be written; 


v- = 0 u -+-2 
vy vy* ur vy oy 


(1.2) 


. 
« 
_— 
4 
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Here, u and v are the velocity components of the fluid along the axes 
of x and y (x is vertically upwards in the plane of symmetry of the jet, 
y is transverse to the jet, and z is in the direction of the source). The 
term containing the pressure is omitted because the pressure only changes 
in the direction of the jet and equals the hydrostatic pressure p(x), and 
therefore p’ = 0. 


We solve equations (1.2) under the following boundary conditions: 


(1.3) 


(1.4) 


The last two conditions (1.3) express the fact that the plane xz is a 
plane of flow symmetry. 


We now introduce a quantity representing the strength of the source, 
for example, the quantity of heat Q emitted per unit time by unit length 
of thread. Then we express the constant heat flux across any horizontal 

plane in the form (molecular heat transfer is neglected); 


Q = 2ep \ uTdy = const (1.5) 
0 


Here c is the specific heat of the liquid. We can introduce the stream 
function Ww by means of the equation of continuity, 


u = / dy, 2 (1.8) 


There is no characteristic length in this problem. It seems natural 
therefore to assume that the profiles of velocity u(x, y) and temperature 
T(x, y) are geometrically similar, i.e. they can be made to coincide in 
any sections of the flow x = constant, if suitable scales are chosen for 
u, Tand y. 


Bearing this in mind, and assuming that the terms in the first of 
equations (1.2) are of the same order of magnitude, and also assuming 
that the heat emitted 0 is independent of x, we seek solutions for the 
stream function and temperature in the form 


Here 7 is a nondimensional coordinate and f and & are nondimensiona! 
functions. 
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= 
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Sv? 
4 T= * (1.8) 


Laminar convection over a linear heat source 


The f:ctors are chosen to simplify the equations in the transformations 
which follow below. 


Substituting (1.6) and (1.8) in (1.2), we arrive at a system of ordi- 
nary differential equations for the functions f and ¢, 


v \ 


where o is the Prandtl] number, and a prime denotes differentiation with 
respect to 7. 


Boundary conditions (1.3) and (1.4) in the new variables are 
f=f"=0, @=0 forn=0 (1.10) 


2. Imtegration of the Equations. We begin by integrating the second 
equation (1.9) twice. Using boundary conditions (1.10) the integrated 
equation can be written 


= exp( — | 


where os = 6(0), a magnitude to be evaluated later. 


If we substitute (2.1) in the first equation (1.9) we obtain 
+3ff" = f'* — 9, exp 30 (2.2) 


We seek a solution of this equation in the form of a power series; 


(2.3) 


Using the boundary conditions (1.10) for n = 0 we immediately find 
that a, =6,= 0. If we substitute (2.3) in (2.2) and equate coefficients 
of like powers of n in both sides of the equations, we can express all 


the coefficients of the series (2.3) in terms of a, = @ and dp: 


a? @=0, as = (2.4) 
a, = 34a* — (28 + 270 + 270") — 3,7 (2 + 6),... 

The fact that all the coefficients of even powers are zero can also 
be explained as follows. The function f’(m), which is proportional to 
the velocity u, must be an even function of variable 7, and therefore f 
is odd, so that coefficients of even powers of m7 in (2.3) must be zero. 
Series (2.3) can be written 
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n=0 

a, 
f= > (2.5) 
(ont 1)! 
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Treating (2.2) as a linear nonhomogeneous equation in f~ and its 
derivative, and noting that f°(0) = 0, we obtain the solution 


= ® (n) 


0 0 


To satisfy boundary condition (1.11) we integrate (2.6) from 0 tow, 
and obtain; 


(co) — | ® (n) dn 


\ e (n) dy (2,8) 
0 
We get the second equation with the same unknowns ea and $y from condi- 
tion (1.5), which, in terms of variables f, ¢, » takes the fora: 
@ 
(2.9) 
0 


The integrals (2.8) and (2.9) cannot be expressed in terms of elementary 
functions but can, in certain cases, be expanded asymptotically using an 
iterative method. 


In this case F(n) is a positive function which tends monotonically to 
infinity together with 7, and possesses a stationary point 7 = 0. The 
functions f° (m) and ®(n) are smooth. It is possible to use this iterative 
method, therefore, for the approximate integration of (2.8) and (2.9). 

The method is similar to that used by Watson [3] and by Meksyn [4] for 
integrating the boundary layer equations. 


The method of working out integrals (2.8) and (2.9) involves a new 
variable of integration r, where 


or, replacing F(m) by the power series, given by (2.7) 


ne 

We now invert the series (2.11). Using known formulas obtained from 
Dwight’s handbook [5] for the coefficients, we first of all find the 
expression 


where 

0 


Leminer convection over a linear heat source 


baw i 
— Waaga, + (5) J 


and then find 7, 


fa\-2 
n=($) (+) + 555% —Sea,) ($) 4...) (2.43) 
@ 
Substituting (2.12) in the series — “+i we obtain 
n=0 
a@3/a\~1! a\-3 
=ea+ $($) t+ (eas 
+ RRO (ata, 6baagas sey") (+) <3 (2.14) 


It only remains to transform the function ®(m) to the new variable. We 
use equation (2.6) to do this, rewriting it in the fors 


d 
(2.45) 


@ 
® (n) = > (2.16) 


m=1 


Substituting (2.14) and (2.16) in equation (2.15) and equating coeffi- 
cients of equal powers of r on both sides, we find; 


1 /a\-3_ 
bs = [at + 30% =0 


= “260 \2/ (48a* — 462*@, + 450a*p, — 27c%atp, + 3a%,? + 
+ — 5e,%) 


Thus, in order to integrate (2.8) we have 
@ 


@ 

i | 
(n) dn = bt 2 (mt ) (2.18) 


0 mol 


where [' is the Gamma function. Substituting (2.18) in (2.8) we get 
m-+1 
m+ 
m=] 
Using (2.13) and (2.14) we find the integral (2.9) in a similar 
manner; with the result 
>) 
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Let us put 
1 /a\-1 
= (5) (a* — @p), 
q bs 
(2.19) 
(2.20) 
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Cs = 0, e+e (2.21) 


In our case it appears that the series (2.19) and (2.20) converge 
rapidly, and therefore a sufficiently good approximation for a and $y 
can be obtained by using tnree or four terms of the series. 


We therefore arrive at the solution which formally satisfies all the 
boundary conditions in the form of the series 


f = an +> (0° 9) [300% — 4a (a* — 
4 [34a* — a*@,(28 + 276 + 2707) — 39,7(2 + 77+... (2.22) 


= oan? + [(90 — 1) a* + 9] nt — a0 [45ca* (30 —1) + 
+ 4g (126 + 1) —4a*) (2.23) 
The solution to our problem has only limited application. In the first 
place it cannot be applied in the immediate vicinity of the source. Any 
real source has finite thickness and this solution only begins to be 
valid at a distance from the source where its dimensions do not signific- 


antly affect the flow of the fluid. Secondly, the flow becomes turbulent 
at some given height. 
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ON HEATING AND MELTING OF A SOLID BODY 
OWING TO FRICTION 


(0 NAGREVANIT I PLAVLENIT TVERDOGO TELA OT TRENITA) 


PMM Vol.22, No.5, 1958, pp.577-585 


S.S. GRIGORIAN 


(Moscow) 


(Received 15 March 1958) 


The formulation and solution for the simplest case of two problems 
dealing with heating and melting of a solid body by friction are 
given in this article. The first is the problem of friction of a solid 
body upon a solid body. The second is the problem of the flow around 
a solid body of a viscous incompressible liquid. 


l. 1. If two solid bodies, in contact at some surface and pressed by 
some force in the direction normal to that surface, are brought into rela- 
tive motion, while maintaining their contact and mutual compression, they 
will be heated by friction because of the conversion of mechanical 

energy into heat. At some particular conditions the amount of heat gene- 
rated may be sufficient to begin melting one or both of the rubbing 
bodies. Thus, at the instant when at some contact areas the melting tempe- 
rature of one of the bodies is reached, the melting front will begin to 
move toward from that surface; the melting front separates the liquid and 
solid phases of the material. While the bodies are in relative motion and 
the liquid phase appears generally speaking - as a viscous liquid, the 
latter will be drawn into motion. Consequently, the problem must be 

solved in the following manner. First, it is necessary to solve a simple 
transient heat transfer problem knowing initial and boundary conditions 
(the boundary conditions are determined by a given connection between 

heat flux at contacting areas, which is determined there by the amount of 
heat generated by friction). If in this solution at some boundary locality, 
at a point or at a line, the temperature reaches the melting point and in 
the next instant in that region and in its neighborhood the temperature 

is above melting, it is necessary, beginning at this instant, to solve the 
problem by considering the formation of the liquid phase. Indeed, it is 
necessary to introduce into the investigation the region within which the 
material is in a molten state and flows. The temperature distribution in 
the liquid phase then must be found,using the heat conductivity equation 
of the flowing liquid. The flow of liquid itself must be found with the 
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use of Navier-Stokes equations for the incompressible fluid, since the 
molten metal is a liquid which is considered to be incompressible. The 
boundary between the liquid and solid phases (the melting front) is 
formed in a point or on a line at the contact area and is not known in 
advance. It should be found while solving the problem. Definite condi- 
tions of compatibility should be satisfied on that boundary; they are due 
to basic laws, governing the investigated phenomenon and binding together 
the values of the data looked for on both sides of the melting front. The 
temperature distribution in the solid phase should be obtained by the 

use of the ordinary heat conductivity equation. 


It should be noted that the problem discussed is - from a physical 
point of view - a complicated variant of Stefan’s classical problem of 
melting and freezing of an undisturbed medium. The complication consists 
in the fact that the liquid phase, here, is set in motion; consequently, 
for the solution of this problem, it is necessary to introduce the hydro- 
dynamics of the viscous liquid. This last condition renders the mathe- 
matical problem in principle more complicated than Stefan’s problem. 

Here we will examine the simplest self-similar solution of the problem, 
which will permit a closed form solution and wil! manifest the most 
significant qualitative properties of the phenomenon. 


2. The laws of mass and energy conservation and the momentum equation 
should be satisfied on the melting front. This leads to the following 
conditions: 


oy (D V ns) no) 
Vay 
oy (D — Vig) + Prey = 92 (D — Vina) Veo 


(D -- Viy)i 


(D V na) ( 


/ 


V.? \ aT 


an 
4 Vs 2 an 
Where D is front velocity along the normal, and the indices nm andr 
signify the normal and the tangential component, respectively to the 
front surface. The letter « indicates the internal energy of a unit mass; 
the meaning of other symbols is evident without explanation. 


Relationships (1.1) show the possibility of two types of surface dis- 
continuities on which melting takes place. First, there are discontinuities 
on which stresses become discontinuous. These are shock waves, differing 
from ordinary ones by the fact that the material in them melts. On these 
surfaces the temperature, in general, becomes discontinuous. Secondly, 
there are surfaces on which only the heat flux becomes discontinuous, i.e. 
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OT/dn and, possibly, the density. Qn these surfaces the temperature is 
continuous and is equal to the melting temperature. Such types of dis- 
continuities can be called weak waves of melting. 


3. Let a solid plate in the form of a flat surface be pressed on the 
boundary of a body which occupies half space and has a uniform given 
temperature, and let the plate begin to move parallel to itself with a 
constant velocity vp. We will first solve an ordinary heat transfer 
problem and will find the conditions at which melting will start. By f 
we will denote the coefficient of friction between the plate and the body. 
In a unit of time fPv, units of heat will flow through a unit area of 
boundary; here P is the pressure of the plate upon the body (we consider 
that all the work of friction forces is absorbed by the body only, i.e. 
the plate is adiabatic). If P = At~!/?, the problem will be reduced to 
integration of a simple equation; the problem thus has a self-similar 
solution. Indeed, the problem consists in the determination of the solid 
phase temperature T, as a solution of equation 


aT 
— a, — (1 2) 
at 


with additional conditions 


oT, l 


(2, ) ’ or x =f) hy 


(1.3) 


Where a,, k, are coefficients of diffusivity and thermal conductivity of 
the body, respectively; for simplicity, we will consider them as well as 
all subsequent thermal and hydrodynamic coefficients to be constant. * 
The temperature will be measured from the melting point. The thermal 
values will be measured in mechanical units. 


The direct application of dimensional analysis [1] to problem (1.2), 
(1.3) does not permit its self-similar solution. However, substituting 
T = Tou,» we see that u, depends only upon x, t¢, a, and 6 = fAv,/k,T, 
and the application of dimensional analysis in this case shows that 


Uy u, (5, —, 6=bVa 
2) hi To 


We obtain the final solution of the problem in the form 


+ we) — lesa (1.5) 


Assuming that some of these coefficients are functions of temperature, 
which actually is the case, we will not violate the self-similar 

characters of the solution of the problems being solved here; however, 
we will lose the possibility of obtaining the solutions in closed form. 
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The temperature of the boundary of the body is 


T, (0, t) Falan 


Therefore, melting will not occur, as long as this temperature remains 
lower than the melting temperature, i.e. negative. 


Consequently, melting will not take place, if & < 5. = 2//m and it 
must take place at 4 > 6. Here and later, the asterisk indicates 
critical values. Therefore, at 5 > 5. the problem should be solved con- 


sidering the formation of a molten zone. 


4. At 5 > 5. already at the initial moment, a weak wave of melting 
will progress from the boundary of the body inward; its law of motion 
x = x(t) is unknown. In the region 9 < x < x,(t) we will have 


Navier-Stokes equation (1.6) 


(1.7) 


energy equation 


Here Cp is the specific heat of molten material. In the region x(t) 
2 


x < oo 


aT, 
ay - 
at 


(1.8) 


Additional conditions, obtained with consideration of (1.1), are 
ays 


or 


v(O,t) = v 0, 


(7, (x, t) (r,t) <0) (1.9) 


| h dz, 


where g is the heat of fusion of unit mass. 


It should be noted that for simplicity we assume that the melting 
temperatures are independent of the pressure, and that the density does 
not vary during the transfer from one to the other phase. 


As above, direct use of dimensional analysis for problem (1.6)-(1.9) 
leads to the conclusion that it has no self-similar solutions. However, 
y¥, T, = TyU,, T, = TyU, and dividing the last of 
the (1.9) relations by k., we see that the dimensionless functions V, 


by substituting v = »v 


U,, U, depend upon x, t, @,, @, Up T0c. , = k, k, ap/k,T,, con- 


sequently, in accordance with the If -theorem’of dimensional analysis this 


relation is reduced to relations depending upon 


818 
| 
~ 
‘ ar arr 
0 
ar oz 
al oT. v av \2 
dt c or 
Ps ‘ 
< 
0 
1) = Ty (%, t) = 0 


On heating and melting of a solid body due to friction 


(1-10) 
Ps 
i.e. the problem in fact has a self-similar solution. The law of motion 


of a weak melting wave is determined up to a constant é, by the formula 
To (t) = 2%, V a,f (1.11) 


The unknown constant é. must be found during the course of the solu- 
tion of the problem. The solution of the problem (1.6)-(1.9), which does 
not yet satisfy the last of the conditions (1.9%), can be easily found in 
the following form 


=) (1.13) 


(1.14) 


In these formulas é, is still an unknown parameter. It should be found, 
by satisfying the last of the conditions (1.9). Inserting into that condi- 
tion functions (1.12)-(1.14), we obtain a transcendental equation for &, 


exp| 


study of this equation shows that it has at any « > 9, a> 0, 
A ,m >O andn > 0 a single root &, > 0. If this root is small, it 
is approximately expressed by the formula 
Ver 
: (1.1 
22 2 
The small value of é, signifies a relatively thin molten layer, a slow 
melting. The expression {1.17) indicates that this takes place at a rela- 
tively low velocity Uo, low viscosity v or low heat transfer coefficient 
of the liquid phase k, and also at relatively large heat transfer coeffi- 


cient of the solid phase k, or large diffusivity of the liquid phase a, 
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or large liquid phase specific heat Cp, oF at a very low initial tempe- 
rature of the medium Ty. All this fully conforms to physical intuition. 


It should be also noted that the right-hand side of formula (1.17) 
does not contain the parameter n, i.e. that if the parameter E, is small, 
it does not depend upon the heat of fusion q. This means that the law of 
motion of the melting front at ¢, << 1 does not depend upon the heat of 
fusion. 


The solution constructed above is applicable at condition 8 > 5, i.e. 
at 
fAvy V 


(1.18) 
) 


In particular, if all physical parameters of the medium and the 
magnitudes of A, T, are fixed, expression (1.18) determines the lower 
limit for the velocity Vo» beyond which melting will begin. In fact, melt- 
ing does not occur if uy <v *, and it takes place if v, > v*, where 


0 
. 2 


Vo = 
Vn fAVa, (1.19) 


We note especially, that if v, is increased, while going through Uv", 
then ‘9 begins to alter not from the value E, = 0, but from some finite 


value min’ that no matter how little exceeds the melting 
front will displace itself with a fy different from zero. In order to 
find gy min im the solution of equation (1.15), which has the form: é, = 
EA, a, K, m, n),one mst substitute its minimum value for m,i.e. 


Mmin = = (vo / Teepe 


At small values of eo we obtain an approximate expression for & 
using (1.17), (1.19): 


0 min’ 


2 kykovT 


(1.20) 


comin ~ = 
Vx 


5. In the paper [2], for the determination of the coefficient of 
friction between the surface of a projectile (penetrating at high velo- 
city through an armor plate) and the surface of the armor, the author 
assumes that the temperature at the contact surface increases rapidly owing 
to generation of a large amount of heat, reaches the melting point and is 
then maintained at that level. This assumption enables us to solve a trans- 
ient heat transfer problem for the armor. provided that the temperature at 
the boundary is equal to the melting temperature. Utilizing this solution, 
the author finds the coefficient of friction and determines the fraction 
of the projectile kinetic energy loss due to friction against the armor 
plate. The solution developed here by us shows that the initial assumption 
used by the author of paper [21], strictly speaking, is incorrect: no 


| 
‘ 
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matter how small the viscosity of the liquid phase of the medium is, at 
conditions when the boundary temperature must exceed the melting tempe- 
rature, this temperature can not be maintained at the melting point, and 
melting is bound to begin. However, if the viscosity of the liquid 

phase is relatively small, then, as the formula (1.17) shows, melting 
will take place slowly. 


Melting will never occur at any conditions if the viscosity is equal 
to zero. In this case at vy > v,* the solution of our problem is formed 
in the following manner. Resides the condition (1.3) at the boundary, 
the condition T,(0, t) = 9 is also given; i.e. the boundary temperature 
is assumed to be equal to the melting temperature. Since the problem thus 
becomes indeterminate, it is necessary to consider that the coefficient 
of friction f is no longer equal to the coefficient of dry friction, but 
is an unknown value determined from the solution of the problem. 


Physically this is explained by the fact that at these conditions the 
boundary is no longer solid, since the temperature on it is equal to the 
melting temperature, but it is not liquid either,as long as the medium 
can not melt. provided the liquid phase is an ideal liquid. The boundary 
is in a semi-liquid state such that the coefficient of friction on it 
should have a value prescribed by the condition of the problem. In the 
case discussed it is determined by the formula 


(1.21) 
where f is the coefficient of friction. 


Consequently, the assumption in the paper [2 | will be true under the 
condition that the viscosity of the melted armor is equal to zero; and 
if it is small, this assumption then can be regarded as an approximate 
boundary condition and the results of the paper [2] can be regarded as 
approximate. 


It should be also noted that it is possible similarly to solve the 
friction problem of two bodies occupying two half spaces and to determine 
when melting of these bodies will begin, and which will begin melting 
first. Here, however, we do not give the solution of this problem. 


2. If a solid body begins to move within a viscous liquid (gas), then 
on account of viscous energy dissipation in the moving liquid and of the 
heat transfer coefficient of the liquid and of the body, the latter (as 
well as the liquid) will be heated. At certain conditions this heating 
may lead to melting of the body. For a quantitative description of this 
phenomenon, it is necessary to solve the problem of the motion of the 
fluid around the body, the motion of the melted phase and the temperature 
distribution in the liquid and in the body. The melting waves thus created 
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should here be regarded as weak ones. The mathematical difficulties 
associated with the solution of this problem are exceedingly great. The 
problem here is considered in the simplest self-similar formlation; and 
in its simple form the solution obtained will reveal some qualitative 
features of the phenomena. 


Let a solid body, occupying a half space, bounded with viscous incom- 
pressible fluid (filling the rest of the space) begin to move with a 
constant velocity vy parallel to the boundary. We will denote the initial 
temperatures of the fluid and of the body by Tro and T,,, respectively, 
the density and the viscosity of the liquid by p vs, the thermal con- 
ductivity and diffusivity by k,, a,; for the liquid phase of the body we 
will use also P,, V¥>,k,. a,, and for the solid phase we will use k, and as 
for the thermal conductivity and diffusivity. We will denote by aq "ihe JO! 
heat of fusion. For simplicity we consider that all these coefficients 27 
are constant, and that the density of the body does not vary during melt- 
ing. The problem then is reduced to the evaluation of functions 


(where v,, Uo are velocities of the flowing liquid and of the liquid 
phase; T,, T,, T, , corresponding temperatures arid Cpi specific heat) 
from relationships 


v, (0, t) 


|. 


Here x, = xo(t) is the law of motion of a weak melting wave which also 
should be determined. 


é 


As in Section 1, it is shown that the problem has a self-similar solu- 
tion and that the dimensionless functions 
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Here z, = Cpl, is the "temperature" of melting. 
The law of motion of the melting front is determined by the expression 
Lo 22 V asl (2.3) 


where é, is the constant which should be determined. The solution is 
given by the expressions 


V, (— co <E <0) 


O<E<&) (2.4) 
Cy + CW (3 / V \ exp(— \ dt 


(—oc 0) 


0 0 


(Om = 


, 1 


where the constants a, 5, C,, C,, A A, are found from the relationships 
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vo Vo =30 230 730 
depend upon 
2V ast a,’ a3’ a3 
a 2 r 2. (2.2) 
a3 ~30 30 
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C,—C,— \ [exp(— ](\(exp de (2.5) 
0 0 


t 


A, + / Va.) — \[exp(— )| (\ (exp = IV, (7 dz == 9,9, 
0 


od 
0 


= Ayr, 


and the parameter gy is obtained from the transcendental equation 


Vr (8, — 1) exp (— A: \ 
+ OE) + = exp(— 


J 
4 


| = () (2.6) 


Let us find the limit for velocity Up, above which melting begins. 
Solving the problem with the assumption that there is no melting, and re- 


quiring the condition of body temperature equal to the melting temperature, 
we obtain the equation 


f 4 
(6 1)V as 


—& 
, 2 


J (a,, 44) = \ fexp ds (2 7) 


from which = (v9, is found, and consequently also the 
critical velocity. The same equation is obtained from equation (2.6) if 
in the latter we take é, = ) which means that by increasing Vo and going 
through vp, , €) will begin to increase from €, = 0, which is different 
from the problem of the preceding paragraph. 


From the equation (2.7) we obtain 


(9, 1) — (6 — (2.8) 


aa 


The condition that %,* > 0 is given in view of J(a,, A,) > 0 by the 
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inequality 


ks T.\>T r 
(2.10) 


The melting will take place at any velocity, including v, = 0, if this 
condition is not achieved. In the latter case melting will take place owing 
to high initial temperature of the liquid (T, 5 > T.), 


It is possible to show that at v, > vp, the equation (2.6) has a 
unique root. Finally, we note, that since J(a,, A,) +0 asv 
the formmla (2.9) at condition (2.10) we obtain Vo, * ~, whic 


0, from 
from physical considerations. 


is natural 


Finally, in solving the problem discussed, the basic equation of the 
flow around elongated bodies can be somewhat simplified. This is done in 
the theory of an ordinary boundary layer, since the basic causes per- 
mitting the corresponding simplifications to be performed also remain in 


force here. This leads to the development of the corresponding theory of 
the boundary layer with melting. 
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In this paper certain physical conditions are considered which permit 
significant simplifications to be made in the equations of gas dynamics 
describing the non-steady flows with smal! but sharp changes of the para- 
meters of the medium. The mathematical approximations are based on the 
fact that the pressure variations in the stream take place in a smal! 
region adjacent to the shock wave front. Such flows are named “short 
waves". Exact particular solutions of the derived nonlinear differential 
equations are obtained. These solutions are then used for the approximate 
solution of a problem of nonlinear reflection of a shock wave from a 
perfectly rough wall. The boundary conditions at the front of one or 
several shock waves can be satisfied with sufficient accuracy by proper 
choice of the constants contained in the particular solutions. The bound- 
ary conditions at the wall are satisfied automatically. 


In studying the propagation of the waves with small relative excess 
pressure p/P. (where P. is the initial pressure in the undisturbed medium 
and p is the variation of pressure) usually the acoustical equations are 
made use of. In that case the propagation velocity of disturbances is 
considered to be constant and equal] to the velocity of sound in the un- 
disturbed medium. 


It is observed, however, that some phenomena in spite of the smal! 
relative excess pressures in the waves are determined entirely by the 
dependence of the velocity of propagation of disturbances on the magnitude 
of excess pressure. Thus the laws of extinction of shock waves at great 
distances from the place of explosion are determined basically by this 
dependence [1,2]. This dependence introduces considerable changes into 
the picture of shock wave reflection from a free surface created by the 
explosion of a charge near the surface [3 ]. To these phenomena belongs 
also the reflection of the shock wave from a rough surface for small 
angles between the shock wave front and the normal to the wall. 


Investigation of these phenomena cannot be based on the linear acoustic 
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equations. The fact is that in spite of the smallness of the relative 
excess pressure the variation of the pressure in the cases indicated 

takes place in a small region. Therefore, the pressure gradients are large 
and the variations of the velocity of disturbance propagation, due to 
pressure, are significant. Such waves with large pressure gradients near 
the shock front may be called “short waves". 


1. Short waves. 1. In the case of weak shock waves the process of 
compression can be regarded as adiabatic with great accuracy and the law 
of compression for water may be taken in the form 


(1.1) 


where Pr» is the initial density of the water, p the actual density, p the 
pressure, and P. and n are constants. For temperatures of the order of 
+15°C P, = 3000 kg/em* and n = 7. 


Relation (1.1) is also valid for air, if P, stands for initial air 
pressure, p excess pressure and n= 1.4, 


2. The equations of dynamics in a spherical coordinate system with 
symmetry around the axis @ = 0 may be written in the form 


0 


where t is the time, r is the distance, u and v are the projections of 
the velocity vector q on the direction of the radiusvector and the per- 
pendicular to it, a is the velocity of sound. For the velocity of sound 
we have 


(9 / po)? : (1.3) 


where a, is the velocity of sound in an undisturbed medium. The equation 
of continuity using these variables will have the form: 
da 


at ar 


3. Assume 


For short shock waves M and V are small quantities. For the investiga- 
tion of short waves it is convenient to introduce the following variables: 
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r=at(i+A), a a (1+ Mon), 


(1.6) 


where My, V. and 6, are characteristic values of M, V and 6, and M, and 
Vo are smal! compared to unity, but uw, v, a and 8 are of the order of 
unity. In such a manner the wavelength in the radial direction is assumed 
to be a small quantity, of the order of M,- 


Using the variables introduced and disregarding quantities smal! com- 
pared to unity in the coefficients, one may write equations (1.3), (1.4) 
in the form: 


\ 
+ M,?pv)= 0 


| ov 


MB, aY + 


In the last equation of (1.7) the difference du /05 - da/d8 was re- 
placed by its equivalent expression from the first equation of this 
system. From this equation it follows that the derivatives dp /dr and 
da/dr are of an order not greater than unity. Besides, 

0, (1.8) 

From the second equation of (1.7) it follows then that 


(1.9) 


if 6,~1, then from the relation (1.9) it is seen that Vio~ M 2. If 6, 
is a small quantity, then from formlas (1.8) and (1.9) we will obtain 


~ V My, V,~M.V M, (1.10) 
In all the cases the first of the equations (1.7), after neglecting 
all quantities of smal! magnitude, will take the form: 


On Ou. 
Integrating this equation and taking into consideration that only 
those shock waves will be considered in the future, for which the excess 
pressure and the velocity of the particles will be equal to zero just in 
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front of the wave front, we will obtain a = zg. 


From equations (1.1) and (1.3) follows that a = p/nPM, and, consequently 
M = p/nP, (1.11) 
In considering the propagation of weak short waves in water, if we 
limit ourselves to pressures not exceeding 200-300 atm, then there corres- 
pond to these pressures numbers M less than 9.01-0.05. For weak short 
waves in air it is necessary to limit the excess pressures to 0.15-0.20 


atm for P, = 1 atm. Then the maxima of the numbers MW will be 0.10-0.15. 


Let us assume now M,? = V,6,. Because the quantity VM, /8, is always 
small, the second equation 7) after neglecting quuikitles of small 
magnitude will have the form: 


(4.42) 


The above relationship expresses the condition that the flow is irro- 
tational. 


If 6,~1, then V;~M,* and the last equation of (1.7) will take the 


form: 


+ 


+ —8) 5 0 (1.43) 


The system of equations (1.11) and (1.13) is identical to the system 
of equations for short waves in the case of central symmetry [2]. I 

this manner, when the angle @ is varies in a finite interval, i.e. when 
the derivatives in the direction normal to the radial direction are small, 
the motion of the wave along any ray is independent of the motion along 

the neighboring rays. The general integral of the system (1.12) and (1.13) 
is easily determined. 


4. Let 6, be a small quantity, i.e. let the wave be *short* not only 
in the direction of the radius but also in the direction perpendicular 
to it. Then in relation to (1.10) we assume 0, = VM, and V, = M, VM). 


If the variations in the parameters of a stream take place in the 
vicinity of the axis @ = 0, then the third equation of (1.7) will take 
the form: 


(1.14) 


If the region of sharp variations of the flow parameters is situated 
near the finite angle @ = 8,, then the last equation is simplified: 


av 
+ (u—8) +5 ay =9 (1.15) 


or 
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In a similar manner the system of equations of short waves may be ob- 
tained in the case of plane flows also. For the plane waves in cylindrical 
coordinate system, we have 


e du { v { 
+ °) ae) 2 dY é 


Ou 


or 


(1.16) 


) 
08 ay nP,, 


If the wave length is of an order of magnitude less than My, and the 
derivatives of uw and v with respect to 5 and Y are large, then the equa- 
tions (1.15) and (1.16) are simplified still more; in the case of "very 
short waves" we have 


where 5, is constant. The system of equations (1.17) is analogous to the 
equations which describe sonic gas flows [4]. 


If the flow is self-similar, i.e. if it does not depend onr, then 
for spherical waves we have 


1 an ar 
— + +p = 0, 0 (1.18) 


2 ay as ay 


Correspondingly, for plane waves we obtain 


& { Ov Ou. 


= (), (1.19) 


The systems of equations (1.18) and (1.19) will be of the hyperbolic 
type for 5 > » and of the elliptical type in the reverse case. The equa- 
tion of the "sonic line" will be, correspondingly, 5 = nu. 


2. Some particular solutions of self-similar equations. |. 
Let us construct particular solutions of the systems of equations (1.18) 
and (1.19) for which v = 0 for Y = 0. Let us transform these equations 

beforehand, assuming » and Y to be independent variables, and 5 and v to 
be the desired functions. The system of equations (1.18) will then take 
the form: 


a 8 1fav \? ‘ 


au ay Ou 2 dp Ou, 


The transformed equations (1.19) are analogous to the equations (2.1). 
Let us look for particular solutions of the system (2.1) of the form 


6= —+ ¥? + F(p) (2.2) 


To determine the functions @ and F we have the system of equations 
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(u + +9) - F+tp=0 (2.3) 


For plane waves the analogous system has the form: 


The general solution of the system (2.3) will be 


° u + A B e (2.5) 
F =p — sp + AP — In [(u + A)? — By 


where A, B and C are arbitrary constants. 


The solution of the system of equations (2.4) for the plane waves may 
be represented in the form 


- Bsin® C'p) + 57,,sin2 (Cp + A’)+ 
(2.6) 


where A’, B and C’ are arbitrary constants. Assuming 


C” = ie, A’ = —iac B (1+k)/e 


let us present equations (2.6) in the form 


cothe (a —u)—u, — [1 + cosh 2c (a — p)| 


(2.7) 


Assuming C’ = ic, A’ = — iac and B= (14 k)/c, we will write equa- 
tions (2.6) in the form 
tanhc (a —u) —u, F u + — ;- [cosh 2c (a —p) — 1] 
(2.8) 
2. Taking » and v to be independent variables, and the functions 5 
and Y to be unknown variables, from the system of equations (1.17) we 
obtain 


ay 1 aa oY 4 


(uu — 4p) 0, 0 (2.9) 


oN Z du ju 


This system has a particular solution, analogous to the one obtained 
for equations (1.19) above: 


{+ y? + (6, — a) (a — uw)? + (a—p)*], —c? (a —u)v (2.10) 


Another particular solution, which does not have a singularity on the 
line wp = 5,, is given by the formula [4 |] 
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1 
7 = — (6 — %) } + (2.11) 


where a, c, ande are constants. 


3. Boundary conditions at the front of a shock wave. 1. Let 
the shock wave have an excess pressure p at its front and be propagated 
in a medium with an initial excess pressure p, and with a particle velo- 
city q; perpendicular to the front. Then the velocity of propagation of 
the shock wave front N and the velocity of the particles behind the front 
will be [3] 


N = ay (4 + 


\ 


p n—3 py 
4 Pon Pon) ' q ao Pon 


If the normal to the shock wave front and, consequently, also the 
particle velocity vector make a smal! angle with the direction of the 
radius vector, then the projection of the particle velocity on both those 
directions may be considered to be equal to q. Therefore, if q, = ap, /Pon, 
using notations of (1.5) we have 


M =~ N = 1+ "+ 


Pon 


{ 


(M + M,)| (3.1) 


2. Let the solution of the short wave equations be given by the func- 
tions 


6 6 (u, v(p, Y, (3.2) 


Within the approximation considered here the projection of the particle 
velocity at the shock wave front and within the stream upon the radius 
vector (or number M) is related by the same equation (1.11) or (3.1). 
Therefore, as the solution (3.2) is known, it is easy to construct a 
differential equation which determines the location of the shock wave 
front, which bounds the zone of disturbed motion. 


Let Ww be the angle between the normal to the shock wave front and the 
direction of the radius vector. We have 


dA ‘n+1M,d8 33 


For the projections of the velocity vector downstream of the front the 
equalities 


u=qcos?= gq, v=qsingd=up (3.4) 
are valid. The velocity of propagation of the front in the direction of 
the radius vector is equal to 


N 
482 


(M+ M,) + (3.5) 
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Qn the other hand, this velocity may be determined with the help of 
equations (3.2): 

dr 

dt 


ao(1 + + Ge + (3.6) 


Thus, the equation of the shock wave front wil! be 


IN dM aa n+ 1 
A ac t+ +- (3.7) 


If the solution (3.2) does not depend on r, then from formula (3.7) 
follows 


dA dM _ y? 


+ 1 
4+ aMdt~ (M + M,)+ 5) (3.8) 


If the pressure at the wave front does not depend om time either, then 
the differential equation of the shock front is simplified still more and 
is written in the form: 


(3.9) 
When @, is a small quantity, we assume in accordance with (1.10) 
M, 0 Vy YM, 


Equation (3.9), taking into consideration (3.3), may then be written 
in the form 


When changing to the Cartesian coordinate system, we have 


agt (1 + —(n +1) M, X] rcos? (1 + A— +! 


7] alY Vv) rsin? at? 


Consequently, 
(3.12) 


The differential equation of the shock wave front in the Cartesian 
coordinate system is given by 


dX [y + 2é (3.13) 


3. Let us now take into consideration the condition of continuity of 
the projection of the velocity vector parallel to the front during transi- 
tion through the shock wave. Let the medium before the wave front be at 
rest. Then the component of the velocity vector parallel to the front is 
equal to zero, and the values M and V, given by equations (3.2) at the 
front of the shock wave, must satisfy the relationship 


My () (3.14) 
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a a 
= 
| 
195 
ed 
(3.11) 


0.S. Ryzhov and S.A. Khristianovich 


Fig. 1. 


In pursuing our investigation we shall first try to satisfy condi- 
tion (3.14) and an analogous condition at the front of the shock wave 
propagated through a medium already disturbed,and then check the degree 
to which that condition has been fulfilled. A certain integral relation- 
ship may be satisfied approximately instead of satisfying approximately 
the condition of continuity of the tangential component of the velocity 
vector. 


Let us write in the form of an integra! the law of conservation of the 
component of the momentum of the fluid in the direction perpendicular to 
the wall, for the region including the front of a shock wave. 


Let us consider, for example, the flow that occurs in the case of the 
so-called irregular reflection of a shock wave from a rough wall (Fig. 1). 
The curve OA represents a Mach wave, AK the front of an oncoming wave, 
AB the front of a reflected wave and BD the line of equal pressure p. 
Let us consider the mass of the fluid occurring in the region O’A’R’BD 
at time t. At this time let the front of the Mach wave occupy the posi- 
tion OA and the front of the reflected wave occupy the position AB. At 
time t + dt these fronts will move to positions 0’A’ and A’B’. The 
particles, lying on the line BD, will take the position B”’D’*’. 


Let u, denote the velocity of the particles behind the front of an on- 
coming wave, and P, the excess pressure. The component of the velocity 
vector perpendicular to the wall will be u,a@, where a is the angle bet- 
ween the plane of the oncoming wave and the perpendicular to the wall. 
Upstream of the fronts OA and AK, u= %. Let w denote the component of 
the velocity vector perpendicular to the wall. The variation of the 
momentum of the mass of fluid under consideration in time dt is equal up 
to quantities small compared to M, to the expression 


— Z)4 \ wd |: dt 
DB 


where y is the angle @, corresponding to the "triple" point A. Indeed, 
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the difference between the momentum in the regions 0’A’B’D’ and OABD 
will be less than Umax? Aap otdt, while the momentum in the region 
BB”D’D will be less than Una Juaep .tdt. If we denote the angle between 
the shock wave front and the wall by y, and dl an element of the curve, 
then the force impulse of the pressure may be written in the form 


dt \ (p — p,) cosydl = OA — (n u,)npxBD| P, ntdt 
BDOA Do 


Equating the force impulse to the variation of the momentum, we have 


u,« + \ wd \ (u —u,)dA — u,np,OA — (u — u,) np,BD (3.15) 
DB vO 


Introducing the notations 


we x ° x w 


Vv Vig (n + 1) My V 'ig(n + 1) My aoM, V +1)! 


we obtain 


(¥ + \ Wa¥ = \ — (Xa — Xo) —(u— (Xp — Xv) 
DB DO (3.17) 


4. Approximate solution of the problem of a regular reflect- 
ion of a plane wave from a rough wall at near critical angles 
of incidence. Let a weak infinitely long plane shock wave, with excess 
pressure p, and with a front that is perpendicular to the wall RE 
(Fig. 2), be incident on the wall RO the normal of which makes a smal! 
angle a with the shock front. 


The front of the reflected wave OBCE consists, in general, of the 
interval of the line OB along which the excess pressure 1s constant, 
the small arc BC along which a rapid decrease of pressure takes place,and 
the boundary arc CE which is the front of the wave and along which the 
pressure hardly differs from the pressure of the incident wave. 


In the rerion ABCD there will be a sharp variation of pressure in 
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the radial directiori and also in the direction @. In this region we can 
take the flow to correspond to the short wave. 


2. Let B be the angle of inclination of the front of the reflected 
wave to the perpendicular of the wall RO. The pressure in this region 
(or the number M,) as well as the angle 8 are determined from the condi- 
tion of the equality of the velocity of propagation of incident and re- 
flected waves along the wall: 


‘ and from the equation of the conservation of momentum perpendicular to 

: the wall. Using (3.17) we obtain 

M,=M;(i+«/8) 

From equation (4.1), considering the equality (3.1), we have 

a? = 1 (m+ 1)M,y 

Hence 

1— py ‘n+1 

£ As u. decreases the angle a decreases and reaches a minimum value for 
2 #, = i/. This value of a is the critical angle of incidence. 

4 Thus, denoting critical values with asterisks, we have 

2 

2/ M, V3 V M,, B. = a. (4.4) 


Consequently, a maximum increase of the excess pressure behind the 
front of the reflected wave is reached for the regular reflection at the 
critical angle, and it is equal to three. 


To every value of a in equations (4.3) correspond two different values 
of M, M,. In reality, as is well known, a flow establishes itself which 
corresponds to the value 


1 2 \ _ \ Vi + 


Formla (4.5) is valid, of course, only for smal! angles a close to 
the critical. 


The point B in Fig. 2 is the point of intersection of the front of the 
reflected wave with the sound wave. The equation of the sound wave front 
and the equation of the reflected wave will be correspondingly 


2 : 4 


ac 


= 
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= V —- A — (4.7) 


The angle of incidence a,, at which a sound wave catches up with the 
front of the incident wave, corresponds to 6, = 9; beginning with this 
value of a the region of constant pressure vanishes. From (4.7) we find 
the corresponding values of My. We have 


3. Let us consider the case a > a.. To determine the flow in region 
ABCD we will make use of the particular solution (2.8). At the front 


of the sound wave BA w= uf + # = 9, consequently a = 1. 


Along the wall RO for Y = 0 we have 


dX 


1 + + sinh 2c (1 — 


= — + k cosh 2c (1 — 
and dX¥/du > 0 and d°X/du? < 0. These conditions are fulfilled for c > 0 
and k > — l, 


Constants c and k are chosen in such a manner that for pu + Hy the 
front of the reflected wave will become the sonic boundary line 4 = g., 
so as to satisfy the equation of conservation of momentum (3.17) in the 
best manner. 


The equation of the conservation of momentum perpendicular to the wal! 
in the region which is bounded by the front of the reflected wave, by the 
line # = const and by the wall RO, in the case under consideration, gives 

— tanh c(i — pu) (u — — Xp) + 
+ (1 — Xv) + (1 — (1 +p — — 
{((1 + (1 — — — p,) + cosh 2c (1— — 


{i — — k sinh 2c (1 — p)] 


where Y is the ordinate of the point of the reflected wave front. This 
equation is satisfied by all the points of the reflected shock front up 
to the line » = 9.6 with an error not greater than 5 per cent, if it is 
compared with the quantity ae. Near p = #, the error reaches 20 per cent. 
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Here p, = 0.4, a° = 1.325, c= 2 and k= - 1. 


In Fig. 3 is shown the velocity field computed in this manner, or more 
precisely, the constant » lines, which coincide with the lines of equal 
pressures, and the front of the reflected wave, are presented. 


When the line » = », is approached the pressure gradients decrease, 
therefore, the flow in this region is not described by the equations of 
the short waves. 


The velocity field near the line » = m, is subjected to considerable 
influence by the flow in the whole region of disturbed motion, which is 
determined by the acoustic wave equations. For » < 0.5 + 0.6 the obtained 
solution molst likely does not furnish a sufficiently correct picture of 


the flow. 


In the region near the line » = 1 the velocity field is near 5 = p, 
i.e. the pressure along the wall near the point A decreases linearly with 
distance. 


4. When a. <a<a_, the front of the reflected wave does not have any 
straight line interval. The velocity field behind the front of the reflect- 
ed wave can be determined approximately by the use of the particular 
solution (2.7) of the equations (2.2). The calculations show that the 
equation of conservation of momentum is best satisfied when a+ «. In 
this case the solution (2.7) may be represented in the form 


— he-2(u—m) 


9 
= M9 if = (4.9) 


0 


where h and c are constants. Let M, be the Mach number in the point 0 
(Fig. 2) behind the front of the reflected wave. At this point the velo- 


cities of propagation of the incident and reflected waves must be equal, 


there fore 


The constant fh is chosen by virtue of the condition that for p + By 
the front of the reflected wave coincides with the sound boundary 4 = Hy: 


Figure 4 gives a picture of the reflection for the case when the angle 
of incidence is equal to the critical angle. Also p, = 1/3, a = 24/3, 
h = 0.65, ¢ = 3.2, 


The error which results when equation (3.17) is satisfied, does not 
exceed 20 per cent even for the values » near Hy. 


5. Irregular reflection. When the angle a < a, an irregular reflection 
takes place, the configuration of which is shown in Fig. 1. In addition 
to the incident and reflected shock waves there appears a third shock 
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wave, a Mach wave. 


Incident and reflected waves now do not intersect at the wall, but in 
the *triple* point A which moves along the line @ = y; the Mach wave 
connects the point A with the wall. 


Let us write the conditions which determine the equation of the velo- 
city of propagation of the shock waves at the point A along the line 
6 = y and of the propagation of the front of the Mach wave along the wall. 


Using equations (3.1) we obtain (5.4) 


a? + = (B°— 0°) +e, (0° + — = = 


where M, is the number M at the origin of the Mach wave, WJ, is the angle 
between the normal to the Mach wave at the point A and the ray @ = y. 


When comparing the velocity of propagation of the Mach wave along the 
wall and the velocity of motion of the point A parallel to the wall, we 
obtain 


— + 2(X4— Xp 9.2) 


Hence = 1 - for 0, therefore 
M,/M,=1+2"? (5.3) 


When the angle of incidence is equal to the critical angle, a” = 2, 
and, consequently, for this value of the angle the excess pressure at the 
origin of the Mach wave exceeds five times the excess pressure in the 
incident wave. If the angle a is near zero, then the equation of the re- 
flected wave will differ little from the equation of the sound periphery: 

X+—Y? 


The equation of the front of the incident wave may be presented in 
the form 
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2 


Hence, for the angle, which determines the position of the triple 
point, we obtain the relation 


or =1—2" (5.6) 


Thus, if the reflected wave were near the sound wave, the angle y 
would become zero for an angle of incidence equal to half the critical 
angle. Actually, angle y becomes zero, when the angle of incidence is 
equal to the critical angle. and it is of very small magnitude roughly 
in the interval 0.5a@,<a<a,. In this range a sharp variation of 
pressure takes place in an extremely small region near the Mach wave. 


To describe the picture of flow in this region we may, therefore, make JO! 
use of the equations, (2.9). The position of the origin of the Mach wave 27 
is given by the equation X¥ = 0.5, i.e. the value 5, in equations (2.9) 19° 
should be taken to be equal to 0.5. We will assume 


> 4. Eo), y = £7) (5.7) 


where « is a smal] quantity, and €, is a constant equal to the value € 
for » = 1. With the accuracy up to the order of magnitude «? we have 
5 = X. Using the above notation the solution (2.11) assumes the form: 


1 


When solving the last of these equations for n, we have 
B) (5.9) 


Upon adding the particular solutions (2.10) and (2.11) and, assuming 
c* = eh, we obtain 


= 7, = + —a)(a —p)? + —(a—p)*] 
(5.10) 


Computing the curvature of the lines » = const for n = 9 for the velo- 


city field which is given by the equations (5.10), we obtain 

h + 4(2u —1)-* 

Since the equation of conservation of momentum (3.17) is to be satis- 
fied along the Mach wave in the best possible manner, it follows that 

the curvature of the curve » = 1 for n = 0 should be taken as inifinite. 


Also a = 1 — 2/h. 


From formula (5.11) we then obtain 
1 


dy* 
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4 + (24 —1)%h 
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Solution (5.10) will now be of the form: 


+4, (u, ») 


Also (5.14) 
= (1— [4 + A(2u — = —4[1 + h(u — ~)) 


If along the wall the quantity 9£/dm is to increase when p decreases 
the inequality h < 4 mst be satisfied. The variation of the quantity A 
influences only insignificantly the distribution of the pressure along 
the wall, but it changes noticeably the curvature of the lines » = const 
for values of » near unity. If further the absolute magnitude of v is to 
increase along the lines » = const, as 7 increases the value of h should 
be greater than two. Figure 5 shows the velocity field for h = 2 2/3, 
for which the equation of conservation of momentum in the region adjacent 
to the Mach wave is satisfied with maximm accuracy. The equations which 
determine the position of the Mach wave and the equations of the reflected 
wave in the case under consideration have the following form, respectively: 

10 


When the value of the angle a is very near, but less than, the critical 
value, the velocity field behind the front of the reflected wave will be 
very near the velocity field for the angles of incidence, which are just 
a little greater than the critical angle, with the exception of a very 
small region near the point of intersection of the front of the incident 
wave and the wall. The size of this region approaches zero for a + a,. 
In this small region which includes the Mach wave the velocity field will 
coincide approximately with the velocity field represented in Fig. 5. In 
the construction of the velocity field behind the reflected wave we will 
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again make use of the solution (2.7). We assume that a = m, where m is 
equal to the value » for which the variation of the pressure near the 
point O begins to be sharp. Because the size of the region of the sharp 
pressure variation may be considered to be insignificantly small, we can 
equate the velocities of propagation of the front of the reflected and 
incident waves along the wall and obtain: 


The magnitude k is chosen in such a way that the front of the reflected 
wave for p + », will tend toward the sound periphery 6 = p,. Along the 
front of the reflected wave the equation of conservation of momentum 
(3.17) must be satisfied. Calculations show that in order to satisfy this 
condition for p, = 9.25 the quantity c mst be of the order of 5. Figure 
6 shows the construction of the velocity field for c = 5.25, k = 9.95, 
corresponding to the value m= 0.7. In this case the equation of conserva- 
tion of momentum is satisfied with an accuracy of 10 per cent relative to 
the term ,@°Y. For p, = 0.3 the error increases when using the same 
values of c and k. For », = 0.2, the number m may be taken to be equal to 
0.465. The velocity field, given in Fig. 6, by approximation may be con- 
sidered to correspond to the velocity field behind the front of the re- 
flected wave in the interval 9.2 < » < 9.3 which corresponds to the inter- 


val of angle a variation froma, = 2 V2(n+ toa = 1L.4ly1/2'n+ 


Fig. 6. 


The approximate solution given above does not permit us to determine the 
dimensions of the region of the strong pressure variation, i.e. the value 
« nor the exact boundary which separates the region of the very sharp 
pressure variations near the Mach wave. For this, it is necessary to de- 
rive the solution of the system of equations (1.19), which will include 
the special feature that describes the pressure field near the Mach wave. 
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If the dependence y = y (a) is determined on the basis of optical measure- 
ments, then the magnitude « is determined from the equations 


+ 1) M, 


Figure 7 shows the curves |, 2, and 3 of the pressure distribution for 
the angles of incidence a = 1.73 ¥ 1/2(n + 1)M,, the critical angle a. = 
2V¥ 1/2(n+ 1)M, and for the angle a = 2.095 ¥ 1/2(n + 1)M,. The plotted 
lines show that the regions of increased pressure near the critical angle 
are of very small extent and therefore, for their experimental observation 
in experiments with explosions of small charges, instruments of very high 
resolving power are necessary. 
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1. The present status of the question. In the semi-empirical theories 
which are widely applied at the present time for turbulent motion and 

heat and mass transfer, the total fluid flow is divided schematically 

into sharply distinguished regions where friction and heat and mass trans- 
fer have either a purely molecular character (laminar sublayer) or a 
purely molar character (turbulent core). An intermediate transition region 
(sometimes called the "buffer" region) may be introduced to increase the 
accuracy of the theory of heat and mass transfer, but the laws governing 
this region have been studied only superficially and have usually been 
replaced by approximate empirical] relationships. 


Experiments defining the mean velocity near a body surface, among them 
some pertaining to recent times [ 1 }, are presented in Fig. 1. From these 
data it is seen that there is a transition (6) from the linear velocity 
profile immediately at the surface, represented by the curved line (a) in 
this semi-logarithmic plot, to a logarithmic profile far from the surface 
of the body - the straight line (c). All three regions have been included 
in analytic expressions for the velocity profile obtained in various 
theoretical investigations. We will begin with a reference to the earliest 
work in this direction, by the Japanese scientist, Wada [2] in 1927. For 
the calculation of the effect of viscosity on the mechanism of turbulent 
friction he proposed the formula 


du du\? 


6/2 | - 
t dy + dy 


which expresses a simple superposition of purely laminar (molecular) 
friction and turbulent (molar) friction, the latter being independent of 
the molecular viscosity. The first term in this formula represents the 

law of Newton, and the second the formula of Prandtl. Both terms are 
appropriate for the simplest steady rectilinear motion parallel to a plane. 
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Localness in the turbulent motion of a viscous fluid 


The validity of formula (1.1) is debatable, inasmuch as the result of 
molar transport of momentum, described by the second term in the well- 
known formula of Reynolds 


ou’n’) (1 2) 
dy 


contains, in addition, an inherent influence of molecular viscosity which 
is essential for the transition region but is not taken into account in 
Prandtl’s formula. Thus, the mutual influence of the processes of 
molecular and molar momentum transport is reduced in the relationship 
(1.1) to a simple superposition. 


The formula (1.1) has formed the starting point for all subsequent 
investigations in this direction, and in particular for contributions by 
Szablewski [3], van Driest [4] and Miles [5] which have recently 
appeared in foreign publications. The shortcomings of formula (1.1) are 
concealed in these papers because of unavoidable adjustments made by the 
authors in the law for the variation of the "mixing length* 1. Thus, for 
example, the second of the above authors employs, instead of the simple 
and well-known formula of Prandtl, | = xy, a considerably more complicated 
law 


which contains a new empirical constant A and whose use is excused by 
artificial considerations concerning increased damping of the fluctuation 
close to the solid surface. The other authors, with the same object, also 
distort the initial development of the quantity / in a certain experi- 

mentally determined interval near the wall. 


The course of the present investigation is in principle different. 
What is proposed is an extension, to the whole field of turbulent motion 
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where there is an interaction of molecular and molar processes, of the 
hypothesis of localness for the mechanism of turbulent mixing and for the 


Reynolds analogy between the transport of momentum and heat. This allows 
the establishment of a single point of view for the whole existing semi- 
empirical theory and the derivation of new formulas for friction and heat 


transfer in turbulent motion Application of these formulas determines 
the velocity profile and the excess temperature in terms of analytic 
expressions which are continuous and have continuous first derivatives 


normal to the direction of flow throughout the laminar, transition, and 


completely turbulent regions. 


2. The hypothesis of localness in contemporary semi-empirical theories 
of turbulence. A characteristic feature of the semi-empirical theories of 
turbulence commonly accepted at the present time is an assumption con- 
cerning their differential nature, in that the mechanism of purely 
turbulent (molar) momentum transport is assumed to be completely deter- 
mined when local values are assigned for the physical constants of the 
fluid and for the derivatives of the mean velocity along the coordinate 
normal to the direction of flow. The absolute magnitude of the mean velo- 
city at a given point ina steady flow has no effect on the turbulent 


transport mechanism, being equivalent to the velocity of a uniformly 


moving system of coordinates which may be mentally associated with the 


moving layer under consideration. Moreover, it is assumed that at a 
sufficient distance from the solid surface the molar exchange dominates 
over the molecular exchange to such an extent that there is no great 


error in neglecting the ordinary viscosity and heat conductivity by com- 


parison with their turbulent analogs. 


in the aggregate make up the content of a hypothesis 
underlying all modern semi-empirical theories of turbulence, a hypothesis 
which might be termed "the hypothesis of localness for the turbulent 

transport mechanism". 


These assumptions 


In contrast to the differential approach just described, none of the 
alternative "integral" formulations of turbulent transport, which take 
into account the influence of processes occurring far away from a given 

point in a turbulent flow, have so far been usefully expressed in concrete 


form. 


It is well known [6] that the semi-empirical formulas of Prandtl! and 
Karman may be immediately derived on the basis of the specified hypothesis 


of localness together with simple dimensional! arguments. If it is assumed 
as a "first approximation"* that the local variation of mean velocity is 
defined by a single first derivative dn/dy, then dimensional considera- 

tions necessarily lead to the introduction of a certain length l(y) - the 


* The notion of first, second, etc. approximations is arbitrary here. 
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Prandt! "mixing length" - as an additional concept without which it is 
not possible within this approximation to construct a formula for the 
shearing stress according to the hypothesis of localness. On introducing 
the length in question, one may at once convince oneself by simple 
dimensional considerations that under these conditions there exists only 
one possible combination expressing the shearing stress r in terms of the 
density of the fluid p, the “mixing length"!, and the derivative du/dy; 


(2.1) 


At the same time, of course, a quantitative expression for the depend- 
ence [(y) follows out of certain further arguments which are not part of 
the hypothesis of localness in the "first approximation’. 


Using the "second approximation", i.e. assigning changes in mean velo- 


city to the first two derivatives u(y) and u(y), we infer from the same 


dimensional considerations the existence and uniqueness of Karman’s 
formula for the shearing stress, 
ox? 


where x is a certain dimensionless constant. 


Comparing formulas (2.1) and (2,2), which refer to different "*approxi- 
mations"—and we will] stress this point-the well-known formula of 
Karman is obtained, 


u 


However, it seems to us more correct to think that the theory of the 
"second approximation" does not require the introduction of a "mixing 
length"!l, which is a quantity foreign to the phenomenological! theories 
under consideration, 


Application of the semi-empirical theories to processes of turbulent 
heat transfer is based on the so-called "Reynolds analogy", which is 
based in turn on the community of momentum and heat with their carrier. 
According to this analogy it may be assumed that the dynamic coefficient 
of turbulent mixing A and the kinematic coefficient « = A/p for the finite 
volumes of fluid participating in the turbulent mixing have the same value 
in transport processes for momentum and for heat. Such an assumption pre- 
supposes the absence of effects caused by changes in the heat content of 
the flow in the turbulent mixing mechanism (the hypothesis of inertness, 
as regards the turbulent structure of the flow, for a quantity transferred 
with the fluid) and probably is correct for not too large changes in 
temperature. 


The analogy of Reynolds may be represented quantitatively as 
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du d$ q 
™=p€e dy q= pene dy or (2.4) 


Denoting the coefficient of molecular heat conductivity by A, we have 
the equalities 
du 


A comparison of formulas (2.4) and (2.5), in which the "Reynolds ana- 
logy" is expressed for turbulent and for laminar motion, shows that the 


ratio q/r will be identical in the two cases if the Prandt!] number o is 
equal to unity. 


3. The hypothesis of localness and the Reynolds analogy 
when there is an interaction between molecular and molar ex- 2 
change. We will now enlarge the domain of application of the hypothesis 
of localness by giving up the assumption which mas made in the formla- 
tion of Section 2 concerning the absence of molecular effects in molar 
transport. In other words, the influence of the viscosity and heat con- 
ductivity of the fluid on the turbulent transport mechanism will be con- 
sidered. According to the hypothesis of localness, this influence should 
be expressed by the introduction into the friction and heat transfer laws 
of additional factors incorporating functions of the local Reynolds or 
Peclet number. According to this same hypothesis of localness, we will 
understand by the local Reynolds number a dimensionless combination of 
the physical constants of the fluid, density and viscosity, together with 
quantities specifying the variation of mean velocity. This combination 
will be inversely proportional to the first power of the viscosity 
coefficient. It is easy to contrive a relationship to serve as the required 
combination, 


(3.4) 


in which the quantity «, having the dimensions of kinematic viscosity and 
representing a combination of the quantities | and du/dy in the * first 
approximation", of u’(y) and u“(y) in the "second approximation", and so 
on, is seen from the form of its dependence on these quantities to be 
nothing else but the kinematic turbulent exchange coefficient for the 
case of zero viscosity. Thus we will have in the *first approximation" 
and in the "second approximation" respectively* 


(3.2) 


vu"? 


The use of the concept of local Reynolds number in the "first approxi- 
mation" apparently originated in our papers on the application of the 
theory of similitude to turbulent flow [7]. 
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Localness in the turbulent motion of a viscous fluid 


As usual, we will understand by the local Peclet number P the product 
of local Reynolds number and Prandt! number; that is, we will put 
P= aR (3.3) 
Then the following formulas for friction and heat transfer appear as 
a quantitative expression of the generalized hypothesis of localness: 


du du ,/e \ 


/pc,€ 
q= (P) = (oR) = (3.5) 

At this point all that can be said concerning the functions f and f, 
is that each is equal to unity in the region where the motion and heat 
transfer are laminar, in accordance with the laws of Newton and Fourier 
(2.5). Each is also equal to its argument in the region of fully turbulent 
exchange, for only then do the quantities v and A of molecular origin 
drop out of formlas (3.4) and (3.5) so that these formulas take on the 
form (2.4). 


It follows that the functions f and f, coincide when their arguments 
vary in the regions 9< R< R, and 9< oR<oR,, where R, represents a 
critical local Reynolds number corresponding to the boundary of the region 
of laminar motion, and that each function tends asymptotically to its 
argument for indefinitely large values of these arguments. 


It is natural to suppose that the function f(R), representing the 
ratio of total friction to laminar friction in the transition region, 
ought to increase sharply beginning at the point R = R, where molar trans- 
fer first emerges as much more important than molecular transfer. Such 
behavior may be imparted to the function f(R) by using the segment AL 
(Fig. 2) of one branch of a rectangular hyperbola with asymptotes f = * R. 
Then an analytic expression for the function f(R) over the whole interval 
of change in R will be provided by 


1 for R< Ry 


R)= 
for R<R 


(3.6) 
Repeating exactly the same reasoning, we will take for the function 
f, (oR) the analytic expression 


1 for 0<cR<cR, 


(2R) (3.7) 


vm 1 tor 


This shows that if the turbulent mixing coefficients « (or A) for 
transport of momentum and heat are considered as identical in the treat- 
ment adopted here for the Reynolds analogy in the region of purely molar 
transfer, then the functions f and f, may also be considered as identical. 
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Returning to formlas (3.4) and (3.5), we obtain the following extended 
formation of the Reynolds analogy; 


q aA f (oR) dd (ch) ag (3.8) 
u du o f(K) du 
It is immediately seen that formula (2.5) will be correct in regions 

where processes for transfer of momentum and heat have a purely molecular 
character (f = 1), and on the other hand, that formula (2.4) will be 
correct in regions of purely molar transfer [ f(R) = R, ffoR) = oR |. The 
rule just obtained (3.8) shows how the Prandtl number o enters into the 
ratio of heat transfer to friction in transition regions where molecular 
and molar processes interact. 


Turning once more to formular (3.4) and (3.5) and substituting for the 
functions f and f, their values from (3.6) and (3.7), we obtain the follow- 
ing final expressions for r and q; 


( udu dy 


(3.9) 


u(dudy)V R? Ry? + 1 for 


q= = (3.10 
/ | (d9/dy) — 4 for chy <ck 
Here R = «/v, but the expression for « depends on the approximation 
chosen through the local derivatives of the mean velocity (and the length 


l), 


F(R) 


4. Determination of the velocity profile for uniform motion 
according to the *first approximation". Stopping at the "first 
approximation" and considering for simplicity the case of steady turbulent 
motion near a smooth plane in the absence of longitudinal pressure 
gradients, we will put, following Prandt! [® |: 


= const l “xy (4.1) 


where r. is the shearing stress on the smooth surface and « is a constant 
to be determined experimentally. Then we wil! have 
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4 dy sl dy 
; and at the edge of the laminar region, where y = ; 


we 
i Equation (3.9) is then broken up into two parts, 


du 


dufxty* (du\? sdu\2 (4.4 

\dy/ \dy/o + | for 4.4) 


I We now introduce universal coordinates 
54 
Ue 
or 
7 v, | (4.5) 
P 


in terms of which the equations assume the form 


\2 
‘=f for %S% (4.7) 


From the first it follows that 


for (4.8) 


Noting that (dé/dn ), = 1, and solving the second equation for 
dd/dn, we obtain 


1+ V 1)* + 4x‘ 


or, retaining naturally only the upper sign and somewhat rearranging the 
right-hand side, 


de - 1 , ((x*%' 1)? 


= | { 


Making the substitution 


we arrive at a quadrature 


1 af 


in which the boundary condition of the problem has already been satisfied: 
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for % (4.12) 


Performing the integration on the right-hand side of (4.11), we find 
the following velocity distribution in universal coordinates; 


for 
\ no + [8 (to) for 2< 


(4.13) 


6(t)=t — Int —tant (4.14) 


This velocity distribution is immediately seen from the formula to be 
continuous at the point 7 = 7). Evaluating the right-hand side of (4.9) at 
N = No, we may satisfy ourselves that at this point d¢é/dn= 1, so that 
the proposed distribution is not only continuous at the point 7 = 7, but 
also has a continuous first derivative at this point. 


It remains to determine the constants «x and 7n,. The fact deserves 
attention that in the "first approximation" a study of the transition 
region does not increase the number of empirical constants. 


In order to determine x and 7, we will work out the asymptotic 
expression for ¢(n) corresponding to 7 + ~ or t + 1. We will have, 
according to (4.10) and (4.14), the following asymptotic equality; 


not — 1 ‘ 1 1 
t—1~ 0(t)~1 — In2 > In(t —1) (4.15) 


whereupon it is not difficult to find an asymptotic expression for the 
function dfn), 


with 


C (No, *) = + — (to — 1) 


(4.17) 


tan~! + 


The asymptotic equality (4.16) is nothing else but the well-known 
logarithmic velocity law. Putting this law in the form 
¢= 5.6log 7+ 4.9 (4.18) 
which is apparently more accurate [1] than the formula of Nikuradse, and 
comparing (4.16) with (4.18), we obtain on rounding off the value of 7, 
x == 0.41, =7 (4.19) 
It is self-evident that these constants could have been determined by 
a fit to the logarithmic formula of Nikuradse, 
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5.75 logy + 5.5 


On specifying the constants, we obtain the following analytic express- 
ion for the velocity profile in the whole field: 


for 9=n<7 


10.14 In —tan71t (4.20) 


A comparison of results calculated according to formula (4.20) with 
experimental data [1] (Fig. 1)* leads to a completely satisfactory 
agreement. 


The computation of the velocity profile becomes a rather more compli- 
cated matter, if one takes into account the known linear variation of 
shearing stress normal to the flow in a pipe, or uses a more complicated 
law for the variation of the quantity |, or considers a parameter contain- 
ing some measure of longitudinal pressure gradient. The existence of 

good agreement between the experimental data and the simple velocity 
profile (4.20), which does not consider these effects, is explained by 
the relatively small extent (about 20 per cent of the pipe radius) of the 
region where the velocity profile changes from linear to logarithmic, 

and by the weakness of the subsequent deviation of the profile from the 
logarithmic law. 


We will pause now to consider cases for which the distribution of 
friction across the flow is not known beforehand ‘boundary layer, jet, 
wake, etc.), so that it is necessary to use the general equations of 
mean turbulent motion in the form given by Reynolds, equations which 
contain the derivative dr /d y of the shearing stress along a coordinate 
normal to the flow. The application of formulas (3.9) and (3.10) in these 
cases is not admissible on the grounds, firstly, that differentiation of 
the approximate formlas may lead to significant errors, and secondly, 
that the appearance of higher velocity derivatives is scarcely permiss- 
ible in expressions where, depending on the number of the approximation, 
derivatives of corresponding order have previously been discarded. It is 
more correct in these cases to apply the hypothesis of localness to the 
derivative dr /dy directly, putting 


* Although the experimental points in Fig. 1 are not identified, they 
represent,as a matter of fact, the results of measurements by diffe- 
rent authors (Laufer, Schultz-Grunow and others). We have taken this 
set of points from Fig. 4 of the survey by Clauser {1}. 
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where the function f and the local Reynolds number FR have the same mean- 
ing as before. Thus in the case of the "first approximation * we will 


have 


(1? du/dy) 


It is easily seen that an asymptotic expression for this formula 
corresponding to the assumption about the absence of effects of molecular 
viscosity is provided by the well-known formula of Taylor, 


Ou 
ol” 


ou 


oY 


which is known to give results sometimes agreeing with and sometimes 
differing from those of Prandtl’s theory. 


According to the considerations stated in the present article the 
formla of Taylor (4.23), together with its generalizations contained in 
the general formula (4.21), should occupy an independent position in the 


semi-empirical theories of turbulence. This question will constitute the 


subject of a separate investigation. 


5. Determination of the uniform temperature profile accord- 
ing to the ‘first approximation". For the case of velocity and 
temperature independent of the longitudinal coordinate, if follows from 


the equations of mean motion and mean heat transfer that one may take 

t q dw (5.1) 
where q. is the rate of heat transfer per unit time per unit surface 
area for a body immersed in the fluid. 


In addition to the universal scales for velocity v, and length l= 
v/v, considered earlier, we will introduce a scale for temperature 6. 


together with a dimensionless quantity w, 


(5.2) 


Putting, as before, 
de “ty? du 
= xy, R (0.3) 


dy v dy 


we may rewrite the basic equations (3.9) and (3.10) in the form 


dt 
for 
dn 
1 dp \2 
dy, an , an jt 
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dn, for 


dy [ 4 (49 49 ] 


It is readily seen that if a new independent variable € = on is 
introduced in the system of equations (5.5) they take on the form 


Comparing the systems (5.6) and (5.4), the boundary conditions 
0 for” y 0) for . 


in the laminar region of flow, and the conditions for joining the solu- 
tions at the edge of this region, 

Yo for No for (5.8) 
we conclude that the following equation will be satisfied in the entire 
field of flow. 


7 (3%) ».9) 


Thus, the universal distribution of dimensionless temperature for a 
given value of the Prandt! number may easily be constructed from the 
known velocity distribution (4.20). The method of construction is based 
on the property established by the relationship (5.9); the value of the 
ordinate for the temperature ratio w= 6/6. at a point with abscissa 7 


is equal to the value of the ordinate for the dimensionless velocity 


db u/v. at a point with abscissa on. 


Thus (Fig. 1) the curve for the dimensionless temperature distribution 
6 0. lies above and to the left of the curve for the dimensionless velo- 
city u/v. if a > 1 and below and to the right of this same curve if o l, 
For o l the curves coincide. As an example, the position of the tempe- 
rature curves is shown in Fig. | for the values o = 1/2, 1, 2. Gurves of 
similar type but with breaks at the boundaries of the transition region 


are obtained in the well-known theory of Karman [9° }. 


6. Remarks on the velocity profile according to the 
‘second approximation". As has already been shown in Section 3, the 
hypothesis of localness in the *second approximation* is expressed by 


the formula 


| | 

dt for (5.6) 
| 

| (5.7) 
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(R) (6.1) 
where R is the local Reynolds number. 


In the laminar region the function f remains the same as in the case 
of the "first approximation"; i.e. equal to unity, but in the turbulent 
region it tends with increasing local Reynolds number to the linear 
function 


— 
yu"? (6.2) 


where x* is an unknown coefficient of proportionality which has to be de- 
termined experimentally. On substituting this value of the function in 
the basic relationship (6.1) we obtain Karman’s formula (2.2), which, 
like the earlier formula of Prandt] (2.1), may be considered as an 
asymptotic expression for the general stress formula 


{ un’ for 0<R 


uu’ V for larger R 


In this case the question of joining the solution in the laminar 
region with the remaining portion of the flow presents a certain diffi- 
culty. The local definition (6.1) for the Reynolds number R assumes a 
priort that u”# 0, but this condition is not fulfilled in the laminar 
region. One may proceed in one of the following two ways: either, by 
abandoning the continuous variation of the Reynolds number and inserting 
for the turbulent region the initial Reynolds number (here and in the 
seque! primes denote derivatives of ¢ with respect to the universal co- 
ordinate 7, whereupon ¢,° = 1) 

Ro Po (% + 0) (6.4) 


where ¢.” appears as a new empirical constant; or, using the Reynolds 


number from the *first approximation" for the laminar region, one may 
determine ¢,” by requiring continuity in the local Reynolds number at 
the edge of the laminar region, 


(6.5) 
so that (¢,’ = 1) 
(6.6) 


The second derivative d” (yn) will certainly be subject to a discontin- 
uity at the point 7 = 7), but the function d(m) and its first derivative 
will preserve their continuity in the whole field of flow. If one agrees 
to use the approximate equality (6.6), then the further solution will 
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not involve an increase of the number of experimental constants but will 
keep the same two unknown constants « and mn, as in the first approxima- 
tion. 


For the case of uniform motion considered in the present article 
(r = r_) we will have, according to the second of the equalities (6.3) 
when expressed in universal variables, 
x! 


hor + 1)" (6.7) 


From this, solving for 6”, we obtain 


xp? (6.8) 
[1 + / — 1) 

where ¢,” is determined by (6.6), and the minus sign before the fraction 

on the right-hand side agrees with the condition that the slope of the 

velocity profile should decrease on moving away from the surface of the 

body. The constant difference standing in the parentheses under the 

radical in the denominator is equal, according to (6.6), to 


— | (6.9) 
and may be treated as a positive quantity. 


Substituting in equation (6.8) 


— 1 =0 for % 


we obtain the differential equation 


(6.11) 


whose integral satisfying the boundary condition 


t=ty for %o 
is provided by 
t*dt 
(t* 
Evaluation of the integral on the right gives 


%— No (6.12) 


! t 

The remaining integral on the right-hand side cannot be expressed in 
terms of elementary functions, but may be rewritten in the form 


2 
(t* — 1) 
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where the usual notation 


kind, 


1d) 


Thus we have 


arc sec [,; 


\ 


On the other hand, from (6.10) and (6.11) we have 


t* 


so that, integrating and taking into account the boundary condition 


we obtain 
! 


(tf — to) + [9 —O(L)} 


where the notation of (4.14) is retained. 


The combined equations (6.16) and (6.17) give the desired velocity 
profile in the "second approximation". On working out the expressions on 
the right-hand sides of these equalities near t 1 and eliminating t, we 
are led to an asymptotic logarithmic formula for the velocity when 7 is 
large. In the present article, however, we will content ourselves with 
the general considerations already presented. 
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This paper is devoted to the study of nonlinear vibrations of a finite 
volume of liquid. However, this work has a number of shortcomings, and 
therefore, the author deemed it unsuitable for publication for a long 
time. 


Thus, it should be noted that the results are obtained in a formal 
manner, the convergence of the procedure is not proved, and the computa- 
tions involved in the application of the procedure are very difficult. 


It was not clear whether these results could be extended to the case 
of vibrations of a body filled with a liquid having a free surface, since 
a completeness theorem of the principal oscillations of such a body was 
not available. 


Inasmuch as in nonlinear vibrations the amplitude approaches its 
limiting value very rapidly and the waves disintegrate, it seemed that 
in practice one needed either a linear theory or a theory taking into 
account the energy dissipation in wave disintegration. 


Until the present time it was not possible to substantiate the proce- 
dure. Nevertheless, the following circumstances, shall we say, excuse the 
present publication of the theory: 


1. The application of high speed computers permits of carrying out the 
required calculations immediately with no special effort, especially since 
in recent years effective numerical methods for solving the pertinent 
boundary value problems have been developed. 


2. The question of completeness of the principal vibrations of a body 
with a fluid is completely settled, and the extension of the developed 
theory to the case of vibrations of a body with a fluid having a free 
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surface does not present any substantial difficulties. 


3. It is in principle impossible to conduct an analysis of resonance 
phenomena in a liquid within the linear theory. At the present time, how- 
ever, this problem has become a subject of practical interest. 


1. Free Vibrations of the Liquid. 1. The problem reduces to 
the determination of the function ¢ which is harmonic in the region r 
(see Fig. 1, where the symbols are introduced), bounded by a rigid sur- 
face and a free boundary z = ¢€(x,y,t) and satisfying the conditions 

0° 


on > (1.1) 


an 


+ + =0 for 


at 
where the function ¢ is determined from the kinematic relation 


(1.3) 


Denote by A, and w(x, y) the characteristic numbers and values of the 
integral equation 


y) =r) He, 0; y')ds (1.4) 
5 
where H is the Green’s function of the Neumann problem for the region r’ 


bounded by the surface = and the plane z = 0. 


Pig. 1. 
The following result is found to hold [4]. Let and be the 
velocity potential and the free boundary of the n-th free vibration mode 
of infinitesimally small amplitude and let 


Cn = y) SiN spl 


Then 


y, COS Spl 


®, (z, y, z) = \ (2, 2',y',0) y')ds 


5 
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z-f 

{ 

= 

E 
(1.5) 

Here 
1.¢e. 
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(x, y) 
(x, y, 0) = 


A 


The frequencies of natural vibrations o,, and the numbers A, are 
related by 


2° Let « be some parameter, and let 


Introduce a new independent variable 


ts. 


{ + 


where h, are constants to be determined. 


Substituting the series (1.7) into conditions (1.2) and (1.3) and 
transforming to the new variable the following system of equations for 
the determination of the unknown functions ¢, and Cn is obtained: 


The functions A. and B. can be easily computed. The symbol! ( indi - 
1 


cates that the function is to be evaluated at z = 0. 


3° Zero approximation. Taking the partial derivative with respect to 
r of the first of the equations of system (1.9) and using the first of 


the conditions (1.19), we get 


(1.11) 


862 
= Bhy (1.6) 
a =f) 
n 
> 
t= - (1.8) 
19' 
t a” (41.9) 
= = 
‘ 
(1.10) 
- - 
4 
Let 
= Dy Gn 2), bn (x, y, 0) = On (2, y) 
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y,0)=\ H (x,y, 0,2’, y’, 0) ( ds 


S 


Thus the following equation is obtained for the function f,,: 


” ( 
Sno + Ino ) 


By virtue of the arbitrariness of the initial time reading the unique 
solution of this system having a period of 27 is*: 


hao = 0) for Imo c cost 


let c= ag/o,; then 
a 
Zo = COS (1.13) 


Using the first of equations (1.19) and equation (1.12) the shape of 
the wave surface is found: 
= sin t (1.14) 
Here a is an arbitrary constant. 


4° First Approximation. Differentiating the second of the equations 
of system (1.9), replacing d¢,/dr by its value from the second equation 
of system (1.10), and noting the values of ¢, and d, at z = 9 
hy 


= gacos tm + a* sin 2-F, (2, y) 


oz? 


Here F 2) (x, y) is an already known function. The solution is to be 
found in the form 


Harn 
If one assumes that 
y) > bin 


then the following system arises for the determination of Sas’ 
= sin 2t 


hy > 
ga cost + a*h,,” sin 2t 


* It is assumed that a, lo,’ is not an integer when n# a. 


7 
Then 
q i.e. 
OL. 
| 
q 
q 
(1.15) 
iu’ +n -§ 
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2 It is necessary and sufficient for the existence of a periodic solu- 
* tion of the system (1.15) that h, = 0. The amplitude a may be arbitrary; 
‘ without loss of generality it can be put equal to unity. 

? When f,,, are determined, then ¢, and ¢, can be computed immediately. 
: 5: In order to determine the first correction to the frequency h,, 

Fi the second approximation should be studied. Repeating the same reasoning 
: as before one arrives at the following condition for the function ¢, at 


2 
0: 


—- COS tm + F cost + F,' cos 3t 


m 


The following equations are obtained for the functions f,,(t) 


n (1) (2) 
Ine + Ino bne COs + bne cos 3t (n= m) 
m 
he aa)’ (3): 
me + me (— a -g+ Ome cos Tt 4 be cos 3t (n =m) 
m / 


It is necessary and sufficient for the existence of periodic solutions 
of this system that 


h, = (1.16) 
4 If equation (1.16) holds, then the required solution is easily found. 


6. It can be easily shown by induction that it is possible to calculate 
any arbitrary approximation. The condition for the function ¢, will be: 


for k odd 


h a+1 
g cos TH m F, (2, y)sin St (s = 2, ¢ 


m 
s=2 


k+1 
* g cos tdm + Ds F, (2, y) COs st (s = 3,5, 7) 


YR > Fy” ox 


The following system of equations is obtained for the functions f ak’ 


2 
a O Oy { OP, ; 
& 
a for k even 
iad m ve 
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° h sin 
+ = — gcost + >) bmx" (n=m) 


Here the sine corresponds to the odd and the cosine to the even values 
of k (at the same time the index s also takes on even or odd values, 
respectively). 


If follows that if k is odd, then necessarily h = 9, if k is even, then 


bem 
hy = a) (1.17) 


7? Using the obtained solution one can compute the velocity potential 
and all characteristic flows. In particular, the equation of the free 
surface can be presented in the following form 

= tb, (z, +e*(...)+... (1.18) 

Thus, the parameter « is the amplitude of the wave. A number of other 
general derivations can be performed: 


a) The frequency is a function of the amplitude: 
om 
con = (1.19) 


Thus, the spectrum appears to be not discrete but stepwise continuous. 


b) Periodic vibrations with an arbitrary amplitude lying inside the 
circle of convergence of series (1.18) are possible. This appears as one 
of the analogies between the vibrations studied and vibrations of con- 
servative systems having a finite number of degrees of freedom. 


For a more detailed analysis of the properties of free vibrations, it 
is necessary to specify the form of the container. 


In the particular case of cylindrical containers it can be shown that: 


a) It is impossible to find a time t at which the free surface is a 
plane surface. 


b) There exist no stationary nodes. 


The proof of the convergence of the proposed procedure involves a 
number of difficulties. In particular, the realization of the procedure 
is possible only when o/c, is not an integer, provided n# a. 


As a special case the solution of the problem of Sekerzh-Zen’kovich 
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[5], which investigates standing waves on an infinite fluid, is obtained 
from these results. His theory is equivalent to the theory of fluid vibra- 
tions in a tank having the form of a parallelepiped. 


2. Forced vibrations and resonance phenomena. 1° The problem 
of forced vibrations of a liquid under the action of a field of mass 
forces differs from the one discussed above by the fact that condition 
(1.2) is not homogeneous: 


+ gi + =U (t, x, y) at z= 0 (2.1) 


Assume, for the sake of simplicity, that 


U : sin pt/ (z, y) 


The problem is to find periodic solutions of this system having a 
period of 27 /p. 


2° For » = 0 this problem will describe the vibrations of a certain 


conservative system; therefore, the usual quasi-linear treatment may turn 
out to be insufficient. The present system will be analysed as a system 
close to Liapunov’s system, and a solution will be sought which goes over 
to the periodic solution of the problem (1.1)-(1.3) asp + 0. 


It was established above that periodic solutions of this problem, whose 
period depends on the amplitude, may formally exist. In that case the 
period T is given, and it is equal to the period of the external force 
27 /p, and consequently, the amplitude should be determined from the 


relation 


where n is an arbitrary integer. 


Using formula (1.19), equation (2.3) can be written as follows: 


2. 


It can be seen that the proposed problem is known to have no unique 
solution; there can exist solutions of period 27 /p, which may go over to 
trivial solutions as p» + 0; there may also exist solutions which go over 
to the nontrivial solutions of the problem analysed in the previous para- 
graph as » + 0, This paragraph will deal only with the finding of solu- 
tions of the first type. 


3° The vibrations far away from resonance will be studied. Let 


@ 
! 


866 
(2.2) 
‘ 
pn (<.3) 
(2.4) 
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Repeating the reasoning of the previous paragraph leads to the follow- 
ing equations on ¢ and ¢,, respectively, at z = 0: 


+ = pt/(z, y), os + = A; (92, --- (2.6) 


7 = + Bi (2.7) 


Differentiating the first of equations (2.5) and using the first of 
equations (2.7) we get 


OF: 
ate +83, = f(z, y)cos pt 


Further, let 
(zy, 2), y) = (z, y) 
The functions f,, will satisfy the following system of equations 


har” + a = C, COs pt 
Therefore, 


- cos pl (2.8) 
Pr 


The computation of the last approximations presents no difficulties. 


4. The solution in the vicinity of resonance wil! be studied. The 
solution in the form (2.8) loses its meaning when p_ + o.. In order to 
study the character of the vibrations, the *detuning’ = ‘J will be 
considered small: 


p* = 3m" + pa 


Then using formula (1.5) let 


a 
u - 
5 


It can be shown that for a = 0 there exist no periodic solutions of 
the problem (2.1) of the form 


provided a and 6 are integers and b #4 3a. Hence let 


@ 
p= >) (2.9) 
1 


The system of equations (2.6) and (2.7) can in this case be the follow- 
wing (z = 0): 


(z 
> 
44 °"™ 
a 
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The functions A, and B; appearing in these equations are determined by 
the formlas (z = 6) 


Ay = — — 4 (2.11) 


+ Ps 2) — Ven (S Vor + 


B, an — (2.12) 


By = — + Ge + 


Differentiating with respect to t the first of equations (2.9) and 
using the first of equations (2.10) yields (z = 0) 


(2.13) 


Let as before 


The following system of equations is obtained for the functions Sas’ 


+5" =0 (n= 1,2,...) (2.14) 
The unique periodic solution of the system (2.14) having a period of 
27 /p will be 
fu for 2am, = M sin pt + N cos pt (2.15) 
Here M and N are constants yet to be determined. 
Using formulas (1.6) and the first of the formulas (2.10) we get 


= dm (x, y, 2)(M sin pt + cos pt) (2.16) 


Am¥m (2 y) 
- = : (M cos pt — N sin pt) 


868 
+-—(, =0, — += A, 
p? f(z, y) |. 
m 
at az’ at By, . 
Po O91 


Theory of nonlinear vibrations of a liquid of finite volume 869 


Differentiate the second formula of (2.9) partially with respect to t: 


ate +; dz: at (2.17) 


“m 


Here A, and B, are computed from (2.11) and (2.12), respectively. 


After performing the calculations the result is 


== %,(M, N) Aj, y) sin 2pt + N) (2, y) cos 2pt (2.18) 


Here ™,, and ,, are essentially quadratic forms of their variables. 


In order to determine the potential let 


Then the following system of equations is obtained for the functions 


hat P*fng = Sin 2pt + cos2pt (m=—1,2,...) (2.49) 
Inasmuch as the assumption A /A, # k?, where k is an integer (if 

n#m),holds, the unique periodic solution of the system (2.19) with 


period (27 /p) is 


(n)_- ‘ (n) ‘ 
Ine = dy, Sin + Rie dis cos 2pt 


= sin + cos 2pt + M, sin pt + N, cos pt (2.20) 
Here 


(n) 


and the constants M, and N, are to be determined. 


Repeating the sequence of computations demonstrated above, the follow- 
ing equation for the determination of the third approximation (z = 9) is 


obtained: 
3 


2 As 
£. <= = sin pt > 5~i(z, y) + 
t 0 


3 
cos pt bi (a, y) + f(x, y)} 


1-0 


+ sin 2pt F, (x, y, M, N, M,, N,) +... + cos3pt Fy(x, y, M, N, My, Nj) 


The following expressions will be introduced 


4 
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k 


F,= (M, N, N 4) de (2, y), J (x, y) 


Similar to the system (2.19) a system is obtained whose n-th equation 


is 


3 3 

tas” + — = sin pt a; + cos pt 8, 4 ent + 
i=0 


+ sin 2ptyyn + cos + sin 3ptys, + Cos 3plyan (2.21) 


For equation (2.21) to have a periodic solution of period 2m /p 
it is necessary and sufficient that the numbers M and N satisfy the 
following system of equations: 


3 3 
> a; =0, >) + em = 0 (2.22) 


0 i=0 


Thus, a system of two cubic equations determining the amplitude and 
phase of the function ¢, has been arrived at. Function ¢, will contain 
two constants M, and N,, which should be determined from the fourth 

approximation. 


3. Om the Iu.A. Kravtchenko problem. Papers [ 1-3] study experi- 
mentally and theoretically seiche type oscillations of water in ports in- 
duced by waves coming from the open sea. 


It is assumed that the port basin has the shape of a cylinder or a 
parallelepiped and is connected to the open sea by a channel. It is 


assumed that the waves, while propagating through the channel, remain in- 
tact with their parameters unchanging. It is necessary to determine the 
character of the waves appearing on the surface inside the port. This 
problem differs from problem (1.1)-(1.3) by the fact that the condition 
(1.1) will be replaced by the following one (Fig. 2): 


OF 


=F (P)cospi for Pty, 


aon 


Fig. 2. Q for (3.1) 


This problem can be reduced to the problem studied in Section 2. 


To accomplish this it is sufficient to let ¢ = ¢, + d, where ¢, is 
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an arbitrary function harmonic inr, satisfying conditions (3.1). Then 
on = the function ¢, will satisfy the condition dW,/dn= 0. 


The condition that the pressure be constant is rewritten as follows: 
+ + (Ve)? = (t) $2) (3.2) 


at 


where the function ® is expressed in terms of ¢, and ¢,. 


The kinematic condition is 
dt OF2 \ 
The procedure outlined in Section 2 can be applied to generate the 
function and to determine the resonance region. 


In conclusion a few remarks will be made regarding the difficulties 
encountered in the construction of a nonlinear theory and the desirable 
directions further research should take. 


The author performed a series of experiments for the verification of 
the theory of forced oscillations of pendulums having a cavity in the 
form of a cylinder or a parallelepiped. These experiments verified 
quantitatively the analogy with the nonlinear vibrations of mechanical 
systems having a finite number of degrees of freedom, which is discussed 
in this paper. 


However, when doing this, new cases were discovered. Let, for instance, 
the frequency of the external force be p and let it steadily increase, 
approaching from the left the value o, (Fig. 3). Then, if the difference 
o, — p is not very small, the dependence of the amplitude A on the 
frequency of forced vibrations follows the curve I, fairly well. If this 


difference is smal! then the change of amplitude follows the curve I’,. 


A 


If the complete analogy with the system with a finite number of degrees 
of freedom were true then the variation of A(p) should follow the dotted 
curve r;. Furthermore, this region would be unstable and the system would 
go over to the region described by curve [’,. According to the above dis- 
cussion this would already be a second mode vibration. This fact is not 
found in the experiments. The system never went to the region [',. Already 


1 “a 

he” 
Fig. 3. 
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for p > o, and sufficiently close too, the Stokes limiting amplitude was 
reached and the waves disintegrated (for high frequency vibrations this 
disintegration occurred even sooner, when p < o 


1) This disintegration 
leads to an irreversible loss of energy. Therefore, in order to investi- 
gate the vibrations of real systems in regions close to resonance (for 
instance, in the theory of flutter of a wing carrying fue! tanks) it is 
necessary to create a model which would take into account the possibility 


of wave disintegration and the increase of entropy. 


Because of the complexity of the computations of the problems studied 
it is necessary to use approximate schemes which, however, still take 
into account the essentially nonlinear nature of the phenomenon. It should 
be noted that in many cases it is necessary to analyse only the first 
natural modes where the shape of the surface has a smal! curvature. Be- 
cause of this it is obviously expedient here to develop methods analogous 
to the variational methods of Lavrent’ ev. 


In the nonlinear form this problem is almost unexplored. The basic 
question of the existence of periodic solutions of this problem still re- 
mains open. 
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1. Some information about the particalar solutions of the problems. The 
problem of motion of a heavy rigid body about a fixed point under the 

action of the force of gravity can be reduced to finding the general or 
particular solutions of the following systems of differential equations 


dp 
A a (B —C)ar + Me - 


(Cc A) rp Mg 


B) pq + Me 


qYs dt PYs ry (1.2) 


where p, q, r are the projections of the instantaneous angular velocity 
vector of rotation on the moving coordinate axes OX, OY, OZ, which are 
rigidly connected with the body and directed along the principal axes of 
the inertia ellipsoid, constructed with respect to the fixed point; A, B, 
C, are the principal moments of inertia with respect to the axes OX, OY, 
OZ; Mis the mass of the body; ¢ is the acceleration due to gravity; 


The present paper is an abreviated exposition of the author's candidate's 
dissertation, "Certain necessary conditions for the existence of single- 
valued solutions in the problem of motion of a heavy rigid body about 

a fixed point", defended in 1950 at the Institute of Mechanics of the 
Academy of Sciences of the U.S.S.R. Conditions are added for the 
existence of the Grioli case (1947) for which in the dissertation only 
permanent rotations were obtained. 


873 


dq 

dr 

dt 

4 


A.A. Bogoiavlenskii 


Yo» 2 are the coordinates of the center of gravity with respect to 
moving coordinate system: y 


1’ are the direction cosines of 
vertical axis OZ, along which the gravity force is acting. 


The general solution of the systems of equations (1.1) and (1.2) de- 
pends on six arbitrary constants. Because of the relation y,? + y>° + 
1, the number of arbitrary constants on which the functions p, gq, 


¥Y,, ¥, depend, will be equal to five. 


Equations (1.1) and (1.2) do not contain time ¢ explicitly, and their 
last multiplier is equal to one [32]. Therefore, for the reduction of 
the problem to quadratures, it is sufficient to have only four independent 
first integrals. 


Three classical algebraic first integrals are known, namely 


1p? + — 2Mg (Zoy1 


Bays + Crys 


The first integral is the so-called energy integral, the second integra! 
expresses the law of conservation of the angular momentum about the 
vertical and the third integral expresses a property of the direction 


cosines. 


A fourth algebraic first integra) for arbitrary valves of the coeffi- 
cients of equations (1.1) and (1.2) has not been found. Under certain 
restrictions concerning the location of the center of gravity and the 
values of A, B, C, such a fourth integral can be found. 


Up to the second half of the nineteenth century the following cases of 
integrability were found and investigated, 


1, Case of Euler and Poinsot, when x, = y = 0 and the fourth 
algebraic first integral] is 


2. Case of Lagrange and Poisson, when A - ' Yn , # O and 
the fourth algebraic first integra] is 


const 


3. Case of complete kinetic symmetry, when A= B= C and the fourth 
algebraic first integra] is 


Top + 


In 1888 appeared a remarkable investigation by Kovalevskaia | 1 5 in 


We 
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which a new case of integrability was discovered and investigated. In 
this case, which bears her name, and which is realized when 


1 B= 20, 


(by a rotation of axes in the XY-plane we can make y, 0) there exists 
a fourth algebraic first integral 


(p* — q*) + Mezoyi|* + |2C pq — oust 


This memoir of Kovalevskaia’s stimulated a large number of investiga- 
tions referring (1) to the question of finding new particular solutions 
of the general problem, (2) to the question of finding particular solu- 
tions of the new case, and (3) to the clarifying of the geometrical! 
picture and the details of motion in the cases of the known particular 
solutions. 


A number of questions connected with the geometric representation of 
the various cases of motion and with the question of finding particular 
solutions of the general problem were solved by Zhukovskii, Liapunov, 
Chaplygin, Steklov, Mlodzeevskii et al. 


Kovalevskaia raised the problem of finding all the cases when the 
general solution of the systems (1.1) and (1.2) can be expressed in terms 
of single-valued functions of t, these functions having no other singular- 
ities than poles for all finite values of t, t being a complex variable. 


These functions can be expanded in series of the form 
pyl + 4 


where n,, My, are positive integers. 


and a 


In order that in the general case the systems (1.1) and (1.2) be 
integrable by series of the form (1.4), which contain five arbitrary 
constants, it is necessary that the coefficients of these series satisfy 
definite conditions. One such condition gave the new case of integrability 
considered by Kovalevskaia. 


Let us quote two theorems which complete the problem of finding all 
cases for which single-valued solutions for arbitrary initial conditions 
exist (i.e. the problem of finding general solutions). 


Theorem of Kovalevskaia [2]. In the general case, equations (1.1) 
and (1.2) do not admit single-valued solutions containing five arbitrary 
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875 
; 
= 3 
VOL. 
4 
r (r + rot* 4+ ) { 
4q 
| 
q 
4 


A.A. Bogoiavlenskii 


constants and having on the whole plane of the variable ¢ no singular 
points other than poles. The exceptional cases are: 
(1) A=B=C, (3) A= B, 


(2) Lo = Yo = % = 0 (4) A=B=2C,%=0 (1.5) 


Theorem of Liapunov [11]. Of all the cases when the constants A, B, 
C, Xp» Yo and zy are real and A, B and C different from zero, the above 
cases (1.5) are the only ones when the functions p, q, r, ¥,. ¥2 and y,, 
determined by the equations (1.1) and (1.2), are single-valued for any 
initial values of these functions. 


Considering series of the form (1.4) Kovalevskaia takes for the 
constants ns and the following values: a, = 2; = 3 
leaving unconsidered the question whether this system of values is unique 
or not. 

Nekrasov and Appel’ rot [5,6 ], investigating the exponents Min Mir and 
Liapunov, establishing the above theorem, pointed out a particular case, 
that of the so-called loxodromic pendulum, overlooked by Kovalevskaia. 


The method proposed by Kovalevskaia in the problem of motion of a 
rigid body was not developed further for this problem. 


No-one succeeded in determining the existence of particular solutions 
by Kovalevskaia’s method, except in the case of the loxodromic pendulum, 


All the particular solutions rediscovered were found by a skilful use 
of the differential equations under consideration or by the investigation 
of certain particular properties of the fourth algebraic first integral. 
A general method, similar to Kovalevskaia’s, for determining particular 
solutions, has not been found, 


Appel’ rot [5 | established the following theorem. In the case of three 
unequal moments of inertia there are neither general] integrals nor parti- 
cular integrals of the differential equations of motion of a heavy rigid 


body, having for p, q, and r poles of order higher than one and for Ya: 


Y> and y. poles of order higher than two. If, however, A= B, Yo = 0, 
A# C, x, # 0, there can exist particular integrals having for p and q 
poles of order three. 


Appel’ rot did not give an example of a particular solution confirming 
his theorem. 


In the present paper this theorem is confirmed for the case of 
Goriachev and Chaplygin. 


From the theorem of Liapunov it follows that besides (1.5) there can- 
not be new cases when single-valued general solutions can be found (i.e. 


| 
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single-valued solutions for arbitrary initial values). If restrictions 
are imposed on the constant h in the energy integral, on the constant k 
in the angular momentum integral about the vertical, and on the values 

of 4, B, C, Zo» Yo and Zq: then, in particular cases, a solution of the 
problem is possible. In the general form, however, the nature of such re- 
strictions has not been investigated by anyone. 


Such a problem was not raised and did not follow from Kovalevskaia’s 
method. 


In an unpublished manuscript Chaplygin [27] made an attempt to obtain 
the integrable cases by a unique method. 


The present paper shows that Kovalevskaia’s method can also be applied 
to find particular cases of integrability of the equations of motion. 


Such a method permits only the necessary conditions for the existence 
of single-valued particular solutions to be found. To verify the suffi- 
ciency of the similar conditions, it is necessary to show that equations 
(1.1) and (1.2), under the derived conditions, can be integrated in terms 
of single-valued functions of time, or that a fourth algebraic integral, 
besides the generally known integrals (1.3), can be found. 


Chaplygin [19 ] showed that "the problem considered does not admit a 
particular linear integral in cases other than those so far known". 


Since Kovalevskaia’s investigation, so far as we know, only the follow- 
ing basic cases of integrability and particular solutions of the systems 
(1.1) and (1.2) have been found and studied. We leave out of account the 
particular cases of the already known solutions and the various additions 
and modifications of the conditions themselves as well as of the parti- 
cular solutions obtained (such as, for example, the particular cases of 
the Kovalevskaia integral, motions similar to the pendulum and other very 
simple motions). 


1. Loxodromic pendulua. This case was found by Hess [3] in 1890 and 
rediscovered in 1892 by Nekrasov [6] and Appel’rot [5]. Further, it was 
investigated by Nekrasov [7,8,15 ], Mlodzeevskii [9], Zhukovskii! 4,21], 
Chaplygin [14] et el. In this case under the conditions 


Y = 0, A(B—C)2z,2—C(A— B)z,? =0 
a fourth particular first integral exists in the algebraic form 
Arop + = 0 


2. Case of Bobylev and Steklow (1893). This case was found simultaeous- 
ly by Bobylev [17] and Steklov [18]. Under the conditions 


2A =C, So = 0, g=0, 
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a fourth particular integral r= r, exists (Bobylev) or, under the condi- 


n 


tions 2A = B, x, = 2, = 0, r= 0, there exists the particular integral 


q= (Steklov). 


3. Constant (permanent) rotations. This case was discovered in 1894 
by Mlodzeevskii and Staude. The investigations of Mlodzeevskii [13 } 
concerning this problem were already completed when the paper by Staude 
[12 ] appeared, in which one case referring to permanent rotations, 
namely when the axis of rotation is vertical, was examined. Mlodzeevskii 


stated the problem in a broader form, 


4. Second case of Steklov (1899) [20]. Under the conditions B> A> 
2C, y, = z, = O there exist particular joint solutions 


1) iC 1) 
nor i) Pq, T 1) pr 


& x 


Here, and in what follows, we have denoted Q= Mgzx.. 


In the present paper it is shown that in this case we shall have 


Q(A- 2AC + 2BC) 
Rye 1) 


The solution contains a single arbitrary constant ¢,. 


5. Case of Goriachev and Chaplygin (1899). This case was discovered 


by Goriachev [ 23 - who gave a solution which contains three arbitrary 
constants, and by Chaplygin [ 24 1, who obtained a solution containing 


four arbitrary constants. The Goriachev solution is a special case of 


that of Chaplygin. Sretenskii [31 | investigated the motions which arise 


when the body is rotating with a very large velocity about the principal 


axis of inertia through the center of gravity. His method was later used 
by Arkhangel’skii [34]. 


In this case under the conditions 


A B 


iC, Yo 2, U, k 0 


a fourth particular algebraic first integra] 


0 
r(p* + q*)-+ PYs 


exists, where 1 is an arbitrary constant. 


6. Second case of Goriachev*® (1899) [22]. Under the conditions 


AC 8(A — 2B)(B 


* It is more convenient to call] this case his second, though Goriachev 


gave the preceding one in November, while this one was in August. 
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particular joint integrals 
= (4B — 3A) pq, Qys = + up*) pr 
exist, where 


(3A — 4B) (2B — C) (2B — 3C) 4A (3A — 4B) (4B — 3C) (SC — 4B) 


(B—C) 


BC 
In the present paper it is shown that in this case we shal] have 


“(34 — 4B) + 648%) 


The solution contains a single arbitrary constant ¢.. 


7. Second case of Chaplygin (1994) [26]. Under the conditions 
C 4 
0.6> 7 > 0.5965, 15< — < 1.5965. 
or under the following restrictions for the principal central moments of 
inertia L, M and N, namely 


M>LD>N, 


particular algebraic integrals 


4 


Qyz=(a+ *) pq, 
exist, where 
(B — A)(C — A) 


C (3A — 2B) 


2C —A 
and s is determined by the condition 


17(2R 3 4 (2B — (2C AP Q 


The solution contains a single arbitrary constant th. 
8. Case of Kovalevski (1997) [28]. Under the conditions 


ISB(B~C) 


oR or AC =9(A —2B)(B—C), 


particular algebraic integrals 


exist, where Pe(p) is a polynomial of degree s with respect 
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(2C — 3B) (81B2 — 156BC + 6102) 2B 


BC (9B — 100) — 


and B, a,” and a,” are determined by a system of algebraic equations 
with coefficients depending on A, B and C, There is no need to write 
these equations down, The solution of the problem contains a single 
arbitrary constant t,. 


9. Case of Grioli (1947) [30 ]. This case represents regular precession 
about a nonvertical axis. Under the conditions 


y,=0, (B—C)2,2°—(A B) = 0 


0 


joint particular integrals 


const, const 


+ 20° 


exist. 


In all these particular cases the restrictions imposed on the values 
of h, k, A, B, C, x,., y, and z, are obtained by various methods, without 
applying Kovalevskaia’s method. 


The purpose of the present paper is not the study and analysis (a) of 
the various modifications and additions of the basic particular cases of 
integrability obtained or (b) of the various geometric and analytic 
methods applied to the above problem. Nor is the problem of the stability 
of motion considered. In this connection, no analysis of the literature 
on the motion of a heavy rigid body about a fixed point, which is not 
directly related to the problems considered in the present paper, is 
given, 


2. Om the differential equations of the problem containing 


the arbitrary constants of the classical first integrals. Let 

us represent the equations of motion of a heavy rigid body about a fixed 

point in a form different from (1.1) and (1.2), namely in the form indi- 

cated in the paper by Hess [3]. Let a quadratic form and n — 1 linear 

forms with respect to the variables X, +++, %, with coefficients a 
¥, be given in the form 


i’ 


2,7? +27,7 +... 


+ + +... + 4,7, (2.1) 


® 

1O! 

Denote 
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x B 
(xx) (aB). 
(Ba) (BB). 


(ax) =a +... 403, (#8) = 2,8, +4... 


Differentiating H with respect to x, and taking into account (2.1) we 
obtain 
OH OH +> oH ‘ 
2 a ti + Bi +...+ (i =1,...,n) (2.2) 
The minors of the to the elements x, are 
= 9W/dx;. Therefore, we have the following identities: 
, aw aw aw 
Multiplying equations (2.2) by x, and adding, then by a; and adding, 
and so on, we obtain the equations 


=) 


= 0 


Denote the minors of the determinant H, corresponding to the elements 
of the first row, by the same letter with a subscript, and the minors, 
corresponding to the elements of the first column, in addition, by a prime 
above. Expanding H according to the elements of the first row and the 
first colum, we obtain 

(2-4) 


Because of the symmetry of the arr H with respect to the 
diagonal we have Hf, = H,’, Adding term-by-term the equal- 
ities (2.4) and comparing them with (2s), we obtain* 


0H 
H Is 


* Combescure, Sur quelques systémes particuliers d’ équations différen- 
tielles. J. Reine Angew. Math. Vol. 80, pp. 33-51 (1875). 
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Due to (2.2) the variables x. (i = 2, «+, nm) can be expressed 


explicitly in terms of the forms (2.1) and their coefficients in the 
following form 


H W,— —H.8; —...— 


With reference to a heavy rigid body rotating about a fixed point, 
four vectors, intersecting at the point of support, can be determined at 
any instant t: the unit vector z,”° along the fixed axis coinciding with 
the line of action of the gravity force, the vector of the principal 
kinetic momentum f, the vector of the instantaneous rotation and the unit 
vector n°’ of the position vector of the center of gravity. 

The scalar products of these vectors are 

(GG) = A*p* + + Ctr? 
. | 
= (Gn°) (Aryp + Byog 4- C25r) 
(Gw) = Ap? + Bq? + Cr? 
4 


(wn®) = + Yog 4 


Ko 
(2.°) = ptr + 912 + 


(wm) = + ¢° 
(Z,°2)") 2° 4 
(Gz,°) = = Bare 


= (n°z,") 


The quantities 1,, k and n, are constants while the quantity r, which 
represents twice the kinetic energy, is connecte’ with « in the following 
way : 

h 


} ms (2.7) 
[ (h const) 
In this way six new variables can be introduced. For our purpose take 


three of them, namely v, p and p. Instead of » also r can be taken. 


The total derivatives of these quantities with respect to time, taking 
into account the Euler and Poisson equations (1.1) and (1.2), are 


| Te Ts ‘ Ty Yo 12% 


= | Ap Bq Cr}, Ap Bq Cr 


dt 
Lo Yo Zo q r 


du 
dt 
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l o= | 

8. k = +. 

9. + Yot2 + As) 

10. = = + Yo? + 252) = 1 

i | 

(2.8) 
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Taking the 7th, &th and %&h product from (2.4) for the forms of the 
type (2.1), we obtain, in conformity with (2.5), 


Hoy, = V HW, — Hy Ap — H, 
Hwy, = HW,, — Ba —H, 
=} HW, —H,Cr— H.,, 


Ap Bq 
Lo Yo 


Cryo) 


H,, = ko — wp, W,, = (Apo — 


Then from (2.8) and (2.9), takine into account (2.4), we obtain the 
following basic system of differential equations in the Hess form: 
dy 
w 


(¥— dt 60) = (2.10) 


The solution of the Hess equations gives the solution of the Buler 
equations, except in the cases when from the expressions (2.6) for v, p, 
pf and (2.7) the quantities p, q and r cannot be obtained. 


In 1903 Schiff [ 25 ] proposed a modification of the equations (1.1) 
and (1.2), reducing them to a new form similar to that already considered, 
taking for the new variables the expressions* 


1 
1 


+ + C*r*) 


1 
Me (Azop + Byoq + Czor) 


Schiff takes the last expression with the + sign, since he transforms 
the Buler equations, written down for the case when the 0Z,-axis is 
directed in the direction opposite to that of the force of gravity. 
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Assuming that the last two expressions can be constant, and giving 
various initial conditions, under these conditions Schiff unified several 
particular cases (already known). He did not consider whether the para- 
meters and the initial conditions of the problem can be selected in such 


a way that these cases can be actually realized. 


3. Cases of integrability, when radicals in the right-hand 
sides of the differential equations of the departure are 
absent. The basic differential equations are given in such a form that 
besides the considered variables v, 9, +, two of which enter, in addition, 
in the form of derivatives, their right-hand sides contain the quantities 
r and w, which are expressed explicitly only in terms of the old var- 


tabies. 


From equalities (2.6) the following obvious relations follow: 


Ac = B(B— A) 4- — A) 
yv— Br= A(A— +C(C— B)r* 
yv— Cz = A(A—C) p?+ B(B—C)¢ 


t— Aw = (B — A)q? 4+-(C — A)r* 
Bw =(A— B) p* + (C — B)r* 
Cw = (A—C) p? + (B—C)¢ 


Ry (o — As) = (B- A) Yog (C — A) Zy 
Ry (oe — Bs) = (A — B) xop + (C — B) zr 
Ry(e — Cz) = (A— C) ap + (B—C) 


Let us express the quantities o, w in terms of the variables v, p and 
For this purpose eliminate twice in pairs from the first three rela- 


tions of (2.6) any two variables (for example, p, q andr, q). After 
elimination, find the roots of the two algebraic polynomials in one of 
the two old variables (r and p), and substitute them into the correspond- 
ing last six relations of (3.1). 


Substituting the expression for p obtained from the second relation 
of (2.46) into the first and third, we obtain two quadratic equations with 
respect to q with coefficients depending on r, v, p andr. Eliminating 
q from these equations, i.e. putting the resultant equal to zero, we ob- 
tain 


[A(B—C) 22 + B(A—C) + C (B— A) 297] — 20 (B — A) Rozopr + 
+ (B — A) 4+- Azo? (v — Br) + (v — At)}? — 
4B (B— A) y,? (Czor — Roop? [(C (A — C) r? + ¥ — At] = O (3.2) 
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In exactly the same way, substituting the expression for r obtained 
from the second of the relations (2.6) into the first and third relation, 
and eliminating q from the two quadratic equations so obtained, we get 


{A[A(B— C)2*, — B(A—C) 4- C (B — A) 22] p? — 2A (B — C) Roxoop + 
+ (B C) By? (9 Cz) + C257 Bz)}? + 
+ 4B(B—C)y2 (Arop — [A(A— C) — + Cz] = 0 (3.3) 


If the roots of the polynomials (3.2) and (3.3) are substituted into 
the fifth and eighth relation of (3.1), then explicit expressions of ¢ 
and w in terms of v, p andr are obtained. 


In general, such a transformation has a cumbersome form and requires 
particular consideration. We will introduce the following notations: 


P = (A — B)(B—C)(C€ — A) 

A = (B—C)2,2 —(A— B) 

U =A(B ry +C(A B) 
A(B 


Then, equations (3.2) and (3.3) become quadratic and have simple 
expressions or the roots under the assumption that y, = 9, 


For this case, and under the assumptions that V 4 0 and that in the 
expressions for the roots of the polynomials (3.2) and (3.3) the radicals 
are taken with + signs, the expressions for o and w in terms of v, p and 
r are obtained in the form 


V ACV Roz = V ACAR + (A — VA Rw? —V(v 


ARCV*w = ACV*: — PUR,*o? — (B — C) — C7 (A By 22) V (v— 


2V ACPRyxy290 V (A — BY (B— C) R20? — V (v — Bs) (3.5) 


If V= 9, then the following expressions are obtained for o and w in 
terms of the variables v, p andr, assuming that o # 0 andy # Br : 


(1 C) 20° 
0 


Z24C 2A(B 


(A — B)R,* 


Bu 


(AC3* 


i ( B—¢ (B— CY Ky*p* 


Substituting the expressions obtained for o and w into equations 


— 
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(2.10), we obtain three basic differential equations for the three 
variables v, p andr, the independent variable t being not explicitly 
contained in these equations. 


Let us remark that the general solutions and certain particular solu- 
tions of the problem exist, either when the radical is absent in the 


right-hand sides of the basic differential equations 2.19), i.e. in the 
functions which give o and w in terms of v, p andr, or when the indicated 
functions themselves become constant. 


This is possible if one or several conditions are satisfied (the con- 


dition y , introduced earlier, of course, remains to be satisfied): 


l. 


Fither V = 9, 

or for V 
2. Xe 0. 3. A=C. 5. B=C. 6. A=B (3.8) 
7. (A B)(B—C) R20" V (v — Bz) = const 


¢=3,(const), w (const) 


The second and third conditions of (3.8) taken together contain the 
case of Euler and Poinsot. Here the indefinite case must still be invest- 
igated. The second and sixth conditions together give the case of 

Lagrange and Poisson. The fourth, fifth and sixth conditions together 

give the case of complete kinetic symmetry. The third and sixth conditions 


taken together lead, in what follows, to the case of Kovalevskaia. 


Consider the derivation of the particular cases of integrability of 
the equations. If necessary we shall pass to the old variables, in which 
the known cases of integrability have been considered. 


If the first condition of (3.8%) is satisfied, then o and w are given 
in terms of v, p andr by the formulas (3.6) and (3.7). These formlas 
are obtained by elimination of p and r from the formulas (3.2), (3.3) 

and the fifth or the eighth relation of (3.1), under the assumption that 
o# andy # Br, 


For y, = 9, V= 9, equations (3.2) and (3.3) are satisfied for arbit- 
rary p and r, if the new variables are related by the relations p = 9%, 

v = Br. One of them can be taken as a particular integral, for example, 
p = 9, We then obtain the case of the loxodromic pendulum. 


This case was obtained by Hess [3 iP and later, using Kovalevskaia’s 
method by Appel’rot [5 |] and Nekrasov [6]. 


In a number of papers Nekrasov [ 6,7, 8,15 ] analytically investigated 
the motion. 


The peculiarity of this case consists in the fact that the solution 


ies ‘ 
‘ 
| 
Ln 
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of the problem reduces itself, in general, not to single-valued functions 
of time but to many-valued ones, and only under certain supplementary 
conditions can the solution be reduced to single-valued functions of time. 
The conditions for the existence of asymptotic periodic motions in this 
problem were considered by Mlodzeevskii and Nekrasov [9 }. 


Zhukovskii [4], with his innate skill, gave a geometrical solution of 
the above pendulum, 


Chaplygin [14 ] indicated the disposition of the points of support in 
the rigid body for the motion to be realized. 


Consider the third and seventh condition of (3.8%) which assume the 
form 


(B —C) 2,7 [(A — A(v — = const (3.9) 


or in the old variables 4C(B- C)x,*r* = const. For the particular value 
zero of the constant when B = C, we obtain the case of Lagrange and 

Poisson. If x, = %, we have the case of Euler and Poinsot. Excluding these 
cases, we obtain that the above condition is equivalent to r = 9, 


Here the new variables in terms of the old variables are expressed as 


follows: 


vy = + p = Ap, <= B? (3.10) 


The second differential equation of (3.19), written in the form 

(w — o°) (v — — (= — 
and taking into account the relation (3.19), gives p = p. (const). 


The third differential equation of (2.19) is satisfied as a consequence 


of the relation (3.19), the condition p = Por the equality (2.7) and the 
second of the equalities (3.1). 


The first differential equation assumes the form 


‘1 dy 


y - 
2Q dl 


oy") (1 — — (A — oyu)? (3.11) 


where v and », owing to the relations (3.19) and (2.7), are connected by 
the relation 


\” A 


Bh 


| or the ondit 1ons int ro luce d, y in p 4 const the 
third equation of Fuler Fives 
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(A — B) poq + Cx. = 0 


The first two integrals of (1.3) reduce to 


—2Qu =h, “i + po = k (3.12) 


For the variables r, » not to be constants, it is necessary for the 


determinant of the system to he equal to zero, from which there follows 


the relation 


A= 2B 


From the system of equations (3.12) we obtain the following relation 


between fA and k: 


(fe. = Qk (3.13) 


Equations (2.7), (3.19) and (3.13) give 


= 2u — 


Mifferentiating the second equality of (3.1) with respect to t, re- 


placing p, q by their values, taking into account (2.7), (3.13) and sub- 


stituting the expressions for v - p,*, dv/dt into (3.11), we obtain the 


differential equation for the case of Bobylev and Steklov, namely 


wu \2 2 ) k — 
= (oo — (1 — — (3.14) 


Of the two constants fh and k in the integrals (1.3) the solution con- 


tains only the constant k [h can be expressed in terms of k by means of 


(3.13)]. 


In order to reduce the equation obtained to the form considered by 
Bobylev, let us make a cyclic permutation of the variables and parameters, 


replacing p by r, q by p, r by q and the remaining quantities correspond- 
ingly. The problem is subject to restrictions which can be put in the 
form 


2A Cc, Zo Yo q 0, r ry 


In addition we have p, = Cr, yt = y,. Hence equation (3.14) assumes 
the form 


\ dt A \ — Cr, / Ts Mgz, \"° Cry (3.15) 


\ 


The constants C, and k, introduced by Robylev [17 ] have the expressions 


—. 
Cry 


3 

B 

: 

| 

2 
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Equation (3.14) can be reduced to the form indicated by Steklov [ 18 ] 
if A, x,, p and y, are replaced by B, y,, q and y,, and the expressions 


Mgy, Megyo o\? d: Meg dy 
q Go" ** @ 
are calculated from the second integral of (1.3) by use of the third 
Fuler equation. 


Then equation (3.14) assumes the form 


dy, \2 / Mayor’ (Mey.)? 


The constants |, n and K introduced by Steklov have the expressions 


k » Mey, k 
n A 


Consider the seventh and eiehth conditions of (3.8%). The former in 


terms of the old variables has the form 
[((A — B) zp + (B —C) aorP = L* (L = const) (3.17) 
Formula (3.4) will be written in the form 
VRoz = + (A —C) 
4 


Fqualities (3.17) and o = a, = const lead to the condition A= 9, 
under the assumption that p and r are not constants. 


Formula (3.5) will be written in the form 


BV?*w = V*:— AV — Br) +- + (A—C)UL* 


The constants o., w, and L can be selected in such a way that this 
equality is identically satisfied. 


The conditions 
Yo (), \ (B (3.18) 


and yp +- Zor const, P+PfPt+r const (3.19) 
taken together give the case of Grioli, i.e. a regular precession about 


a nonvertical axis. 


The meaning of the condition A= © is the following. Assuming that 
A> RB>C and that the conditions (3.18) are satisfied, the center of 
gravity of a heavy rigid body rotating about a fixed point must lie on 
one of the two perpendiculars to the circular sections of the ellipsoid 
of inertia constructed! with respect to the point of support. In order to 
prove this, let us construct the central gyration ellipsoid at the center 


of gravity 0 and referred to the principal directions, namely 


: 
. 
age 


= 
> 
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a,? > > (3.20) 


where a,, 5, and c, denote the radii of inertia with respect to the 
principal central axes. 


For the point S, the coordinates of which with respect to these axes 
are €, n, ¢, let the conditions (3.18) be satisfied, where A = Ma’, 
B = Mb*, C = Mc? are the moments of inertia of the body with respect to 
the principal axes of inertia Sryz, intersecting at the point S. Here 
x,, ¥, and z, are the coordinates of the center of gravity 0 with respect 


to the system with the origin at the point S. 


In order that the condition y, = 0 be satisfied, the principal plane 
x~Sz, orthogonal to the middle axis of the gyration ellipsoid at the point 


S 


must contain the center of gravity 0. In addition, this plane must be 
tangent to the one-sheeted hyperboloid, confocal with the ellipsoid (3.20), 
passing through the point S and belonging to the system of confocal sur- 
faces 


where 


holds. 


In general, in the coordinate system Ofn¢, the coordinates of the 
center of gravity 0f0, 9, 9) do not satisfy the equation of the tangent 
plane to the one-sheeted hyperboloid. This requirement can be met only 
if the hyperboloid of one sheet degenerates into the outer part of the 
focal hyperbola 


— b,?) 


i.e. 1t is necessary that 7 = 9. Thus, the point S lies in the coordinate 
plane €0¢, the point 0 in the plane xSz, i.e. the axis Sy is parallel to 
the axis On. 


From the expression of the Cartesian coordinates of the point S in 


terms of the elliptic coordinates it follows that - 4 + 4 


| | 
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? 
+A, +A, +A,. Henee for A ~ b,°, the expressions for the squares of 
the principal radii of inertia at § are 


» 2 
a,” hy } (3.21) 
2 
ay ey 


Equating the moments of inertia with respect to the straight line 
connecting the center of gravity of the body with the pole S, expressed 
in terms of the radii of inertia with respect to the principal central 
axes and the principal axes, intersecting at the point S, we obtain in 
conformity with (3.21) 


+ + hoe?) (3.22) 


Here the d's with subscripts denote the direction cosines of the 
straight line connecting the center of gravity and the pole S with respect 
to the corresponding axes, assuming that a straight line emanates from 
the origin of the coordinate system. Fliminating a.’ and ec,” from the 
equalities (3.21), we obtain ; 


The condition (B C)x.* (A B)z.* = in this connection gives 
g 
he + Dad 


The right-hand side of the equality represents the radius of inertia 
with respect to the straight line in the plane £02 passing through the 
center of gravity and being perpendicular to the straight line connecting 
the center of gravity with the pole S. Thus, the locus of points of 
support S of a heavy rigid body which satisfy the conditions (3.18) is 
(1) a pair of perpendiculars to the planes of the circular projections 
of the central gyration ellipsoid, if by the latter planes we understand 
the planes on which the orthogonal projection of the central gyration 
ellipsoid is a circle, or (2) a pair of perpendiculars to the planes of 
the circular sections of the central ellipsoid of inertia. 


From the way of constructing the gyration ellipsoid from the ellipsoid 
of inertia, it follows that in the case when the transformation radius is 
equal to one, the planes of the circular projections of the central gyra- 
tion ellipsoid are at the same time the planes of the circular sections 
of the central ellipsoid of inertia. 


q 
q Ga Comparison of the equality obtained with that of (3.22) gives 
4 
q a 
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Because of the reciprocity of the above mentioned ellipsoids this pro- 
perty is also reciprocal with respect to them. 


Substituting the expression A, = Ad. + A.d.* into the second equal- 
ity of (3.21) and taking into account the remaining two equalities, we 
obtain 


b? = + 


Thus, the disposition of the center of gravity with respect to the 
point of support is shown. 


The center of gravity of a heavy rigid body, rotating about a fixed 
point and subject to the conditions (3.18), must lie on one of the two 
perpendiculars to the circular sections of the ellipsoid of inertia, con- 
structed at the point of support. 


Guliaev [33 ] was concerned with the problem of expressing p, 4, r 
"y y, and y, as explicit functions of time t for the case (3.18) and 
(3.1 


9), 
Consider the particular case when the first constant in (3.19) is 
equal to zero, 1.e. the conditions 


(3.23) 
r= -= const 
Differentiating the first expression in the second row of (3.23) with 


respect to time and taking into account the Euler equations (1.1) and the 
relations of the first row in (3.23), we obtain 


+ MeR,? (Ro? = 


provided A # C, 


Solving this equation jointly with the first equation from the second 
row of (3.23), we obtain 
(A --C) ’ (4 —C) 


After the substitution into the first and third Eulerian equation of 
(1.1) and taking into account (3.23), we obtain 
l 
= = (1 = const) (3.24) 
The second equation of Euler (1.1) and the second equation of Poisson 
(1.2), after elimination of dy,/dt, p and r, give an equation which, 
owing to the first equality of (3.23), can be written in the form 


(2B + (2 £2) (3.25) 
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Differentiating this equality with respect to time and substituting 
for d ,/dt, dy,/dt their expressions as given by the first and third 
equation of Poisson (1.2), eliminating p, q and r from them before the 
substitution by means of (3.24), and assuming that q 4 0, we obtain 
(A C) BP 


Wer,2, 


(2B — A) zyx, — (2B —C) roy, (3.26) 
Excluding the case A = C = 2B, we obtain from (3.25) and (3.26) the 
expressions 
After eliminating |, we obtain 
Zoli + = (3.28) 


The second equation of Poisson (1.2), owing to the expression obtained 
and (3.24), gives y, = const, q = const. 


Mlodzeevskii [13 ] investigated cases when a heavy rigid body, fixed 
at a point, rotates about a constant (permanent) axis. One such case of 
motion 1s when the permanent axis of rotation is vertical and located in 
the body on a cone of the second order with the vertex at the point of 
support. This cone under the first condition of (3.23) degenerates into 
a pair of planes 

o%1 Y2 = 

The expression (3.28) shows that the motion considered refers to a 

particular kind of permanent rotations (in the case of Grioli). 


The first two classical integrals (1.3) assume the following form 


cr (A Cyl cr 


The constants h and k are connected by the relation 


( Cyl 
h (3.29) 


Then from (3.24) and (3.27) the following relations are obtained 


h P; Te h h r (9.00) 
The third classical integral of (1.1) due to (3.23) and (3.29) gives 
ke (MgR,)? 
q k= (A 


The expressions for p, and r on the basis of the second equality of 
(3.30) are as follows: 


4 
q 
4 
| 


sth 
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ch WeR,2k 


(Al C) 2h 


The angular velocity in terms of h and k is given by the expression: 


4. Certain necessary restrictions for particular cases of 
integrability. Consider the third condition of (3.8) for V4 0, ive. 
si 


The center of gravity of the body lies on the principal axis of 
inertia, the moment of inertia with respect to which is equal to A. 


Here the basic differential equations (2.10) can be written in the 
form 


~h)* + [Q(v — + ho (zs — h) — Qh*] 


de \? 


= — + AJ wp? + + P’p*t + ANo*: — 


dv de dt 
7° — At) — »(t — h) — 20k) — + A(v — o*)— = O 
(¢ Az) + 2) Ok | 


B,=B+C, . 2A—B—C N = 2BC — AB 


P’ =(A— B)(C — A), Q = 


let us apply Kovalevskaia’s method to the system of differential equa- 
tions obtained. 


Assume that formally this system can be satisfied by series of the 
form 


+ +. an 


+ + 


where ni, 2, and n, are positive integers, some of which might be equal 


to zero, and v., 9. and r, are all different from zero. 


For the series (4.3) to represent a particular solution of the system 
(4.1), they must converge in a certain domain of the variable t. If the 
particular solution contains at least one essential arbitrary constant 
{besides the arbitrary constant ¢,, assigned to t, and the arbitrary 
constants h and k), then the series (4.2) will contain at least one 
essential arbitrary constant among their coefficients. 
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Consider certain cases for the system of values n,, n, and n, when the 
series (4.2) satisfy the system of differential equations (4.1). 


Assume that n, = n, = 2, n, = 1 (A¢ B, A¥¢ C) and substitute the 
series (4.2) into the system (4.1). 


Equating the coefficients of equal powers of t on the left- and right- 
hand sides of the equations, we obtain the following systems of algebraic 
equations for the determination of the coefficients of the series (4.2): 


1. + == 0 3) 
(Ag — Avo) — 997 + A*BC-,2 = 0 


) 


ly, Ay 20, D, ic, = () 


4, (097 + + Oy ( SAT) 


2 (t4 — Mt) Voto + 22,7) 


20, +- A*BC) — 


20; -+- 2A*BC) 
2P'pipo) 
— + 91 (4% vAt po] + Ate, 
— A(t, — h) — 9,7 (1 it,) + 2AQhko, 


+4 


+ V2 [2 — h) + 


h)?vy + 2 h) 
4Q (017% + + (% — = 0 
— 204 (D,' + 3A*BC) op, + Avs, 20,0 — 4 
+ Av, (A, — Av.) — 9,7 BC) — 20, + A* 
— P’o,' = 0 
(209" bAz,) 20, (2% — A- — (010 
— [2% + 20, (2%, — 3. + At, (2% — 


pop, (24, —3Ar,)- 0 


q 
895 
a 
q 
4 
Z%y — At, = () 
i 
2 2 
roc 
‘ , ‘ 
4 At) + A (7 09" + 240409 
(0) 
0 


4 
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(— 12¥9 + + 2 — Va (2%) — + + + 
[2 h) tot 4 2 (43 [¥eto + (t2— 2) + (t2— 
+ (t2— h)?vy — 4Q (t2— h) po + — 20 p0)] = 0 


— 29; + 4A*BC) py — + — — Ax, 4 
-}- 263 [ AJ + Do (D, — 2 A* Bt AN 


— — ps (4%) — 09 + Ats — 499”) + 
+ ¥4 (49109 — 3At,) — 94 [2%00 + (4% — 7Ato) — + 
+ Az, — 59109) + (20009 — Ate + 94") — 

03 [92 (4% — — — h) + — + 


+ Ats — 26009 — 91") — 99? (vy — 2Aty) + Ape [(t2 — h) 9, — = 0 


Here for brevity we have set 
— Joo? — 
J (6901 + 6109) — 


J + N20.) AB,-. 


AJ vp + +- 
AJ, + + 


AB yy Noo? 2ABCx, 

AB,», + N + 0100) — 


+ N + + 6200) — 2ABC2, 


The first system of (4.3) has for v, andr, the solution 


Yo Xo 2A 
The quantity p, 1s determined by the equation 
(A — B)(A — C) + — B) (A — C) + (A — 2B) (A — 20) 
+ — 2B)(A— 2C) =0 


From the first equation of the second system it follows that r, = 
The second and third equations, which are homogeneous with respect to 


v, and p,, have nonzero solutions under the following condition 
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(A — B)(A— C) — A* (A — 2B) (A — 20) = 0 


Equating the resultant of the polynomials (4.4), and the one just ob- 
tained, to zero, we obtain for v # 0, p,# a condition which contains 


Kovalevskaia’s case or gives 


(A B)(A—C) = (A — 2B) (A — 20) (NV + BC = 0) (4.0) 


If we exclude Kovalevskaia’s case from consideration, then the common 


root of these polynomials will be (4-2) = iA, where i= I. 


If we assume condition (4.5) to be satisfied, then v, can be considered 


as an arbitrar constant and Ps has the value 


3 


Eliminate v, from the first and second equations and from the first 
and third equations of the third system of (4.3). Recause of the value 
Py = tA for the two equations obtained, their determinant with respect 
to the variables p, andr, is equal to zero. Then the independent terms 
of these equations must be proportional to the coefficients of the vari- 


ables. This fact leads to the condition 


2(B 0) 


The condition obtained, together with (4.5) for v, 4 9, gives no new 
cases except Kovalevskaia’s, and forces us to conclude that v, = p, = 
r, = 0, 


1 


This corresponds to the following values for p, obtained from the 
equation (4.4): 


(A — 2B) (A — 26) 


The condition (4.5) is not satisfied. 


Let us determine successively the coefficients of the series (4.2) for 


the root p, 1,2) _ iA, We have 


(1) the third system of (4.3) 


+ Ate Ah 0, Biv. + BC) 2BC=, = 0 


hi Ao, Az, — Ah 0 (4.6) 


ih 


2 


ric 
= 
and its solution 
2 h 
7 
} 
| 
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. (2) the fourth system of (4.3) 
2v3 + At, + 2iQk = 0, — 2iAByo, — 2BCz, = 0 
— 61 Ao, — Az, + 21Qk = 0 (4.7) 
and its solution 
vy = — IQk, 
(3) the fifth system of (4.3) 

and its solution 

V4 


3 


1°B,v, — 2iA* (AB iC + 2BC) po, — 2A*BC=, 4 (ONkh (4.9) 


7 A**, h 0) 


and its solution 


The coefficient matrix of the system (4.6), which ts linear and homo- 


geneous with respect to v.,, p., r and h, has the following minors of 
order three, obtained by deleting the s-th column: 


A, = 4iA*), A. 2Ah, A; = 2iAh, A, = — 6iAD 


where A = N+ BC#4 0, since condition (4.5) is not satisfied. 


If these minors are not zero, then, by selecting any one of the 
quantities v., p,, 7,, h as the independent variable, the remaining ones 
can be uniquely determined in terms of that quantity. 


For only some of the unknowns to be considered as arbitrary constants, 


it is necessary for the minors of the third order to be equal to zero. 
For the system (4.6) this requirement cannot be satisfied, since A 4 °, 


The matrix of the coefficients of the system (4.7), which is linear 
and homogeneous with respect ot Vs, Pa 7 and k has the following minors 
of the third order 


2 

(4) the sixth system of (4.3) 
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A, = 8QAb, A, = 4iQh, A, = 0, A, 8i A) 


The requirement for the vanishing of these minors gives no new condi- 
tions, if we reject the condition Q = Mgx, = 0, previously obtained. 


The matrix of the coefficients of the system (4.%), which is linear 
and homogeneous with respect to Vi» Py, Ty and h*, has the following 
minors of the third order 


Ay A, As Ag 30% 


In this case the necessary requirements for the vanishing of these 
minors cannot be satisfied. 


The matrix of the coefficients of the system (4.9%), which is linear 
and homogeneous with respect to v., p., t<, h, has the following minors 
of order three: 


A, = 0, A. = 2iQA*h)., A, SO A*k?., A, 127A) 


If A, 4 9 and A, 4 0, then A can be expressed in terms of k and one of 
the unknown coefficients p. or r,.. Thus, a restriction connecting the 
arbitrary constants h and k cannot be established. 


The constants h and k, in general, are independent. 


It is therefore necessary that \ ~ @ 0, which gives a necessary 
2 
restriction 


0 (4.10) 


for the value of the constant in the area integra! 


The system (4.9) can be considered as linear and homogeneous with 
respect to the unknowns v., p., 7. and k, the matrix of which, provided 
that we replace k by h, has the same minors as before. Then we obtain the 
necessary restriction 

h 0 (4.11) 


for the value of the energy constant. 


Thus the coefficients of the series (4.2) contain no essential! arbitary 
constant. 


In general, a similar investigation can be carried out for the s-th 
system of (4.3), not only for the root p.\*‘ tA, but also for the 


root 


Ay 
(A — 


This investigation, however, gave no results that need be mentioned 


here. 
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5. Cases of integrability when the center of gravity is 
located in the plane through the axes of equal moments of 
inertia. Consider the third condition, and one of the following three 
conditions, of (3.8), for example the third and the sixth conditions, 


which give 
A= B, Yo = 2g = (5.1) 


The center of gravity of the body lies in the plane passing through 
the axes of equal moments of inertia. 


The basic differential equations (2.19) assume the form 
h)? + 40 [Q (v — 0?) + ho — h) — Qh] 


1(A Cc) 0*= 


h) — + A(v = 0 


where Q = Mex... 


The condition (4.5) of the preceding paragraph gives Kovalevskaia’s 


case. 


If this condition is not satisfied, i.e. in the case A= 2C, on the 
basis of the results of the preceding paragraph we obtain that either 
k= 0, or h = 9. Therefore, in seeking further conditions of integrabil- 
ity, it is necessary either to observe one of these requirements, or to 
seek other conditions in a general form and then impose these conditions, 
provided that A #4 2C. 


Under the conditions (5.1), there exist for the coefficients n 


n 
and n, in the series (4.2) other values than those considered in Section 


2, n, = 3, for which the series (4.2) will 


4, for example n, =n . 


’ 3 


satisfy the system of differential equations (5.2). 


The fact that for A = B the function p (in the case under consideration 
po = Ap) can have a pole of order three was first observed by Appel’ rot 
and Nekrasov (see Appel’ rot’s theorem in Section 1). 


Substituting the series (4.2) for the above choice of values for ny, 
into system (5.2), and equating the coefficients of equal 
powers of t on the left- and right-hand sides of the equations, we obtain 
the following system of algebraic equations for determining the coef fi- 
cients of the series: 


900 

2 

(5.2) 

(| —) = — Av? + (A—C) ve? + A(A + C) — — 

1 

(6 ic) + 

| 
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1. + 4+ 400," 0 
(A — C)(% — At») —9AXC = 0 (5.3) 
2% + At, = 0 
2. (4% + 70%) + + — — 0 
(A — C) + — A(A —C) -= 0 
+ (4% + Aty) + = 0 
3. + + 2 — h) 4 (% + 


40, (Qo, k-,) 72% AQk= 0 


(A — C) 12A*C 1(A —C) + 2(A — C)¥,0:05 + 
5 C) 647% 0 
[— 4 (8 — 2) 4- + 509 + = 0, *) 
(A — C) + — A(A—C) = 0, 2) 
(S$ — 2) + 9, [— 4¥9 + (s — 2) Aty] — (s 1) (¥, p, *) 
( Las ) 


Here the functions ,(v, p, 1), p, ©) are 


polynomials which depend on the unknowns v., ..., Pas os 
sees the indices of which satisfy the condition i < s - 

The first system of (5.3) has the solution (524) 
524 


The second system has the determinant \ 4 0 and the following solution 


3ACk 


The solution of the third system of (5.3) is given by 


4(A + 20) (A + SU(A C)(A m 
1 
etc 


and so on. 


Without carrying out the examination of the matrix of the system (5.3) 


j 
4 
4 
j 
Lie 


on 
ae 
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(as this has been done in the preceding sections), let us cal! attention 
to the following. 


For the solutions of the system of differential equations (5.2) re- 
presented in the form of series of the considered form to depend on 
arbitrary constants (though the number of arbitrary constants may not be 
complete), in addition to the constant t, simply added to t, it is 
necessary, for values of v,, p,, r, as given by (5.4), for the determinant 
of the (s + l)st system of (5.3) to vanish for certain positive integral 
values of s(s = 1, 2, 3 7 


Equating to zero the determinant of the 
(s + l)st system of (5.3) with respect to the quantities v., p. andr 


’ ’ 


s’ 


we obtain the necessary condition in the form 
[s(s 1) ‘ [s(s 61C (s (5.5) 


This necessary condition for the existence of single-valued solutions 
cannot be satisfied for s = | and s = 2 by virtue of the mechanical! con- 
ditions of the problem (A > 0, C > 9). 


For s = 3 we obtain the condition A = 4C. Imposing the requirement 
k = 0 obtained in the preceding paragraph, and taking into account (5.1), 
we obtain the Goriachev and Chaplygin case. 


For s = 4 we obtain the condition A = 2C. Then, in conformity with 
Section 4, the requirement k = ® is no longer necessary. Taking into 
account (5.1), we again obtain Kovalevskaia’s case. 


For s = 5 we obtain A = 26/27 C, for s = 6 the condition A - 4/3 C, 
and so on. 
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ON THE STABILITY OF A TRIVIAL SOLUTION OF A 
LINEAR SYSTEM WITH PERIODIC COEFFICIENTS 


(OB USTOICHIVOSTI TRIVIAL’ NOGO RESHENIIA LINEINYKA SISTEM 
S PERIODICHESKIMI KOEFFITSIENTAMY) 


PMM Vol.22, No.5, 1958, pp.646-656 


V.M. STARZHINSKII 
(Moscow) 


(Received 24 January 1956) 


We shall write down a system of n linear differential equations of the 
first order with periodic coefficients in the form of one vector diffe- 
rential equation 
dx 
A(t)x (0.1) 
Here x is a vector function, A(t) is a periodic ‘with a period w > 0) 
matrix function with real sectionally continuous elements: 


A (ft) a;;(t + w) = a;; (t) 


It is well known [1,2] that the stability of a trivial solution of 
the system (0.1) depends on the roots of the corresponding characteristic 
equation 


det [X (m) — 1)" + + (— = 0 
(0.2) 


where X(t) is the fundamental matrix of the system (0.1), X(0)= 7) (1) 
is a unit matrix of n-th order). The trivial solution of (0.1) is stable 
if all roots of the equation (0.2) are less than or equal to unity in 
magnitude, or, in the case of multiple roots which eqau!l unity in magni- 
tude, if there exist simple elementary divisors of the matrix X(w) - pl. 
In the opposite case, that is, if at least one of the roots is greater 
than unity in magnitude, or when a multiple root in absolute value equal- 
ling unity is accompanied by a non-simple elementary divisor of the above 
mentioned matrix, then the trivial solution of the system (0.1) is un- 
stable. 


The constant term in equation (0.2) is given by the Liouville formula 
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= det X (wm) = exp \ sp A(t) at (sp A (t) Qi; (t)) 


0 | 


If the following inequality [2], pp. 8 and 46) 


sp A(t) de 0 


is satisfied, then det X(t) + + ~ when t + + ~, and the trivial solution 


of the system (0.1) is unstable. Therefore, we shal! assume in what 
follows that 


\ sp A (t)dt <0 


It is well known ([3], p. 63) that if all eigenvalues of the symmetric 
matrix 


A(t) + At(t) a;; (t) + ay (t) 


for any t(0<¢ t < wm) are non-positive ‘or positive), then the trivial 
solution of the system (0.1) is stable, ‘or unstable). 


Let us now consider how to determine the regions of stability and in- 
stability in the spatial coefficients of equation (1.2). 


1. Let us begin with the system (0.1) written in the canonical form 


[4] 


dx 2m 
JomH (1) x, 4 Hit) hy; (t) 


hi; hi (i, (1.1) 


If the characteristic equation for a system in canonical form happens 
also to be reciprocal, then we could expand it as follows 


o2™ 1 a,o?™ 2 (- 1)"a,,0™ + (- 1)"—"a,, 


+ ap? —ap+1i1=0 (1.2) 


When m= 1 then the region of stability is the interval — 2< a, < 


and the regions of instability are the intervals —- ~< a, < — 2 ani 
2 < a, < «, whereas the points a, = + 2 require some additional invest- 


igation [2]. 


When m= 2, that is, for a canonical system of the fourth order, the 
region of stability is defined by the inequalities (see Liapunov [5 ] p.8) 
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(1.3) 


Pig. 1. 


The region of instability is the region outside the curvilinear 
triangle, and the values of coefficients a, and a, which correspond to 
the edges of the triangle require additional investigation. It should be 
mentioned that the region a -~ 4, a, > 4, a, < - 2, a, 6 is in the 
region of instability. 


When m > 3 the problem is much more complicated. Reference [4] gives 
a survey of the necessary procedures: here we shall present only a con- 
clusion of the Herglotz theorem [7]. 


According to Herglotz, the necessary and sufficient conditions for 
non-repeated roots equal to unity in magnitude of the real symmetric 
polynomial (1.2) are obtained from the positive quadratic form 

2m—1 
> 
» 
k, lo 
where s, is the Newton sum.* To obtain results (1.3) from this quadratic 
form, for example, requires more work than is shown in [5]. 


The method proposed by Liapunov [5], and also the method of conformal 
mapping of the inside of a unit circle in a complex plane p into the left- 
half plane, both show that in order to have all roots of the equation 
(1.2) equal to unity in magnitude the roots of certain n-th degree equa- 


Translator’s note: Newton sum is where is a root of (1.2). 
t 


—2<a,< 6, 
4 2 9\2 
q t (42 — 2) < ay? < (a: + 2) 
7 is and is shaded in Fig. 1. 
j 
— 
4 2 da. 
| 
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tion must be real, and the coefficients of this equation would be linear 
combinations of the coefficients of the equation (1.2). When m= 3, the 
above condition will define a certain part of a complicated third-order 


surface in the space of coefficients a,a,a,. 


1 


An analog of the square shown in Fig. 1, is a hyperparallelepiped in 
the space a,a,, ..., a, with edges parallel to the coordinate hyperplanes 
which could be determined relatively easily. Let us proceed to do so. 


Let us first determine, in the equation (1.2), the intervals of 
variation of the coefficient a Al: So scsi mish that if a. is in the 
interval, then the trivial wolletiie of the system (1.1) subdve unstable, 
whatever the values of the remaining m— | coefficients. Since the coeffi- 


cients a, is the sum 


Vo 


where p.(j = 1, 2, ..., 2m) are roots of the equation (1.2), and the 
sum is taken over al! combinations of indices of the sequence 1, 2 


2m, it is clear that the interval 


© A < ay < x 
(ce is the number of combinations of 2m elements taken » at a time) is 
one of the required intervals. 


If » is odd 
(y 


then the interval 
00 < 2m (1.5) 
is another one of the required intervals. 


The lower limit in (1.4) is the greatest lower bound | infimum], (the 
upper limit in (1.5) is the least upper bound [ supremum |] ); hence if 
Pi, = =P,,= 1p, =... =p,,=- 1) and the elementary divisors of 
the matrix Xie) - pl, are simple, then the trivial solution of the 
system (1.1) is stable and 


em 


Determination of intervals similar to (1.5) for even coefficients is 
not as simple as in the case of the odd ones. 


Let » = 2, and let us find the smallest value of the coefficient 
= + + + + +--+ + + + Pom—s0om 


such that all the roots of the equation (1.2) (m > 2) equal unity in 


| 
| 
Ear . 0 2 2 
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magnitude. Let 2k roots equal (= 1) and 2m~—2k roots equal unity. The 
number of negative roots must be even because the constant term in the 
equation (1.2) equals unity. Without loss of generality we can assume 
that 2k < m, because if 2k >m, then we could change signs of all the 
roots, which would leave the sign of a, unchanged. Thus, the number of 
terms in the expression for a, which equals unity is C,3 Coe.ck and 
4k(m— k) terms equal (—- 1), and 


+ C3m—2e — 4k (m — k) = 8k? — 8mk + 2m? — m 


das 
2 >/9OL 
7k 8 (2k — m) 


The smallest value of a, corresponds to 2k =m, when m is even, or to 
2k =m— 1, when m is odd. When 2k = m, we have a, = — m, and when 2k= 


= — (m— 2). Thus, if the following inequality 


m— 1, we have a, 


ag < —m-+i—(—1)"™ (1.6) 


is satisfied, the trivial solution of the system (1.1) is unstable 
irrespective of the values of the remaining coefficients in the equation 


(1.2). 


Let us apply the inequalities (1.4), (1.5) and (1.6) to the system 
(1.1) of the sixth order, whose corresponding equation (1.2) has the form 


— + — asp* + — ap + 1 = 0 
Let us construct the parallelepiped: 


6 <a, <6, 1<a,< 15, 20 < a3 < 20 
The region outside the parallelepiped belongs to the region of in- 


stability; that is, if any of the six inequalities 


a, > 6, as < — i, a, > 15, ls < — 20, ly > 20 


is satisfied, the trivial solution of the system (1.1) (when m= 3) is 
unstable. None of the six inequalities considered separately could be 
sharpened, because the region of stability touches the constructed 
parallelepiped at each of its six edges. 


The attempt to obtain inequalities similar to (1.6) for the remaining 
even coefficients was unsuccessful and numerical methods had to be used. 


Let » = 4 and let us find the smallest value of the coefficient 


Ay = + -- - + 122m 


such that all roots of the equation (1.2) (m» 4) equal unity in magnitude. 
Let 2k roots (2k < m) equal (-1), and 2m-— 2k roots equal (+1). Let 
the number of terms equalling ‘—1) in the expression for a, be N,,. Then 


a 
- 
a, = C,,? 
195 
a, < —6, 
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ay == N ok + (¢ N ok) =s ( 2A ok 


and the problem consists of finding the greatest value of N,, over all 
natural numbers k satisfying the inequality 2k < m. It is readily seen 
that 


3 3 
at 


4 (— k? + mk) (4k? — 4mk + 2m? — 3m + 2) 


The greatest value of N., for m= 4, 5, 6, 7, 8, 9 and also the 
smallest value of a, as obtained from computations are tabulated below: 


q 
1560 


(a4) sm 36 60 


In the general case for an even coefficient a,, the problem consists 


in finding the greatest value of N,, over all natural numbers k satisfying 
the inequality 2k «< m. The expressions for N,, are 


Ng = CiCom—s + C6 


Nox Cox'Com—2 


2. The equation (0.2) will now be investigated in greater generality, 
assuming that 9 < a< 1, and regarding a = | as the limiting case. The 
conditions 


la,|<C, (v {,...,ma—1) (2.1) 


are necessary for the stability of the solution of the system (9.1), be- 
cause if any one of these conditions is not satisfied, at least one of 
the roots of the equation (1.2) will be greater than unity in magnitude. 
It should be mentioned that even more rigid conditions than (2.1) could 
be obtained. 


Let us limit our investigation to finding the interval of variation 
of the coefficient a,, for which the trivial solution of the system (0.1) 
is unstable irrespective of the values of a,,a,, ..., @,_,. The product 
of the roots Por Py = therefore, we can assume 


4 
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m 5 7 
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=... =P, = Va 


which gives the value of a, as 


We shall prove the following inequality 
k+1 
(k= 1,...,n—4) 
The above inequality can be written in the form 


f(z) se (2 0<2<1) 


which is obviously valid, because 


Thus, under the conditions 
0)---Pn = (2.3) 


the greatest value of a, is given* by the expression (2.2) when k = 1, 
and it equals n— 1+ a, 


The least value of a, under conditions (2.3) for n even equals 1 - a — n, 
and for n odd equals 1 + a — n. Thus, if 


a,<—n+1—(—1)"* or a,>n—(i—a) (2.4) 
then the trivial solution of the system (0.1) is unstable. 


The necessary and sufficient conditions for the roots of equation (1.2) 
to lie inside unit circle are givenby Schur’s theorem [8,9] (which does 
not apply to equation (1.2) ). It should be mentioned that Schur’s algo- 
rithm is almost as difficult as solving the Hurwitz problem. 


As an illustration, let us show the regions of stability in the 
9 


spatial coefficients of equation (0.2) when n= 2 and n = 3. 

When n = 2, the region of stability is defined by the inequalities 
O<acl, ja,| < 1+ a (the points a = 1, = + 2 must be investigated 
separately). Then n= 3, the region of stability is defined by the 


* Probably, under conditions (2.3), the values 9p, =... = Pay ™ l, 
P,= 4 define also the greatest values of the remaining coefficients 
in equation (0.2). 


ae 

Py = Poe =i, 

+ 2.2 
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; 
for a fixed a 1t is represented by the interior of a triangle in the 


plane a,, c, (Fig. 2). The perimeter of the triangle must be investigated 
separately. 


inequalities a, > a, — 1+ a, a, <aa,+ tae, a,>-a,-a- 1, and 


3. Following Liapunov [2,10], let us, together with the system (0.1), 
investigate an auxiliary system 


dx/dt=eA(t)x (3.1) 
and seek the fundamental matrix X(t, «) in the form of a series 
X (t, ©) = Xo (t) + eX, (t) +e? X(t) +..., 
Xx(0)=O0 (e#=1,2,... (3.2) 


Substituting (3.2) in (3.1) and equating terms of the same power i 
€, we obtain a sequence of matrix differential equations: 


X, 
dt = A(t) Xx 1 


which can be integrated for given initial condition, yielding 


Liapunov proved that the matrix series (3.2) is absolutely convergent 
for all values of « and is also uniformly convergent in every finite 
interval of variation of t. By substituting « = 1, we could express the 
fundamental matrix of the system (1.1) as: 


xX (@) = X (@; 1) = I, (@) + X_ (w) + ees 
where 


914 
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X, () = \A (t,) dt, 


0 


ty 
dt, dt,... A (t,)... A (ty) 


0 0 0 


Xx (@) 


The first coefficient of equation (0.2) equals 


a, =spX(w) -n+a,%+...+ a," ava (3.4) 
where 


& ty 


7) 
. 


a) =sp\A(t)dt;, dts... \ A(t)... A(t) dt, (3.5) 


0 0 0 


We shall now derive expressions for the other coefficients in equation 
(0.2). The matrix function Aft) is periodic, hence the matrix X(t + @) is 
also the solution matrix of the system {0.1). Moreover, we have the 
identity X(t + w) = X(t) X(w), because the right-hand member of this 
identity is also the solution matrix of the system (0.1), and by virtue 
of the condition X(0) = I_, both members are obviously equal when t = °; 
hence they must be equal for any value of t by the uniqueness theorem. 
Applying the above identity n — 1 times we find that X(t + (n- 1) @) = 
X(t) X"-*(@) and substituting t = we obtain 


X (nw) = X" (w) (3.6) 


The coefficient a,(v = 1, ..., m— 1) im equation (0.2) equals the sum 
of the principal minors of v-th order of the matrix Xl), that is 


a, = a, (X (w)) (v=1,...,a—1; o,(X sp X (@)) 
For an arbitrary matrix C the following relation: 
a, (C*) = 9,7 (C) — 22, (C) 


is always valid, where o,(C) is the sum of eigenvalues of the matrix C, 
and a,C) is the sum of products of these eigenvalues, taking two at a 
time. 


Using (3.6) we obtain 
fly = (w)) = + [3,7 (X (m)) — 2, (X (2e@))] 


@ [a,* — a, (2)] 


To derive a,(2@) we substitute in formulas for a,, 2@ for ow. 


i’ 


ay 
4 
| (k = 2, 3,...) (3.3) 
) 
,oc 
eyes 
4 
or 
(3.7) 
q 
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In the general case the coefficients a,, are obtained from the Waring 
formula (see, for example, [11], Section 127), which involves the trace 
of the matrix X*(a): 


y it Lj ! ‘ 2 
1) 1)" a, a, (2)... ay (vw)? 


The above sum is taken over all inteeral non-negative J, «++ Jy, 
satisfying the condition 


a, (kw) — sp X (Aw) sp X* (w). 


4. Let us investigate the following system of m linear differential 
equations of the second order with sectionally continuous pertodic 
coefficients: 


a? 


da +--+ + Pim() ym = 9, pi; (t) = py (0) (i, j= 1,..., m) 


It can be written as one second-order vector differential equation: 


2 
+P(thy =0, } P(t +o) = P(t) = (4.1) 


The system (4.1) can be reduced to a special case of the system (1.1) 
if x is regarded as the direct sum of the vectors v and dy /dt 
0 
Pity 0 } 


» and 


= (1°), \(t) = J., H(t) = [ 


Let us write down equations (3.3): 
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2 


Gor = (—1)"\ dt, \ dt, 


where k = 2, 3, ... and for the sake of brevity P. P(t»). 


The expression for X{w) is: 


X (eo) 1! ‘aa 
(@) Xoo 


Xap (ew) =I \ dt,\ Podt. + \ dt,\ P.dt.\ dt.\ dt, 


X (@) 


Xoo | \ dt, \ dt, + Pp, dit, \ dt,\ dt, 


The first coefficient in equation (1.2) equals 


= Sp X feo) am fl, (4.2) 


where 


= sp \ dt, (P, + P,) dt,, a, = sp \ dt, dt, \ dts \ (P{P, + dt, 


= dt,\ dt, . P,P, . Pee; + 


4 
ty loka 
de, \ de 
\ 
| 
\iel@)- wl, \ dt, \ 
| 
Pydty + \ Pydty\ dt,\ Py de 
| 
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ty ty ! 
+\ dts. P.P,... Pes | 


0 ) 


It is well known that the trace of two square matrices does not depend 
on the order of the factors. It follows that the trace of the product of 
an arbitrary number of matrices remains invariant with respect to the 
cyclic permutation of the factors. 


Let us perform the Liapunov transformation [10] on the formula (4.3), 
From the transformation 


(a) 


\ at P, dt, [Peat = to) P, dt. = (w — t,) P, dt 


0 


we obtain 
dt, + \ dt,\ Ps dt,| 


0 


= sp \ t, Py dt, + \ (w — ty) = wsp\ P(t)dt (4.4, 


0 0 


A similar reduction could also be obtained in a general case. The 
; multiple integrals of order 2k in formula (4.3) are reduced to one 
q integral of k-th order. Indeed, both integrals in formula (4.3) could be 


considered as integrals over the variables tyr tor coer toy, satisfying 
4 the inequality w > t, > t, >... t5, > 9. 


1 2k 

We shall perform the integration of the first integral with respect 
to the variables toy tyr coer toy and of the second integral with respect 
to the variables tyr tar sees topiye Then, naming the k remaining variables 


4 ti, toy ty we obtain 


(4.5) 
! 
a,‘*) = sp dt, \ \ — + ty) (ty to)... —ty) P,P o.: . Py dt, 


The above formula is analogous to forma (10) of Liapunov [10]. 
Introducing the matrix function 


\P ede == (Q(t) 


and performing integration of the first integral in formula (4.3) with 
respect to the variables tir tyr coos topigs and of the second integral 


918 
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with respect to the variables ¢t,, t,, , ty,, making the cyclic permta- 
tion in the product of matrices and naming the remaining variables ths 
?? t, we obtain 


ty 

= sp\ dt,\ dts... (S — Qy+ Ox) (Q, —Q,) . (Qe, — dty (4.6) 
4 0 0 

where 


S=— P(t) dt=0Pr, Q; = Q(t) 


The formula (4.6) is analogous to the formula (11) of Liapunov [ 10 ]. 
The first three terms in the series (4.2) could be expressed by formulas 
without multiple integrals. We write the periodic matrix function P(t) 
in the form P(t) = P_. + ®(t), where the periodic matrix function ®( t) 
satisfies the condition ® = 0. Qnitting derivations similar to those 
shown in Sections 4, 15, 14, 17 of [10], we establish the final result 


= spPep, a, = sp| op? — \ dt! 


| 560%" Pep? — 


dt] 


0 


The last formula in (4.7) is analogous to the formula (37) of Liapunov 
[10]. In the latter the last term vanishes when m= 1 (the scalar case). 


5. Let us assume that all elements of the symmetric matrix P(t) are 
non-positive: 


pis (t) <0 fj =1,..., m; 0<t< a) (5.1) 


All terms of the series (4.2) are positive; hence a, > 2m. By virtue 
of the inequality (1.4) when » = 1, we deduce the following theorem: 


If all coefficients in the system (4.1) can assume only negative values 
(or zero), then the trivial solution of the system (4.1) is unstable. 


The above theorem is an extension of Theorem I of Liapunov (Section 


* Translator’s note: The author is using the subscript cp to denote the 
mean values of a function. 


| 

= 

e+ (4.7) 

: 0 

+ Pep | dt - - | dt + Pep 

4 

ag 
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49[2]) for the system (4.1). Liapunov proved another theorem (Section 
52[21), which for the system (4.1) could be formulated as follows: 


If all eigenvalues of the matrix P(t) (which are real) are non-positive 
for all values of t (0 < t < w), then the trivial solution of the system 
(4.1) is unstable. 


Liapunov mentioned that his Theorem I (Section 49[2]) is a special 
case of the above theorem. This raises the following question: Is it 
possible to obtain other criteria of instability for the system (4.1), 


which in the scalar case (m= 1) would coincide with Theorem I of Liapunov 
(Section 49 [2 ])? 


On the other hand the first Theorem in Section 5 is valid, whether the 
matrix P(t) is symmetric or not. The essence of the problem is that in 
the most general case of the system (0.1), the conditions (2.1) are 
necessary conditions for the boundedness of all solutions. From the 
formula (3.5) it follows that if all elements of the matrix A(t) are non- 
negative, then all terms of the series (3.4) are positive, and a, > n; 


hence the solution of the system (0.1) is unbounded. Moreover, in this 


case, by a Theorem of Perron ({ 12], Chapter 13) there exist vector solu- 
tions x,(t) of equation (9.1) with non-negative coordinates such as 
x,(t 4 @) p,x,(t) (p,, 


1), where p, is the magnitude of the largest 
root of equation (0.2), 


The statement that the trivial solution of the system (1.1) is unstable 
under the conditions 


aj;(t) > (i, 7 (5.2) 


is valid except when sp A(t) = 0, which includes the system (0.1) in 
canonical form. When sp A(t) # 9 then from the conditions (5.2) we obtain 


sp A(t) dt > 0 


which determines the instability of the trivial solution (see introduction). 


Certain results for the case p..(t)> 0 (i, j= 1, ..., m O< t<o), 
and for the general case, when the elements of the matrix P(t) have 
alternating signs, are given in the author’s doctoral dissertation 
"Certain problems of stability of periodic motions." (Inst. Mekh. Akad. 
Nauk SSSR, 1957). 


The author is profoundly grateful to his heacher N.G. Chetaev for his 
valuable advice. 
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This article considers certain classical linear problems of mathematica! 
physics: the boundary value problem for the elliptic equation, Cauchy’s 
problem for the equation of the hyperbolic type, and the problem on the 
construction of the integral for an equation of arbitrary type. It is 
assumed that the boundary values of the solution function and its deri- 
vatives, or the arbitrary term of the equation, are rapidly oscillating 
functions, so that the solution of the problem depends on an arbitrarily 
large parameter which determines the frequency of the oscillations. 


The solution is based on the use of the method proposed in monograph 
{1]. The author presented the statement of the problem and parts of the 
results at the Third Al]]-Union Mathematical Congress. A closely-related 
problem was treated in a note by Vishik and Liusternik | 2 - In this a 
different method was used, one developed by the authors in an earlier 
publication [3 ]. This article [3 ] contains a detailed survey of public- 
ations on the asymptotic integration of partial] differential equations. 
This topic is gaining interest among mathematicians in the U.S.S.R. as 
well as abroad. 


In the present article it is assumed that the number of independent 
variables is two, but the method used is also applicable to the case of 
more variables. The emphasis is here placed on the practical side of the 
problem, i.e. on rapid ways of finding the explicit solution. 


The approximate solution of all the above problems, including those 
with boundary conditions, can be reduced to the repeated solution of 
Cauchy’s problem (in a complex region) for first-order equations. In this 
connection it was found convenient to make no distinction between the 
boundary and the initial conditions, which are described in this article 
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by the unifying term "contour conditions’. 
l. 1. Let the following linear differential equation of order | be 


given 


: (1.1) 


where a, 8) are independent variables, ® is the function to be determined 
and aT ¥’ are real functions of @ and A. 


It is assumed that the functions are sufficiently smooth to guarantee 
that the characteristics 1 (real or imaginary) will be unique, and that, 
within the considered region plus its boundary, the equation (1.1) has 
no singular points, i.e. points at which all the coefficients aig t) 
are simultaneously zero. 


2. We will seek a solution of equation (1.1) in the form 


where k is a real constant, and f and ®. are functions of a and A. We 

will call the function f the change function, and ? the intensity function. 
The terms ® fu = l, ..., R— 1) will be called the coefficients of the 
expansion of the intensity function, ®, will stand for the remainder. We 
impose the following additional requirement: the change function and the 
coefficients of the expansion of the intensity function are independent 


of k. 


3. Let pls. ¢) be the symbol indicating the s-th partial derivative 
with respect to a, and the t-th partial derivative with respect to A. 


Then 


(et) = (fat fig +h 3) 


(f,, fa are the partial derivatives of f with respect to @ and f respect- 


ively). 


The symbolic product standing on the right-hand side of the last equa- 
tion can be expanded in descending powers of k. We thus obtain 


u 


where D,, +") is some differential operator of order u. In particular 


rac 
= 
a 
hs 
: 
(1.4) 
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With the aid of equations (1.4) and (1.1) one can write 


L(e'@,) = YD) 


t 0 


and ly is a linear differential operator of order y whose coefficients 
are polynomials in the derivatives of f, and are linear functions of 
{p 
4, Substituting the expression (1.2) into (1.6), and expanding the 
result in descending powers of k, we obtain 


v=! 


Dropping the exponential factor and carrying out some obvious trans- 
formations we obtain*: 


| (D,,) = 0) 


Here and in the sequel the indicated sums contain only those terms 
whose summation indices satisfy the auxiliary inequalities indicated 
in the parentheses. 


924 
(s, 1 s - 
a 
(1.6) 
— 
where 
a a 
u<r 


Integration of differential equations with one-parameter boundary conditions 925 


let us require that all the coefficients of the powers of k from | to 
L-R be zero in the left-hand side of this last equation. This equation 
then reduces to the system 


r 


= 0 r=0,1,..., R) (1.10) 
r=R+lu=<r 


r-R+1u—0 


5. It is easy to prove that the relations (1.19) lead to a recurrence 
system of equations for the determination of the change function and of 
the coefficients of the expansion of the intensity function. 


Putting r = 0 in (1.10) and taking into account equation (1.7), we 
obtain for the determination of the change function the following first- 
order differential equation of degree lI: 

j=l 
» = 0 (1.12) 


Making use of (1.12) we can transform (1.19) to the form 
L,(M,)=0, L, (Dy) wR; r=2,...,R) (1.13) 


By means of these equations it is possible to determine all the coeffi- 
cients of the expansion of the change function. 


6. To determine the remainder term,we have the equation (1.11). Divid- 
ing out the factor poet 
index by means of the formula r —- R = p + 1, we can rewrite equation 


(1.11) as 


in this equation and changing the summation 


eo 


7, We have found a recurrence process for the successive determination 
of the function f, ®,, ?,, 
can be obtained from the known preceding functions by solving one diffe- 
rential equation. To determine the change function, we have a first-order 
differential equation of degree |: for the determination of each of the 
coefficients of the expansion of the intensity function, we have a first- 
order linear differential equation. The remainder term satisfies a linear 
differential equation of order | (with the same principal part as the 


original equation). 


Pp. Here each successive function 
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®. The equation (1.12), which determines the change function, is the 
differential equation of the characteristics of the operator L. Therefore, 
the solutions of equation (1.12) will be such functions, and only such, 
as are constant on an arbitrary curve of some family of characteristics 
of L. Hence, every integral of type (1.2) can be put in correspondence 
with some family of characteristics of L, namely, with a family on whose 
curves the change function preserves its constant value. Integrals which 
correspond to different families of characteristics of L, will be said to 
be essentially different integrals. In the case considered ‘when the 
characteristics are unique) there exist essentially different families of 
integrals, each of which corresponds to its own family of characteristics. 


The problem of solving the nonlinear equation (1.12) is easily reduced 
to the problem of integrating first-order linear equations. Indeed, in 
equation (1.12), L, represents a homogeneous polynomial of degree | in 
f, and fp. Therefore, this expression can be represented as a product of 
| real or complex factors 


and hence, each solution of equation (1.12) must satisfy at least one of 
the equations 


Anja + Az ia) 


Arbitrarily selecting one of equations (1.15) for the construction of 
f, we thereby also select that family of characteristics to which the 
solution integral corresponds. 

9. We shall consider the question regarding the singular points of 
equations (1.12), (1.13) and (1.14). The equation (1.12) has no singular 
points, for the a\!) 


vanish simultaneously. 


are, by hypothesis, sufficiently smooth and cannot 


In the sequel it will always be assumed that the solutions of equations 
(1.12) and (1.13) are sufficiently smooth within the regions that interest 
us. Therefore, there can occur singular points in equations (1.13) and 
(1.14) only when the coefficients of the highest derivatives of the solu- 
tion function vanish simultaneously. For equation (1.14) this cannot 
happen, for if it did, then, contrary to hypothesis, equation (1.1) would 
also have singular points. In equations (1.13), the coefficients of the 
highest derivatives can vanish simultaneously only when the following 
equations are satisfied simultaneously with (1.12): 


These equations can hold only under the following conditions: (a) at 


926 AL 
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stationary points of .the function R, where fa=- 9 Gif D;(b) at 
points where the characteristics of the family (corresponding to the given 
integral) are tangent to curves of some other family of characteristics. 


2. In this and the following sections we will show by concrete examples 
that the method described in the preceding section makes it possible to 
construct integrals sufficiently general to yield solutions of some 
classical problems in the theory of differentia! equations. 


1, We will consider a simply connected region I’ = [' + y bounded by the 
contour y. Let the parameters ‘a, A) be the coordinates of a system 
similar to that of polar coordinates, i.e. the contour y is given by the 
equation a = a, > 9, the region I’ is determined by the inequalities 
Nea Qo, and 0 < B < 2a, while the correspondence between the points 
of the region and the pairs (a, f) is a reciprocal one-to-one correspond- 
ence except for the point a = % and the lines A = 9, A= 22. 

2, We will assume that the operator L is elliptic everywhere in 
(hence, | is even). We set ourselves the following problem A. It is re- 
quired to construct within I’ a solution of equation (1.1) satisfying the 
following boundary conditions on y: 


where g'"’ and & are given functions of f which do not depend on &, 


The parameters of the problem are assumed to be sufficiently smooth, 
i.e. y has a smoothness of high enough order, while g “’ and e*™ are 
sufficiently smooth not only as functions of A, but also as functions of 


a point on the contour y. 


The function ¢@ will be considered to be a real, monotonic increasing 
(decreasing) function of 8. The function 6’(8) will therefore always be 
positive (negative); the functions g*’ may be complex-valued. 


If git) = const, d= ff, and k is an integer, then the problem A reduces 


to the classical problem of the theory of elliptic differential equations, 
when the boundary functions are expanded into complex Fourier series and 
when in each there is retained only one term of sufficiently high order 


of k. 


3. The solution of problem A will be constructed as the sum of inte- 
grals of type (1.2), which correspond to certain families of character- 
istics of the operator L. 


By fi@), @ 4), let us denote the component integrals which correspond 
to the q-th family of the characterics of the operator L and let us ask 
whether it is possible to subject f'% to the condition 


2 
i 
— 
“a 
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= ig(®), ony (2.2) 


Obviously, the first of the conditions (2.2) can be fulfilled for any 
family of characteristics by solving Cauchy’s problem for the correspond- 
ing equation (1.15). It remains for us to consider the second conditions 
in (2.2). Because of the ellipticity of L, all families of its character- 
istics are imaginary, and hence, all f' q) are complex arvegres Further- 
more, to every f'*’ there corresponds an f‘*’ = + fr s) (the bar above a 
quantity indicates the complex conjugate). 


takes on purely imaginary values at every point of the contour y. 
for the elliptic operator L, the coefficients (A, A,,) in equations 
(1. i are complex, and none of these equations can be satisfied if f, ‘@ 
and fa' ) are purely imaginary. Hence, the real part of f, (@) must be 
ryt: ae from zero at each point of y. Thus, if f' 9 is subjected to the 
first condition of (2.2), then the sign of the real part of f, > on y 
is pee determined. Moreover, it is easy to verify that if f (s) and 
(t) and + are subjected to the, same condition (2.2), then 
the signs of the real parts of f** *) and fa’ ) will differ on y. From 
this it follows that there exist exactly 72 families of characteristics 
of the operator L for which both the (2.2) conditions can be satisfied. 


) 


4, Let us enumerate the families of the characteristics of L in such 
a way that in the first places there occur the families for which both 
(2.2) conditions are satisfied. We are seeking a solution of the problem 
A in the form 


qd l u 


q=1 u=0 


assuming that all f (q) satisfy the conditions (2.2). Interchanging 
p\#+°) for L in (1.9), we obtain 


(q) t—u u—-R 


Substituting this result into (2.1), and taking into consideration that 


the fia) satisfy conditions (2.2), we find that 
u=R 
> > k~"De. k* giv) on (2.3) 
q=!1 ome u=0 


(u =Q, 1,2,..., %/el— 1) 
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let us in this expression require the coefficients of corresponding 
powers (from » to » —~ R+ 1) of k on the left- and right-hand sides of the 
equations to be equal. After some transformations, this yields 


q='I2! 
> De? (OM) = (2.4) 
u=r—1 
(u, 0) (q) (u, 0) (q) 9c 
(8%) =— » > )ony (2.5) 
e=u—1 u=R—-1 
> > >; k ) 
e-=0 u=0 


q="!,l 
(u, 0) (a) 
q=1 p=0 


(R+e— u<yp) (2.6) 


5. The expression piso) can be given with the help of equation (1.5) 
as 


From this it follows that (2.4) represents a system of 1/2 linear 
algebraic equations in the ®,'%’ (q = 1, 2, ..., 12). 


If the functions (9), ol are known, and one can 
therefore construct the contour values of these functions and the required 
number of their derivatives, then the right-hand sides of (2.5) are known 
functions and these relations constitute a system of linear algebraic 
equatiofs in the contour values ® ‘4%’ (q = 1, ..., 1/2). 


All the systems mentioned have the same determinant: 


A (q = 1, 2, 1) 


This is the Vandermond determinant, which can be equal to zero only on 
condition that at least two functions f, with two different superscripts 
are equal to each other. 


This can occur only at those points on y where two characteristics of 
L, which belong to different families, are tangent to each other’, for all 


\ 


the fo'%’ equal to each other on y and for arbitrary fi. This is a 
JB qu 


* Here and in the sequel it will be assumed that the real or imaginary 
curves = const and w= const are tangents to each other at every 


point where (Pq. Op) are proportional to 


| 
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ee consequence of the conditions (2.2), 
: a We will exclude from consideration the case when y contains such points 
S & (they are also singular points of the equations which determine the 


coefficients of the expansion of the intensity function). The contour 
conditions (2.4) and (2.5) can now be changed to the form: 


=o,” 


\ | ) 
where the ®.‘9% are known as soon as the functions ®,' 7) 


. . 
9; are determined in a neighborhood of y. 


The relation (2.6) gives the boundary conditions for the remainder 
terms ®,! 9), Here we have 1/2 boundary conditions imposed upon 1/2 
functions ®,'%', Each of the ®, 9) functions satisfies an equation of 
order |, and the problem of constructing the remainder terms remains in- 


determinate (as a Cauchy problem). We will return to this problem later. 


6. It has thus been shown that it is possible to construct a solution 
of problem A in the neighborhood of y; in particular, this solution 
satisfies the second of the (2.2) conditions. Henceforth we will refer 
to this condition as the condition of damping. We have found contour con- 
ditions which must be taken into consideration when constructing the 
change function and the coefficients of the expansion of the intensity 
function. Moreover, we have found that the construction of each of the 
functions enumerated can be reduced to the solution of Cauchy's problem 


for a first-order linear equation. Finally, we have derived contour con- 


ditions (insufficient in number) to determine the remainder terms. 


3. We will next show that under certain known conditions, the solution 
of problem A (constructed in the preceding section in a neighborhood of 
y) can be extended over the entire region I’, and that the problem on the 
construction of the remainder term can be supplemented to the extent that 


D, 9) remains bounded for arbitrarily large k. 


1, We introduce into consideration a region I’ « contained between y 
(the line a = a,) and y, {the line a = a, — «), where « is a positive, 
sufficiently small number. Moreover, we assume that (a) equation (1.13) 
with contour conditions (2.7) has (in I.) sufficiently smooth solutions 
(b) equations (1.14) with contour conditions (2.6) can 
be made determinate by the addition of a certain number of auxiliary con- 
ditions under which these equations (1.14) will (in I.) have sufficiently 
smooth solutions; (c) equation 


4 


(Dp) 


with homogeneous contour conditions of type (2.1), in the entire region 
I’ has a sufficiently smooth solution for an arbitrary sufficiently smooth 


930 
= 
195 
(3.1) 
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function ¥. 


Conditions under which statements (a) and (c) are true have been 
treated in the literature, and we will not dwell on them. We will, how- 
ever, return to a consideration of the question of under what conditions 
statement (b) may hold. 


2. In consequence of (2.2), the real part of f, will be non-positive* 


in [, for sufficiently small ¢. Owing to assumptions (a) and (b), the 
functions ® \% (u= 0, 1, ..., R) are bounded. Therefore, on an arbitrary 
contour y (0< <«), the absolute value of the function 

u=R 

a 
will be of order O(k-’), where v is an arbitrary positive number. A 
sufficient number of derivatives of ® 7% will have the same property. 


As in an earlier article [3], we introduce a smoothing function w, 
which has the value one in the region I) and value zero in I’- TI, and has 
derivatives of all orders at every point of [, and we consider the func- 
tion 

( yD 4 (p' (3.3 


where ® 7’ is one of the //2 solutions of (1.1) constructed in the 
neighborhood of y by the method of the preceding section, while ® is a 
function which, everywhere in I’, satisfied the equation 


L L 


This implies that ® 9) is a solution of (1.1). 


On the right-hand side of the equation last displayed there is a 
function, whose value is zero inI) and inf! for w= 1 and 
® 7’ satisfies the equation L(®) = 0 in the neighborhood of y, while in 
r - IT the function & = 9. In [. I), the function and a sufficient 
number of its derivatives are bounded, and the function ®%’ is of type 
O(k""). Thus we have an equation of form (3.1), which, in consequence of 
hypothesis (c), has a solution of the type %(k~"). This means that with 
the aid of formula (3.3), each of the functions ® 7%’, which in Section 2 
were constructed for neighborhoods of y only, has now been extended over 
the region I’, Furthermore, all boundary conditions on y are preserved, 
and the extended function ®?’ satisfies the equation (1.1). 


3. We now return to the problem of making the construction of the 


* This follows from a theorem on uniform continuity. 
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remainder term determinate. The equation (1.14), which has to be satis- 
fied by the function ,, is of order | with a small parameter k-! which 
appears as a coefficient of the highest-order derivatives. In the paper 
by Vishik and Liusternik cited above [3], an equation of this type was 
considered from a general viewpoint. In this paper the authors introduce 
the concepts of the "limiting" (degenerate) problem and of the regularity 
of the degeneration. By the limiting problem is meant the problem of 
solving the degenerated equation which results if k~* = 0 and when one 
has the appropriate number of contour conditions (only a part of the 
contour conditions originally given will remain, if the limiting problem 
is correctly formlated). The degeneration of the original problem to the 
limiting problem is said to be a regular degeneration if the solution of 
the limiting problem uniformly converges, as k + ~, to the solution of 
the original problem at every point that is not on y. In the neighbor- 
hood of y there takes place a rapid convergence to zero of the absolute 
value of the additional terms, which permit a compensation for the mis- 
match in the contour conditions; (in the previous paper [3] these 
additional terms were called boundary layer terms, while in monograph 
[1] they were referred to as integrals with a given support contour). 


Vishik and Liusternik derived the condition for the degeneration to 
be regular. It consists of the requirement that the so-called auxiliary 
characteristic equation shall have as many roots with positive real parts 
(when motion into the region corresponds to a decrease in a) as the 
number of boundary conditions that had to be dropped in the passage from 
the original problem to the limiting problem. 


It is not difficult to discover, by following the arguments presented 


in reference [3], that if the conditions for the regularity of degenera- 
tion are not satisfied, then the additional terms described above can 


still be constructed, but they will no longer decrease (with an increase 
in k) as one passes from the boundary to the interior of the region. If, 
however, the solutions of the limiting problem satisfy all boundary con- 
ditions of the original problem, then the additional terms will not 
appear. 


4. Let us next verify whether the condition for the regularity of the 
degeneration is satisfied in the case that interests us. If the boundary 
conditions are given for the boundary a = a,, then the auxiliary charac- 
teristic equation for the operator 


which appears on the left-hand side of the equation (1.14), is constructed 


in the following way: from each of the differential operators Loss is 
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taken only the term that contains the derivative with respect to a of 
order p + 1, and this derivative is replaced by A, where A is an unknown 
(all functions are hereby replaced by their contour values). One can 
show that these operations yield the following equation 


(fa = 0 (3.5) 


all of whose roots are given by the formla 
Fifa}, 


From this and from conditions (2.2) it follows that the auxiliary 
characteristic equation has no root with a positive real part. This means 
that none of the boundary conditions which might make the problem on the 
construction of the remainder term ®, determinate can be given arbitrarily. 
These boundary conditions must be so designed as to be satisfied by the 
solution of the limiting problem. 


5. We will next make a more detailed study of the Cauchy problem to 
which the determination of the remainder terms in I) can be reduced. We 
have 1/2 equations of form (1.14) for each of the %, (@) and 1/2 boundary 
conditions of form (2.6). We construct the Hieitian (degenerate) equation 
for equation (1.14) 


u=R-}1 


L, = — > (R+t—u<J (3.6) 


and attach thereto the boundarv conditions 


= (3.7) 


where y, (9) are some still undetermined functions on the contour y. 


Let us suppose that the limiting Cauchy prob lem (3. 6) and (3.7) has 
been solved. Then one can find (9), ¥ 9 , which are the 
contour values of the derivatives of ®, “with cans os a, of the respect- 
ive order. All of these can be eupresend in terms of the ¥, q) and their 
derivatives with respect to f. Substituting these results fate boundary 
conditions (2.6), we obtain, for the ¥.‘%', a system of 1/2 ordinary 
differential equations (with 8 as the independent variable). 


Without taking time to investigate this system, we suppose it to 
possess sufficiently smooth periodic solutions. Then the problem of the 
®,\%' functions will be properly defined (as a Cauchy problem) in the 
following way: for each of the equations of type (1. 14) there are given 
contour values of the function ®p, (@) and of its 1 - 1 derivatives; the 
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es solution of the limiting problem will satisfy all these contour condi- 
z tions, while contour conditions (2.6) are satisfied automatically. 

* For the problem on the construction of the remainder terms ®,'‘?’, 


which has thus been made determinate, hypothesis (b) will be satisfied. 


a 6. Thus, within the framework of the above hypotheses, the solution 

C of problem A will decrease rapidly, for large enough k, as one moves from 

’ the contour to the interior of the region; this solution can be approxi- 

: mately constructed (by neglecting the remainder terms) to any degree of 

2 accuracy by the successive solution of Cauchy’s problem for first-order 

linear differential equations. 

‘ 4. We will consider another classical problem of mathematical! physics. 

e 1, Let L be a completely hyperbolic operator of order |, which possesses 22 
HM | different families of real characteristics. The problem B, which we 19° 
* will consider, consists of the construction of a solution of equation 

if (1.1) which on some contour y, not tangent to any one of the character- 

$ istics of L, satisfies the conditions 

4 (py = k* (u—0,1, ... , om (4.1) 

i where D'#+°) is a symbol that stands for the ~-th order derivative in the 

“ normal direction to y; g°"’ and d do not depend on & arid are sufficiently 

smooth functions defined on y. Moreover, ¢ is a real function, while the 

E g*’ are complex. Such boundary conditions will be met, for example, when 

i: we try to solve the classical Cauchy problem by expanding the boundary 

. functions into complex Fourier series, and then concentrate our attention 


a on a single term of high enough order. 


For the sake of simplicity, let us suppose that the contour y coincides 


with the line a = a,, which, obviously, does not restrict the generality 
of the results. Then D'#'~’ becomes a symbol for the I-th derivative with 
respect to a, as it was in Section l.* 


2. The solution of problem B may be sought as a sum of integrals of 


form (1.2) corresponding to al! the families of characteristics of the 


¥ When this article was already in the press, it became known to the 

a author that in the work of Lax [4] problem B is considered in much 

' greater detail than here. Lax solves problem B for first-order hyper- 
i bolic systems of equations in an arbitrary number of independent 

4 variables. He uses a very similar method to that used here and in mono- 
graph [1]. 
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operator L: 


We impose the following boundary conditions on all change functions 
—ic(B) ony (4.2) 


For a completely hyperbolic operator in equation (1.15), the coeffi- 
cients (A.., A,,) are proportional to a pair of real functions. Therefore, 
in consequence of (4.2), the functions f'?%’ will be pure imaginary. The 
contour conditions (4.1) can be represented, with the aid of (4.2), in 


the form 
> 


uel 


which is entirely analogous to the relation (2.3). The remaining argu- 
ments can be carried out along the same line as that used in section 2. 
Making the requirement that in the relation (4.3) the coefficients of 
corresponding powers of k, from to x — R- 1, shall be equal on the 
right and left sides of the equations, we obtain (for » = 9, 1, ..., 
1) 


I~! 


) (q) 


Ve 


The first two of these relations make it possible to reduce the de- 
termination of the coefficients of the expansion of the intensity function 
to the successive solution of Cauchy's problem for first-order linear 
differential equations. Here, as in Section 2, it is necessary to require 
that the Vandermond determinant shal! 


be different from zero, that is, that on the curve y there shal! be no 


point at which two characteristics belonging to different families are 


a q=! R 
k*o™ on (4.3) 
7=1 — 
= 
>; Dy. >) D, (PD Vir 1.....#@—1) ony 
& qi u 
a q=! o 
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tangent to each other. 


This, on the basis of (4.4), establishes | contour conditions for the 
remainder terms ,'2). Next, it is necessary to make the problem on the 
construction of the ®,'% determinate. For this purpose one can, for 
example, impose the requirement that this problem shall have a regular 
degeneration. The auxiliary characteristic equation for problem B is 
given by (3.2). All its roots are pure imaginary. This follows from equa- 
tion (4.2). Therefore, the problem on the construction of ®, can be made 
determinate in the same way as in Section 3, 


5. The application of the proposed method to the construct- 
ion of a particular integral. 


1. Suppose we are given the equation 
= ¥ (a, 8) 8 (5.1) 
where f is a pure imaginary and sufficiently smooth function which has 
no singular points in the region that interests us; ¥ (a, @) is a suffic- 
iently smooth complex function; k is a sufficiently large real constant. 
Let us consider the problem of finding a particular integral of (5.1) in 
the form 


where the number p, the functions 9, ®,, ..., Pp, (independent of k) 
and the function ®, (depending on k) are to be determined. 


2. The substitution of (5.2) into (5.1), and the division by an ex- 
ponential factor, result in the following equation 
u=R 
L, (My) = ¥ 
u=0 


Let us suppose that the expression 


l ; 
lata 


is different from zero at every point of the region under consideration; 
that is, the level lines of the function f are not tangent to the 
characteristics of L. One can then set p = — l and require the coefficient 
of the corresponding powers of k (from 9 to — R + 1) to be equal on the 
two sides of equation (5.3). We then obtain recurrence formulas to de- 
termine the coefficients of the expansion of the intensity function, 


936 
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_ 
0 
‘ 
a 
L=> 
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r=1,...,R—1) (5-4) 


0 


= L, 


and the l[-th order linear differential equation to determine the re- 
mainder term 


e=l u=R—1 
k~°L, (Mp) = - > (Mx) (R+e—u<y (5.5) 


6-0 e=—0 


3. Next, let us suppose that in the entire region under consideration 
the function f satisfies the equation 
j=l 
(t) j 
L,= %. 0 
=f 


that is, the level lines of the function f everywhere coincide with the 
characteristics of L. Then equation (5.1) will take on the form 


1 


Let us put p = — | + 1, and again require the coefficients of corres- 
ponding powers of k (from 0 to —- R + 1) to \e equal on the two sides of 
the equation (5.6). We obtain the following system of recurrence equations 
to determine the coefficients of the expansion of the intensity function 


L,(®,) = ¥, L,(®,) L,,(D,_p) Gay 


I 


To determine the remainder term, we obtain the linear differential 
equation of order | 


u-R—1 

o (Wr) > 2 R+e—u 


The singular points of the differential equation (5.7) were invest- 
igated in Section 1. These points can occur only at points of tangency 
of characteristics belonging to different families ‘the case when f has 
stationary points is excluded from consideration). 


4. Let us postulate that equations (5.5) and (5.8) have sufficiently 
smooth particular solutions for arbitrary and sufficiently smooth right- 
hand terms. One can then assert that the particular integral of equation 
(5.1) can be constructed, with an arbitrary degree of accuracy, for an 
arbitrarily large k by the method proposed. If the level lines of the 


= 
a 


ie 
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change function of the right-hand side of equation (5.1) do not touch the 
characteristics of the operator L (as, in particular, is always the case 
when L is an elliptic operator), then the construction of a particular 
integral can be completed without solving any differential equations. 
Moreover, if in this case the right-hand side of equation (5.1) is bounded, 
then the particular integral will be of type O(k7'), If the level lines 

of the change function of the right-hand side of equation (5.1) everywhere 
coincide with the characteristics of L, then the approximate particular 
integral is constructed by the successive solutions of first-order linear 
differential equations; hence, if the right-hand side of equation (5.1) 

is bounded, then the particular integral is of type O(k'+2). Thus, the 
case when the level lines of the function f coincide with the character- 
istics of L, is in a certain sense a_ case of resonance. 


5. Let us suppose that the functions appearing in the right-hand side 99 
of (5.1) have the form 


J (4, 8) lL (ma +- 3) const 


We then obtain an expression which is a high-order term of the complex 
Fourier series. Therefore, the question of how the particular integrals 
decrease with an increase of k is of interest in the investigation of the 
convergence of the solutions obtained by the established method of expand- 
ing the right-hand members of the differential equations into series. 


6. We note that if the level lines of the function f do not coincide 
with the characteristics of L, that is, if the recurrence formulas are 
valid, then the approximate particular integral will be zero in every 
region where Y = 0. This means that if the function on the right-hand 
side of (5.1) is different from zero only in some subregion, and if in 
this subregion this function oscillates fast enough, and if the level 
lines of the change function do not coincide with the characteristics of 


the operator L, then one can construct such a particular integral of 
equation (5.1) as will be essentially different from zero only in the 
given subregion (it is of course assumed that the usual conditions of 
smoothness are satisfied by the parameters of the problem i.e. the func- 
tion Y changes smoothly from its non-zero values to the value zero). 


6. Example. We are given the following equation in polar coordinates 


1 @ 


a(r, OV 1 @D (6.1) 
r- 


where a is a function on which for the time being no conditions are im- 
posed. It is required to construct a solution of this equation lying with- 
in the circle r< 1, and satisfying the boundary conditions 


D = for r=! 


ak 
: 
; Lor- r or 
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(g, is a complex constant, & is a sufficiently large integer). In the 
case under consideration, 


The equation to determine f has the form 


af 2 
Lo 


ir r 


It is equivalent to two first-order linear differential equations 


for 


The second of these conditions (the condition of damping) can be 
satisfied only by the solution of the first equation in (6.2). Hence, one 
can discard the second equation in (6.2). From equations (6.2) and (6.3) 
we obtain 

Inr 


With the aid of this equation, the operators L. and L, can be trans- 
formed to 


We express the integral solution in the form 


— (My + kD, + 


that is, we assume that the intensity function can be approximated by 
two terms of the expansion. The equations to determine ®,, ®,, ©, will be 


Ly (My) | Ly (M,) = — L2(®,), Ls (D2) + Ly (D») Ls(M, (6.4) 


while the contour conditions for ®,, ®,, and ?, are written as follows: 


jar : { for 
af oa 2 of @f yf 1 af 
Ar ar r- au at or- r 9 r or 
ag 
an 
7 iv r ir if) 
me The following conditions must be imposed on the change function f 
> 6.3) 
j 4 Rey 
4 Ly r or r r ir + 
4 = or 
4 4 a; In p +. 
: r2 r? dpds Inr iff 
q 


< 
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at r—1 (6.5) 


The coefficients in the expansion of the change function are determined 
without difficulty by means of (6.4) and (6.5): 


* ar* 

Dy = Zo, \ 


(a and r are considered as functions of p and Pp). 


To determine the remainder term we have the equations 


(6.7) 


and the boundary condit@ons 


(6.8) 


The approximate solution (in which the remainder term is neglected) of 
the given problem can thus be written in the form 


If ar’ is bounded as r goes to zero, then the solution is significant 
over the entire circle r< 1, for in this case it is not necessary to 
introduce a smoothing function. 


The example considered belongs to the general class of problems treated 
by Vishik and Liusternik [2], and it can be solved by the method they 
proposed. By this method the form of the solution is the same as that ob- 
tained here, but Vishik and Liusternik replaced the coefficients of the 
equations in the first approximation by their contour values (since they 
were concerned with the construction of solutions "localized" near the 
contour y). In this way the type of the change function is determined. 

In the work of Vishik and Liusternik, this function is always a linear 
function of the coordinate which determines the distance from the contour 
(in the case considered, it is a linear function of r). By the method 
proposed here, the change function is determined exactly at the first 
stage of the solution (in the case under consideration it is a logarithmic 
function of r), and in many cases this makes it possible to decrease the 
number of approximations required for obtaining a certain degree of 
(for a fixed k). In this connection it must be mentioned that 


accuracy 


+ 
940 
4 
r or r= ov r or r ov 
where 
10¢ 
r= 
5 
/ 


am 
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each stage of the solution taken separately can be carried out more simply by 
the method of Vishik and Liusternik than by that proposed here. 


7. The results obtained above admit of various generalizations. 


They can of course be extended to the case of more than two independent vari- 
ables. However, the method (described at the end of Section 1) for reducing the 
nonlinear equation determining f to | linear equations ceases to be applicable 
under this generalization. 


The extension to the case of multiple characteristics is more difficult. In 
this case an integral (solution) of the form P= et! ® must be sought: 


where kK, é are integers (not necessarily relatively prime to each other) and 
K< ¢; the summation in the formula for ® is carried out over all u which are 
of the formo + r/€ (o, f are non-negative integers); the functions 


“+1 4 ) ! R—1 
do not depend on the parameter ek. 


The number K/C can. be so chosen as to obtain a recurrence process for the 
determination of the functions in (7.1). By this process the principal part of 
the change function will be determined the same way es the function f was de- 
termined earlier. The determination of the remaining terms of the sequence (7.1) 
can be reduced, in general, to the solution of first-order equations; however, 
cases can occur when it becomes necessary to solve equations of higher order in 
this connection. 


If the multiplicity of some family of characteristics is p, then to this 
family there will correspond integrals (solutions) in which the principal part 
of the change function f, retains constant values on the curves of this family. 
In such a case, generally speaking, there will exist p processes to determine 
the remaining terms of the expansion of the change function. These processes will 
be distinguishable from each other either by the value of the number «, or by 
the type of the differential equation from which the ratio fe jt is to be deter- 
mined. Here also one can have exceptions. For a p-multiple characteristic in 
certain cases there may exist only p— 7m of the processes described. In these 
cases, and these only, we will have the exceptions already mentioned, when it is 
necessary to solve equations of order higher than the first (namely of order 7) 
to determine the coefficients of the expansion of the intensity function. 


i 
| 
f=fo+ & hy, > 
aa 
‘ae 
j | 
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CERTAIN PARTICULAR SOLUTIONS OF EQUATIONS FOR THE 
AXISYMMETRICAL PROBLEM IN THE THEORY OF IDEAL 
PLASTICITY AND GENERALIZATION OF PRANDTL’ S 
SOLUTION OF COMPRESSION OF PLASTIC 
LAYER BETWEEN TWO ROUGH PLATES 


(NEKOTORYE CRASTNYE RESHENITIA URAVNENIT OSESIMMETRICHNOI 
ZADACHI TEORII IDEAL’ NOI PLASTICHNOSTI I OBOBSHCHENIE 
RESHENIIA PRANDTLIA © SZHATII PLASTICHESKOGO SLOTIA 
DVUMIA SHEROKAOVATYEI PLITAMI) 


PMM Vol.22, No,5, 1958, pp.673-678 


D.D. IVLEV 
(Moscow) 


(Received 21 May 1958) 


In the theory of ideal plasticity the finding of closed particular solu- 
tions is undoubtedly of ipterest. Several such solutions for a case of 
plane problem have been pointed out and investigated by: L. Prandtl; A. 
Nadai; H. Hencky; C. Caratheodory and E. Schmidt; S.L. Sobolev; S.G. 
Mikhlin; V.V. Sokolovskii; R, Hill and others. These solutions are avail- 
able, for example in monographs [1-3 |. 


This paper considers certain particular solutions of the axisymmetrical 
problem in the theory of ideal plasticity under Mises and Tresca-St. 
Venant plasticity conditions and the associated laws of plastic flow. 


Note that detailed investigations of particular solutions of the axi- 
symmetrical problem which describe plastic stressed state in a converging 
channel are credited to Sokolovskii [1] and to Shield [4,5]. 


1. Following the Mises conditions of plasticity, the equations for the 
axisymmetrical problem in cylindrical coordinates appear as 


(1.4) 


(1.2) 


a 
4 Os. ot... 
dao oz 
x 
7 (3, 34)" + (36 3,)* + (3, 3,)* + 6%, = 6 
= 7.(23 Se = Ot; (1.3) 
943 
4 
q | 
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where all the quantities are assumed to be dimensionless. Components of 
the stress are referred to a constant which is on the right-hand side of 
the plasticity condition; coordinates are referred to some characteristic 
length; and the displacement velocities are referred to some character- 
istic velocity. 


I. The simplest particular solution may be indicated forr,, = w= 0. 


This corresponds to a very well-explored axisymmetrical state of stress 
for plane strain. 


II. As shown by Hill [3] the components of stress and displacement 
velocity, which satisfy relationships (1.1) to (1.3), may be given in the 
form: 


= 22 2 Buy | 4 
where C, are constants and = sign ~ 


Hill applied this solution for the investigation of the squeezing of 
plastic material from contractable cylindrical housing with rough surface. 
We observed that this solution was analogous to a cycloidal solution 
introduced by Prandt! for a mass compressed between rough plates. 


ITI. One may give a solution, also analogous to Prandt!’s cycloidal 
solution, which corresponds to compression of a plastic material into a 
diverging rough cylindrical tube. In fact, put 


— (1.5) 


Then from relationships (1.3) it follows that 
$= (2, + 20) 
and the plasticity condition (1.2) will assume the form: 
(3, — + = 4 (1.6) 


From equations (1.6) and (1.5) we obtain 


— = Qt, V - = sign (s, — 39) (1.7) 


Substituting expression (1.7) into the first of equilibrium equations 
(1.1), we find 


= — 4 In(o+ Vo? +s (1.8) 


944 
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From this it follows that 
= — Qu, In (9 + V 1) + f(z) (1.9) 


From the second of the equilibrium equations (1.1), and from (1.5), we 
find that 
(d)4 az 
Therefore, one should put f(z) = C, in relationships (1.8) and (1.9). 


Obviously 


In order to find the displacement velocity w, we take the second and 
the fourth of the equations (1.3). On integration we obtain 


IV. The most general analog of Prandtl’s cycloidal solution of an axi- 
symmetrical problem appears to be a solution which contains as particular 
cases the solutions presented in I and III.Let 


= map + u= mp + (1.10) 


where m,, m,, n are constants. 


= 


The first two equations (1.3) will be written in the form 
+ = — 3, — op) 


from which it is easy to obtain 


3, (2, — (s, + (1.11) 


2n2 


Substituting expression (1.11) into plasticity condition (1.2), we 
obtain 


+ 3n,*p* 


From (1.10), (1.12), and from the first equation (1.1), determine 


9 ns)? do 1.413 
35 — d (1.1.4) 
Sg = —— na? + 2 + +/,(2) 


From (1.10), and from the second equation of (1.1), we find that 


3, <= — 2m zt + (0) (1.14) 


j 
q 
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Employing equations (1.11)-(1.14), we find that 


— 2m,2 + (3nyp — —) a) 


+0; 


Having taken a ratio of the second and the fourth equations (1.3), we 
obtain 


+ (1.15) 


On the other hand, from the incompressibility equation it follows that 99 
w= — + (p) (1.16) 


By comparing expressions (1.15) and (1.16) we find that 


= 2nmyz + C, 


The solution obtained corresponds to the pressing of a plastic 
cylindrical layer by rough coaxial cylindrical surfaces. Such a process 
of punching appears to be hypothetical, although if one investigates 
cylinders of sufficiently large radius, then the plastic material will be 
found in approximately the condition of being pressed by two parallel 
cylindrical surfaces. 


In further discussions it is convenient to go over to a system of co- 


ordinates x*, y*, z*; assuming the z* axis to be perpendicular to the 


x*v* plane. 


Ay? 


Pig. 1. 
From the figure we have 


00,=R, AO,=h,, BO,=h, AB=2h, x 


We select the quantity h to represent the characteristic linear di- 
mension, preserve the notations for dimensionless quantities R, h,, h 
and omit the stars for coordinates x*, y*, 2°. 


2 


Let us suppose that on the surfaces the shear stress T gy assumes the 


946 

. m,o* + me)? d 

Ji (2) = 2m,z + 
do 
w = 6) 

| (26, — — G,) 
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maximum values; then 


m, (R + hy) 4 rE — i, m,(R — hy) + 


The value of R will be determined from the condition 


Ne 


R 


=) 


mR +" 
From equations (1.17) and (1.18) we obtain 
! 


(1.19) 


n= 


Assuming that the radius of the outer surface is decreasing with unit 
velocity, and the radius of the interior surface is increasing with the 
same velocity, we obtain analogously 


Let us consider a case of sufficiently large radius R. Having assumed 
5 = 1/R, we neglect all the quantities which contain terms wf 5° and 
higher. 


After denoting h, = 1+ 6,, h, = 1-4,, from (1.19) we find that 
5, = 1/2 5h’. 


1 


Simplifying relationships (1.11)-(1.15), we obtain 


Relationships as given by Prandtl are obtained when 5 = 0, x R 
Equations of slip lines are easily obtained by identifying them with the 
lines of action of maximum shear stresses. 


2. In employing Tresca-St. Venant’s conditions of plasticity, we will 
confine ourselves to the consideration of a case when the plastic state 
of stress corresponds to an edge of the prism which interprets the Tresca- 
St. Venant condition of plasticity in the space of principal stresses. 


a 
(1.18) 
| 
—— 
rac 
24 
| 
3; r—2u,) 1 sin * y+ ry 
@ (y} 1 y* + sin “y)+C, 
3, m= 2 | y? + sin ly y*) 4 ¢, 
= .-, | sin 1 y y") 4 
V1 y* 


Weis 
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In other words, we will presuppose that the conditions of complete plasti- 
city are satisfied. 


The validity of this assumption is based on the development of complete 
solutions of problems. 


The condition of plasticity will have the form 
(3 3,)* + = |, 39 = (9) + + 


For determining the field of velocities there will be equations 


ip tig +i, =0, 


Equations determining the plastic state of stress under conditions of 22 
complete plasticity are statically determinate and belong to the hyper- 
bolic type. It is known that if a transformation of variables is performed 


+ sin 3, = w — sin = cos 2) 


then the equations of characteristics of initial equations (1.1), (2.1) 
assume the form 


dp —tanpdz = 0, dp + cotpdz = 0 (2.3) 


whereby the characteristics coincide with the slip lines (the lines of 
maximum shear). 


Since 


tan} = 


cos 
24 


1+ cos 2b 


then equations (2.3) may be rewritten in the form 


if 


z 


I. For such a case the simplest solution is credited to Hencky [6], 
who originated an application of the condition of complete plasticity in 
the theory of ideal plasticity: 


0, 3p =(1— w,)Inp+C, 
32 = (1 — py) Inp — 2p, + Cy (2.9) 


Equations (2.2) for finding velocities of displacements assume the form 


948 
(2.1) 
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In such a case the characteristics appear as straight lines 


9+ z= const 


It will be shown that solution (2.5) may not be applied to an invest- 
igation of the state of stress in thick-walled tubes for plane deformation. 
Consider an increment of work by stresses done in an increment of plastic 
de formation: 


dA = 2,de, + + 


If the condition of complete plasticity 0,=0,=0,+ 2 exists, then 
dA = + 2de,, and consequently the condition of complete plasticity, may 
be employed only when «, # constant. Therefore the condition of complete 
plasticity should be expected to yield good results in cases when the 
state of stress differs substantially from the state of plane strain. 


II. Consider the solution analogous to that of Hill, presented in II 
of Section | above. 


Let 


Characteristic equations will be written in the form 


e 
+ const 


const 


III. Assume that 


It is easy to determine that in such a case the components of stress 
satisfying equations (1.1) and (2.1) will have the form 


i 
a =P, u 0 
a. It is easy to find 
3, = — 22 -In— inp +6, 
= 1+V1i— 
w =— [Vi o* —In 4 Ino+C, 
— , 
q 
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In(p + V9? - +inp +e, 


+In(o+ Vo i)| +Ino+C, 


Further, one easily obtains 


w 1 In(o+ Vo? 


The characteristic equations are 


+V eo? —1 + In(o + Vo? — 1) + const 


IV. One may obtain a solution which would generalize 
in II and III of Section 2 above. Let 


Ne 


u = np + 


then from plasticity condition (2.1) we obtain 


Sp — Sg = 749 


Substituting expressions (2.6) and (2.7) into equations (1.1), we 
obtain 


= — 2myz — thy — (m,p* + m,)* 


It is also easy to find that 


+ 


The characteristic equations may be found in an analogous manner. 


950 

10¢ 
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TORSION OF A CIRCULAR CYLINDRICAL SHAFT 
WITH A CONICAL PART 


(0 KRUCHENIT KRUGLOGO TSILINDRICHESKOGO VALA 
S KONICHESKOI CHAST’ IU) 


PMM Vol. 22, No.5, 1958, pp.679-683 


B. L. ABRAMIAN 
(Erevan) 


(Received 4 May 1958) 


Let us consider a shaft of variable cross-section which has the shape of 
a circular truncated cone with an angle 2a as one part, and a circular 
cylinder as the other (see fig.). 


It is known that the problem concerning the torsion of a shaft with 
variable cross-section may be reduced, in accordance with Fopp] [1 l, to 
determination of a displacement function P (r, z) which on the cross- 
section of the shaft satisfies the equation 

er 3 
+ =) (1) 


; 
r 


The stresses be 


, and the displacement » are determined by Y (r, 2) 


through the formulas 


r¥ (r, 2) (3) 
+ where G is the shear modulus. 
2a 
2 
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Let the shaft be twisted by means of a torsion moment al applied at 
the end-face of the conical part, and applied by an arbitrary loading 
along the side surface and on the end face of the cylindrical part. 


The side surface of the conical part of the shaft will be assumed free 
from applied loads. 


Since the side surface of the conical part is free from loads, the 
projection on this surface of the total stress on the normal to the con- 
tour of the axial cross-section of the shaft is equal to zero. This con- 
dition may be written down in the form 


r 


= tana (4) 


The sum of moments of all shear stresses with respect to the axis of 
the shaft at the end face c = a is equal to the torsion M.: 


m= —{ a)drdo 
0 


The conditions on the side surface and on the end face of the cy- 
lindrical part are expressed by the equation 


top 2) = (2), = felr) 


where the functions f, (2) and f,(r) are stepwise continuous and have 
bounded variation in corresponding intervals. 


The solution will be sought in the form 


Filr, =) in region/, where 
(rt) = 
¥.(r,2z) in region//, where 


Along the line of contact of regions I and II we must satisfy the 
continuity conditions 


¥, (r, b) 


f oF; ) 
oz 


Functions Fr, z) and ¥,(r, z) will be taken in the form 


¥,(r, =) 


5 
(9) 
| 

(8) 

(7) 
<:<l 
q 
r*) 

A 
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@ 
J, (s.r) (B, sh + C, ch s,2) 


where A, = kw /l— b, s, = #,/R, pw, are the roots of the equation 
Jo(x)=-90 (11) 


Ji (x) is a Bessel function of i-th order of the first kind with a real 
argument, I (x) is a Bessel function of the first kind and of imaginary 
argument {2 


The solution (9) for the conical shaft was given by Foppl EBF 
Using relations (2), (9) and (10) we obtain the following expressions. 


For the conical part of the sbaft 


+- 


For the cylindrica] part of the shaft 


(Apr) sim A, ( 


Jo(s,r)(B, sinh + C, cosh 


It is easy to see that the condition (4) on the side surface of the 
conical part of the shaft is identically satisfied by expressions (12). 


Satisfying condition (5), we obtain 


20 


(—c, ros*2 + 2) 
The second of conditions (6) yields 
R 
4 4+- — M, oR r?fe(r) dr ) (16) 


Here the value of the following integral was used 


954 
(10) 
= 
- p*) 
wo 
: (r, = G{Ar+8Br:— — + 
= \ 
7 | 
LS coshs,: + sinh 13) 
= 
KH 
k=l 
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(s.r) dr 


0 


The first of conditions (6) yields 
{—2BR* + Oph) cos r, | 
k= 


Introducing the notations 


we obtain from (18) 


Satisfying the first of conditions (8) we obtain 

uD 
= (Ab + 4Bb* +. D)r — BP + Oyr) 4 


Cr 


| 


+ Ji (s.r) (By sinh + C, cosh s,b) 

k=] 

Multiplying (21) by 
limits zero and R, we obtain 


and integrating with respect to r between 


Re Ay ls (Ay R) 


I 
Cody = D—— + Ab — + —)+ > 


where the following notation has been introduced 


r'dr (1 cos a)* 
as well as the value of the integral 
R 
\ (A,r) dr 
0 


Multiplying (21) by rJi(s r) and integrating the solution obtained 
with respect to r between the same limits, we obtain 


R°J,(u,) eR) 


— 28 ——— 


P k 


(B,, sinh pcosh 


a 
= f, (2) (18) 
my 4 2 ¢ 
(z) dz, a, = - f, (z) cos 2, (2 — b) dz 
b 
(21) 
the 
(22) 
j (23) 
(24) 
Ry? 
q 
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; For the integrals the following values were used 
R 

\ dr Ji (Uy) 


0 


R 


\ rly (Ayr) Ja (s.r) dp 


0 


+ R? = 


R 


\ (spr) J; (Spr) dr 
0 oR? (up) for k= 


0 for k#p 


In an analogous manner, the second of conditions (8) yields 


A = 


R 
r2J, (s.r) dr 


2 (B, cosh + C,, sinh s,,) 


where the expressions (17), (15) and (28) were used. 


From relations (15), (16), (20) and (28) it follows that 


—b) + 9 (30) 


which represents the equilibrium equation relating forces which twist the 
bar. 


% a From relations (22) and (16), taking into account (20) and (15), we 
obtain 


Mz +- R*) + M, (216 — b? +-1/, R*) 
nG — b) 


From (25) and (29) we find 


‘p = Npcoshs,b — M,sinhs 5, B, = M,, coshs,b — V, sb 


— 3bM, (spr) dr 


(26) 
a 
‘ i( Co 22 
Mil + 
a 5G (1 —b) Re (31) 
iy M 
k 2M dob 
(32) 
where 
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nGeoh? (b2 +. 
M,+ M, 2R (35) 


Substituting the found values of the coefficients into the formulas 
(2) and (3), we may determine the stresses T ps Tbs and the displacement v. 


The integrals which enter into expressions (34) and (35) may be 
evaluated, if they are represented in the form of a series. For example, 


for the integral 
(sx) dz 
(x? 


we obtain, integrating by parts, 


* (xs) dr rJ, (sx) 4 ° dr 


+ (x? + b?) Jo (sx) + s* \ (x* + bY “J, (sx) dz 


(x2 + 


ke 


@ 
(x? + b2y' (2k 1) J, (sx) 


In an analogous manner 


(2k +- 1) k 


(xt + 


In the particular case where the side surface is free from traction 


we obtain 


The solution for the cylindrical part of the shaft takes the form 


2) = Az -+ D+ >) (spr) (B, sinhs,z + Cy cosh s,2) (39) 
r 
k=l 


= 

4 
ay = a, = 0, M,=—M, (38) 
4 
where 
. 

q 
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2M,b do 


dD 


k 

rey; (s.r) dr (s,r) dr 

- +- 3b sinh sb \ > 
(b2 4+ Pp (b2 


R 


(s.r) dr (spr) dr 
(u,,) nh (b? rz)" : + 3bcos \ (6? + | 


0 0 


ip 
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ON AN AXISYMMETRICAL PROBLEM OF THE THEORY OF 
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This paper considers a particular case of the mixed axisymmetrical problem 
of the theory of elasticity. It concerns the state of stress which occurs 
when an absolutely rigid semi-infinite cylinder is pressed into a thick- 
walled tube (see fig.). 


It is required to determine the stress function y(r, z) which satisfies 
the biharmonic equation in the cylindrical system of coordinates 


0 
and the boundary conditions on the side surfaces of the tube 


az \YV 2 


a 2; 0<2< +O 
ap (1 v) Vz 22 Ee. fe @) 
2, 


The method of solving the problem formulated was suggested by Dani- 
levskii and Al’ perin [1 }, and was subsequently used in paper {2]. 


We construct an auxiliary solution of equation (1) 
Zo(r, z, mp o(r) 
where a» is a complex parameter. In accordance with {2 ] 
(r) = (mr) + BmrJ, (mr) +- CY (mr) + Dmr (mr) (9) 


The relationships between A(m), Bim), C(m) and Dim) are determined in 
such a way that this solution satisfies the first boundary condition (2) 
and boundary conditions (3): 


ae 
Lie 
(4) 
q 
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A (nn) — + Bry [(2v — 1) Jo (nn) + + 
+. € [nnYo (ny) — ¥1 + Dry |(2v— 1) Yo (nm) + (n9)| = 0 
AJ, (nn) B |nnJo (nn) + 2 (1 — v) (en) + CY 1 — 
— D[nnYo (nn) + 2 (1 — v) = 0 


AJ, (n) — B [nJo(n) + 2(1 — v) Ji + C¥ 1 — D[nYo (n) + 2(1 — v) = 0 


‘ On the basis of (5), (6), (7), (8) we obtain 

i 

Peo 

ry 

Jo (en) enYs (pn) ends (en) 

- 

J, (nn) Y; (nn) - Ae (ny)| Ae[J (ny)] 

A, [J (nn)| [¥ (ny) As {¥ (n, {J | 

Ay [J = Jo — J; (u), As [J (u)] = 2 (1 — v) Jy (u) + uJ (u) 

Ag [J = u [(2v — 1) Jo (u) + uJ, (u)| 

(en)] A, (en)} —Asl¥ (en) As | 

Jy (n) Y; (n) — AslY¥ (n)] | 

J, (nn) Y; (nn) A. (ny)| Ag |J 

\, [J (an)] (ny)] As As [J (nn)] 

4 Br? A, (n) 

A. (4) = 4, (1, 9), k(n) 

“ \ is the minor corresponding to the element of the first line of the 

$ fourth column in the determinant. The group of elements of determinants 
9 (10) and (11) contain Bessel functions of the second kind, which have a 
x logarithmic singularity at the point 7 = 0; the determinants themselves, 
= however, will be unique functions, 

£ 

z This follows from the fact that Yn(n) receives an increment 4iJ,(n) 
a in passing through the origin of coordinates, and the determinants consi- 
+ dered receive an increment which may be represented in the form of a sum 
: of determinants with equal columns. 

? The uniqueness of the analogous determinants encountered in the 
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following expressions is established in the same manner. Considering 7 
as a parameter, we form an integral 
\ Xo (A, nan (13) 


which will be the solution of equation (1), if it, together with its de- 
rivatives with respect top and A up to the fourth order inclusive, con- 
verges absolutely and uniformly in the region 1 <p <n, |A| < «. This 
solution satisfies the first boundary condition (2) and boundary condi- 
tions (3). 


It remains to determine the function k(n) in such a fashion that the 
second boundary condition (2) and boundary condition (4) are satisfied. 
From (2) and (9) it follows 


+i@ 
An 
\ k(n) dy, for 
0 +iao 
i+v 


\ tore 


Ji (en) — (pn) enYo (en) 
Ji (n) — Az (n)| \2 [J 
J; (nn) Y; (m9) Ae Aa|J 
Ay [J (nn)| As [Y A, |J 


(n) 


The boundary condition (14) becomes the second boundary condition (2) 
if k(m) is regular in the region Re(n) < 0, 7 #& O and the requirements 
of Jordan's lemma in this region are satisfied. The boundary condition 
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(15) becomes boundary condition (4) if 
b(n) k (n) (17) 
7 


is regular in the region Re(y) > 0, » A O and the requirements of Jordan's 
lemma are satisfied in this region. At the origin of coordinates ¥ (ny) 
must have a simple pole with the residue 


Luo (n® — 1) 
To construct the function k(n) following Al’ perin [1], we form the 
infinite product 


(1 

— (18) 
n/5,)(1 

4 where a, and a, are the roots of the equation A. (7) = 0, situated on the 
‘ : right-hand half-plane, and 6, and 6, are roots of the equation A.(n) = 0 


situated on the right-hand half-plane. 


Investigating [l()) at infinity by the method applied by Al’ perin [1] 
and again in paper [2], we obtain 


2(1 


Now it is easy to establish that 


|1 


satisfies all the requirements enumerated above, and the function 


(n? — 1) r;2 IE 
£ 5 = 


7° 


is a solution of the boundary-value problem considered. The limiting 


values of the components of the stress tensor as A + ° co are found ana- 


logously [2]: 


hu 


lim o 


io 


lim 


lim u == lim u 
> @ 


From these expressions it may be seen that the state of stress in the 


thick-walled tube as A + — © becomes plane, corresponding to Lamé’s 
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(20) 
A. (pe, 7) 
dy (21) 
7 
lim = 0 
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problem with the bourmdary conditions u = au, 


and = 0 for 


In conclusion, we determine the concentration of radial stress and 


the character of discontinuity of the side surface of the tube p = 1 as 
A» 0, 


Let us consider expression (14) for asp=1 


1) 


2nir; |1—v— n? (1 


\ 


The contour of integration C consists of the imaginary axis with the 
symmetrically excluded portion of length 2a¢ replaced by a semi-circular 
arc of radius a, situated in the region Rew < 0. 


Since |v! > @ everywhere on C, the ratio |v! /!A! may be made as large 
as desired for a sufficiently small] A. Using the asymptotic representation 
of Ili) (19), we find the expression for o, suitable at p = 1 for smal! 

A < 0: 


I ug (n? 


In paper [2] it was shown that 


Consequently, 
1) 


r, A (1 (nt (1 + v)] 


In an analogous manner we find the expression for u, suitable for 
small A > 0 and p = 1: 


9 V (1 v*) 1) 23 
Ug — 2u 


The solution for the exterior of the cylinder is obtained by & limit- 
ing process as n+ 


r= 
a 
We put |A| m= », A< 0 
VOL. 
4 
a : : \ 9; V 
di él 


fy 
‘ay 
* 
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1, The study of compressed cylindrical] shells with an initial deviation 
from the circular shape has been the subject of quite a number of invest- 
igations. They are all, however, based upon the assumption of precise 
coincidence of the form of the additional elastic deflection with that 

of the intial deflection. The present paper considers the case of a shell, 
under the action of uniformly distributed external pressure, assuming 
deflectional equilibrium shapes characterized by a number of waves differ- 
ing from that of the cyclical initial deflection. The solution of the 
problem is obtained in a non-linear treatment for loosely supported short 
cylindrical shells. 


2. The following notations will be used in this paper: 5, r, | are 
the thickness, radius and length, respectively, of the shell; E = s/r, 


& = y/r are dimensionless coordinates; f is the elastic deflection 


corresponding to the new wave formation; a= W/r is the dimensionless 
amplitude of the deflection of the shell corresponding to the new wave 
formation; f° is the initial deflection; a° = W/r is the dimensionless 
amplitude of the initial deflection; f, is the additional elastic deflect- 
ion following the shape of the initial deflection; a, = W/r is the 
dimensionless amplitude of the additional elastic deflection following 
the shape of the initial deflection; a is the number of waves of the 
initial deflection; n is the number of waves of the new wave formation; 
mis and er) are the numbers of waves appearing on the surface of the 
idealized shell at the upper and the lower critical pressures respect- 
ively; k° and k are the parameters of the form of the original deflection 
and of the new wave formation respectively; F and « are Young’s modulus 
and Poisson’s ratio respectively; q is the external pressure, 


VOLe 
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3. The equilibrium equation of a shell element at an additional] de- 
flection of arbitrary form becomes 


2 


Afotf) 


— DV (f4 + f) + 


(fo +f) ( (1) 
where F, is the value of the stress function, at the beginning of the new 
wave formation on the shell, for stresses produced by the combined bend- 
ing following the form of the initia] deflection, while r. is the stress 
function for the stresses which arise additionally at the middle surface 
of the shell in the process of deformation into the new wave form, 


The functions F., F. f, and f, occurring in equation (1), are con- 
nected with each other by the additional conditions 


arf? 
ae? 


az? 


ae? Op? + 


=| 


0-09 


For the shell deflections we assume the following expressions 


(sin mp 4+- k° sin® me) sin a& 
(sin mp + sin® me) sin 


j/=a (sinnp ksin* ne) sin 


Having integrated the system of equations (1)-(4) by the procedure 
usually applied to the solution of nonlinear stability problems of ideal- 
ized shells, we obtain the condition of equilibrium taking place after 
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the beginning of deformation for n waves: 


or 


BS atha 0 


ea® — (d — + a —agl., + 
(k#e, + + ¢,) yy + 
c = (ey + v*eq) + cs + Le = af [he + Log) + 
h -= k®h, + hy 


where 


0.187 + 0.5300" = 0.25 + 


0.507, es? 0.50 (1 + 


We note that the equation obtained is not valid when a= an, because 
its derivation is based upon the assumption that «a # n, an assumption 
which considerably simplifies the computations. 


The equation (6) is structurally analogous to the corresponding equa- 
tion of the idealized shell. We can, therefore, state that the change of 


aa 
Her 
7) 
3.33 3.66 yt / { 
60.5 10 { {\) 
he= % a 2 
32 | 4 ay? 2 r 4(1+ 
a,? (2 + (2y — 
52 a*j 2 (- i)* — tl(y + 2¥1)* + 
32 | ag? } 2 + 4h (+ — + 
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the wave formation on the surface of the shell is analogous to the loss 
of stability of the deflectionless equilibrium form of the idealized 
shell; in other words, this change of wave formation also takes place 
with "snap-through’. 


The difference is in the absolute amount of the critical pressures. 


The upper critical pressure, from equation (6), 


ay! 1 ay*Le 


9 
(9) 


is characterized by a change in the wave formation at infinitesimal dis- 
turbances. The lower critical pressure 


FS 1 (d 


{ 
q. a? h [e- + he (10) 


produces a change in the wave formation at finite disturbances. 


If a. = 0 and k = 0, then equation (9) becomes 
known formula of Misesl 2 


identical with the 


4. An unknown quantity appearing in formulas (9) and (10) is the 
magnitude of the amplitude of the additional deflection assumed by the 
shell at the moment of the beginning of the change in the wave formation. 


We obtain an equation for the determination of a 
and (3), with (5) taken into account: 


A from the system (2) 


ea®, —a, (d — 3ea°) + a, (c —a°d + g + 2ea°*) — i a*h (a® + a,)= 0 (11) 


where ¢«, d, c, h are the same as before, with y replaced, however, by Yy 
and k by k°; 


g = a? (K°* gy + kgs) 


where 


Equation (11) has no zero roots, which indicates the presence of 
deflectional deformations at any arbitrarily small] pressures. We note 
that if the amplitude of the initial deflection is smaller than 


d 
ae” < a 


the equilibrium curve, defined by equation (11), is characterized by un- 
stable states of equilibrium: the shell] can undergo a "snap-through’" 


without any change in the wave formation. 
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The equilibrium curve corresponding to the deformation following the 
form of the initial deflection, envelops the curves defined by equation 
(11) and corresponding to the values of the parameter k° from the side 
of the smallest pressures. Computations show that the quantity a, depends 
essentially on the number of the waves of the initial deflection, and that 


it increases rapidly when a approaches the values of n ' and n 


2" 
5. The Table presented below gives the results of the numerical com- 
putation of the critical pressures for a shell characterized by the ratios 
r/l= 3, 100 8/r = 0.65 (v? = 0.030) for three values of the wave numbers 

of the initial deflection at an amplitude of the latter equal to e = 
0.001 (7/8 = 0.15): it has been assumed, in the computation of the lower 
(q) and the upper (q.) critical pressures, that all three shells were 
given an additional elastic deflection following the form of the initial 
deflection and corresponding to a pressure of 24 atm, in other words, 
that in the process of precritical bending to a waves each shell could 
withstand 24 atm. Moreover, the surface of the shell was given a devi- 
ation to n waves with infinitely small or finite amplitude. The upper and 
lower critical pressures given in the Table represent the loading able to 
keep the prescribed disturbance in equilibrium, 


ay 


9 0.001 0.0035 0.4 | 24.0 | 16.6 14 
13 0.001 0.0125 0.6 | 24.0 | 56.0 14 
18 0.001 0.0050 0.3 | 24.0 | 28.1 | 30.8 14 


We mention for comparison that the values of the upper and lower 


critical loadings for the same shell, but without initial deflection, are 
respectively q' = 22 atm (for n= 14), q = 16.2 atm (for n= 12, k = 0.6, 
The Table indicates higher critical pressures for the shell with initial 
deflection as compared with the idealized shell, particularly when the 
number of waves approaches nis and n> 
In this case “snap-through" may be caused not by change of wave form- 
ation, but, as shown above, by the loss of stability of deformation 
following the shape of the initial deflection (if a’ < a2). This state- 
ment becomes clear, if one takes into consideration that the increase in 
the precritical deflection of the shell is most intensive in this case, 
so that much more energy is needed for the change of the wave formation 
than when the number of waves differs from nis and n> by 3 to 4 units. 
The Table shows e.g. that at a = 9 the shell will not be able to with- 
stand a pressure of 24 atm with a deformation following the initial 


TABLE 

| a | meg, 

ae 12) 0.6 

12) 0.6 

q Re 12) 0.6 

| 
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deflection; a change will take place much earlier for the 12 waves form, 
since not only the lower, but also the upper critical] pressure is below 
24 atm (22.5 atm). 


The shell with m = 18 is near to stability loss with 12 waves. Thus, 
a proximity of the number of waves of the initial deflection to mis and 
n , causes a rise of the critical pressures, producing in turn a change 
of wave formation, which in general may eliminate the possibility of 


"snap-through" (if a° > a°): nevertheless, such an initial feflection is 


the most dangerous one. Its negative influence consists in a rapid in- 
crease in the deflections formed in accordance with the initial deflection 


with increase in pressure. In the case of highly-stressed shells such de- 


flections may lead to intensive plastic deformations as great as those 


produced by "snap-through" in an idealized shell. 


It is interesting to note that an initial deflection with a number a 
of waves smaller than n , and n , has practically no effect on the 
critical pressures (if ms = 9). This theoretica! conclusion is confirmed 


by the following well-known experimental fact: when shells having fnitial 
fabricational deflection with two, three or four waves are being tested 
in tanks, the loss of loca) stability of the shell takes place at 


pressures not much different from those calculated on the assumption of 


dealing with an idealized shell. The influence of an initial deflection 


with a number of waves larger than n and n. is more essential for the 


1 
following reasons: (1) more intensive precritical bending of the shell; 


(2) increase in the coefficients L,, and L.,, indicating the necessity 


of spending more work for the change from short waves to long than vice 


versa. 


6. The computation of the critical pressures from (8) and (9) requires 


minimization of these expressions with respect to the parameters y and k; 


if the pressures are calculated from (4), the minimization must be carried 


out with respect to k. A more correct procedure is the minimization of the 


potential energy. In the case of short cylindrical shells (r/l > 3), the 


error incurred by application of the principle of minimum pressure is, so 


the author finds, relatively small, in view of the small amount of the 


deflections accompanying the change of the wave formation. 


BIBLIOGRAPHY 


1. Mushtari, Kh.M., Ob uprogom ravnovesii tonkoi obolochki s nachal’ nymi 


nepravil’nostiami v forme sredinnoi poverkhnosti (On the elastic 


equilibrium of a thin shell with initial imperfections in the shape 
of the middle surface). PMM Vol. 15, No. 6, 1951. 


= 
970 
ue 
| 


Static elastic circular cylindrical shell with initial deflection 971 


2. Mises, R. von, Der kritische Aussendruck fuer allseits belastete 
zylindrische Rohre. Fest. zum Geburtstag von A. Stodola, Zurich, 
1929, 


Translated by I.M. 


a 
@ 
a 
an 
,oc 
q 


ON THE THEORY OF SHALLOW SHELLS 
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1. Om the differential equations of shallow shells in the case of 
normal loading. The differential equations of the technical theory of 
shallow shells can, in the case of loading Z normal to the surface of the 
shell, be written in the following form as suggested by Vlasov {1 },{2 ] 


AL? + 0, DA Aw — =2, D (1.1) 
The unknowns here are the normal deflection w and the stress function 
d, while the loading components XY and Y are taken to be zero; the shel! 
thickness h is considered to be constant, FE is the modulus of elasticity 
of the material and v is Poisson's ratio. The operators \ and \, are de- 
fined by 


Oy? , ky 2h dc Oy ) 


Here hk, k represent the bending curvature and ke is the-torsional 
curvature of the shell surface. 


Denoting by F the function determining the surface of the shallow 
shell, we have approximately 


OF 


y 


Oy 


Oy “ Ox 


The normal stress resultants N. and N_ and the tangential stress re- 
sultant S, the bending stress moment resultants . and of and the torsional 
stress moment resultant My are defined by 


‘i 
i 
= 
O° Zz ‘ 
a k ak 
= Ok ry on, Ok. y 0 
dy ox Ox Oy 
(1.4) 
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My — —v) Bz Ou 

The surface of the shell, the system of coordinates and the positive 
directions of the stress resultants are shown in Fig. 1. The plane Oxy 
is the coordinate plane of the shallow shell. The moving system of co- 
ordinates O’x’y°:° is connected with an arbitrary point of the shell in 
such a manner that the axes xy” are situated in the tangential plane, 
while 2° is directed along the normal to the shel! surface. The axes x 
and y° are located respectively in the planes y = const and x = const. 
The positive directions of the displacements u, wv, w and of the compo- 
nents X, Y, Z of the distributed surface loading respectively coincide 
with the directions of the coordinate axes 2°. 


Introducing the scalar function W by means of the formulas 
w= AAW, Eh/A, W 
Viasov [1] transforms the system (1.1) into 


DAAQAW + EhA,A,W = (1.7) 


It is convenient to use this equation in cases when the curvatures k. 
and a, are constant, while the curvature hey is zero, 


Attention must be paid to the fact that the formulas (1.6) and (1.7) 
become incorrect in the case of a spherical shell. Indeed, if k. = ky, = 
1/R = const and Rey = 0, equations (1.6) assume the form 

Eh 
w= AAW, g=— AW, 
Eliminating ¥ from these equations, we get 


R 
w= — AP (1.9) 


On the other hand, the first equation of the original system (1.1) 
gives the formula 


R 
Aw =— 7% AAP (1.40) 


It is obvious that the formulas (1.9) and (1.10) are not identical, 
as they should be. Consider the following example: if \d=0, then we 
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have w = 0 according to (1.9) and Aw =0 according to (1.10). Thus, in 
the special case of the spherical shell the equations 


Eh 
DAADAr+ Fa AAW =Z2 (1.11) 


Eh 
DAAw 4 w= Z (1.12) 


obtained from (1.7) and (1.8) are not correct, and thus can lead to 
erroneous results. 


In the case of a spherical! shel] we have to use the original system of 
differential equations (1.1), or a new function W* defined by the 
formulas 


Eh... 
A? = w* (1.13) 


Eliminating W* from the two formulas given above we obtain (1.10), as it 
should be. 


Substituting the formulas (1.13) into the second equation of the system 
(1.1) we find 


Eh __ 
DAAW?*? + W* =Z 
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The equations (1.13), unlike (1.8) and (1.12), are correct, and there 
is no danger of their leading to faulty results. 


2. On the differential equations of shallow shells in the case of 
arbitrary loading. In the case of arbitrary loading, a system of three 
differential equations, also suggested by Vlasov [2] can be used; the 
unknowns occurring in these equations are the components u, v, w of the 
complete displacement. The system just indicated is, however, relatively 
involved and inconvenient for practical application in most cases. It is, 
therefore, desirable to derive a generalization of the system (1.1) 
applicable to any loading. 


For the special case of circularly cylindrical shells such a general- 
ization is given in the book by Ruediger and Urban [4 }. 


It so happens that the desired generalization can also be easily ob- 
tained for the general case of a shallow shell with arbitrary curvatures. 
It is only necessary to replace the first two of the relationships (1.5) 
by the following: 

— 


N 


\tdz, (2.1) 


x oy? 
Now we can proceed as indicated by Vlasov [2] and confine ourselves 
solely to linear terms. In this manner we find 
+ Ehh,w dx + dy —v 


Z—k,\ Ndr —k,\Ydy 


Instead of the system (2.2) we may use the differential equation with 
complex coefficients obtained by substitution of 


i2 


This leads to 


After having carried out the integration and determined u*, we find 
the deflection w and the stress function & by seperating the real and 
imaginary parts of u*. 


If the stress resultants are known, the displacement components of 
the shell are determined by the following system of differential equations: 
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3. The case of uniformly distributed tangential loading. If the plane 
view of the shell is rectangular and if the torsional] curvature is zero, 
then the solution of the problem is very simple. We assume the usual 
boundary conditions, namely: the shell is loosely supported, while the 
stringers are rigid in their own plane and flexible outside it. 


Without loss of generality we assume that the tangential loading is 
acting parallel to one coordinate axis. In this case we may write 


= const, Z \A r 
w, v, M., N, = Owhenz=Oandz _M,, Owheny = Oand y 


The system (2.2) assumes the form 
D/ 


It is easy to verify that this system and the boundary conditions for 
N. and NY are satisfied if 


! 
0, © ~ + Cry (3.2) 


The constant C is to be determined from the boundary conditions for u 
and v. All stress resultants, except the tangential stress resultant S 
are zero. We find 


X oy (3.3) 


oxoy 


Substituting the values of w and of the stress resultants into the 
system (2.5) we get 
Ou Ou 2(1 + v) 
Ox " oy ' dy + C) 
From the first two equations of this system we see that u can be a 
function of y only, and v of x only. In this case the third equation of 
the system (3.4) becomes 


du di 2(14 


dy + dz Eh (3.5) 
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For the displacements u and v we must assume 


1+ 
+ Cy + Cz, v= Cor +Cy (3.6) 


where Ci. ad C,, C, are constants of integration. Substituting (3.6) 
into (3.5) we find 


C,+C;=—- Cc (3.7) 


~ Xo, (3.8) 


Taking into account (3.2), (3.3), (3.6), (3.7), (3.8), we obtain 
Th y (b— y) Xo, ¢=-F (6 — y) ryXo, S = 2 (b — 2y) Xo (3.9) 

All other displacements and stress resultants are zero. Note that the 
formulas obtained are independent of the curvatures k.. and k., which thus 
remain arbitrary. This is a case in which the shallow shell behaves like 

a deep beam. 


The problem becomes more difficult if the torsional curvature Dow is 
not zero. In this case it is convenient to assume . 


w= + wy, + 9; (3.10) 
Here we assume for wv, and d, the results (3.9), i.e. 
| 
— 0 = (b— y) ryX (3.11) 


w, and & satisfy the assumed boundary conditions exactly. Including 
(3.10) into the system (3.1), we get 


1-4 Th ply Aw, (6 — 2y) (3.12) 


by virtue of which the further treatment of the problem reduces to an 
investigation of the structure under the action of the fictitious norma] 
loading 


Z (b 2y) A 


4. Shell of constant curvature under arbitrary tangential loading. 
This problem has been studied by Oniashvili [3 |] under the assumption of 
vanishing torsional curvature in connection with the usual boundary con- 
ditions (loosely supported shel! with stringers of the kind stated above). 
He derived his formulas immediately from the conditions of equilibrium, 
The discussion of the same problem given below is based upon the relations 


2 
7 
4a ae On the basis of the boundary conditions assumed for u and wv we get 
Eh 
29 


an 
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(2.1) and (2.2). The solution is obtained with the aid of double trigono- 
metric series. To simplify the presentation we will study the influence 
of one arbitrary term of the series only, for the loading X. 


On this basis we may write 


a 0 n 


We consider the constants fon to be known quantities, while for w and 


we assume 


mrt 
, Sin 
a 


(4.1) and (4.2) satisfy the assumed boundary conditions 


The expressions 


precisely. 


Substituting (4.1) and (4.2) into the system (2.2), we obtain a system 
of linear algebraic equations, from which 


an m? (hy vke) 1. 1(2 v) Ay ks] 
mn Dr (m* + u (kom* 4 k,?n*)? mn 
a3 (m? + — wm?) + why (kom? 4- 
mn =m (m* + 7°n*)* + u (kom? + mn 


k, =k; = const, k k, = const 


(1.5), (2.1), (2.5) for the displacements and the 


stress resultants, we get 
a? 


Lh 9; (m, n) 


Using the formulas 


u = (m, n)[(1 — m? 4+ 2 (4 + v) + 


mrz 
cos sin- 


1, 
(m, n) 


k)? 
— sin - cos 
a b 


mn 


am $2(m, n) [m? + (2 + v) 22n?] + (m, n) , 4.5) 
4.9 
(mm, n) mn a b 


| i sin - sin 
N - (m,n) mn n a 
S cos cos 


(ym, nm) 


a*m (m* +- v)2n*) (m, n) Mrz nity 


| 
a°’m 


(1—v)a*m%)n (m,n) mrx ny 


(m, 
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$, (m, n) =(m? + 22n*)* + + 
$2 (m, n) = (m? + $4 (m, n) = + 
9, (m, n) = — wmi?, $5 (m, n) == m* (ky + + [(2 + v) ky — fe] 


Summation with respect to a and nm permits the influence of all terms 
of the series for the tangential loading X to be estimated. 


It should be noted that, if X¥ depends on y only (m= 0), the displace- 
ments w» and v and the resultants N. and N. are zero everywhere on the 
shell surface. Furthermore, if X¥ = X, = const and 


then by improving the convergence of the infinite trigonometric series by 
the method of Krylov, we obtain formula (3.9), as was to be expected. 
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1. The differential equations of motion for a vibrating bar, taking into 
account effects of rotary inertia and shear forces on the deflection, 
have the following form [1]: 

{ ad ard 


ot? 


Here w is the slope of the deflected axis of the bar without effects 
of shear, u= u(x, t) the transverse displacement of the bar, and 
q= q(x, t) the external force. Moreover, 


where A is the area of the cross-section of the bars; p is the volume 
density; k a factor depending on the shape of the cross-section; FI the 
flexural rigidity; G the shear modulus; c, and c, are the velocities of 
wave propagation during the transverse vibrations [21]. To obtain a 
unique determination of the vibrational process we must also specify 


initial and boundary conditions. Let us assume for simplicity that at 
t= 


The boundary conditions have one of the following forms [3 }: 


Or r 


Elimination of Ww from (3) is possible only in the case of a simply 
supported bar, i.e. for the first boundary condition in (3), or for an 


infinite bar [3]. In these cases we obtain the following equation for 
the displacement u= u(x, t) 


3 
“ 
0, u 0 (2) 
Oy oy ou (3) 
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with the initial conditions at t = 0 


Ou Pu 1 1 @q 
at ae” an LIC (9) 


2. As an example of application of equation (4), consider vibrations 
of an inifinite bar acted upon by an arbitrary external force q. The 
Laplace transform of relationship (4) with initial conditions (5) has the 
following form: 


s+ +P —3+C)U= 


| 
2 2 

Pree P dx rer (6) 
where U and Q are Laplace transforms of the displacement and force res- 
pectively. 


The source function of the operator L(V) is 


2 (n,* my*) \ my Ne j ( 


where n, and n, (Re n, > 0, Re n, > 0) are roots of the characteristic 
equation. Thus, the solution of (6), which tends to zero with | «| + «, 
is represented by 


R (z, p) 


@ 
I \ R (z, P) p- e;* Ce, e; Q(E, p) dé 


Integrating (b) by parts we get 


"= \ mde + @ (ms, Q dk (8) 
where 
2,,2 Ce,.%e.2 2 


u (u? — 
3. Next, we apply formula (8) to investigate the character of elastic 
deflections of an infinite bar which is vibrating as a result of a 
constant concentrated force P suddenly applied (at time ¢ = 0 and at the 
point z= 0). In this case q = Po, (t)o, (2). o,(t) and o,(z) are unit step 


0 
and unit impulse functions respectively. 


Substituting into (8), in place of 0, the transforms of the given 
force, we get 

| 1 

P p(n—n,*) ny Ms 


p (mz* — n,*) my 


q 
5 
= i 
az 
4 
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This equation can be represented in the following form 
‘ 

P 


Applying an inversion formula we obtain, 


w(z, +9 (z, t) 


(12) 


for ¢2t<|z 
w(z, t)h={ cot | (13) 
for 


and (xz, t) is a function whose derivative with respect to x is zero for 
z= 0, 


From the relationships (12) and (13) it follows that, at the point of 
application of the concentrated force, the slope of the deflected curve 
of the bar suffers a discontinuity, viz. it has a jump there. This jump 


is proportional to the magnitude of the applied force and is inversely 
Indeed, 


proportional to the square of the velocity of wave propagation c 


>* 


from (12) and (13) we get 
au au | P 


Oz |. Le or Lit 


0 


(14) 


For c c, » © equation (4) is reduced to the classical equation for 


the transverse vibrations of bars. In this case, as it can be seen from 


(14), the jump is zero. This fact is well known, 


In conclusion we note that if, instead of an infinite bar, we consider 


a loosely supported bar of finite length 21, then for determination of 


displacements u we obtain the following formula: 


p (ns ny") | n, cosh nyl n, cosh 
ne sinh (\2|—-l)— p*— sinh ny ( 15 


There is also a jump of the slope of the deflected curve at the point 


of application of the force P. The magnitude of this jump is 


pP 
Lit 


The problem of vibration of an infinite bar under action of a suddenly- 


applied concentrated force P was considered in[2]. In this work, however, 


the second terms in (10) and (15) were omitted, and as a result of this, 


the presence of a jump of the slope of the deflected curve was not detected. 
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This paper deals with the application of solutions of a three-dimensional 
contact problem of a strip to the analysis of an infinite beam resting on 
an elastic foundation. Instead of the commonly used Hertz theory, this 

paper assumes that between the deflection w(x, y, 0) and the load p(x, y) 
the following relationship holds 


—v,? n) dE dy 
w (x, y, 0) = + kp(z, y) 
mie as V (z — 


where v. and E. are elastic constants of the material; (S) is a part of 
a half-space on which the load p(x, y) is acting, k is some constant 
depending on the structure of the surface of the lastic support. 


This generalization of the Hertz theory was proposed by Shtaerman [1 iF 
It represents a combination of the Hertz theory and the "bedding coeffi- 
cient" hypothesis, and it includes them as particular cases. 


The above problem is solved by assuming that the base of the beam be- 
fore deformation is plane and the bending takes place in the longitudinal 
direction only. 


1. The differential equation of the bending of the beam has the 
following form: 


Elw*Y (y) = (y) —r (y) (1.4) 


where F is the modulus of elasticity of the beam, I the moment of inertia 
of the beam cross-section, w(y) the deflection of the axis of the beam, 
q(y) the load, r(y) the reaction of the support per unit length. 


If the beam has contact with the elastic support along the strip (S), 
|x| < a, —«< y < then equation (1) takes the following form: 


/ 
19 
2 

& ‘ 
¥ 

= 

* 

4 

: 


4 
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a 

1 —v,? E. n) dn 

w(z, y, 0) = dé —= + kp(z,y) (1.2) 

s Note that w(x, y, 0) = w(y) in the region (S), moreover 


a 
r(y)= \ p(z, y) dz (1.3) 


Let us consider first the case when q(y) = a(A) cos Ay, where A > 0 
is an arbitrary parameter and a(A) is an arbitrary function of A. In this 
case the system of equations (1.1) and (1.2) can be satisfied by putting 


w (y) = b (A) cos Ay, r(y) = ¢ (A) cos Ay (1.4) 


where 6(A) and c(A) are some functions of A. 


It is easy to verify that equation (1.1) is satisfied if 


(1.5) 


QO) = @Q)—¢Q) 


Taking into account that w(x, y, 0) = b(A) cos Ay for |x| < a, equation 
(1.2) is satisfied if we put 
p(z, vy) = z) cos ry (1.6) 


where d(A, x) is a solution of the following equation 


a 
bQ) = o(A, t)Ko(A| 2 —t!)dt + (1.7) 


In the last formula K.(t) is a well-known Bessel function, After find- 
ing d(A, x) and noticing that 


a 
x) dz = c (A) (1.8) 


we obtain a- condition which must be fulfilled by the constants 6(A) and 
c(A) for (1.4) to be satisfied. 


2. Since the function K,(t) satisfies 


+ 
it is possible to prove that the function 


9(1—~v,2) 

satisfies equation 
2 

4 = 0 (2 2) 


Oz* 


22 
,oC 
q 4 
| 
= 
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at all points of the xz-plane except for the points of a segment (—«, al 
of the x-axis, and tends to zero at infinity, 


Since the function K,(t) has only one singularity (logarithmic) at 
t= 0, it is possible to obtain the following formulas, analogous to the 
well-known formulas in potential theory: 

(2, x, + 0) 2(1— vo") 


© (A 
Oz nko (A, 2) 


3 
aD(rA,z, —0)  2(1—»,%) <a) (2.3) 
) 0 
ad =0 (| | > a) (2.4) 


It follows from formulas (2.3) and (1.7) that for the points of the 


segment |x| < a of the x-axis the following is true: 


® (A, 2, 0) 0) 


f 
= {ky = 5) 2.5) 
™) \ 2(1 — v,”) 
Thus, the problem is reduced to finding a solution of the equation 
(2.2) which satisfies boundary conditions (2.5) and becomes zero at in- 
finity. 


In the author’s paper [2] a solution was found for the case when 
k, = 0, Therefore, let D(A, x, z) be a solution which corresponds to 
this particular case. For |x| < a, we then have 


0 ‘ 12 
@, (A, x, 0) = (A), (A, 2, + = _2b(a) 8,, cos 2v cos (2.6) 
Oz nV at a 
where 


Fek,; (O, — a*2*) 


t=O 


«= (— (2.7) 


/ 2), and Fek, (2, — q) are well known Mathieu functions 
To calculate 5, ; we can use Tables [4]. Next, by applying Green's 
formula we get 


(D) IL} 


where (D) represents the interior of a circle with an arbitrary radius R 
and without the points of the segment [=¢, al of the x-axis. Putting 
v= DA, x, 2) and u= D(A, x, 2), and taking into consideration the 
fact that these functions satisfy (2.2), as R + «, we get 

a a 


\ (A, x, 0) aD, (A, 2, + ()) \ x, 0) ‘ ID (A, x, + 0) © (2.8) 
dz dz 

a —a 
and because of (2.5) we get 
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\\ (vo Ju—u v)drdy = iv —u \ ds 
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a a 
br) \ ®,,dr-—k | =0 (2.9) 
a 


It follows from (2.9) that 


b (2) \ ®,, dz 


a a a 

+ hy ( ®,dz— 9, —b(r) dr =0 
—a —a 


From (2.10) we obtain 


a a 


where ‘ 
(+ ta 9 49 
®, \ dz — / 2a) Jdx (2.12) 
—a —a 


It is easy to verify that + const as » and consequently 
« + 0 as k + ~, Moreover, ¢€ + 6 as k, + 0. Since 7 . + const for A + o, 
then « + 0 for A + o, Thus, for sutdlesentts large and sufficiently small 
values of k, we can neglect « in (2.11). It should be mentioned, however, 
that by dropping « in this formula we commit certain errors in evaluating 
the magnitude of k, 


An exact solution of the problem for all values of k is connected with 
a solution of the above boundary value problem, and it may be an object 
for further investigations. 


Note that 
a a cos2vcos_ 


, oh 
\ 3 —— dz = 2b(d) (2.13) 


0 


(2.3) and (2.11) we get 


From (1.8), 


(2.14) 
(1 (a + 


and it follows from here that 


(1 —v,2)1R (ad) + (2) R (a) a? (2.15) 


= 
a), 


Some values of the function A(t) are shown in the Table below: 
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TABLE 1. 


Eliminating c(A) from (1.5) and (2.15) we get 
(1 vo") + | 


b (2) 
+ EI (1 — v,*) 1 R (aa) + AR, 


a (A) (2.16) 
3. It follows from (2.17) that to the load q(y) = a(A) cos Ay there 
corresponds the following deflection 
(1 v2) + a OO) 
w(y)= — 
vy") | R (ad) 4- 24 


ay (3.1) 


Representing an arbitrary load in the form of a Fourier integral we 
can find the deflection of a beam from the following formula 


+on 


0 —oo (3.2) 
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The general solution of the plane problem of the theory of elasticity for 
a region bounded by two eccentric circles in a plane was given by Jeffer 
{1 ] and Weinel [2] in bipolar coordinates. The loading was assumed to 
be in the form of a trigonometric series. This solution cannot be applied 
to a case of concentrated loading, since the trigonometric series become 


divergent. 


Sen Gupta [3] analyzed the deformation of an eccentric ring acted 
upon by two diametrically opposite forces applied along the axis symmetry. 
a general case of forces acting on such a ring was not considered. 


However, 


Below are given expressions for the stress function and for the con- 
ponents of stress resulting from the action of any concentrated force on 
the outside periphery of an eccentric ring. It is assumed that the re- 
actions for a given force are stresses acting along the ring’s boundaries. 
These reaction stresses reduce to zero when several forces acting on the 


ring are in equilibrium. 


In the solution of this problem the bipolar coordinates a and § are 
used. Their relation to the rectangular coordinates «x and y is given by 
the following expressions. * 


sinh 2 — sin 8 
cosh a + cos 5 ~ eosha + cos 3 


Let us consider the state of stress in an eccentric ring defined by 


coordinates a = a, and a = a,; the radii of these circles being respect- 


* The information on bipolar coordinates, and on many problems solved in 
terms of such coordinates, may be found in a book by Ufliand [a]. 
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ively equal to oe cosech a, and r. = cosech a,; the eccentricity is 


equal to e = | coth a, — coth a, | (Pig. 1). 


Pig. 1. 


Let it be assumed that a force is applied at point K of the periphery 
a=4a, (the bipolar coordinates of point K are a,. Ry. and the rectangular 
coordinates are Xs. and y,)- The applied force has normal component R 

and tangential component T and is reacted on by the following tangential 
and normal stresses along both boundaries of the ring: 


= (cosh a + cos 8)(Y cha+M sinh2) 
Are 


¢,=4 J {X (cos? 8 + 2 cosh a cos 8 + 1)— Y sinha sin 8 + M (cosh a2 + cos $8) sin (2) 
An 


where X and Y are projections of the applied force on the x and y co- 
ordinate axes respectively, and M = Xy, - Yr, is the moment of the force 
about the origin of coordinate axes. (The upper signs are given for the 

stresses along the vuter periphery and lower signs for the stresses along 
the inner periphery). Consequently the stresses are reduced to zero when 


A 


LY = = 0. 


Let the stress function be equal to the sum of two functions, both of 
which are biharmonic and satisfy single-sign displacement conditions, 


9 = 1 + 92 (3) 


The function 9%, has a singularity at point K(x,, y,) of the type 


4+ ¥ — 21) tan7? 


which corresponds to the application of a force at point K on the ring’s 
periphery; the function is defined by the following formula 
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+ Ysinha+ M(cosha os v)a(¥sinh a + 


+ Y sin 8] +/7Tsinht — Rsin# + (Tr, Ry, Kcosht — cos 9)} Moth ttan | 


(g cosha 


where v is Poisson’s ratio. In this and in the following formulas the 
upper sign applied when a, < a., i.e., when the force acts on the outer 
periphery of the ring, and the lower sign applies when a, > a., where the 
force is applied to the inner periphery of the ring. The corresponding 
stresses may be found by known formulas for the components of stress by 
means of a stress function expressed in bipolar rdinates (see, for 
instance, [4] p. 171), as follows: 


(cosha + os 8)[—(1 sin@ + S10! 


coshl 


Ysinha M (cosha + cos 8) — (Tx, + Ry,)* 


(Y cosh a + Msinha) + 


cosh tecos8 | 


(cosht cos 0, 


(cosha cos 8) | (T sin® + Rsinh t) 
L 


feinf ] 
sinh/sin® 1 (yx cos8 + MsinB)+ X cosh 


(Tx, + 
cosht os 9 2 


cosh a, 
coshit 


(T sin9 + R sinh t) Rsinha, 


Xsinhacos $8 + Ycoshasin§ + ~ (Xcosha cos 3 4 Y sinh a sin 5) 


The function d, must remove from the boundary of the ring al] stresses 
not included in equation (2), and may be chosen in the following form of 
a series: 


| Ja (cosh a + cos 8) + C cos 3 + z)cosn3 + 


Here 


f,(@) = A, [cosh(n + 1)t —cosh(n — 1) t] + B, [(n — 1)sinh (2 + 1)t —(n + 1) sinh 
(n 1) ¢] 
f,(@) = A,cosh 2t + B, sinh 2t (¢ = @ — a) >; (7) 

The constants in this function must be such as to satisfy boundary 


conditions. The stresses corresponding to the function d, are determined 
by the following formulas 
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(cosh a+ cos $) Jsin® + (2) sin nB — (a) cos (8) 


n=1 


— = (cosha + cos 8) { Jsinh a+ > [FS (a) cos nB + (a) sin nBI} 


n=—1 


[o, = { —C+ >! (a) cos nB + ®* (a) sin np} 


n=] 


F,,(a) = nA, [(n + 1) cosh (n + 1) t —(n — 1) cosh (m — 1) t] + 


+ n(n? — 1) B, |sinh(n + 1)t — sinh (n — 1) ?] (n> 2) 


F, (a) = 2A; cosh 2t + 2B; sinh 22 


@,, (2) = [(n + 1) 4 2ncosha,A, + (n—1) A,_,] cosh nt + [ 2sinh + 


+(n+ 1)(n + 2) +2 -{)cosha,B, + (n -1)(n —2) nt (n > 3) 


(a) = + 4cosha, A, + A, [cogh2t +] — 2sinh a, A, + 12 Bs + 6cosha,PB, + B,|sinh2t 


®, (a) = [2A, + 2cosha,A; — 2sinha,B, [cosht + |— 2sinha,A; + 6B, + 2cosha,B,;|sinht 


In order to determine the constants, the function gd, is also expressed 
in the form of trigonometric series using expansion 


@ 
2 2, 2 


One obtains 


= {G+ H+ 


a(X¥ sinha + Ysin 8) +/+ (cosha, + cos + Rsinha,; */, + 


+ (e**! _ T cos 3; M|sinB + (e** 1) [T sin 8, X| cos 8 + 
@ 
+-2T sinhe e*™ sin nO + 2 >: |Rncos® — (Tx; + Ry;)sin ng)” Sinht 
n n(n* — 
n=2 n=2 


G = $,[—Xsin® + Y sinha + M (cosha + cos 


+-[Rsin 8; —°/2M] + Re*™ sinh a F Re*™ (cosha + cos 8) 


{|— ¥sin8 + Y sinha + M (cosh a + cos $)| 
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The terms in the expression for G do not affect stresses; thus they 
need not be considered; the terms in the expression for H, when a = as, 
give stresses entering into (2); the stresses when a = a,, which depend 
on the remaining terms of series given by (10), must be taken care of by 
means of function P,. 


Having the above in mind, the coefficients of cos nf and sin nf in the 
sums g,+ gd, and 0(g¢,) /da + O(g¢,) /da when a = a,, may be equated to 
zero, and thus coefficients Ane Bi(n > 2) may be determined as follows: 


[Rn cos +(T x, + sin n + [n* sinh? ¢, 
n 


nsinh t; cosh t; + sinh nt;| 


1 


a, [Rn cos n3, (Tx, Ry,) sin sinh? ty +- nsinh t,cosh t, + + 
rnin? — 


te sinh + s 


n 


2 
A,’ =F sinh [Rn sin — (Tz; + Ry;) cos — 
n 


[n? sinh? ¢, nsinh cosh t, *™sinhaty] 
n 
n 
B.* = [Rn sin + (Tx, + cos X 
n(n?—1)A 


T cos 0s 


x ty sinh nt,| + sinh* ty (11) 


n 


A,, =sinh’nt; —n*sinh* t, (t; = — @) 


The constants A, B,, C and J may be found by comparing the stresses 
given by formulas (5) and (8), when a = a, and a = a,. with those given 
by (2). Then 


e** sin By 
A +3 tanh 5 (X + J) 


F2t, ote, 
» —R sinha, x sinh? J (tanh +4sinh 


1 
t, (Sinh® + sinh* a,) 


i—v,.. 


[+ T tanh t; sin 8; + R (cosh a, + cos 8;) + 4 X+ 


e* cos Br 1 


A, + T — sinh ty M + Y tanh 


= 
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Thus, the stress function for the given problem is determined. 


As an example, let us consider the compression of an eccentric ring 
acted upon by two equal forces applied along a diameter of the outer 
circumference of the ring, Fie. 2. 


The ring is bounded by the curves a, = 1.0 and a, = 2.0; the radius of 
the outer circle is r, = 0.8509; the radius t} inner circle is r. 
0.2757; the eccentricity is e 0.2757. The coordinates of a point of 
application of the force are a 1 and § = = 2.2758. Here, obviously, 

S¥= LTY= ZSM=0 and the periphery of the ring is free of stresses. For 
each force R= 1 and T= 0, The first five terms of the series given by 
(6) and (7) are used in computations. The following values of coefficients 


(vy = 0.3) are obtained from formulas given by (11) and (12): 


- 0.09448, A,‘ — ).00054 


0.05235 — 0.00485, 


0.00014, 1.99559. — 0.16170 


The stresses are computed by formulas (5) for each of the two forces 
separately and added to stresses computed by formulas (8). Figs. 2 and 3 
show diagrams of stresses 0, along the diameter on the z-axis and along 
the periphery of the ring. 


A half-plane with a round hole may be considered as a special case of 
an eccentric ring, when the radius of the outer circle is equal to in- 
finity. Thus, all formulas derived in this article may be applied to a 
problem where a concentrated force is acting on a half-plane with a 
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1, 0.06157, A,“ = 0.42017, A,° = - 

B,° — + 0.08085, B,° —0.48890, B,° — + 
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circular opening; it is only necessary to put a = 0 for the straight-line 
boundary. It is also necessary to consider forces which must act as 
reactions to a given loading at an infinitely distant point (a= 0, B = 


+ 


* w) on the plane. 


Pig. 4. 


Fig. 4 shows a diagram of stresses, °R along the periphery of a 


circular opening and stresses o, along the diameter on the x-axis, when 
a force is applied at a point along the circumference of the opening in 
an elastic half-plane. The radius of the opening is r = 0.8509, the dis- 
tance from the boundary line of the half-plane to the center of the 
opening is d= 1.3130. The force having components R = —1 and T= 0 is 
applied at a point having coordinates a = 1.0 and ff = * wm. The reaction 
is a force, R= +1 and T= 0, acting at a point having coordinates 
0.0 and B= + a, 
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A GENERALIZED FORMULA FOR THE TRANSFORM 
OF A PRODUCT OF FUNCTIONS 


(OBOBSHCHENNAIA FORMULA DLIA IZOBRAZHENIIA 
PROIZVEDENIIA ORIGINALOY) 


PMM Vol.22, No.5, 1958, p. 706 


N. BORODACHEV 
(Kuibyshev) 


(Received 20 August 1957) 


A generalization will be given of a formula of Natanzon'’s [1 ] for the 
transform of a product of functions to the particular case when one of 
the functions in the product is complicated. Let 


D(p)=\ (heat 


On the basis of a known theorem, thanks to Efros, we have 


F (p)= f(t), bip) 


Substituting (2) into equation (1), we obtain 
(p) \ \ | 


0 6 


‘ty 


Interchanging the order of integration in this formula and noting that 


or 


\ “d 


(p) 


Putting C(p, v) = e we finally arrive at the formula 


19 
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(p) \ f (v) G(p, v) di 


As a particular case, we may obtain from (3) the formula for the trans- 
form of a product of functions. In fact, putting g(t) = ¢t, we have 
G(p, v) = Vip + wv), where Vip) = wit), and (3) gives 


 (p) “4 \ fin 
An application to the transformation of Carson-Heaviside’s formula, 
similar to formula (4), has been given by Natanzon [1 |. 


It is likewise easy to deduce from (3) a formula for the transform of 
the quotient of two functions. In this case, one has F(p) = 1/p and 
f(t) = 1, Then 


In a similar manner, we may obtain other particular versions of the 
general formula (3). 
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ON A CERTAIN PROPERTY OF THE CHARACTERISTIC NUMBERS 
OF THE SOLUTIONS OF DIFFERENTIAL EQUATIONS 


(OB ODNOM SVOISTVE KHARAKTERISTICHNYKH CHISEL RESHENIT 
DIFFERENTSIAL’ NYKA URAVNENTT) 


PMM Vol.22, No.5, 1958, pp. 707-710 


G.K. POZHARITSKII 
(Moscow) 


(Received 26 February 1957) 


This paper will study a property of the characteristic numbers of the 
vanishing solutions of the equations of disturbed motion. A theorem will 
be established on a very close link between the characteristic numbers of 
the above solutions and the eigenvalues of the system of first-order 
approximations. It is difficult to establish a condition for the stability 
of such characteristic numbers, which has been used earlier for the proof 
of an analogous theorem [2 ]. 


Let there be given the system of equations of disturbed motion 
‘xy dz 


where are the holomorphic functions of 


S' p r 


— 


x, Po, 71 7 Pon 7; 


with the sum extended over al] non-negative integers ®. 


+ a, > 1. 
The coefficients P oie p SMyosssety are real, continuous, bounded 
functions of time, and there exist positive constants M and A such that 


for all t 2 ty 


Consider the system of first approximations 
ly 


and its characteristic numbers Ay 


(1) 
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In reference [ 2 FF the following theorem has been established: 


Theorem: If the system (1) has a vanishing solution and the system (3) 
stable eigenvalues, the characteristic number of this solution is exactly 
equal to one of the nonnegative eigenvalues of the system (3). 


This theorem can be proved without condition (2). However, if this 
condition is added and if, in addition, it is assumed that the system (3) 
is regular and that among its eigenvalues we have A, > A, ta 3A @ 


a stronger result may be established, even if we relax the condition of 
the stability of the eigenvalues, which is not readily verified. 


Theorem: a) If the system (3) is regular and A, > A, icé a A, > 0, 
s,/ with characteristic 


system (1) must have vanishing solutions a,/, 


numbers AY 


b) For a solution with the initial conditions Ss e+» 2,” to have 
the characteristic number A, >A_, it is sufficient to fix Bs ore 
arbitrarily, except for ensuring that their moduli are sufficiently small, 


and to find x 


+" from the relations 


p+’ 


r © (z,°. . = ©. 


where are holomorphic functions of which 


vanish when the latter vanish. 


Before presenting the proof, two theorems of Liapunov’s first method 


will be stated. 


Let ATL teen HE, be a normal system of independent solutions of the 


system of equations (3). 


Liapunov’s theorem: I. If Ay, «.., A, are positive eigenvalues of the 
regular system (3), system (1) has solutions which may be presented in 


the form 
k k 
> >) a,” exp ( mrt) (4) 


where a,, -» @, are arbitrary constants whose moduli do not exceed some 


upper nonzero-bound and the eigenvalues of the functions Fe 


are not less than zero. 


Il. If € is some positive constant and one puts 


(s Tere. 


and replaces the a. in the series (4) by the corresponding expressions, 


one obtains the new series 


fa 

. 

| 
— t 
q. 
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s,= >, Q, (s 


expanded in ascending powers of qs which will have the property that for 
every however small, there will be a positive constant 


for which, for all] nonnegative values of ¢t, one has the inequalities 


The series 


will converge absolutely, as long as the quantities q, do not exceed some 
nonzero-bound q. It will be noted that a majorant for the functions 


mp) 


(my, Mp) (m, ef 
L. 


may be constructed for any « > 0, however small. 


Proceeding now to the proof of the theorems, consider the solution 


in which a process & have been put equal to zero, and the second sums 

on the right-head sides contain all terms of order smaller than | in 
relation to the constants Ars seve @ For this purpose, | is some positive 
integer, greater than 4, which may be fixed arbitrarily. 


On the basis of the fact that 


and of a theorem involving the sums and products of eigenvalues, it is 
readily verified that for any Gir sees ay not all simultaneously zero, 


my) exp ( > 


25 
! 


rf 


where A, is one of the numbers Ay. 


The symbol X} {| denotes the eigenvalue of the function f. of the 
s 
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system. 


Consideration will now be given to the eigenvalue of the last sum and 
it will be shown that it is greater than A_. For this purpose it will be 
sufficient to find a small § > 0 such that the functions 


(Ag+8) t MH) om ™p 
e P > L, exp i— >) m,A,t 
{and 


are bounded. 


They may be written in the form 


(745 Mo) m 
i=] 


and subjected to the transformation: 
qi = exp| — Ap) Gp = — 


Then the series subsequent)]y obtained will have in the capacity of 
(nm a_) 
0 1° 


a. p’ the quantities 


™p exp — Ay - t 


/ 


I 


Putting 5 = 1/3 ro we then find 


(m, 


8 3 | 8 Pp 


where « > O must be chosen in the following manner. 


Since 


1, — 4) =), (l Ay 


we obtain, by fixing « to fulfil 


that for any m+ + > the inequality 


=_ — 4) < (m,4-...-4 m,)e 


will be satisfied together with (5). 


Since the series obtained from the substitutions 


= 
1002 
| 
(s = 1, 2, (5) 
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‘ 

c 

the inequality 

(/ i) > or Ome cit aA, 
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q,= 2, exp — (A, —e)t 


will have as majorants the absolutely convergent series 


the series studied (5), on the strength of the inequalities (6), will 
likewise have this property. It is clear from the form of the substitution 
used to obtain them, that for any smal] [Gls +s. | all the series (5) 
must be vanishing functions of the time, and hones dies must be bounded. 


Now putting a, =... = 9 0 and a, # 0, we obtain 


"exp( 


by the condition Xia, 3 = A_, then, on the basis of the theorem for 
the sum of eigenvalues, we may establish that 


c= ¥ 
which completes the proof of the first part of the theorem. 


For the proof of its second part let t= ¢t,., when 
(2, 


where whla,. +++, @) are holomorphic functions of a,, ..., @, which begin 
with terms not smaller than second order in Gis seee @ Among the minors 
of the matrix (x. ‘ ’) there will certainly be one different from zero, 
since otherwise the solutions «x ‘ would not be linearly independent. Let 
this minor correspond to the first p rows of the matrix. Then the equa- 
tions 


(8) 


can be solved for Bar see p and the functions 


vy 
|__| Mie My, ™p 
lem, —...+ my 
po mM») my, 
L, a, Poxp(—m,, 0) + 
m 
iJ exp — ( Ap) 
— 
4 4 Since it has been established that 
, 
1<m,<! 
j x! / Paxn | t)' >? 
j 
. 
+ 


x G.K. Pozharitskii 


will be holomorphic functions of 2, if the moduli of the 

© latter are sufficiently small, and certainly will not all vanish unless 
all 2,°P, ..., °P are zero. 

P 


Por a given system of values of s,°?, the @ 
not all equal to zero, be found from the equations (9). Then, as has 
been shown above, the solution 


will have eigenvalues which are not smaller than A, 


The remaining x° ye oceee i of this solution may be found from equa- 


tions (7). If it is desired to find them directly in terms of a," 
x °P then in the last n— p equations (7), for Q,, «++, @ we must 
substitute their values (9). The relations obtained in this manner wil] 


play the part of the equations mentioned in the formulation of the 


theorem. 


4 Note. Generally speaking, it does not follow from what has been proved 
. that the eigenvalue of the solution (4) is exactly equa! to one of the 


The stated method coffers the possibility of showing only that it is 
+ either equal to one of the numbers Ay TTT A, or not smaller than 2A, 
if 


If j= 1, ..., 1, the last case certainly does not occur 


2 when A,, ..., A. are stable eigenvalues. In fact, by assuming the opposite 
4 and verifying that the solution z,.(t) vanishes, we may arrive at a con- 
tradiction to the theorem proved in [2]. 
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ON WAYS OF INTRODUCING A SMALL PARAMETER INTO 
EQUATIONS OF NONLINEAR VIBRATIONS 


(0 SPOSOBE VVEDENIIA MALOGO PARAMETRA V URAVNENITA 
NELINEINYKHA KOLEBANIT) 


PMM Vol.22, No.5, 1958, pp. 711-7123 


A. PROSKURIAKOV 


(Moscow) 


P. 


(Received 12 July 1958) 


The method of a small parameter has been widely used in the theory of 
nonlinear vibrations. The construction of the periodic solution by this 
method consists in systematic determination of the coefficients of a 
series in powers of a small parameter, After formal construction of such 
a series, there arises the question of estimating the radius of conver- 
gence. Little has yet been done in this field. 


The problem of the convergence of the series which represents the 
periodic solution of the system is closely related to the manner in which 
the small parameter is introduced into the vibrating system. However, the 
investigator cannot always use the method of the small parameter. In some 
instances the smal] parameter is determined by the nature of the problem, 
Nevertheless we are interested in the various ways in which the sma] 


parameter may be introduced. 


Consider the system of two nonlinear differential equations of the 
first order. We will show the results obtained by the introduction of the 
in various ways. We have* 


small parameter 


y+ (r-) 


The function f(r?) is represented by an n-polynomial in powers of 
? ? 


Multiplying the first equation of (1) with x and the second equation 
with y, and then rearranging the terms, we have 


* This example was suggested by N.G. Chetaev. 
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It is evident that this equation has the periodic solution r2 = const, 
which represents the roots of the right-hand side of the equation, From 
these solutions we choose those which satisfy the initial condition 


y =0 (2) 
We obtain z= 0, y= 0, and 
x 1° cost, y= A*sint (3) 


where A* represents the roots of the equation f( At?) = 0. 


The system (1) does not possess any other periodic solutions. 


We introduce the small] parameter yp» in the ordinary way, 


dr dy 
tr) 
dt at 


+- uyf (r*) (4) 


The solution of equation (4) is desired in the form of a series in 
powers of 


rit) r,(t) + ux, (1) (ft) 


y y, (1) uy, (1) + (1) +. 


which has to satisfy the initial conditions (2). For » = 0 we have the 
solution 


which depends on the arbitrary parameter A. For the determination of «x 


1 
and y, we obtain the equations 


y, + AF(A) cost AS(A) sine 
dt dt 


These equations give the periodic solution for Af(A®) = 0, 


It is not difficult to establish by further calculations that all a, 
and Yn for are equal to zero. Thus, the system (4) has 
the same solution as the system (1). We obtain the family of solutions, 
depending on the parameter pn; hence in this way the parameter which is 
introduced is not eliminated. 


Note that Van der Pol’s method leads to the previous result, as was 
shown [1], since his method represents only the first approximation in 
the method of small parameters. 


We introduce the smal! parameter » in another way, namely 


at + yf (r*)| (5) 
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This system for » = 0, using the initial conditions (2), has the 
solutions = Yo = 9. 


Prom the conditions of periodicity of the functions x, and y, it 
follows that a, = 0. Purther calculation shows that all x, and y, are 
equal to zero. Thus, by introducing the parameter uw in this manner, not 
only are we unable to obtain the family of the periodic solutions de- 
pending on this parameter, but also we are unable to find the periodic 
solution of equation (3), which belongs to the system (5) for wp = 1. In 
this case, it follows that no other solution of the system can be found 


from the zero solution of the generating system. 


By introducing the small parameter in the above manner, it is not 
possible to obtain one parameter family of periodic solutions, depending 
on the parameter. However, Chetaev has shown that by using another way 
of introduction, this can be done, We take the function f(r?) in the form 


f (r2) = — Ay’) 
We introduce the parameter pu as follows 


dy 


zr? (r?— A,°), 


yr? (r? — 


For 4 = 0 we have the solution t, = 0. y, = 0. 


Further we obtain 


r a,, cost, a,, sint 


n 


For the determination of z_ and Ys we have the equations 


dr; dys 
Ys ay (a,;*— A,*)cos ys 


1,°)s 
dt dt 


From the condition of the periodicity of the functions > and Y« it 


follows that a, 


Further calculations show that al! 2. and | soos) OFe 
equal to zero. Consequently, in addition to the zero solution, the system 
(6) also has a periodic solution depending on the parameter 


z= uA, cost, y= 


Note that the result of equation (6) is not changed if we introduce 
the parameter yp into the coefficient in such a way that the second parts 
of the right-hand side of both equations (6) have the same coefficient. 
Only the calculations will be changed. 


Thus, by successful introduction of the smal! parameter, we succeed 
in obtaining periodic solutions even when the generating equation has a 


zero solution, 


q 
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dr 

A. ora 0. 
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Omitting the calculations, we give a Table in which the different ways 
of introducing the parameter p into the system (1) are given. The results 
of several] versions are also included in the Table. In all versions the 
zero solution is omitted. 


Version IV is similar to version III, but has in addition an isolated 
periodic solution. In version V, to obtain the solution of the generating 
system, we use the periodic solution z= A. cos ¢, %, = A, sin t, with 
a prescribed value of A,. In version VI the family, which represents the 


periodic solutions, has a finite radius of convergence. 


We notice that in the given example the introduction of a smal! para- 
meter is not suitable, in using the transformation of independent vari- 
ables with indeterminate constants (Liapunov), because the period of the 
period of the solution of the system of equations under consideration 
appears as a constant quantity, equal to 27. 


From the examples considered above it can be concluded that other 
versions can be obtained. The periodic solutions of the system can be 
obtained, if the solution of the generating system forms a family of 
solutions dependent on the arbitrary parameter. As an example of such a 
system we can mention quasilinear systems. 


If the solution of the generating system appears as an isolated 


periodic solution, or even as a zero solution, then the parameter p must 
be introduced in such a way that it is possible to construct a family of 
periodic solutions which depend on this parameter, having a large enough 
radius of convergence of the series representing this family of solutions. 
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System of Equations 


+ (r*) 


= p[—y + 2f (r*)) 
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y = 2+ yrt(r? — 


—y + — — Ay”) 


y= — Ait) 


=—y + (Ar + I 


y = (Art 


z 
z=—y+ 


2 


yr 


| 


e>0 
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TABLE I. 


sing the 


z= A*cost, y= A*sint 
=0 


Unobtainable 


zs=uA,cost, y= 


z=yucost, y=psint 


z= A,cost, y= A;sint 


z=(A,+)cost,y= (Ay+ p)sint 
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ON THE PROPERTIES OF EQUATIONS OF THE FIRST 
APPROXIMATION IN THE METHOD OF AVERAGING 
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The method of averaging which arises in certain problems of celestial! 
mechanics was first applied by Van der Pol | 1,2] in problems of the theory 
of nonlinear vibrations. The method was further developed by Faton [3 ], 

Mandel’ shtam and Papaleksi [4], Bulgakov [5,6], and Bogoliubov [7]. 


In the present paper we consider a quasilinear vibrating system, which 
contains one nonlinear dependence on one of unknown coordinates. The 
properties of averaged equations of motion are investigated ("shortened’, 
in the first approximation). This work is based on one version of the 
averaging methods devised by Bulgakov. It is shown that with few assump- 
tions the averaged equations can be reduced to a special form, which 
allows the establishment of certain properties, and is also useful] for a 
number of specific problems. 


1. Let us consider a certain vibrating process of a system with n 
degrees of freedom defined by the equations 


h 


D) y;, (y, t) , n), (1.1) 


where y, are unknown coordinates and f ,(D) is a polynomial with constant 
coefficients. Only one of the functions ve, say Way, t) depending on one 
coordinate y,; and time, can be different from zero. Let f(D) || f 46D) | 

be a matrix of the system (1.1), F(D) || Fi, (D) 


| is the adjoint matrix, 
such that Fy (D) is the algebraic complement of the elements of fj, 6D). 


By A (D) = det f(D) we denote the determinant of the system (1.1), which 


has @ real roots 1, 6) and conjugate complex roots 
assy 


We introduce the following assumptions: 


1010 


| 
k=] 
4 
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(a) Determinant A (D) has only simple roots: 


(b) Determinant of the coefficients of the highest derivatives in (1.1) 
differs from zero: 


(c) Every coordinate or its derivatives are contained in (1.1). 


Using the assumptions above we can transform the system (1.1) to 
normal coordinates, as done by Bulgakov [6 ] in the general case. 


The formula of transformation has the form: 


Here °; is the order of highest derivative of coordinate y. in (1.1), 
a), up, are new unknowns (normal coordinates) which satisfy equations 


In these equations y; is replaced with the aid of equation (1.2). 
quantities entering into equations (1.2) and (1.3) are defined as 


Here s,, s, are arbitrary coefficients, Fria). tia) Pah). 10h) 


(€, + i@,) are elements of the matrix F(D) which are not zero for given 
o and A, 


| 
? 
d / Vv! 4 \! ‘ 
me 7, COs oh. 
a4 
= + — (y,, 
4 it 
at LA’ (e, ) 
at h A + Ia, j 
: 
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Equations (1.3) are exact. To obtain simpler approximate equations, 
we will add new conditions to those previously stated in (a), (b), and 
(se). 


We assume that: 


(d) The frequency w is such that the relation B,@, + Bo@y + «++ + 
g@® = 0 is not fulfilled for any integral values of Ep. which are not 
all simultaneously zero. 


(e) The quantities are small compared with 


(f) The function Waly) t) is smal] (quasilinear system). 


(g) For variations of ¢t, if it enters explicitly, varies slowly 
8 compared to variation of argument u,. = 
S With these conditions, equation (1.3) has a "standard" form and permits 

: of averaging with respect to al] variables. After averaging we obtain 

, thduy...dug (1.5) 

od In averaging, é, a,, ¢ are considered as constants. 

‘ : The equations of the first two groups do not contain Up. From the 

E third group u, can be obtained by quadratures. 

2. Assume that any of the quantities V ig = 1, 

; -, ) in (1.2) are not zero. Obviously, this restriction is not 

q essential, because if it is not satisfied, the first two equations from 

é the above group can be integrated and the problem becomes trivial. We 

z introduce new unknowns according to the formula 


wr 


ap 


Then the expression (1.2) for Y) takes the form 


0 


(tty pp ) 
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| 
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Equations (1.5) and (1.4) lead to 


. . 


\ (yt) duy .. .dug 


F,..(e, + iw,) 
Ay = \ \ e thdur ...dug 2.4) 
A’(e,, + iw) 


It is easy to show that 


\ sin + Yn du, = 0 


Consequently, 


i, = \ tad d (2.5) 
h A’ (€, + iw,) h th 


Substituting equation (2.5) into equation (2.3) we obtain 


(x..) 
\ \ Yn t) .. . dug 


dr 


F 


dz 
dt (27) A*(e, + iw,) \ \ COS (up, + du... dug 
(2.6) 
du F (e, + iw,) 
h 2 Im T FO), 
- — In, +y¥ 
h [ + \ \ COS (uy + (Yy, t) dur... dug 


fom i,...,0, 


Let us consider the function 


bad vy 
®(2,,... \ (y,, td d d 
(2n)* ) 


which is obtained by the original averaging for the function wy) t). 
We will now find the partial] derivatives of this function with respect 
to its argument (0 = 1, ..., 6), z,(h= 1, ..., ). If im a certain 


a 
(o=1,...,0, h=1,..., 9) 
where 
4 (2 7) 


> 
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domain, the variables Xq pe Up satisfy the following conditions, the 
function 


v,, (y, t) dy 


0 


integrated with respect up, for any tgs Zhe has bounded partial deriva- 
tives 0d, /dx,, dd, /dz,, also integrable with respect to u,, then the 
derivatives of the function ® can be found according to the rule of 
differentiation of an integral. 


Evidently, the indicated condition is fulfilled for a sufficiently 
large class of functions yp, t), in particular for stepwise-continuous 
functions often met with in practice. 


Hence, equation (2.6) can be written in the form 


aD 
a 


where the function ®= M (x,, ..., 29, 2,, «++. 2 t) is given by equa- 
tion (2.7). For the solution of a number of problems this equation is 
more convenient than the previous one. However, further transformation 
of equation (2.8) succeeds in giving another form, which appears useful 
for the solution of specific problems, but mainly for the investigation 
of the general properties of the averaged equations. 


Assume that both the quantities 


F + iw,) 
Ne 


A’ + iw,) 


are not zero. Lf this does not hold, then the problem of investigation 

of equation (2.8) is trivial, because in that case a part of the equation 
is integrable, and by substituting the result of integration in the re- 
maining parts, we obtain another form of equation (2.8) with fewer un- 
knowns. Let us introduce the function 


1014 
: \ 
dt A (x) 
dt (e, + iw, ) uD 
dt L A’ (e, + iw,) Oz, 
2 au, 2 F, ©, ) 
dt | A’ (ec, + tw,) Oz, 
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8 

h=1 


Then, the first two groups of equations (2.8) have the form 


dr ay ay 
». 


a 
= 0 h 
dt dt Oz) 


(2.10) 


=1,..., 9 


In symmetric notation 


= 8), r Posh (A=1,...9, i= 


equations (2.10) are transformed into a compact form 


dr 
ap, (i= 1,...,0+ 9) (2.11) 
dt Oz; 


which we can, after substitution 


a= Vir | 


reduce in the same way to the form: 


dt 


3. The form of equation (2.12), which is the result of averaging equa- 
tions (1.5), permits the establishment of certain properties of the solu- 
tions of these equations. The character of the curves of the system (2.12) 
essentially depends upon the sign of the quantity Pie The problem of the 
dependence of the properties of the initial system (1.1) on the signs of 


these equations can be partially solved by using the following assumptions. 


For the signs of ri to be identical, it is necessary for the integral 
part of the fraction DF, (D)/ \ (D) to differ from zero, or for the 
fraction itself not to vanish at D= 0, 


In the sequel we will consider mainly systems with identical signs of 


r;, which do not depend explicitly on the time-function Y’. In this case 
equation (2.12) has a form 


a 
0 
ij 
‘ (21, «9 Z1,-- =4| ad 
q 
where 
x 
10¢ 2, = (o=1,...,0, imi,...,9) 
9%) 
q 
where 


<n 
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dr. 


i 


, 8+ 9) (3.1) 
dt 


for r;, > 0. The form for ri < 0 is obtained by changing the sign either 
of the function VY or the time t (here the dash sign is omitted, in 
order not to complicate the notation). The function Y in equation (3.1) 
represents the velocity potential: 


The system being considered has been proved correct by a theorem of 
Barbashin [ 8 -F If a dynamical system possesses a single-valued velocity 


potential, then every point of the space MW for which it is prescribed is 
either in motion or at rest. 


Hence follows the particularly important deduction: among the integral 
curves of the system (3.1) closed cycles do not exist. 


Consider the behavior of the integral curves of the system (3.1) in 
the neighborhood of a singular point. Let the function ¥ be such that in 
the neighborhood of the origin it can be expanded in a Maclaurin series 


5 


7 


x 


2 - x; 


Because the point [0, ..., 0] is a singular point, ¥’. (0, 
then the motion close to this point is defined by equation’ 


0+ 9) 


We assume, as usual, that the determinant of the right-hand side of 
equation (3.2) differs from zero. Obviously, the roots of the character- 
istic determinant of the system (3.2) are represented by means of the 


1! 177 


symmetric matrix || - (0, ..., 0) ||, and consequently are all real. 


The general solution of Bquation (3.2) has the form 
8 8) 


where C, are arbitrary constants, Ai, are constant or polynomials in ¢t 
and all A, are real. Hence it follows that in the case of two variables 
the singular point is either a nodal or saddle point but not a focus. 


It is possible to give a geometrica)] interpretation for equation (3.1). 
In fact, it follows that the vector dn with coordinates dz,, ees dzp, 


1016 
6.5 
 ¥ 
0 
Le 
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is collinear to the vector grad VY, but the vector grad ¥ on the surface 
Y = C is orthogonal to the function ¥. Thus, the trajectories of the 
system (3.1) are orthogonal to the surface P= C. In addition, note that 
singular points of the system (3.1) defined by the system of the equations 
ov Ox, = O( i= 1, ..., 0+ ) represent stationary points on the sur- 
face PY. These circumstances permit the study of trajectories of the 
system (3.1) to be reduced to the study of the property of the surface ¥. 
Now we look for a completely arbitrary function ¥. By virtue of equation 
(3.11) it follows that 
av’ av dr 
dt 
Therefore, for the motion along the trajectories, the functions w can 
only increase and its derivative is zero only at singular points. The 
extrema of VY are nodal and saddle points - saddle points of system (3.1). 


The properties exhibited by the system (3.1) make it possible to pro- 
pose an approximate method for the construction of the integral curves 
contained in the construction of the family W = C for different C, and 
also to construct orthogonal trajectories to that family. It is evident 
that such a method cannot yield significant accuracy; however, it permits 
us to obtain a satisfactory qualitative picture of the location of the 
trajectories in the phase space. 


Note one more possibly useful graphic analogy. In case of two vari- 
ables, considering the surface ¥ (zy, 
is easy to establish that equation (3.1) determines the projections on 


z,) in three-dimensional space, it 


the horizontal plane [x,, x, | of the material points moving over the 
) under the influence of gravitational and frictional 


surface 
forces. 


4. To give an example of the application of the theory, we consider a 
gyroscopic pendulum, close to the position of equilibrium, under the 
influence of a small moment caused by the force of dry friction along one 
of the axes. 


The equations of motion in this case have the form [9 ]: 


i + la = F signa, 


Denoting 


the equations above can be written in the form 


tae 
A 


4 
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ca=hsign®, (5 26 = 0), (4.1) 


The determinant of the system (4.1) has two pairs of imaginary roots: 


4 dD t- 


1,2 34 


Transformation of equation (2.2) for (2 and equation (2.8) in new un- 
knowns have the form 


2, COS (My 


dz» 


at 


where 


h . j 
(2), 22) \ \ sing | 21 — (4 — k*) K (4.3) 


E(k), K(k) are complete elliptic integrals. From the last two equations 
(4.2) it follows that the vibration is isochronic. 


: Consider the first two equations for the amplitudes. It is easy to 
show that 


Consequently, we have a system for which the velocity potential can be 
obtained and the deductions of Section 3 are valid. The function ® in 
this case is a ruled surface close to the right-hand cone. 


For construction of the integral curves the proposed method can be 
applied. For large H, it is easy to show that | w, ” ~ o0*| << |o* - w,* |; 
thus, all trajectories are tangent to the z,-axis, and the frequency of 
vibration o, (nutation) is damped faster than the frequency @, (precession). 


It follows from (4.3) that O09 /d:,, 0 /dz, are always finite and the 
vibrations are damped in a finite time. If in equation (4.2) and (4.3) 


4A ; we introduce polar coordinates, then the equations for amplitudes can be 
2 evaluated by quadratures. In contrast to [9] the solution is obtained 
\ in all the phase plane. 


1018 
+ 
= ) 22 cos (us + y2) 
d: @;? o® w,? aw duy duy 
at Oz |_| O22 at at 
; 
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(POSTROENIE TOCHNYKH RESHENII URAVNENIIT ODNOMERNOI 
GAZODINAMIKI PRI NALICHIT RAZRYVOV) 


PMM Vol.22, No.5, 1958, p.720 


E.V. RIAZANOV 


(Moscow) 
4 (Received 4 July, 1958) 


In the paper by Korobeinikov and Riazanov [1] in order to find exact 
solutions with discontinuities, the particular solution of one-dimensional 
gas dynamics found by Sedov [2] was used. 


Taking into account that the shock wave propagates into the gas at 
rest with initial variable density p = P,(r) and constant pressure Py 
the authors showed that the special difficulty of the given problem con- 
sists in finding solutions of the following differential equation of the 
a first order of the Riccati type: 


_ly4 (1 


iv? ix+u 
The notation is as in reference [1]. In articles [1,3 ] special cases 
of equation (1) were examined when k = 0, B= 0, y = 1. 


In the present note, a general solution of the problem is given for 
arbitrary «x and y. Using the particular solution y = — (y + 1)/2p, we 
a= can obtain the general solutions of equation (1) in the form 


see teu’ 


where C, is a constant. For r>(m) we get 
Pe (u) = 43) (C, 


where C, is a constant of integration. Following the method presented in 


papers (1,3 ] it is easy to obtain all the relationships of interest to 
us 


| 4 _| du (2) 
é 
1020 
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The arbitrary function P(x) will then be as follows: 


fy | 1) 


P(r) 2) | py [1- cl 


y's 


where w(x) is found from the relation 


The integral J, (mu) can be expressed in terms of elementary functions 
in only two cases (in addition to the one examined in [1 ] 


Ny + 2n,, +3 


zn, + | 


The solution constructed here can also be obtained by another method 


[4]. 
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ON BONNET’ S THEOREM 


(0 TEOREME BONNE) 


PMM Vol.22, No.6, 1958, pp.724-729 


Vv. B. EGOROV 
(Moscow) 


(Received 25 July 1957) 


The generalization of the Bonnet Theorem presented in this paper proves 
the possibility of a motion of a particle along a curve, under the action 
of an equivalent [ resultant ] force (resultant motion), if motions under 
the action of component forces (partial motions) are also possible. With 
the help of the above generalization, certain theorems of Bonnet [1 | 
Lagrange [2] and Talikvist [3] on the motion along hyperbolic arcs in 
the problem of two fixed attracting centers are corrected and made more 
precise. 


1. The generalization of Bonnet’s Theorem. In 1844, Bonnet 
([1], p. 13) proved the following theorem: If several masses m, m’, m™, 
«++, acted on by forces F, F’, F”, ..., respectively, with initial unequal 
codirectional velocities, Uy, UV)", v,”, «++, with the same initial posi- 
tion A are tracing the same curve ABC, then a certain mass M acted on by 
forces F, F’, F”, ..., with initial velocity V colinear with velocities 
Vo. ie V,, «++, at the initial position A will trace the same curve 
ABC, if the forces F, F’, F”, ..., are independent of time and the 
initial kinetic energy of the mass M equals the sum + + 


nv”? + , «ee, Of the initial kinetic energies of the masses m, a’, m”™. 


A generalization of the above theorem is as follows: 


Theorem. Let each of the masses n,, Ma, -++s My acted on by forces 


F.(i 1, 2, ..., m), which depend only on the position, trace a curve AB, 
and let v;, be the velocity of the mass m,; at the initial point A, Then 


1) A certain mass M, acted on by the force 
F=a,F,+...+4,F, 


(where a. is a constant), having velocity V, with the same direction as 

. 
Vig at the point A, will trace the same curve AB, or part of it, if, and 
only if 
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= + + >0 (1.1) 


2) Conversely, if curve AB traced by mass M with velocity V acted on 
by the force 


F =a,F,+...+a,F, 


then along curve AB 


In this way forces F. and the corresponding motions could be regarded 
as base forces and base motions by analogy with vector spaces. The 
original Bonnet theorem is a special case of this generalization, and is 
obtained by putting a, = + 1, 


The equations of motion are linear with respect to masses and forces; 
therefore, the proof of the first part of the generalized theorem is 
almost identical with the proof of Bonnet. 


F 


n’ 


Let us call the motion caused by one of the forces Pas Pas ai 
acting alone, a partial motion, and the motion caused by force F, the 


resultant motion. 


If in the resultant motion mass M does not trace curve AB, then we 
shall apply a force N. normal to the curve, such that the action of F + N 
will cause ¥ to trace curve AB. Then 


MdV/dt = a,F,+...+a,F,+ N (1.3) 


where V is the velocity vector of mass M at any point C on the curve AB. 
Multiplying scalarly equation (1.3) by the vector of elementary displace- 


ment along the curve, d., we obtain 


dMV? = 2(a,F,-d, +... + (1.4) 


If in the partial motion v, is the velocity of the mass m (i = l, 
.., m) at a point C, then similarly to (1.4) for the same displacement 


d. we have 


dm,v;? = 2F;-d, (i= 1,...,2) (1.5) 


The intervals, corresponding to the fixed displacement d_, are diffe- 
rent in the partial and resultant motions because of the different velo- 
cities v, and V, The positiondependent forces F., however, are the same 
in (1.4) and (1.5), and the corresponding scalar products (1.4) and (1.5) 
are equal at the same point C. 
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Multiplying equation (1.5) by a;, adding together left-hand members 
and right-hand members, and substituting the resulting right-hand member 
in (1.4), we obtain 


dMV? = a,d(m,v,") + . . . + and (m,r,") 


3 


Integrating the above equation, by virtue of condition (1.1) we obtain 
the expression for MV? on curve AB 


(1.6) 


valid at any point of curve AB, and positive on curve AB at least in 
the neighborhood of point A (by virtue of the inequality in (1.1)). 


+ 


MV? = amy? + 


We will now prove that along curve AB, force N= 9. In the plane a, 
normal to the curve, for each partial motion we have 


n = (F;,). (1.7) 


where mn is the unit vector of the principal normal, p is the radius of 
curvature, and the subscript 7 indicates projection in the 7-plane. Pro- 
jecting (1.3) on w-plane, we obtain 


= fa, (Fin +... + +N (1.8) 


Again utilizing the fact that in the partial and resultant motions we 
have the same force F., we will substitute (1.7) in (1.8), obtaining V=- 09 
by virtue of (1.6); point C is arbitrary, hence V must identically equal 

zero, which was to be proved. 


We will now prove the second part of the theorem. Projecting the equa- 


tions of partial and resultant motions on the 7-plane, we obtain (1.7) 
and (1.8), by virtue also of the conditions of the second part of the 
theorem N= 0. Once more using the equality of F. in (1.7) and (1.8), and 
substituting from (1.7) F, multiplied by a, into (1.8), and then mlti- 
plying (1.8) by (pm), we obtain an expression which proves the second 
part of the theorem. 


The first part of the theorem does not tell whether the resultant 
motion along curve AB originating at A is possible when condition (1.1) 
is not satisfied. The second part of the theorem answers in the negative, 
for if such a motion were possible then condition (1.1) would be satisfied 
at every point of the curve. 


The time independence of the forces F., assumed by Bonnet is in- 
sufficient for the proof of the Bonnet and of the generalized theorem; 
it is necessary for forces F, to be dependent on the position C only. 
Indeed, if the forces F. depend on some parameters which at C are 
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different for partial and resultant motions, for example velocity, then 
the theorem cannot be proved. On the other hand, forces F. need not be 
purely positiondependent. For example, forces depending only on the tra- 
jectory curvature or on the direction of the velocity are in general not 
positiondependent, but are so when the trajectory is fixed. Moreover, 

forces F. could be given only along curve AB but unspecified elsewhere. 


If the forces depend not only on the position C, but also on the mass, 
that is if F. ~ k (m)f (C), then the generalized theorem remains valid if 
in the parts (1) and (2) of the theorem the mass m, is replaced by 
mk (M)/k (m.). Masses completely cancel out in conditions (1.1) and (1.2) 


when Mm = Ma = oes Me This occurs when the forces are mass- forces. 


The generalized theorem can also be proved for a constrained motion of 
a particle, when curve AB lies on a smooth surface. Indeed, the reaction 
forces N, and No in the partial and the resultant motions are respect- 
ively normal to the 7,-plane, which is tangent to the surface and to tra- 
jectory AB. The force N which constrains the particle to trace curve AB 
may lie in the 7,-plane. Now, instead of (1.3) we have 


MdV/dt = (1.9) 


The relations (1.4) and (1.6) obviously remain valid, and (1.7) will 
change into 


m,v,? 


= (File + Nio (1.10) 


Projecting (1.9) on the 7-plane, normal to the curve, we obtain 


= a, +... + an +N + No (1.11) 


Substituting in (1.11) the expressions for (F), from (1.10), we have 


+...+ = N+ No — (a:Nio + + GnNno) 


or, by virtue of (1.6) 
0 = N + No — (a,Nig + . . . + @nNno) 


If we choose N orthogonal to N, and N;, then we have N= 0, N, = 
aNigt ++ + a Noi that is, we have not only proved the first part of 
the generalized theorem for a constrained motion, but have also obtained 
a simple expression for the normal reaction in the resultant motion in 


terms of normal reactions of the partial motions. 


The proof of the second part of the theorem follows, if instead of 
equations (1.7) and (1.8) we use equations (1.19) and (1.11). 
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Note: It can easily be shown that the generalized theorem can be fore- 
ulated and proved in the following symmetric form: 


Let (mn — 1) particles among a set of n particles trace the same curve 
AB or part of it, starting from point A with initial codirectional velo- 
cities v i0 and under the action of the positiondependent forces F (i= Bé 

«+» respectively. Then 


(1) The remaining mass ™, will trace the same curve, or part of it, 
if there exist real numbers afi = 1, ..., m) such that 


a,F,+...+a,F, =0, + ... + = 0 (1.12) 


and the value of mr). derived from (1.2) satisfies =>). > 0 


(2) If curve AB is traced by the remaining mass 7 under the condition 
a,F,+ ... +a,F,=0 


where a, are real numbers, then at any point of the curve 
+ a,m,v,* =0 (1.13) 


2. Example of an application of the generalized theoren. 
Suppose we wish to know whether or not a motion of a mass M on a curve 
AB under the action of the sum of the given forces ®,, 6668 e, is 
possible. 


If for every force ®; we can find a mass m, and a constant a; such 
that m, would trace curve AB under action of force F. = ®,/a,, then the 
generalized theorem fully answers the question, for the motion of the 
mass m, under the action of force F. can be regarded as partial motion, 
and the motion of mass M under the action of the equivalent force 


a,F, + ®, + 


as the resultant motion. It appears that a force required for the partial 
motion can differ from a given force by a scalar factor. By introducing 
forces F. differing from given forces ®., we can analyse motions to which 
the original Bonnet theorem is not applicable. We will illustrate this by 
an example. 


In the problem of motion of a particle gravitationally attracted by 
two fixed masses a and f, Lagrange [1] - using the elliptic coordinates 


s=r+q and u=r-q, 


where r and q are distances of the particle froma and fi respectively - 
reduced the problem to quadratures. He showed that the particular solu- 
tions of the problem are 
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where s 


and uy are multiple roots of the polynomials 


S = S(s) and U = Ulu), 


0 


which are under the radical sign in the denominators of the integrals. 
The solution s = s, is an ellipse with a and f as the foci, and the solu- 
tion u = u, is one branch of a hyperbola with the same foci. Moreover, 
Lagrange states ({2], p. 129): *In this way, the particular solutions 
discussed above give ellipses or hyperbolas traced around the force centers 
a/r? and B/q’, taken as the foci. Since the polynomials S and U contain 
three arbitrary constants A, B and C depending on the initial direction 

and initial velocity of the particle, it is clear that we can always 

choose these parameters in such a way that the particle will trace the 
prescribed ellipse or hyperbola with a and 8 as foci." Using the general- 
ized theorem, we will prove that the above statement, valid for an 

ellipse with the foci a and # is not valid for any hyperbola with the 

foci a # f, and we will show all those branches of hyperbola given by the 


solution u = u,, which can be traced about the foci a 4 fA. 


Legendre ([8], p. 426) also proved, independently of Lagrange, that 
an arbitrary ellipse with foci a and f is a solution of the problem. 


In paper [1] already mentioned, Bonnet claimed (before formating 
his theorem) that the above statements by Lagrange and Legendre follow 
from his theorem. Bonnet’s claim must be corrected, because Lagrange’s 
statement with respect to the hyperbolic solution u = u, does not follow 
directly from Bonnet’s theorem. Indeed, a fixed branch of hyperbola with 
foci a and f does not satisfy the conditions of Bonnet’s theorem; as its 
concavity is turned towards one of the attracting centers, it cannot be 


traced under the action of the second attractive center alone. 


This was noticed in 1866 by Sylvester [4] who mentioned that Bonnet’s 
theorem could be made applicable to hyperbolas by the introduction of 
negative kinetic energies and imaginary motions. 


However, the generalization of Bonnet’s theorem proved in Section 1 
can be applied to hyperbolas without the use of imaginaries. By the intro- 
duction of repulsive forces for the partial motion, the problem of exist- 
ence regions and other properties of purely hyperbolic motion can be 

fully solved by this generalization. Since the centers are always in the 
plane of the hyperbola, it is sufficient to resolve this question in one 
plane only. 


Using polar coordinates r, 6, we will consider the motion of a particle 


under the action of a central repulsive force, inversely proportional to 
the square of the distance. The integrals of kinetic energy and area are 


| $= and u= Uy 
4 
4 
ad 
} 
ay 


On Bonnet’s theores 


respectively 


+ h (u < 9), r const 
which are similar to the corresponding integrals in the case of an 
attracting mass # > 9, the difference being the sign preceding yp. 


From these two integrals it is easy to derive the solution 


P 
r (6) = 1 + ecos8 
which is similar to that in the case of an attracting mass » > 0, where 


p has the same sign as yp. 


Since » < 0, the positive values of r, corresponding to real tra- 
jectories, exist only when e > 0, which means that we can have only hyper- 
bolic motion (when e < 1, by virtue of p < 0 we have r < 0). Besides, the 
repulsing center is not the nearer focus but the distant one with respect 
to the branch traced. This proves quite convenient for the solution of the 
problem by the generalized theorem. 


With the proper choice of units of mass and time, we can have the dis- 
tance between the centers equal unity, the attraction constant equal 
unity, 1, i.e. a= 1- let a, that is 0.5 (In Fig. 
1, B= 9.1). 


Since a branch of the hyperbola with the focus ( can be traced not 
only under the action of one attractive force Fp, \Fa| = B/rp attract- 
ing toward the focus A, but also under the action Jo repulsive force 
F AFI ~ a/r,’, repulsing from the focus a, and since the resultant 


a . 
force F in our problem of two attracting centers is 


F = F, + (—1)F, 


the first two motions can be regarded as partial motions, and the motion 
caused by the force F as a resultant motion. We will assume that the 
masses m, = m, = M, and the acting forces are mass forces. We can now 
apply the generalized theorem and determine where along the hyperbola the 
kinetic energy for the resultant motion is positive, that is, determine 
where the motion along a corresponding hyperbola is possible. 


Applying the area and the kinetic energy integrals of the partial 
motions at the point C, which is the intersection of the given branch and 
the line a8, and also at a point at infinity, we obtain 


2 


PacYac = dV 500 
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where d is the distance from the asymptote to the focus, and Ue and 7. 
are the corresponding velocities. 


Introducing the angle y between an asymptote and the line af, we have 
Tee = —- COs 7), Tac = (1 + cos 7), d siny (2.1) 


Eliminating v,. and vg. through area integrals, and taking into 
account (2.1) and then applying (1.2) for the resultant motion, we obtain 


2 cosy’ ~ cosy’ cosy @-2) 


Since 8 < 1/2 when y < 7/2, it follows for the velocity at infinity 


1/2 V2 < 0, 
which agrees with the second part of the theorem that the motion from 
infinity is impossible. 
When y > 7/2, we have from (2.2) that 
Ay > 0; 


hence for a # 8 the motion from infinity is possible, but only on a 
branch about the larger mass. In the latter case, when the branch 
approaches the line r, = rg, that is when y + 7/2, the quantity V_ 
approaches infinity. After finding kinetic energies for partial motions 


we construct the function 


T + (—1) = 4 (2.3) 


cos 


The function T is obviously symmetric with respect to the point C and 
has a maximum at C. Using (2.1), we find the dependence of V_ on the 
orientation of a hyperbola: 


| 
T, (1 — cos y)* (2.4) 


cos y sin*y 


For y < 2/2 


(1 —cos y)* 
T.>0 when p> 


The above condition for 8 is satisfied for all y < y*(8), where the 
expression y*(8) is obtained from the condition T= 0. 


; 
cos Y 
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The graph of y* versus 8 is shown in Fig. 2, where y* is on the 
abscissas. It is seen that y* grows monotonically, approaching infinity 
asymptotically at the points 8 = 9 and 8 = 1. On the branch where y < y* 
near the point C, there exists a region where T > 0. 

a+V ae _ 


To=acosy, rg=bcosy, a= 


This region mst be bounded by the locus of points V = 0. Substituting 
T = 0 and r'g= COSY + rp in (2.3), which is obviously valid for the 
branch of hyperbola corresponding to the angle y, we obtain 


(28 — 1) (cos + rg) rs + (1 — B) rg cos 7 + cos 7 (cosy + rg) = 0 


Solving the above quadratic equation, we find rp and r, = cos y + rg’ 


1— 28 


rs 


If we reject the minus sign, which gives rp < 0 when 8 < 1/2 and 
y < 2/2, and replace 1 - A by a, then the above formulas reduce to the 
formulas (2.5). 


In (2.5), neglecting cos y and converting to Cartesian coordinates, we 
find that the curve defined by the parametric equations (2.5) is a circle 
of radius MP /(a - 8), in which the distance between the center and 
the point 8 coincides with the line afand equals A/(a - A). 


Motions along the hyperbolic arcs are possible only inside this circle. 


A body starting with zero velocity from the point A on the circum- 
ference will perform oscillatory motion on the hyperbolic arc ABC about 
its vertex C (Fig. 1). 


: 
1033 
SNA 
‘ 
4 
‘ ay 
“a 
Pig. 1. 
q 2 


1034 V.B. Egorov 


The amplitude becomes maximum at y = 9, decreasing and approaching 
zero as y + y*. We will prove that the zero amplitude corresponds to the 
libration point L, that is, to the point where the attracting masses a 
and 8 balance each other (Fig. 1). 


Thus the libration point is found from the conditions: 


Ts + Ta 1, ; = V 


ra a 


The above condition restates the characteristic property of the circle 
(2.5); hence, when la + "R= 1, the circle passes through the libration 
point. It can easily be } that inside the circle the attraction of 


mass 8 is stronger than the attraction of mass a. 


Thus, a motion along hyperbolic arcs between the libration point and 
the line r, = rg, that is, along the arcs where y*(B) < y < 2/2, would 
require negative kinetic energy and is therefore impossible. Motions 
along other hyperbolic arcs with foci a and f are possible everywhere in 
the half-plane rg > r,, whereas in the half-plane 1B < Tq they are 


possible only inside the circle (2.5). This result conflicts with 
Lagrange’s statement on the possibility of motion along any branch of a 
hyperbola. 


There is only one special case, 8 = a = 1/2, when motions are possible 
on any branch of a hyperbola with foci a and f. In this special case the 
velocity at infinity V = 0. When 8 approaches a, the circle (2.5) 
approaches the line rp = Tas the region T > 0 becomes unbounded, and al! 
zero-velocity points, except the libration point, recede to infinity. On 
account of the symmetry of the force field, the oscillatory motions along 
the line r, = rg can have arbitrary amplitudes, and velocities at infinity 
may assume any numerical value. 


Remarks. 1. In this second paper di, p. 233) Bonnet gave a new 
proof of his theorem (formulated less generally than in 1 above) in 
which he again neglected its application to the hyperbolic solutions and 
also failed to notice that the theorem could be considerably generalized 
and made much more exact. 


Witteker, who presented Bonnet’s theorem in his book [5], also over- 
looked the possibility of greater generalization and exactness. He form- 
ulated Bonnet’s theorem (Section 51) through purely positiondependent 
force fields, thus avoiding the inaccuracy contained in the original 
Bonnet formulation, 


Nevertheless, in discussing the problem of two fixed centers in 
Section 53, Witteker applies Bonnet’s theorem to confocal ellipses and 
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hyperbolas, obviously not realizing that the theorem does not apply to 
hyperbolas. 


Badalian [6,7], one of the later authors interested in the problem 
of two fixed attracting centers, makes the same mistake in applying 
Bonnet’s theoren. 


2. Badalian classifies all possible kinds of motion in the problem of 
two fixed centers, showing in particular two classes of motion along 
hyperbolas (for h> 0 and h< 0, where A is the constant kinetic energy), 
but he does not derive regions where motions of a given class can exist. 


The possibility of oscillatory motions along hyperbolas is not a new 
discovery; it was noticed by Legendre ((8], p. 511), who briefly mentions 
that a condition for an oscillatory motion is that the velocity should 
depend on the position on the line a. Legendre made no detailed study of 
this dependence, did not derive the regions of existence, and failed to 
notice that a motion satisfying his condition is not necessarily oscilla- 
tory, but may also be a non-oscillatory motion along a hyperbola to in- 
finity. 


The two kinds of hyperbolic motions were first pointed out by Charlier 
[9 - who classified all possible motions and showed the relation between 
the initial energies and the position. Charlier too does not analyse this 
relation, only mentioning that oscillatory motions along hyperbolas occur 
when h< 0, receding to infinity when h> 0, 


3. Among the many papers on the problem of two fixed centers, there is 
only one study in which the derivation of existence regions for hyperbolic 
motion with foci a and # is attempted, namely that by Tallkvist [3], who 
discusses the problem of two centers for more than 500 pages, Using co- 
ordinates A and deduced from the expressions * A+ A — p, 
when p, > 0, for the oscillatory motion along a hyperbola Tallikvist ob- 
tains the relation between the initial energy h 0 and the position in 
the form 


(3 2 Ao? — c? my me 


where 2c is the distance between the particles =a and > B. Tallkvist 
makes the correct conclusion that such motions are possible only when 


Ho — (2.6) 
lotto my 


and labels the case Vege It is, of course, clear that under the conditions 
(2.6) a hyperbola must pass between L and f (Fig. 1), which was to be 
expected. 
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But for the case labelled Veg that is, for hyperbolic motions with 
h> 0, Hy < 0, Tallkvist obtains the erroneous (in sign) formula again 
leading to the condition (2.6), which is wrong for h> 0, Hy < 0 (when 
Bo < 0, then the left-hand member of (2.6) cannot be less than the right- 
hand member). 


m, me } 
dt Ho (Ao.+ (Ao — Ho)? 
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ON A CASE OF SMALL VIBRATIONS OF A PHYSICAL 
PENDULUM WITH A MOVING POINT OF SUPPORT 
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The problem of small vibrations of a physical symmetric pendulum about 
the position of relative equilibrium is to be considered. The point of 
support moves close to the surface of the earth, and the parameters of 
the pendulum are so chosen that in the position of relative equilibrium 
its dynamic axis of symmetry coincides with the direction to the center 
of the earth. 


Paper [1] establishes the following conditions to be satisfied by a 
heavy rigid body with an axis of dynamic symmetry and so fixed at one 
of the points along this axis (pendulum) that its axis of symmetry co- 
incides with the direction to the center of the earth for arbitrary 
motions of the point of support on the surface of the earth. 


1, The reduced length of the pendulum equals the radius of the earth: 


AoR (0.1) 


ma 


Condition (0.1) is the well-known Schuler condition [2 Fe 


2. One of these two requirements is satisfied: either the projection 
of the absolute angular velocity of the pendulum on the direction to the 
center of the earth (in the position of relative equilibrium, coinciding 
with the axis of dynamic symmetry of the pendulum) at the instant of the 
beginning of motion wo, (0) = 0; or the moment of inertia of the pendulum 
with respect to its ax{s of dynamic symmetry C= 0. 


If conditions 1 and 2 are satisfied, the axis of dynamic symmetry of 
the pendulum will] always coincide with the direction to the center of the 
earth, provided the two were coincident at the instant of the beginning of 


motion, 
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This paper considers smal! vibrations of the axis of dynamic symmetry 
of the pendulum about the direction to the center of the earth, for the 
case when, at the instant of the beginning of motion, the axis of dynamic 
symmetry does not coincide with the direction to the center of the earth. 
The study of these vibrations permits us to judge the degree of stability 
of the position of relative equilibrium found in paper {1}. Initially, 
just as in[1], the point of support of the pendulum is assumed to move 
on the surface of the earth, which is taken to be a sphere, and the 
gravity of the earth is assumed to form a central field. Later (Section 
4), the case of arbitrary motion of the point of support in the neighbor- 
hood of the surface of the earth is considered, and the earth’s gravity 
field is taken to be non-central:;: in this case the compensating moments 
which must be applied to the pendulum(in addition to conditions 1 and 2) 
for a position of relative equilibrium to exist, are determined. 


1. We introduce the following right-handed rectangular systems of co- 
ordinates: O°&**¢€*, the origin 0” of which coincides (Fig. 1) with the 
point of support of the pendulum, and which moves arbitrarily on a fixed 
sphere S of radius Ry, which is concentric to the earth's surface; the 
orientation of the axis remains unchanged with respect to the fixed stars. 
The system of coordinates 0’&*n*¢* thus moves in forward motion with 
respect to fixed stars. 


The system 0’x.y.z. is connected with the pendulum (Fig. 2) in its 


undisturbed motion in the position of relative equilibrium; the axis 0’z, 


of this system of coordinates coincides with the axis of dynamic symmetry 
of the pendulum, and is directed from the center along the radius of the 
earth; the axis O’x, and O’y, lie in the tangential plane to the sphere 
S and therefore also to the earth. The system O’xoy¥o2%) is thus Darboux’ s 
trihedron on the surface of the earth, connected with the point 0° 


The system O’xyz is connected with the body of the pendulum (Fig. 2) 
in its disturbed motion about the position of relative equilibrium; the 
location of the system of coordinates O’xyz with respect to the system 
O’ x,y,z, is determined by two angles a and f (a and ff are small) in 
accordance with the table of direction cosines*: 


The disturbed position of the pendulum is here determined by two 
angles, since we are interested in the motion (deviation from the 
direction to the center of the earth) of the axis of dynamic symmetry 
of the pendulum, 
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Fig. 1. 


The axis 0’: is the axis of dynamic symmetry of the pendulum, and the 
center of gravity c of the pendulum has the coordinates 
(1.2) 
The axes of the system of coordinates (’xyz are directed along the 
principal axes of the ellipsoid of inertia of the pendulum, which is an 
ellipsoid of rotation; therefore 
I sy yz = = 0, = ly = A, (1.3) 
2. We form the equations of motion of the pendulum with respect to the 
system of coordinates 0’°&*n*C* in projections on axes O’ xyz; to this end 


we use Enler’s equations, which in our case have the form 
Adw, /dt + (C — A) w,w, M, 
Adw, —(C — = M, 
Cdw,/dt=M, 


t\ 5 
VOL. 
22 
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If o,,, @yo, Wo are the projections of the absolute angular velocity 
of the system of coordinates O’ x,y Zz) on its axes, then, taking (1.1) 
into consideration, we have the fo! lowing expressions for the projections 
of the absolute angular velocity of the pendulum on the axes xyz fixed 
on it: 

@, = Wy, — @,,8 + da / dt 
Wy = Wy, + @,,% + d3 / dt 


= Wy, — Wy,% + 


(2.2) 


To calculate the moments M. : MY, My. we note that in the present case 
they are composed of moments due to the gravity of the earth and to the 
inertia forces produced by the motion of the system of coordinates 
O’E*C*, in which the equations of motion of the pendulum are formated. 
Assuming the attraction of the elementary masses of the pendulum due to 
earth, to be reduced to a single force F directed along the radius of the 
earth to its center® and having the magnitude F = mg,, where m is the 
mass of the pendulum, and g, is the gravitational force of attraction by 
the earth on a unit mass placed on its surface, and also taking into con- 
sideration that the projections of the absolute velocity of Darboux’s 
trihedron O0’x,y,z,. on its axes** are 


vy, = Rowy,, vy, =— RoWs,, 0 (2.3) 


and taking into account (1.2) and (1.3), we obtain, 


dw. 
M, = — magyx + maR, wy0;,) + maR, + wy,) (2.4) 


dw,, 2 
M, mag op + mak, (—* + + maR, (wx, + y,) B 
M,=0 


Substituting the relationships (2.2) and (2.4) into (2.1), and 
omitting second-order terms, the equations of motion, after an appropriate 
collection of terms, may be written down as follows: 

dw. 
(A mak) (—* — Wy, + Wy,% ) + Coy, — Wy + + 


d a? 
+ Co,, +- ) +A + (mag, — « = 


= A + / 


Special cases of the plane problem of small vibrations of a physical 
pendulum, taking into account the resulting moment of gravity forces, 
are considered in papers [3,4 l. 


** The center of the earth is assumed to be a fixed point. 


1040 
= 
. 
** dt 
= 
=< ° | 


Vibrations of a physical pendulum with a moving point of support 1041 


dw 
(A — maR,) (Se + Wz,0;, + ) — — + w, 8) — 
d 
— Co,, ( ;,8) Py — maRw,, — Aw?,) = 


(2.5) 


— + = 0 


It follows from the third equation, (2.5), that 


C — + = C (wz, — Wye + 5,8) = CH = const 


Taking this into account, the first two equations (2.5) take on the 
form: 


(= 


(A — maR,) — wy: + + CH | + «) + 


d*q 
+A att + (mag, — maRws, = Aw, + =") + 2Aw,, 


d 
may) wane, + — CH (ws, +“ ) + 
de, 
+ + (mag, — maRww,, — Aw:,) = 


From (2.6) it immediately follows that the equations of motion have 
the trivial solution a = f= 0, that is the assumption regarding the 
relative equilibrium indicated above exists only when 


A=maR,, CH=0 


It is easily seen that the condition H = 0 is equivalent to the second 


condition 2: 0 when = 0. 
From (2.6), for C = 0 andA = maR, we obtain 


+ = (ws, + 


d 


« 
where w,* = 


For H= 0 and A= maR,, omitting second-order quantities, we have 


=A \@x,Wve— a — 2Aw,, > | 
dt dt 
20 da 
dt 
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= (2.8) 


d? 
= OLB + 


Equations (2.7) and (2.8) describe the motion of the trihedron Q’ xyz 
with respect to the trihedron O’x,.y,z,, that is small vibrations of the 
pendulum, which satisfies conditions } and 2 in the vicinity of the 
position of relative equilibrium. 


3. It is easily seen that equations (2.7) are invariant with respect 
to the transformation 


"=x acose + 8sine 


= —asine 8 cos (3.1) 


In passing from variables a and f to the variables a’ and A’, Wo) 
and ®,. must be correspondingly changed in the coefficients (2°) to 


de 
dt 


-+- Wy, Sins, Wy, = — iW, Sine + cose, W;, = W;, + (3.2) 

If we put de/dt = -@,,, then equations (2.7) are transformed to 
equations (2.8%); in this case, small vibrations are considered with 
respect to the trihedron 0’x,’y,°z,, which does not rotate about the axis 
O’z, (not rotating with respect to the azimuth, azimuthally free). Thus 
we may subsequently consider only the system of equations (2.8), 


The study of a large class of small vibrations of equipment, which 
determine the vertical on a platform moving on the surface of the earth, 
can be reduced to equations (2.7) and (2.8); for example, if we put 
9 or w,, = 9, then the equations of smal! vibrations of an ideal 
gyro-horizon compass are reducible to system (2.7) [5]. 


z 


The study of the properties of solutions of equations (2.7) and (2.8), 
particularly of the divergence limits of the solution with respect to the 
initial conditions ("excitation" of pendulum), is thus of a certain 
practical interest. 


The systems of equations (2.7) and (2.8) are, in general, systems with 
variable coefficients. Only for special choices of Darboux'’s trihedron 
O’x,.*y,°z,, and the law of motion of the point of support of the pendulum 
on the surface of the earth, may these equations be reduced to equations 
with constant coefficients. 


For example, if the axis 0’x,” is directed eastward along the parallel 
and the axis es northward along the meridian, and the motion of the 


| 1042 
22 
125 
3 
a 
. 


Vibrations of a physical pendulua with a moving point of support 1043 


point of support is along a constant latitude ¢, with constant velocity 
vo, then all coefficients in system (2.7) will be constant. In this case 


d 
= — = (), Wy, = (w +5 ) cos Po. = += sim Po 


where u is the angular velocity of rotation of earth. 


If the motion of the point of support is along a great circle of the 
sphere S with velocity v, then by placing the axes (’x,’ and 0” z, into 
the plane of this circle, from systems (2.7) or (2.8) we obtain 


2 
— + = 0, + Cy - 4 ; = 0 (3.3) 


It is interesting to note that in this case the restoring moment with 


respect to the angle a’ does not depend on the velocity of motion of the 


point of support. 


For the case v = v, = const, the solution of (3.3) is given by harmonic 


oscillations with amplitudes to be determined from initial conditions. 


Otherwise, it is possible for parametric resonance to increase the amp |i - 


tude of the angle A’. 


To estimate the limits of possible divergence of solutions of the 
system of equations (2.7) or (2.8), with respect to initial conditions 


for finite time interval [0, T] for the general case of motion of the 


point of support, reconstruct the solution of the system (2.8) by the 


method of successive approximations. We determine the relationship between 


the n and (n — 1) approximations as 


The zero approximation may be taken as a solution of equations* 


d*a 


Taking for simplicity 


In paper [5] this zero approximation was obtained by complex sub- 


Stitutions from a system which may be reduced to (2.8). 


q 
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we obtain from (3.4) 


Bin) = Ap COS Wot + + Wz,@y,Bin—1)] SIM We (tf — t) dt 


(3.5) 
Bony = COS toot + — \ [0 Bin—1) + SID Wy (t — t) de 


3 : The convergence and uniqueness of the solution determined by approxi- 
mations (3.5) for bounded and continuous are obvious [6 }. 

3 It is easy to construct maximum estimates of the solution determined 
ie by approximations (3.5) for a time interval [0, T]. 

MAX |x, Wy, |) <p 


Then it follows from (3.5) that * 


-0 


Hence 
3pT 
| exp (3.6) 


An analogous estimate is obtained for || . 


The expression (3.6) may be used to estimate the divergence of a and 
8B in time with respect to their initial values; if the form of the func- 
tions w,, and, is not known. In the opposite case, to sharpen the 
estimates, it is better to integrate the approximations (3.5) directly. 
For possible velocities v of the point of support on the surface of the 
earth 


4 Ry Bolt, (3.7) 
and thus the approximations (3.5) converge rather rapidly. It is sufficient 
to use the second approximation for this estimate. 


4. Let us consider the case of arbitrary motion of the point of support 
of the pendulum, close to the surface of the earth, and let us take into 


* Strictly speaking, the estimate is valid for m(l + 1/2) /a, > Te ey Gy 
where | is an integer; for T >> 2n / Gy, this condition may be neglected. 
It may also be omitted if the interval of integration [0, T ] is broken 
up into portions equal to m/2@). 
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account that the gravity field of the earth is not central. (The vicinity 
of motion to the surface of the earth has to be understood in the sense 
that the acceleration of the earth's gravity may be assumed to be con- 
stant in magnitude. In this case @,, @, @, as before, are determined by 
formas (2.2) in equation (2.1), while for the velocities and the moments 
we have 


dR 


Vx, = Roy,, Vy, Re,,, Vz, = dt 


(4.4) 


(dew, dR 
M, — + ma| R — wy,,) —2 dt wz, | + 
+ maR (og + + MY + MY 


‘ dw dR 
M, — + ma | R (FY + +2 ty, | + 
+ maR + w3) 8 + MY’ + MY (4.2) 


where Mm), wi) denote moments due to the horizontal component of the 
force of gravity, while wi2), M2) denote additional compensating moments 
applied to the pendulum. g,° is the radial acceleration of earth's gravity 
at a distance R from its center. 


To determine the moments mM - Mii). in addition to the systems of 
coordinates already considered we introduce Darboux’s trihedron O’&n¢ 
is directed east along the parallel and the axis 0’n northward along the 
meridian. Then, assuming the earth to be an ellipsoid of revolution [7 }, 
we may write 


— — ab sin 29 cos (nyo) 
= — absin 29 cos (4.3) 


Here ¢ is the geographic latitude of the point 0’: 


b 


where d and e are respectively the minor semi-axis and the Krasovskii 
eccentricity of earth's ellipsoid. 


For 
C =0, A=maR (A = const) (4.4) 


From (2.1), (2.2), (4.2) and (4.3) we obtain the equations of small 
oscillations in the case considered: 


q 
ae 
= 
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d*R 


(2) 
2 dR M, 
— sin 2p cos + 


1 { d?R 2 2 e 

+ = (Wy, + + (4.5) 

deo da 2 b 
y, — a — 2w,, 29 cos (7%) + 


ma 


Eqeariqne (4.5) have trivial solutions if the compensating moments 
2) 
mM Mm?) / are formed in accordance with the equations 
M® = ma (—2 Wz, + bsin 2p cos (nYo) 


dR 


(4.6) 
M\ = ma (2 a Ow + b sin 2p cos (Hp) } 


that is, the axis of dynamic symmetry of the pendulum, if the earth's 
gravitational field is considered non-central and if the vertical com- 
ponents of the velocity of the platform are taken into account, will in 
that case be in a position of relative equilibrium coincident with the 
direction to the center of the earth only if the moments Mu? and M2) 
are applied to the pendulum along the axes 0’« and O’y, which are deter- 
mined by equations (4.6). 


If the corrective moments are applied externally to the pendulum, then 
the equations of small oscillations wil! have the form: 


dw. 
(wy, w:,) + — = J 8 + + A. 


dt zt) a — de + Ap 


and Ag are the non-compensating remainders of the disturbing 


r particular interest is the case when the compensating moments 
M2) , M2 2) are formed in making use of the coordinates of the instanta- 
neous location of the object, which may be given by the pendulum itself. 


In this case, also taking into account a possible error in satisfying 
the second condition (4.4) in the amount AR and a possible error 
AdR/dt in dR/dt for the formation of compensating moments, and also 
omitting small changes in the corrections due to the gravitational field 
of the earth being non-central, by introducing the change of variables 
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(3.1) and putting de/dt = - ® for small oscillations we obtain the 
following equations: 


(23 )+ Oy, Wy Wy, (Fix) AR 


where w. 
20 


¥) 9 are determined by formulas (3.2). 


In studying system (4.8) we may assume g.°/R = g./R. = const. To esti- 
mate the possible divergence of the solutions of the homogeneous system 


(4.8) with respect to initial conditions, we may then use relationships 
(3.5) or (3.46), 


Owing to the fact that for the usual velocities of the point of support 
of the pendulum this divergence is small, in accordance with (3.46) and 
(3.7), to estimate the influence of right-hand sides in equations (4.8) we 
may consider the equations 


it 


In conclusion we remark that if the pendulum is not subjected to 
moments which compensate the disturbing effect of the horizontal component 
of the earth’s gravity, then, since the change of this component in time 
27/w, is small, the pendulum, for usual velocities of motion of the 
point of support, will be determined with great accuracy as being along 
the force of attraction of the earth. 
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1. Reduction of the problem to the solution of two differential 
equations when the center of gravity of the body is located on 
one of the principal axes of inertia. The problem of motion of a 
heavy rigid body about a fixed point, with the center of gravity of the 
body located on one of the principal axes of inertia (e.g., Yo = 29 = 0), 
is reducible [1] to the differential equations 


— Ay 4Q (Q (v —p*) + ko (= — h) — (1.1) 


(3) — Atv? + AJ vo? + P’pt + ANo* — A*BC2 


At) Alp — h) — 20k) + F 
v= A*p? + + = + Byog + C2or) = Ap 
= Ap? + Bg? + Cr? (1.2) 
B,=B+C, J =2A—B—C, N = 2BC — AB — AC 
P’ =(A—B)(C—A), = 
and k, h, respectively, are constants of the integral of the moment of 


momentum relative to the vertical axis and the integral of the kinetic 
energy, which are defined by formulas (1.3) and (2.6) of [1]; the rest 


of the notation is the usual one. 
The variables y,, y,, y; are defined by equations (2.9) of [1] 
= VY HW,, — H,Ap — H, 
= VHW,, — Ba 
Hox, = — 
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where according to (2.6), (2.7), and (2.8) of [1], 


H,=v—p* #0, 


‘ ‘ 
= 30 [p(t —h)— 2Qk], kp- [v(t —h)— 2Qhkp) 
W,, = 0, W,, = W,, Bq 


Equations (1.3) assume the form 
207, = t—h 


20 (» p*) = Cr — Ba [p(t — h) — 


20 (v — 73 = — Bq — — h) — 2Qk] 


Eliminating dt from equations (1.1), we obtain 


‘dy 
(ae) = f(v, p, t, h) 


- 


dv d ‘ 
(p? — At) 5, + A(v — p”) A[p(t — h) —2Qk| =0 


Substituting the first Enler equation 


into (1.4) and taking into account the relations 


=— (p? — At) + B(B—C)¢ 
and the second equation of (1.5), we get 
2011 = *- 
201 +B (1.6) 


/ dv d 


The system of differential equations (1.5), where f is a known function, 
can be integrated by writing v andr as polynomials in p and equating the 
coefficients of equal powers of p. The quantities p, g, r, according to 
(1.2), can also be expressed explicitly as functions of p (under the con- 
ditions obtained here). 


The problem is reduced to one quadrature, that of the second diffe- 
rential equation of (1.1), with v, r replaced by the appropriate functions 


: 
(1.5) | 
dv dy 
— == (B 
dt ( do 
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of p. 


This quadrature introduces a single arbitrary constant t,, which we 
shall simply add to t. 


We assume that one of the necessary conditions, k = 0, for the inte- 
grability of the Euler-Poisson equations, obtained in[1] is satisfied. 


From this condition, or from the second equation of (1.5), we then 
obtain 


2011 = — (( *) + (v—p*) (1.7) 


Hence ry Y>» Yq are expressed as explicit functions of p by means of 
(1.6), (1.7) 


2. Steklov’s second case. To simplify the calculations, we shal! 
use some of the results of [1]. 


We suppose that » andr can be represented in the form of polynomials 
of degree n in p with constant coefficients 


Y= + 2,9 + +... + 
*=b,+ bp + by* +... + 5,0" 


(2.1) 


Expressions for the initial coefficients of the expansions of the 
functions v(t), r(t) in a neighborhood of a pole of the second order and 
of p(t) in a neighborhood of a pole of order one 


v = (vq + + vel? +... 
p pit + pal? +...) (2.2) 


c= + 4+ 


were given in Section 4 of [1]. 


One of the necessary conditions for the special cases of the inte- 
grability of the Guler -Poisson equations, & = 0, is obtained from these 
expansions. We suppose that this condition is satisfied and that the 
coefficients of the expansions have the values 


(A — 2B) (A — 20) 
Yo A Qo iA iA “0 2A 
y= = 


t, =0 


Substituting (2.2) into (2.1), equating the coefficients of like 
powers of t, and using (2.3), we obtain 


4 
4 
q 
x 


a 
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= (A—3B)(\A— 20) a= 


_ 2(A4—B)(A—C) (A — B)(A —C) 
A(A —3B)(A—2e) (A — 3B) (A — 20) 


a4=6,=0, a =h=0 (§=3,4,5,...) 


Hence the formmlas (2.1) take the form 


40 + (4—2B)(A—20) A (A — 2B)(A —2C) (2.4) 


Substituting (2.4) in (1.6) and (1.7), we get 


|B (A — 2B) q? + C(A—2C) OL 


_ (A—B)(A—C) _ (A—B)(A—C) (2.5) ier 


If the polynomials (2.4) for vy andr are substituted in the first and 
third expressions of (1.2), with p = Ap, and the resulting two equations 
are solved for p* and q*, we obtain the expressions for p* and q* in 
terms of r? which were found by Steklov. 


We have arrived at Steklov’s second case [2]. In this connection, we 
may mention that not only Steklov, but also Field [3], Gorliss [4], 
Fabbri [5,6,7 ] and Kuz’min [8,9] have been concerned with integrating 
the equations and clarifying the various possiblities of the motion. 


3. Goriachev’s second case. We perform the transformation 


t = (3.1) 
on the independent variable in equations (1.1). 


As a result, the system (1.1) becomes 


(+) = 439 h)* + 40 [Q (v — + (t — h) — Qh?*}} 
é y = 4 AJvp? + A*B, ve + + ANp*s — 


(p* — At) + (t— h) — 2Qk] + A(v—p?) =0 (3.2) 


This system of equations admits expansions of the functions v(é), 
e(€), r(€) about a pole different from (2.2): 


v= (uy + u, § + ue? +...) (Up 0) 
p = (vy + + vt? +...) = 0) (3.3) 
t= (wy + wit + wet? +... -) (wy 0) 


2 . 
4 
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Substituting (3.3) into (3.2), equating coefficients of equal powers 
of €, and assuming the condition k = 0 to be satisfied, for determining 
the coefficients of the series (3.3) we obtain the following systems of 


equations: 


i. 4u, + = 0, (3.4) 


Up (uy — B,wo) + BCw,* = 0 
(The third equation is an identity). 


= 0, Q, = 0 


2. U, + ww, = 0, 
3. + 9u,* + 4w, (Q, + 3u,wy) = 0 
4Au,Y, — 2Aw, (2B,u, — BCw,) + 4An, (u, — B,w,) + 
+ ABCw,? — v,? (4£, — ABC) = 0 
2AQ, + (— 4uy + 3Aw,) v,? = 0 
4. — + + Uy (3u, + 2w, we) + + u,w,* = 0 
AusY — Aw,T, + Au,¥, — — — 20, — Nw,v,? = 0 
3AQ,— Au,w,+ 3Aw u,— (3x5? + Aw») + 7Aws) 2Aw,v,?=0 
+ 4 (wy — h) + Us (3u, + + + + 
+ (Welty + 2u,w,) = 0 
— 2AJ — Av, ABCro) + 2Aw,(ABCw, — — 
— — 2Av,2L, — — 2P’v,* = 0 


5. 


4AQ, — 2Augw, + — — 8v, (uy — Awo) + 
+ — — (ug — Awy) + 5Av,wyr, = 0 
— + + 2 (Ugw, + Wo + 2 (Wy — h) + 
+ Usb + + 2u,w,w, + w,*u, = 0 
AtusY — + A*ug¥, — + Aus (2Au, — AB,w, — — 
— Avs + ABC) vy — Aw, (AB,u, — 2ABCw, + Nv,*) — 2AJu, — 
— + — ZAN — — 4P’r,v,? = 0 
5AQ, — 3A (Ugw, Ug (v9? Aw,) - Us (8uy 9Aws) _ 
— — — [6u,v, + v, (Bu, — GAw,) — + 
+ — 3v,? (u, — Aw,) = 0 


Here, for brevity, we put 
ry == Byuy 2BC wy, 
= + + w,?, 
Y, => — 


Q, = — UgWy + Wo 


I, Buu, 2BCw, 

= + Welly + 

Lp Nw, =Ja,+ Nu, 

Y, = 2u, Byw,, Y, = Us 
(e=1,...,5 


4 
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The values 


Us B Wp —AR or up = —4C*, w=—4C 


are a solution of the first system of (3.4). 


For precision we take the first values of u,, w). The second system 
of (3.4) yields u, = w, = 0. The third system of (3.4) assumes the form 


1 
Wo = 

16. A(B— C)u, — (16AB — 15AC 16 B® + 16BC)v,? = 0 

2Au, — (3A — 4B) v,? = 0 


If the condition A = C = 4B/3 previously obtained ([ 11], Section 5) 
is excluded, then for v, 4 0, the determinant of the system consisting 
of the last two equations mst be put equal to zero. This gives a 


necessary condition, which can be written in one of the following forms: 


8AB —9AC —16B(B—C)=0, AC = 8(A—2B)(B—C), 


RB(A 2B) 
91 —16B (3.5) 
It follows that A# 2B, B#C, and 


3A—4B 
2A 


(3.6) 


lo = 


The fourth system of (3.4) becomes 


us, + 4Bw, = 0 
Au, — ABw, — 2(A — B) oy%) = 0 (3.7) 
Bw,) — (7A — 8B) ryv, = 0 


3A (Ug 


By virtue of (3.5), the solution of this system is 
Ug = Ws =v, = 


Because of the relations previously obtained the fifth system of (3.4) 
can be reduced to 


2 
16B* (u, + 2Bw, — 2Bh) + PA 0 (3.8) 


(uy — Bwy — rato) — — GAB + 2AC + 8B*— 4BC) = 0 
8B [A (ny — Bw,) — 2(A — B) — = 0 
Using the third equality of (3.5), the last two equations of (3.8) 


yield 


A 
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_ 9A? — 57A?B + 108A B* — 64B° 
 16AB(A — 2B) (9A—16B) (B—C) 


ow 


We will not derive explicit expressions for u,, Wy. 


The sixth system of (3.4) can similarly be reduced to 
A(u, — Bws) — 2Bryrv, = 0 
5A (u, — Bw,) — (9A — 8B) var, = 0 


(3.9) 


The determinant of this system (relative to u., w,, v,) does not vanish 
because of (3.5); consequently, ue= =v, = 0, ete. 


We assume, as before, that 


v= + mp + + | m,p” 
+... 40g (3.10) 


Substituting (3.3), with the values of u., v., w, just found, in the 
left and right sides of (3.10), and equating coefficients of like powers 
of €, we obtain a system of algebraic equations for determining the 
coefficients a, and n,. Substituting the values of u,, ®, U,, v, into 
the algebraic equations, we get 


4B(B—C) 
Bng—m,=0, Cny—m,=- (3.11) 
4B —3A 
3A 
Bn, — ms 2A 
168 (B = C) vy us _ (3A 1B) (3A 8B) (5A - 8B) 
24 (A — 2B) (9A — 16B) 


m, = mM, =n, =n, = 0, (s=5,6,7,...) 


Substituting the expressions for v andr given by (3.10) into (1.6), 
with #, and n; as in (3.11), we determine 


4B — 3A 
= - PF 

: (3.4 — 4B) (3A — 8B)(5A—8B) , 8AB(B—C) , 
2(A — 2B) (9A i6R) p*irp 


It is not necessary to proceed further with the calculations to see 
that we have arrived at Goriachev's second case [ 10}. 


4. Other methods of obtaining the initial conditions of 
Steklov’ s and Geriachev’s second cases. The initial conditions of 
Steklov's and Goriachev’s second cases can and subsequently will be ob- 

tained by methods other than those they used. We will also investigate 


4 

4 
| 
4 

; 


= 
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the possibility of supplementing these initial conditions in various ways, 
as well as that of integrating the resulting equations. 


In his first paper [3], Field, denoting the principal moments of 
inertia by Jy Ja J, finds a special solution under the conditions 


k=0 


2MghJ3(J1+ J2— Js) 
J; 25 (4.1) 


with the additional restriction J, > 2J, or J, > 2J,, where h, f, g are 
the coordinates of the center of gravity and T is a constant of the 
kinetic energy integral. 


Gorliss, in his first paper, using the same notation as Field, finds 
the initial conditions for the special solution in the form 


j=g=0, &=0 


(4.2) 


where F is a constant of the kinetic energy integral. 


If we put J,* 2J,J, in (4.2), we obtain conditions (4.1), assuming 


that the first supplementary condition J, > 2J, holds good. 


To compare the conditions, we introduce the Table S (see below). In 
this Table symbols occurring in the same column can be substituted for 
each other. The first row is our notation, the second rowSteklov’s, the 
third Field’s, the fourth Gorliss’s, the fifth Fabbri’s, and the sixth 


Kuz'’min’s. 

(A, & @ ¢) 

(Js, » Ja fh, 2 — ¥2) 
(A, B, C & = Yt, Yt — Yo) 


In the Table the last three columns denote the direction cosines of the 
force of gravity relative to a fixed coordinate system: 


sinOsing, cosh, m, = 


Applying the substitution Table S, conditions (4.2) can be written in 
the form 


4 
i 
= 
> 
“he 
> 
; 
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20<A< B, Yo == Zo = 0, To 4- 0, Ly = 0 


Q (A? — 2AB — 2AC + 2BC) 


h= (A (4.3) 


The constant of the area integral in Steklov’s second case, k = Apy 


+ 
Bay, + Cry, vanishes according to (2.5), since it is proportional to the 
integral thick Steklov obtainedin the form 


Ap* + (2B — A) q? + (2C — A) r? =0 (4.4) 
Indeed, according to Steklov’s formula 


(C — A) 

= a Pq 
B— A)(C — A) 

= A pr 


(B—A)(C—A)  (2B—A)(B—C) 


(B — A)(C — A) (20 — A)(B—C 


2B—A)QC0—A 
it follows that 


ha (A — B)(A—C)Cp 
~ Q(2B— A)(20 — A) 


[Ap? + (2B —A) + (20 — A) 
which, because of (4.4), gives k = 9. 
By (4.4), Steklov’s expression for y, can be rewritten as 


4 
Oy, = [B(2B — A) q2+C(2C—A)r*] (4.6) 


and this coincides with the value for y, given by (2.5). Steklov obtained 
yet another integral 


+ B(2B — A) q?+C(2C—A) =K, (4.7) 


where the constant K, is determined from the relation 


K,? (B — A)? (C — AP 


(2B — Ap (20 — Ap 


The constant of the energy integral h = Ap’? + Bq* + Cr* according to 
(4.4), (4.6), and (4.7) is 


>. 
JOLe 
or 
a 


A.A. Bogoiavlenskii 


h= Eo = + 1) (4.8) 


Comparing condition (4.8) and the restriction imposed on A, B, C, y,, 


z., k with condition (4.3), we see that they coincide (for = + 1). 


In his second paper [4], Gorliss, generalizing his previous case 
(including Field's) and Kowalewski’s, found the initial conditions for 
the other special solution in the form 


J; (167, — 

g Q, } J 16J,—9Js (4.9) 
4Wgh (J3— 2J,) 7" 4 9J 4") 


E = 
(4/; 3J 3) ( 4J - 64) 3 15J3*) oie 


Applying Table S, condition (4.9) can be written as 


SB(A 2B) 
= 2 ) 
Yo ~0 k Q 


— —2B) (942 — 56AB + 64B*) 


C= 
(4.10) 


(3.4 — 4B) (154? — 64.AB + 64B?) 


The constant of the area integral k = Apy, + Bay, + Cry, in Goriachev's 
second case is equal to zero (as the coefficient of the O-th power of p) 


according to the formlas he obtained for Yor 


Ry virtue of Goriachev’s relations [ 10 ] 


(4.11) 
B+C—A—Ar 


t= 
(4.12) 
= = 48) 2B — 6) (28 30) 
am BC 
the constant of the energy integral is a polynomial of fourth degree in 
p. Putting the constant terms in the polynomial in p equal to zero, we 


get 
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AB) AC ‘ 


By the third relation of (3.5) and (4.12) the constant A has the value 
indicated in (4.10), 


The restrictions on A, B, C, Yor 2» h obtained by Gorliss are the 
same as those in Goriachev’s second case. 


5. Kowalewski’s case. In the system (1.1) we perform the trans- 
formation t = 7?/? on the independent variable. Then (1.1) reduces to 


(= — + (v — 02) + (= — h) — OR} 
BE (3 (— AM + Ady? + APB ve + — (5.1) 


d ‘ d 2 d 
(9? — Art) + h)— 20k) + A(v—p*) 0 


The series 


satisfy (5.1) formally. 


Substituting the series (5.2) in equations (5.1), equating coeffi- 
cients of equal power of 7 and assuming that k = 0 (one of the necessary 
conditions for the existence of a unique solution obtained in[1]), we 
get the following system of equations for determining the coefficients 
of the series (5.2): 


4e, + x,? = 0, — + = 0 


(The third equation is an identity). 
2. &, (16e5 + 3x,_?) + = 0 
— Byx,) — VAx, (Byeg — 2BCxy) + (4A BC — 9 (Je, 0 
A — + — 2As,2«, = 0 
3. 3e, (Be, + 3x,") + + + 18¢,%,«, + = 
(2e, — Byx,) — (Bye, — 2BCx,) + A®e,? — Ae, (AB,x, + Js,") 


(Je, + Nx,) AP BCx? ANx,s, : = () 


2A + — — 8, — FAx,) So + 5,7 = 0 (5.33) 


The solution of the first system of (5.3) is 


q 
(s, #0) (5.2) 
| 
4 
| 
= 
| | 
= 
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= — 4B?, = —4C 


%=—4B or e,=— 4C’, 


For precision, we will take the first values. 


The second system of (5.3) assumes the form 


— 6Bx, == () 
9A (B—C) (e, — Bx,) — (9AB — 8AC — 9B? + 9BC) = 0 
A (e, — Bx,) — (2A — 3B) = 0 


To have s, # 0 the determinant of the system relative to ¢,, K,, Sp 
must be put equal to zero, This gives 


_ 18B(B —C) 


6(2A — 3B) s,* 


r= 


§ A 


(24 — 35) 
5AB 


Further computation of the coefficients is not necessary. We assume, 
as we did earlier, that 


110 + + + T= + + + (5.5) 
Substituting the series (5.2) into (5.5) and equating coefficients of 


like powers of 7, we get a system of algebraic equations for determining 
the x; and 


Putting e, = - 4B?, Kk, = — 4B in these equations, we get 


4B (B -—C) 


Bos — = 9, Chs— Xa = - 
3B —2A (2A — 3B)(C — 6B) 12B (B—C)s 
By, — 42 = 
Buz — ¢2 2(2A —3B)s 
BY, — Aa (5.6) 


2 (Ch, — 42) $1 — 3 (Cs — ya) (S280 + $47) 


= fi = (i 


Substituting the expressions (5.5) for v, r into (1.6), we obtain 
20%2 = Bd, A+ 2 (BY, + 3 (Bd, — (5.7) 
2073 = (Cb, — + 2 (Che — + 3 (Cha — x) 97) 


Kowalewski [11] found the condition on A, B, C expressed by (5.4) and 
expressions for y,, y,; given by 


5 
a 
1080 
54 
Then 
- 

{ 

- 
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2072 = —C + — 


201s = + — p + 


(5.8) 


For example, we compare the coefficient of pq in the expression for 
y, in Kowalewski’s forma (5.8) with that of (5.7). 


From (5.8), this coefficient, by (5.4), is equal to 


B (9B — 6C) 
(5-9) 

The same coefficient, according to (5.7), (5.4) and (5.6) is equal to 
the same expression, with sign reversed. The difference in sign is ex- 
plained by the fact that the sign of the factor 0 in Euler’s equations 
differs in the cases being compared. Hence (5.4) and (5.7) characterize 
Kowalewski’s case. 


6. Chaplygin’s second case. We consider the transformations 


== 


for p and t in (1.1) and assume that the condition k = 9 is satisfied. 


After these transformations, (1.1) transforms into 


dy \2 9° 
(4 


\ 
AP BUz | )= Atv? + AJ v2? + APB + + — (6.1) 
3 


A(z-—h)2* + A(y — 2°) = 0) 


This system is formally satisfied by the series 
= (go + 21. + + ---) #0) 


+ + Ak? +...) (hy #0) (6.2) 
+ +...) (l, 0) 


Substituting the series (6.2) into (6.1) and comparing coefficients of 
equal powers of ¢, we find the following systems for determining the 
coefficients of the series (6.2): 


1. 4go+ lo? = 
Atg,? — Ago (Iho? + AB,lo) — — Ahg? (Nly — ABC) + A®BCl,? = 0 
226 Al, =0 


| 
» 
= 
ad 
a 
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— 6higolo = 0 
Ag, (2Ag, — — AB,lo) — hy (3A/ go + 6P’ hy? + 3AN1, — A®BC) ho? — 
Al, (AB, + Nh, — 2ABC1,) = 0 
22, (2h,3 + Aly) + 6h, (3g — 2Aly) ho? — Al, (2g9 + hy®) = 0 
3 3g oly? + + 16¢,? + + = 0 
Ag, — Jhg? — ABylo) — hy (3A) go + + + A*BC) — 
— Al, (AB,g, + Nho? —2ABCl) + A%g,? — Ag, ho? + 
— hy? (3AJ go + 15P’hg? + 3ANIo) hy + — = 0 
(ho? + 2Als) + (625 — 5Alo) ho? — Aly — + 
+ hyho? + 3h,? — SAly) ho — ho? = O (6.3) 


A solution of the first system of (46.3) is 


At 


A 


The second system of (6.3) takes the form 
g, — 3Al, = 0 
Ag, + 2A* (A — B —C)| + h, (6P’h,? — 6A* + 9A°B, — 13A*BCIh,? + 
+ — A®°B, + 4A*BC|] = 0 
4g, (hy? — A*) + 6A*h,h,? — Al, (hy? — 2A?) = 0 


If the determinant of the system relative to By h 


does not vanish, 
then 


1 


=h=1,=0 (6.5) 


The third system of (6.3) assumes the form 
go + 3Al, = 0 
Ag, + 2A*(A — B,)| + he (6P’h,? — 6A* + 9A®B, — 11 A*BC) h,* + 
+ Al, — A*B, + 4A*BC) = 0 
2g. (hy? — 4A*) + 12A*h,h,? + Al,(h,? + 4A?) = 0 


Because of the value of x from (6.4) the determinant of the system 


relative to g,, h,, l, is equal to 


A= - (AB, — 3BC) (94* — 18AB, + 32BC) 


If we assume that 1, 4 0, then necessarily A= 9, and this yields the 
condition 


4BC = 9(A—- 2B)(A— 2C) (6.6) 


1062 
| 
- 29114 — 2C) 
: -B)(A 
| 


Problem of motion of a heavy rigid body about a fixed point 1063 


Without computing the coefficients further, we suppose,as before, that 


Substituting the series (6.2) into (6.7) and equating coefficients of 
equal powers of ¢ we obtain a system of algebraic equations for determin- 
ing 


Using (6.5) and (6.4), we get from these algebraic equations: 


(A — B) (C—A 
(A— B)(C 
la — £2 (A — B)(C — # 
3  A(A— 2B) 


(6.8) 
=: 
hg = 0, = 0 (i—4, 5, 6, ) 

Substituting the expressions for v andr from (6.7) into (1.6) yields 


dz 
207. = q Br, —h, + 2( Br, — + 3 (Bry 27] de 


dz 
dp 


(6.9) 
2073 = r [Cry — dy + — z + 3 (Cry — dg) 2?) 


As an example, the coefficient of pq in the expression for Y> in 
(6.9) is 


B)(C A) 
Q(A—2C) 

according to (6.8), if we go back to the old variables. This value is the 

same as that obtained by Chaplygin [12] in his second case. 


It is not necessary to calculate or compare coefficients further, to 
assert that (4.9) characterizes Chaplygin’s second case [12]. 
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In what follows the stability of the periodic solution z= 2°(t) with 
period r of the system of differential equations 
lz 
f(z.t)) 
is investigated in ordinary (nonsingular) cases (: is an n-dimensional 
vector column). 


In the well-known studies by Liapunov and Poincare and in numerous 
subsequent investigations it is assumed that the right-hand sides of 
(0.1) are continuous and can be represented in the form of sums of linear 
terms and nonlinear remainders. Here we consider a more general “discon- 
tinuity" type, when the surfaces of discontinuity 


are given, and the right-hand sides f(z, t) of equations (0.1) can have 
discontinuities on these surfaces. The restrictions put on the functions 
f(z, t) and F(z, t) are the same as in the papers 13.83. 


This paper shows that Liapunov’s theorem on the linear approximation, 
and the Andronov and Vitt theorem on the possibility of not taking the 
unit root of the characteristic equation into account when investigating 
the autonomous case, can be generalized to the systems of more general 
type considered here. Liapunov’s direct method is replaced by the method 
of point transformations, and instead of representing the function f(z, t) 
as a sum of linear terms and a nonlinear remainder, the variational] equa- 
tions are used. 


In the classical continuous case the linear approximation and the 
variational equations coincide, In the "discontinuous" case under con- 
sideration, the evaluation of variations, including the discontinuities, 
leads to linear relations, differential or algebraic, which in the 
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discontinuous case act as a linear approximation. The corresponding 
theorem, analogous to Liapunov’s, was proved by his direct method [2]. 
It is not immediately clear, however, how a theorem analogous to that of 
Andronov and Vitt can be proved by the same method for the discontinuous 
case. On the other hand, the use of the method of point transformations 
has enabled us to avoid this difficulty and made it possible for us to 
expound the whole theory of stability of periodic processes of discon- 
tinuous systems both for the autonomous and the nonautonomous cases. 


The idea of the possibility of exploiting the method of point trans- 
formations for our purpose arose after we had seen the manuscript of the 
study by Neimark, which has since been published [3 ]. This paper con- 
tains a comprehensive study of the problems of stability by the method 
of point transformations, but it does not contain the equations for the 
linear approximation of the system (0.1) in the discontinuous case (see 
below, equations (3.1) + (3.4). As a result, for the discontinuous case 
paper [3 ] does not contain the proofs of Liapunov’s theorem or that of 
Andronov and Vitt in the form in which these theorems are formulated and 
proved for the continuous case. 


1. Connection with a point transformation. The periodic 
solution 2°(t) determines a closed curve, called a cycle, in the z-space, 
For the origin O of the coordinates take the initial point 2°(0) on this 
cycle, i.e. put 2°(0) = 0. Then also 2°(r) = 0. Let y = 2(0) be the 
initial deviation*, and z = d(t, y) the corresponding solution of the 
system (0.1). Then the integral curves z = f(t, y) determine the point 
trans formation 


y* = (g(y) p(t, y)) (1 1) 


for which the deviation y is the transform of the initial deviation y*, 
corresponding to the instant t =r. 


The point y = 0 is a fixed point of transformation (1.1), which trans- 
forms a certain neighborhood of this point into a neighborhood of the 
same point again. Together with transformation (1.1), we shall consider 
the iterated transformations = where = gl 


By = y). 


Let us introduce certain definitions. The fixed point y = 9 of the 
transformation y* = g(y) is said to be stable if for arbitrary « > 0 the 


* Let us take the initial instant of the time ¢ = 0 different from the 
instants ta at which the integral curve z= 2°(t) intersects the dis- 
continuity surfaces Fi (2, He Be Bi asada 
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inequality® |g (y)|<« holds for all m= 0, 1, 2, ..., provided ly|< 
§ = Sle). If, in addition, lim g,'y) = 0 as m+ «, provided | y|< 8, 

(where 5, denctes a certain fixed number), then the fixed point y = 0 
of the transformation y* - g'y) is said to be asymptotically stable. ** 


Let us note that from the inequalities 


s(t, y) : B(e)) 


expressing the stability of the periodic solution 2°(t) = ¢(t, 9), pro- 
vided we restrict ourselves to discrete instants t = mr, there at once 
follows the stability of the fixed point y = 0. Also conversely, from 
the stability of the fixed point there follows the stability of the 
periodic solution of the system (0.1). This can easily be seen from the 
identity” 


in which m is a nonnegative integer. If m is determined from the inequal - 
ities mr< t < (m+ 1)r, then t” varies in the finite interval 0 ec <€¢, 
and the stability follows at once from the theorem on the continuous 
dependence of solutions on the initial conditions throughout a finite 
time interval. The situation is the same in the case of asymptotic 
stability. Thus, according to Liapunov, the periodic solution 2°(t) of 
the system of differential equations (0.1) is stable (asymptotically 
stable) only when the fixed point y = 0 of the point transformation y* = 
d{r, y) is stable (asymptotically stable). 


* For an n-dimensional vector yy. «++» Y,) its modulus | y| is defined 
as the "Euclidean length" 


** The limit transition a + « is fulfilled uniformly with respect tx 
y(|y| <8,). This follows from the stability of the fixed point y= 0, 


* The identity (1.2) follows from the periodicity of the right-hand 
sides of the system (0.1) with respect to t (with the period r). 
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2. Linearization of a point transformation. The point trans- 
formation y* = gly), where gly) = d(r, y), is differentiable* for y = 0, 
i.e. the Jacobian matrix J = (dg/dy Meu 9 exists and 


0 ) 
g(y) = Jy + oflyl) ( -0 for (2.1) 
/ 


Let p = min |A(J)| and v = max |A(J)| be the smallest and the largest 
of the moduli of the characteristic numbers of the matrix** J. The follow- 
ing then holds: 


1, If in a certain neighborhood of the fixed point y = 0 all the g,(y) 
exist™, then in a sufficiently small neighborhood of this point the 
inequalities 


—e)"ly| <| em(y)| < L(y + (m = 1, 2,...) (2.2) 


are fulfilled, and for two given points y’ # 9 and y”# 0 we have 


CA (ue lgmly")i > (m=1, 2,.-.) (2.3) 


where « is an arbitrarily small positive number and K, L, K,, L, are 
positive constants which do not depend on m. 


* In fact, in the (z, t)- space a smal! region Q in the plane ¢t = 0, 
containing the point y = 0 in its interior, is transformed by means of 
the integral curves into a region Q* in the plane t =r. Between the 
planes t= 0 and t =r the integral curves intersect the surfaces of 
discontinuity F(z, t)= 0 (a= 1, ..., s), mapping the region Q into 
regions Q, (a = l, ..., #), lying on these surfaces. In this way the 
transformation Q* decomposes into transformations 0 + Q, 

Q, + Q*. Each of these transformations is differentiable at the 
point lying on the curve z°(t). Therefore the transformation Q-+ Q*, 
i.e. y* = g(y) is also differentiable at y = 0. Here an essential use 
is made of the property of smoothness of the discontinuity surface 
Fi(z, t) = 0 at the point of intersection M, of the integral curve 
z= 2 (t) with the surface of discontinuity F(z, t) = 0 (a= 1, 2,...). 


** The transformation y* = d(r, y) is reversible; therefore the Jacobian 
| J| #0, and consequently p > O. 


x This condition is always satisfied if the fixed point is stable, t.e. 
for all successive iterations, all the g.(y) lie in the region of 
definition of the function g(y). 


« 
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2. If vy < 1, then in a certain neighborhood of the fixed point y = 0 


s all the g.(y) are significant, and therefore the inequalities (2.2) and 
(2.3) “ful filled. 

a 

a ; Por the proof of properties 1 and 2 we will make use of the following 
lemma. 

= If A is an nx nm matrix and 


Leunc. 


(i = 1,..., ( or | >k (i af,..., n)) 


then there exists a similar matrix B = TAT, the "norm" of which satis- 
fies the inequality 


Br 
|B) max ( or >k) 


If A is a real matrix, then the matrix B may also be selected as a 
real matrix. 


In fact, let B= TAT be a triangular matrix with characteristic 
numbers A; along the main diagonal and with small non-diagonal elements 
Yi;j- i.e. all ly; |<, where » is arbitrarily small. Then for an arbit- 


rary column z we have 


Bz| = [max)d,| + (a — < — 9) 


Hence 


If B is a complex triangular matrix, then it can be replaced by a 
similar real matrix u~* Bu, since the basis in the space to which the 
matrix B refers can be selected in such a way that besides the complex 
vector = (1/V2)(p + ig), the complex conjugate vector e’ = (1/2) (p 
ig) is also present. Then the transition from the complex base ¢,e° to 
the real base p, q, ... is realized by means of a unitary matrix U. Here 
\|}u~*Bu || = || BI] < k. The case when all |A; > k is analogously invest- 
igated. Hence the Lemma is proved. 


Let all the Ce (y) be significant. In accordance with the Lemma (for 
kR=v+e) select B=-T'JT and make the transformation of variables 


y= Tz. Then 


* — f(z), f(z) = Bz +0 (jz!) 


and, consequently, whenever || B|| < &, we have for smal! | :| 


But g(y) = y) and, in general, g.(y) = Tf 5). 


aa 
a 


Therefore 
4 i.e. the right-hand 


Then from | f(z) 


are significant 


M.A, 


inequalities of (2.2) hold for L = 
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k= v+e. In particular, if 1 1, then for smal! « 


it follows that al! the f_(2) 


Now, fort 0, let 

T~'BT, B 

D 

* where all the moduli of the characteristic numbers 

a equal to v but those of the matrix D are less than v. 

M the Lemma it can be assumed that || C|/~ v-—eé and 

2 small « > O. Then, after the transformation of the variables 


{f(z)} —(v 


and, in general 


equality 


have f(z), where 


Introduce the notations 


{z} 


Then whenever | :! 


v-— 3e it follows that 
the right-hand side of the 


Now let = 0, 


Putting L, = (|| T II 
right-hand inequality of 
(2.3) are obtained at once, 
(2.3) are applied to the inverse transformation 


lvl, 


{f(z)} 


iu we have 


2e) {2} > ||Cu]l — (v — e) |ul] {|Dr| (v 


Hence on the basis of the inequalities Il D \|~ 
in a small neighborhood of the fixed point 


last inequality 


{f(z)| > {f(z)} > (v — 2e) {2} 


> {fon (2)} > (v — 2e)™ {2} (m= 1, 2,...) 


0. Then || 2” || =1 2” | 


7-1 and replacing by «, 
(2.3). The left-hand inequalities 
if the right-hand inequalities 


y = y® + o(|y*) 


The validity of inequalities (2.2) and (2.3) is thus proved. The in- 
(2.2) will be used later, in Section 5. Let us note here that 


and hence al! 


neighborhood of the fixed point. 


In accordance with 


is nonnegative. 


we obtain the 


|| 7 || and 

> 0 also + 

trix C are 
fora 
y= Ts, we 195 

u 

: ) Bz + o(lel). | 

f(z) 

f,(z) Cu + oftzl) fo(z) Dv 4 (lel) 

j — — Se) |) 

r= 0 

Therefore 

: 

d 
| 
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from the inequalities (2.2) and (2.3) there at once follows the known 
criterion of stability for the fixed point*: the fixed point y 0 of the 
point transformation y* = g(y) is asymptotically stable if 1 1, and 
if 


unstable 


3. Variational equations. Let z(t, ) be an arbitrary one-parameter 


family of solutions of the system (9.1), reducing to z°(t) for p 0. Let 
the function z(t, mw) be differentiable for wp 0 and t > 0. Denote by x 
the first variation** of the solution z°(t) of the system (0.1) 


If we replace z by z(t, mw) in (0.1) and next differentiate term-by- 
term with respect to » and put » = 9, then we obtain a linear system of 


differential equations with periodic coefficients 


lr {of 
dt \dz 


which is satisfied by the variation x(t) in each of the intervals 


t<qte (a=1,...; 


tat ~ 


Inasmuch as the integral curve 2°(t) at the instants t, has breaks, 
the variation x(t) for t = t. has discontinuities. Let us calculate the 
magnitudes of these discontinuities. By t(x) denote the instant corres- 
ponding to the intersection of the curve z(t, «) with the surface 

F Az, t) = 0, so that ¢{0) = ta: Then the point |) for arbit- 
rary # is situated on the surface F, = 0. The differential of this func- 
tion z[t(m), w) evaluated at » = 9, and calculated for the approach from 


the region A, or from the region ae is equal to* 


bz = + 2°. = fadt(u) 


Another proof of the criterion by means of the Liapunov functions is 
contained in paper [3]. 


In what follows it will be convenient to understand by the variation 
8: the derivative (0 2/Op)y i.e. to assume = 1. 


x Here fas Fi. (and correspondingly fa: to) denote the value of the 
function f(z, t) at the point of the integral curve 2°(t) and the 
value of the variation x(t) for t= t, + 0 (correspondingly for 
t= t, - 0). The regions A,_, and #, adjoin the surface of discon- 
tinuity in a neighbourhood of the point M,. In each of these regions 


the function f(z, t) is continuous. 
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Hence 
= — Eqdt (Ga = 


Qn the other hand, differentiating term-by-term (for » = 9) the 
identity t )} = 0, we obtain 

+ = 9 (3.3) 
where (dF_/dt) = denotes the total derivative of z(t), t) for 
t= t, +0, and /dz) denotes the column composed of (0 ) 
(i = , ..., m). Hence determining 5t(y) and substituting into (3.2), we 
finally obtain* 


z*. = (a = 1, 2,...) (3.4) 


where the constant n x n matrices S, are determined by the equalities 


(OF / 82) 
z 


Sa=E+tghg =(E—teh*s)?, = (3.9) 
/ 


Here F denotes the unit matrix. 


The linear system (3.1) + (3.4) will be called the variational equa- 
tions for the solution z°(t) of the system (1.1). When f(z, t) is a 
continuous function, the discontinuity conditions (3.4) are absent and 


there remain only the usual variational equations, which hold for all 
t > 0. 


4. Extension of Liapunov’s theorem on stability of periodic 
solutions to the *discontinuous* case. Consider an nx n matrix 
X(t), the columns of which are the solutions of the equations of varia- 
tions (3.1) + (3.4). The determinant | X(t)| satisfies the formula (a 
generalization of the Jacobian formula for the "continuous" case) 


a= 1,2,...:t9 
0 


Here P() = (0 f /d zt) = 3° /t/ is the matrix of the coefficients of the 
linear system of differential equations (3.1)**. 


The conditions of discontinuity (3.4) and (3.5) were obtained 
differently in papers [1,2 a 


** Pormula (4.1) is obtained if the usual Jacobian formula is applied 


to every interval L tees te ] and the relations (3.4) are taken into 
account. 
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Since, according to (3.5), each matrix S, is nonsingular, i.e. |S, |#0, 
the matrix |X(t)| is different from zero for all t > 0, provided it is 
different from zero for t = 0. In such a case the matrix X(t) is a funda- 
mental matrix, i.e. its columns are made up of n linearly independent 
solutions of the system (3.1) + (3.4). Any other fundamental matrix can 
be represented in the form X(t)C, where C is an arbitrary nonsingular 
constant n x n matrix. Because of the periodicity of the system (3.1) + 
(3.4), not only the matrix X(t) but also the matrix X(t +1) is a funda- 
mental matrix. Therefore 


X(t +t) = X(U (4.2) 


where U is a nonsingular constant matrix. The matrix U/ is determined by 
the system (3.1) + (3.4) to within a transformation’. 


As in the "continuous" case, the equation | - AE| = 0 is called the 
characteristic equation of the system (0.1). We will prove that one of 
the matrices U is the Jacobian matrix J = (4(r, y)/dy),. 5: In fact, the 
columns of the matrix X(t) = (dd(t, y)/dy) _ , are the variations** 
which, as has been shown, satisfy the system (3.1) + (3.4). Moreover, 
X(0) = (Af (0, y) fay) dy/dy = E. Consequently, |X(0)| = 1 and 
X(t) is a fundamental matrix. Substituting t = 0 in the identity (4.2) 
and making use of X(0) = E, we obtain 


dy By /y=o 

The characteristic numbers of the matrix J thus coincide with the 
roots of the characteristic equation of the system (0.1). Therefore, the 
criteria on stability of a fixed point mentioned in Section 2 can 
immediately be applied to the variational equations (3.1) + (3.4). 
This at once leads to the following theorem, analogous to Liapunov’'s 
theorem on the stability of the periodic motion in the continuous case. 


Theorem 1. If v is the maximum modulus of the roots of the character- 
istic equation |U-AE| = 0, then the periodic solution 2°(t) of the 
system (0.1) is asymptotically stable for vy < 1 and unstable for v > 1. 


5. Autonomous systems. If system (0.1) is autonomous, i.e. 
f(z, t) does not depend explicitly on t, so that (0 f/dt) = 0, and the 


* If instead of X(t) the matrix X¥(t)C is taken for a fundamental] matrix, 
then the matrix U is to be replaced by c7 UC. 


** In the k-th column of the matrix (d¢(t, the ele- 
ments (0¢(t, evaluated for the sere ‘values of all y,. 
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equations of the discontinuity surfaces F, = 0(a = 1, 2, ...) also do not 
explicitly contain the time t, then the system (0.1) admits a family of 
periodic solutions z°(t + m), and therefore the vector velocity 


Ou u=0 


2° (ft) = | 


satisfies the variational equations (3.1) + (3.4). Inasmuch as the varia- 
tional equations possess a periodic solution z(t), then, as in the 
"continuous" case, the characteristic equation |U/-AE| = 0 has a unit 
root. Therefore, the criterion for asymptotic stability is not applicable 
to the autonomous case. We will show that the theorem of Andronov and 
Vitt [4], established for the "continuous" case, can also be extended to 
the "discontinuous" case, provided that by the variational equations we 


understand the combined system (3.1) 4 (3.4). 


Consider an n-dimensional z-space. Without loss of generality in our 


deductions, assume* that z°(9) = 0, 2,°(0) = 1, z,°(0) = ... = z 


y n 
Choosing the initial point y (with the coordinates Yor tees ¥ ) in the 
hyperplane z, = 9, denote by d(t, y) the corresponding solution of the 


** 


system (0.1). Construct the matrix 


\ (ft) =|: (t), | ( 9? \ 


y=0 


This matrix turns out to be a normalized fundamental matrix for the 
variational equations, since the columns of (5.1) satisfy the system 
(3.1) + (3.4) and ¥(0) = E. Therefore [ see (4.3) ] 


(5.2) 


where V= (0 ®D/dy) and ® is an (n — 1) dimensional vector colum 


with the coordinates 


Inasmuch as in the z-phase space the integral curve z (¢#) intersects 
the hyperplane z, = % at t h mr (m= 1, 2. ...), also a close integral! 
curve z= 6(t, y) (for |y|! small) will also intersect this hyperplane 


Assume that the velocity z°(0) is directed along the z,-axis, and by 
a proper selection of the scale make the modulus of the velocity equal 
to one. For the hyperplane z, = 0 we can take any arbitrary hyperplane 


which intersects the cycle z’¥(t) at O. 


On the right-hand side of (5.1) are indicated the columns which 


constitute the matrix. 


. 
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for the values t = t,(y), where t (y) are the roots of the equation 
%,(t, y) = Om= 1, 2, ..., t.(0) = mr), 


Consider the point transformation 
= k(y) (k(y) = ¢(ts(y), y)) (5.3) 


realized by the integral curves and transforming a neighborhood of 0 in 
the hyperplane z, = 9 into another such neighborhood. The curve 2°(t) - 
}(t, 9) determines the fixed point y = 9 of this transformation. The 
transformation (5.3) (to distinguish it from the transformation (1.1) ) 
will be called the truncated point transformation 


Let us compute the Jacobian matrix of the truncated point trans form- 


a® (t, 0) at, (y) 
=0 /y=c Of Oy 


By P yl), 


Since V (AD(r, yi/dy 
(ad(t, O)/dt eage according to assumption, is zero, then J’ = V. 


and the "truncated" initial velocity 


Thus, owing to the criterion of stability of the fixed point and (5.2), 
the following proposition holds. 


If, besides the unit root, the moduli of the remaining n - | roots of 
the characteristic equation |!/-AE| = 0 are all less than unity, then 
the fixed point of the truncated point transformation (5.3) is asymptotic- 
ally stable. 


The following theorem holds*. 


Theorem 2. If, besides the unit root, the moduli of all the remaining 
n- 1 roots of the characteristic equation are less than one, then the 
periodic solution z°(t) of the system is stable according to Liapunov. 
Moreover, it is “asymptotically stable to within the phase", i.e. for 
every solution z(t) of the system (0.1) which is close to z°(t)(| z(0) - 
2°(0) | < 5,, where 5, is a given number), there exists an a which depends 
continuously on z{9) such that 


for t+oo, for 2(0)-+ (5.4) 


For the case when f(z, t) is a continuous function, this theorem was 
established in a somewhat modified form by Andronov and Vitt in 1933 
in [4]. 


= 
1075 
% ation: 
} 2 S om | ok } 
/y=0 
a 
. 


1076 M.A. Aizerman and F.R. Gantaakher 


Let us first prove the existence of a finite limit: 


lim [tm(y)— mt] =B(y) for m-+co (5.5) 


For this let us note that 


tm (y) — mt = > {ty (y)] — (ko (y) = y) (5.6) 


Owing to the differentiability (for y = 0) of the function t, (y) and 
the inequalities (2.2), we have 


(5.7) 


where M> 0, N> 0 are constants, v is the maximm modulus of the roots 
of the characteristic equation, different from unity, and« > 0. Assuming 
that in (5.7) wv +e * 1, we conclude from (5.6) and (5.7) that the 

difference t.(y) - mr is the m-th partial sum of a uniformly convergent 
series, and therefore 


lim [tm (y) — mt] = B(y) for m-— co 


where 8 (t) is a continuous function which satisfies the inequality 
N 
(r = (5.8) 


From this there at once follows the asymptotic stability to within the 
phase of the solution z°(t) for initial deviations taken in the hyper- 
plane z, = 0. 


i 
In fact, let mr <t < (m+ 1)r. Since the system (0.1) is autonomous, 
the choice of the initial instant is arbitrary. Therefore, displacing the 

time by t,, we have the identity 


p(t +B, y) = ¥)) = km (y)) (5.9) 
where 


The quantity t due to (5.5) varies in a finite interval. Therefore, 
using the fact that the solutions of the system (0.1) depend continuously 
on the initial conditions throughout a finite interval, we have 


lim[p(t, Am(y)) as (5.10) 


On the other hand, owing to the periodicity, d(t, 0) = (t+ mr, 9), 
and therefore 


ie. 
q 
m 
* 
: 
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lim 0) —@(t, 0)}=0 as m+co (5.14) 


in so far as t+ar-t-+ 0 ow, 


Adding term-by term (5.10) and (5.11), and using (5.9), we obtain 
lim (¢ +8, y)—¢(t, =0 as (5.12) 


This is so, since as t + ~, so also m+ «. 


Now assume that the initial point 2(0) does not lie in the hyperplane 
7, = 0 and is determined by the equality (0) = d(p, y), where |p| < A, 
ly| < ACA> 0). For these inequalities (with a sufficiently small A) 
let the Jacobian be 


a? 09 


For py = 0, y = 0 this Jacobian is equal to | X(0)| = 1 [see (5.1) }. 


Then all the points d(p, y) for |p! < A.. |y|< A cover a certain 
n-dimensional neighborhood of the point 0, and dé (yz, y) + 9 only as wz + 9 
and y+ 0. If y), then z(t) = pw, y). Therefore, in 
(5.12) replacing 6(t +f, y) by z(t + B—- mw) and putting a = B- p, we 
obtain (5.4). 


From the reasoning outlined above it is evident that the transition 
to the limit in the equality (5.4) is realized uniformly with respect to 
all initial values z(0), satisfying the inequality | 2(0) - 2°(0)! < 
From here it easily follows that the solution z°(t) is stable in 
Liapunov’s sense. 


Hence the theorem is proved. 
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ON THE PROPAGATION OF ELASTIC-PLASTIC WAVES 
OWING TO COMBINED LOADING 


(0 RASPROSTRANENIT UPRUGO-PLASTICHESKIKH VOLN 
PRI SLOZANOM NAGRUZHENIT) 


PMM Vol.22, No.6, 1958, pp. 759-765 


Kh. A. RAKHMATULIN 
(Moscow) 


(Received 20 March 1958) 


Basic results in the theory of propagation of elastic-plastic waves have 
been obtained for the case of one-dimensional motion. 


The studies of wave propagation taking into account two displacements 
are now of greater importance in technical applications and experiments. 
In particular,analysis of the propagation of elastic-plastic waves due 
to combined loading is of great interest in the study of the laws of 
dynamic strength of materials. 


At present many papers are being devoted to the experimental] and 
theoretical study of the laws of strength of materials allowing for 
combined loading with static load application. There are neither experi- 
mental nor theoretical studies of combined loading with dynamic load 
application. 


The solution of two problems of propagation of elastic-plastic waves 
allowing for combined loading will be analysed below. 


1. The problem of the compression-shear impact of two free 
slabs. Assume that two plates of elastic-plastic material collide with 
each other end-face to end-face. Assume that the velocities of the plates 
are directed in the planes of and are not normal to the impacting faces 


(Fig. 1). 
In this case there are of course two types of impact possible 


(1) The displacements of the prisms at the impacting faces are equal, 
or the shear stresses at these faces are smaller than the maximum fric- 


tional stress 


(2) The shear stresses on the impacting faces are equal tor... In 
this case, the displacements at these faces are different, and there is 
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a discontinuity. 


Owing to the appearance of shear stresses on the impacting faces, com- 
pression waves as well as shear waves will arise in the prisms. 


The general dynamic equations of a continuous medium have the well- 


known form: 


au OX, aX, aX, 


a oY oY 
(1.1) 


In these equations, u, v, and w are displacements, and xX vere 

are components of the stress tensor. Assume that Z, = 0 (Fig. 1) every- 
where, and Z_ = Z, = 0 only at the boundaries. Assume also that the 
dimensions of the plates in the direction of the Oy axis are sufficiently 
large in comparison with the dimensions in the directions Ox, Oz. 


4 i 


om 
! 

! 


Pig. 2. 


Integrating both parts of (1.1) with respect to z from 0 to h, we ob- 
tain 


ot or oy ’ ot or + oy (1.2) 


In these equations the superscript ° next to a quantity denotes an 
average along the Oz axis: 


A h 
\u (x, z, t) dz, (x, z, t)dz 
0 


0 
hence 


= u°(z, t), v® = v°(z, t) 


J 
i 
f 
| 
5 
Fig. 1. 
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We can now write the laws of elastic-plastic deformations for the 
quantities averaged: 


re 2 ° © 
1 


These relations will be valid in the region both of uniaxial and of two- 
dimensional state of stress, but the functions 0° = o°(e °) will be 


different (Fig. 2). 


The position of the transition point (point II, Fig. 2) depends only on 
the intensity of the compression wave, but the character of the curve in 
the region of two-dimensional state of stress may depend on the compressive 
and the shear stresses as well as on the magnitude of the mean hydrostatic 
pressure o. 


By virtue of the symmetry of the problem we have 


u° = (z, t), v® - 


and therefore, in (1.2) 


v® (zx, t) 


In (1.3) the two equations before the last reduce to identities. 
Since u° and v° is independent of y, we get 


ey = 0 (1.4) 
We also have 
Z; = 0 


Thus in the five equations (1.3), since two of them reduce to ident- 
ities, the unknowns wil! be x”, Y,°, four in number. 


Nevertheless there will be no contradiction, since the third equation 
of (1.3) is a consequence of the first two. 


Actually, because Cog = 0 and Z,° = 0, we get 


f= + + Ces), c= + (X,° + Yy) 
Therefore the first two equations of (1.3) yield 


as 
7 ad 
° ° ° o. 1 ° 
i 
=) ° 
JOLe. 
oy oy 
| 
AS 
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Combining these two equations, we get 


—+(Xx° +Y,)=24, [+ + e,,°] 


i 


On the other hand, the third equation of (1.3) yields 


ro ro 
= (Fen — 
As we see, our assertion has been proved. We shall thus’have 
— 


+ =k (Cxx° + €22°) 


From these equations one can determine and Y ° as functions of 
du°/dx, and dv°/dy for the region where the stress is assumed to be 
that of compression as well as shear. 


Equations (1.2) will of course have the form 


In the uniaxial stress region v = 0, and we shall have the fol lowing 
equation of motion: 


at = (1.7) 


The boundary between the uniaxial stress region and the two-dimensional 
stress region in the plane of the variables x and t will be a straight 
line at least up to the time of reflection of the waves from the free 
faces of the impacting bodies. 


Let the equation of this straight line be 
x= bt (1.8) 
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This straight line is a wave of strong discontinuity. In front of it 
there will move systems of continuous Riemann waves, which arise from the 
solution of equation (1.7). This solution, as can easily be seen, yields 


the integral 
Vz 


= ay (ux) du = — ¥ (ux) (1.8’) 


Behind the wave of strong discontinuity there will be a region with 
constant parameters. The behavior of the motion can be better described 
by turning to Fig. 3. In the region of the Riemann waves | the parameters 
of motion change continuously and satisfy equation (1.7). In region III 
the parameters of motion are constant and equal to their values on Ot. 


3. 


The transition from region III to region II is accomplished by a jump 
(x = bt is the wave of strong discontinuity), and in the latter region 
the parameters of motion are also constant. The wave x = bt is the wave 
of combined loading. 


Equation (1.6) should be satisfied in region III. 


Since in this region the parameters of motion are constant, (1.6) is 
satisfied identically. 


It thus appears unnecessary to know the a, = o ,(e,) diagram for the 
analysis of the motion. It will be shown below that this is not so. 


At the wave of strong discontinuity, compatibility equations contain- 
ing deformation rates and stresses must be fulfilled. When solving these 
equations it becomes necessary to use the theory of plastic deformations. 


At the front of the strong discontinuity the displacements u and v 
should be continuous, i.e. 


u,(z, t) = 0, (x, t) = u, (2, t) 


Th fferentiating these equations along the wave of strong discontinuity 
yields 


: 
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+ bvsx 0, busx = Uy buy. (1 .9) 


The momentum equations will give 


bovs: = — X°ys, bp (Us: — = — (1.10) 


For the case of no slipping, at the impacting faces, i.e. at x = 0, 
we shall have 


= Uo, V3t = Vo (1.11) 
where u, and v, are the given velocities. 


In the presence of slipping, however, on the impacting faces we shall 
have 


Ust = Uo, Xx3° = Tmax (1.11’) 


Let us recall that these equations should supplement the Riemann inte- 
grals (1.8). 

should satisfy equations (1.5), the stresses can be expressed in terms of 
deformations from that equation. 


By virtue of this fact, seven equations (1.8), (1.9), (1.10), (1.11), 
and (1.11’) will serve for the determination of the seven quantities: 
u 


Vays b, v; 32° “Gs 


x’ 
Finally we shall note that when solving system (1.5) the stress in- 
tensities o,, and o,, appearing there will differ in their dependence on 
their arguments, since the transition through the discontinuity wave re- 


presents a combined loading. 


2. The case of elastic deformations. For elastic deformations 


o, = Ee,, and thus (for the sake of simplifying the notation the super- 


scripts have been dropped) the system (1.5) becomes: 
2x,—iY,= 
(Xe + = + 


From this follows 


22 
‘ 
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2 3 2 E 
X,= =e>, (2.2) 
The following expression is obtained for the stress xy: 
1p a av 
4 Xy= (2.3) 
The equations of motion (1.2) will be the following: 


In the given case instead of (1.8) we obtain 


uy = — (2.5) 


Vg + = 0, Use + bug, = uy, + (2.6) 


From the first equation in (1.10), on the basis of (2.3), we get 


= — 
If the first equation of (2.6) is considered, we get 


= (2.7) 


As is to be expected, the wave of strong discontinuity moves with the 
velocity of so-called transverse waves. 


The second equation of (1.10) yields 


bo (ug, — u) = 2 (us, u,,) (2.8) 


From (2.6) we get 


Use — = — b — (2.9) 


Equations (2.8) and (2.9) are linear homogeneous equations in terms of 
differences of velocities and deformations. The determinant of this 
system is not equal to zero, and thus we get 


= Uy, Use, = 


Thus we have shown that the longitudinal velocities and deformations 
are continuous. By the same token it has been shown that with elastic 
deformations the presence of shear waves does not change the character 
of the propagation of longitudinal waves. The law of the independence of 
the action of forces is valid. 


3. The problem of compression-shear impact of two slabs 
lying between rigid planes. The problem analyzed in Section 1 was 
solved approximately for the case of plastic deformations, because 


d 
. 
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a rigorous study of the averaged values was impossible. An exact solution 

2 of the dynamic equations of the theory of plasticity when one of the dis- 

be placements is limited beforehand, will now be given. 

z Hence, let w= 9 and u = ulx) and v = v(x). Obviously, the condition 

% w= 0 will be satisfied if the plastic material lies between two absolutely 

: rigid walls. With the assumed displacements we get ¢., = ¢,, = 9, and 

Moreover, with e = du/dx we have 

3 ou 

Ae — 3k Oz Yy 

\ ez | 2 \ dz 


As we see, all four stresses Y, are determined as functions 


of du/dx and dv/dx and are functions of x only. 
In this case the equations of motion become 


OX, 
0 
ot oz 


Substitution from (3.1) yields 


» ot 2 oz? 

. These equations are analogous to equations (1.6), and thus the problem 
a of the impact of slabs can be solved quite analogously as in Section 1. 
Note that the experimental realization of the conditions of this prob- 
¢ lem is entirely possible, if a soft metal is used for the impacting slabs 
. and the impact takes place between hardened steel plates. 


All problems analysed above are directly analogous to the problem of 
transverse impact upon a flexible coupling. This permits the complete use 
of the experimental data mentioned in this paper for the study of trans- 
verse impact. 


4. Torsion-compression impact. Let us investigate the impact of 
a hollow cylinder rotating about its axis of symmetry and having a for- 
ward velocity along this axis upon another hollow cylinder (Fig. 4). 


al 
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Obviously, owing to the presence of friction along the end surface, 
there will arise on it shear and compressive stresses, which will twist 
and compress both cylinders. Let us write the equations of motion for a 
continuous medium in cylindrical coordinates 


Where u is the axial and v is the circumferential displacement. 


Averaging equations (2.1) over the thickness of the cylinder, and 
assuming that the stresses X_ and Rg on the surface of the cylinder are 


equal to zero, we get 


(4.2) 


\ r= —\ 9 r) -0 

a 2 or rep 

r? or \ (r Ro) 0 


Because taq = 0 and R. = 0, we obtain 


= (€xx° + Cor = ; (X, + Se) (4.3) 


Analogously to the previous paragraph we get 


— €*), 3 she® 
5 (4.4) 


r 


(4.5) 


Inasmuch as = = * 0, the deformation intensity has the 


form 


= 
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by 


From the four equations (4.4) one can determine 6°, 
using = du°/dx and = dv°/dx. 


rr 


After this development, equation (4.2) will be of the same form as 
equation (1.6). Therefore, from the mathematical point of view, the prob- 
lem has been reduced to the same one as in the compression-shear impact. 


Translated by M.1.Y. 
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This paper deals with the problem of torsion of thin-walled rods of 
closed cross-section subject to transient creep and variation of the 
modulus of instantaneous deformation of the material. In its linear forn- 
ulation, this problem has been studied in the paper ~«l ] by Arutiunian 
and Chobanian. At the same time, experimental investigations have shown 
that for a wide stress range (1/2 R <oc«< R, where R is the ultimate 
strength of the material) the linear relation between creep strains and 
the corresponding stresses is violated. 


The solution of the problem under consideration will be based on the 
nonlinear equations of creep theory developed in [2], which are known to 
apply for a wide range of variation of stresses 0< o0< R for materials 
such as concrete [3], wood [4], solid soil [5], phenolic plastics 
[6], ete. 


In view of the thin-walled nature of the rods, it will be assumed 
that the shear stresses are constant through the thickness of the wall 


of the section and that they act parallel to its middle surface. 


This paper gives a generalization of Bredt’s theorem on the circula- 
tion of shear stress in the case of torsion of prismatic rods of arbit- 
rary cross-section for the case of transient creep and varying modulus 
of instantaneous deformation. Further, using this theorem, it solves the 
problem of transient creep in a thin-walled rod with a closed cross- 

section for torsion by a constant moment M. It also considers the relaxa- 
tion problem of torsion of such a thin-walled rod subject to transient 
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creep obeying an arbitrary nonlinear law. The solution of this problem is 
reduced to the solution of a nonlinear Volterra integral equation of the 
second kind, a study and method of solution of which is given in Section 2, 


As an application of this method, Section 3 presents the solution of 
the problem of relaxation of a twisting moment in a thin-walled tube for 
a power law between the creep strains and stresses. 


1. Connection between strains and stresses for nonlinear 
creep. In the general case of a three-dimensional state of stress, the 
equations,* relating the strain intensity « j{t) and the stress intensity 
o,(t) in the presence of creep of the material and variations of its 
modulus of instantaneous deformation, will have the following form [2], 


3G (t) 


t t 
y(t { ac (t, t 


Here C(t, r) is the measure of the creep of the material for uniaxial 
stress, F(a ;) is a certain function characterizing the nonlinear depend- 
ence between the creep stresses and strains for a given material which 
has been determined experimentally by tests on simple creep specimen and 
normalized to the condition F(l) = 1, Glt) is the modulus of instantaneous 
deformation in shear, ry is the age of the material at the moment when the 
load is applied, and t 1s the time. 


Under these conditions we have 


2, V (2y- 2,)* + (¢, — €,)*+ (tay? + (1.2) 


3; (t) V Sy)? + 6 (try? + (1.3) 


Using the usual transformation formlas, relating the stress and 
strain components in a rectangular system of coordinates to the corres- 
ponding components in the system of principal axes and taking into con- 
sideration that the stress and strain deviators have identical principal 
directions at any instant of time t, from (1.1) we get 


- 


(t, +) 


* Por the sake of brevity, x, y, z designations are omitted. 


1090 
4 2 
10 
1 


Torsion of thin-walled rods with closed cross-sections 


where v is the coefficient of transverse contraction of the material for 
the elastic part of the strain 


= [2x (t) + cy(t)+2,(t)], C°(t,t)= C(t, t) 


Here and in what follows, the symbol (x, y, z) indicates that the re- 
maining relations are to be obtained by cyclic rearrangement of x, y, z. 


Thus, the relations (1.4) relate the strain and stress components in 
the case of a three-dimensional state of stress, including creep of the 
material, and variations of its modulus of instantaneous deformation. 
They have been deduced on the basis of the assumption that the volume of 
the body changes elastically, i.e. that there are no volume changes due 
to creep, a circumstance which has been confirmed by numerous experi- 
mental studies. It has of course been assumed for this purpose that the 
coefficient of transverse contraction in creep is u = 1/2 and that the 
measure of creep for pure shear w(t, +) is related to C(t ,r) by 


w(t, z) = 2[(1 + u(t, C(t, t) = 3C (2, *) (1.5) 


It will be noted that the equations (1.4) describe a process of de- 
formation which includes ageing as well as heredity of the material, and 
which also applies to the case of active strain when the nonlinearity 
depends only on time. 


To describe processes of deformation without ageing of the material, 
the nonlinear equations of the theory of creep and relaxation were given 


by Rabotnov [7] and Rozovskii [8 }. 


For the sole purpose of simplifying the following calculations it will 
be assumed that 


G(t) =G = const 


Then equation (1.4) takes the form 


8, (¢) = [o.(t) — (4) —\ [3,(t) — 2()] F [3 (*)] 
Try at ac® (t, 
Try (4) = ~— 2\ (*) [94 (1.6) 
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Let Flo ) have the form 


F = + (21) (1.7) 
where a and f are constant parameters and f*(o,) satisfies the conditions 
a + B/°(1) = 14, >0 (1.8) 

Thus the problem will be considered for an arbitrary nonlinear law. 


Obviously, if the parameter § in (1.7) is small, the function Flo ;) 
will describe the creep curve of a weakly nonlinear material. 


Substituting for Flo) from (1.7) in (1.6), one finds 
t 
4 3 oc Be 
(t) = [ox (t) — (t)| —3al fox (2) — de — 


t 


t) 
Try (!) = 


ay | 6c t) dt 


—3a\ tay (2) dz try (2) f* 


It should be noted that, as has been shown by experimental studies 
[3,4], actual creep curves for a number of materials (e.g. concrete, 
wood, etc.) are in many cases approximated sufficiently well for high 
stresses (o > 1/2 R) by power laws. In this case in (1.9) one may put 


= (m 0) (1.10) 


2. The generalized law of Bredt. Consider a prismatic rod with 
arbitrary cross-section whose material is subject to creep and has a 
constant modulus of instantaneous deformation. Let the side surfaces of 
the rod be free from external forces and let forces which induce a con- 
stant torque M about the axis of the rod be applied to its ends. 


Place the origin of the rectilinear coordinate system x, y, z at some 
point of an end section of the rod with the Oz axis parallel to the 
generators. 


As in the case of torsion of elastic rods, let all stress and strain 


components except r,., 7,, and y vanish at any instant ¢t, i.e. let 


y = = 0, = ty = = {ry = 0 (2.1) 


xz’ Yyz 


- — 
= 9 


“x 


and 
(t) = —O(t)y, tw () = +611) (2.2) 


where 6(t) is the angle of twist per unit length of the rod at time t,w(t) 
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is the displacement component along the axis of the twisted rod. 


Then equations (1.9), relating the strain components (2.2) to the 
corresponding stress components, in the presence of nonlinear creep take 
the form: 


t 
dz — 38 (2) de (2.3) 


qe: (t) = — — 3a \ =x, (2) 


t t 
(t) Oc (t. eal aC (t, 
(t) = 3#\ Tus (x) dz 38\ ty: / [2;(t)] 


i 


where 


(t) = V3 V (0) + tye? (2.4) 


The equilibrium equations will be identically satisfied if, as is 
usual, we introduce 


oy dr 


The stress function «/ depends here only on x, y, t and on the boundary 
([) of the cross-section of the rod satisfies the condition 


= 0 for (> 7, (2.6) 


since the side faces are free from external forces. 


Let L be a closed curve lying entirely in the cross section* of the 
twisted rod. The curvilinear integral 


J* = D (ude — (2.7) 


L 


will be called the shear circulation for the closed curve L. 


In (2.7) substituting the expressions for the strain components (2.2), 


and using the condition of single-valuedness of the displacement w(t), we 
obtain 
J* = (1)2 (2.8) 


where 1 is the area of the region contained in L. 


* In what follows it will be sufficient to require that the boundary of 
the cross-section of the contour, which in the general case may be 
multiple-connected, is sectionally smooth. 
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On the other hand, introducing the expressions for the strain compo- 
nents (2.3) and (2.7), and using (2.5), we find 


ah dy (t) dy (Tt) (t,t) 
J G on on oT de 


— 38\ / (1G, dc} ds 


Thus, by (2.8) and (2.9), we mst have 


} an on OT 
L Ty 


> 
Ad ° vit ac t ‘ 
3G \ + B/* (2% (2) dz\ds = — 26 (t)GQ (2.10) 


If the instantaneous modulus of shear deformation depends on time, 


in an analogous manner, using (1.4) and (2.7), we obtain 


} an at an 


2H (2.11) 


For G(t) = G and Clt, +) = 9, i.e. im the absence of creep and for 
constant instantaneous modulus of deformation, the relation (2.11) leads 
to Bredt'’s well-known formla for elastic rods. 


The integral relations (2.19) or (2.11) are generalizations of Bredt’s 
theorem on the circulation of shear stresses during the torsion of 
prismatic rods in a transient state of creep for an arbitrary nonlinear 
relationship between the creep strains and stresses and a variable modulus 
of instantaneous deformation. This theorem, on the basis of its deduction, 
is the necessary and sufficient condition for the unique determination of 
the displacements in a twisted rod at any instant t with the help of the 
stress function y, t). 


3. Transient creep and relaxation in torsion of thin-walled 
reds with closed contours. 


1. Transient creep for constant torque. Consider a thin-walled 
rod whose cross-section is bounded by two closed contours I, and I,. To 


simplify the ensuing calculations, the thickness of the wall of the 


section h will be assumed to be constant. Let the cross-section of the 
rod be referred to coordinates s, n, where s is measured! along the middle 
line of the contour T and n is the normal to s. (Fig. 1). 
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In view of the fact that the rod has thin walls, let 


ay (t) 


on 


At the same time, from the equilibrium conditions we get 


lr = = const (3.2) 


i.e. the flow of shear stress along the contour of the section at any 
time ¢ 1s constant. 


It will be noted that the magnitude of the error associated with the 
assumption (3.1) is in the case of elastic rods of the order 1 + h/R, = 1, 
where h is the thickness of the wall of the cross-section, and Rh. is a 
typical dimension of the section which is equal to the smaller of the 
following two quantities, the radius of curvature p of the middle line of 
the profile and its length |. By (3.1) and (3.2), one has 


y, (t) 4 Jn 
p(t) = 5 h (3.3) 


where w,(t) is the value of the stress function y(t) at the inner contour 


r, at time t, while at the outer contour l, one has v(t) = w(t) = 9. 


By (2.4) and (3.3), one now finds 


ay (t) (t) 
an h 


W(t) = 2h, (4) Q, (3.5) 


where 1 is the area of the region bounded by the middle line I’. If the 
torque 4 is constant, then 


M 


y= = consi 6) 
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Using Bredt’s generalized formula (2.19) and the relations (3.4) to 
(3.6), for the angle of twist 6(t) we obtain 


and, by (2.2) and (2.4), for the shear stress 


M 
= (3.8) 


which coincides with the values of the shear stress corresponding to the 
elastic case. 


Thus it follows from this solution that the creep of the material only 
influences the deformation of the twisted rod, while the stress deform- 
ation remains the same as in the elastic, instantaneous case. 


On the other hand, it follows from the general equations of the theory 
of creep [2] that under conditions of linear creep the stresses in a 
twisted rod do not vary with time and that they coincide with the values 
of the stresses corresponding to the elastic instantaneous problem, while 
for nonlinear creep the stresses change with time and differ from the 
elastic stresses occurring in the rod at instant t when the twisting 
moments are applied to its ends. 


It appears that the contradiction between the last two deductions is 
explained by the fact that the first conclusion is approximate inasmuch 
as it assumes the character of the distribution of the shear stresses in 
the thin-walled rod. 


In other words, the stresses in the above case are elastic only within 
a small quantity of order h/R,. 


As regards the strains, in the case of nonlinear creep, they are de- 
termined by (3.7) exactly, apart from smal! terms. 


2. Relaxation problem. At a certain instant t=1,, let a thin- 
walled rod with closed section be twisted by the moment Mr), and then 
let its ends be clamped. As we know, as a consequence of creep, the 
stresses in the clamped rod will in time subside. 


The relaxation problem of torsion consists of the determination of the 
law of variation of the stresses or the torque in time as a function of 
the creep properties of the material and the initial twist of the rod: 

M 
4ChQ,* 

Using Bredt’s generalized formla (2.10) and the relations (3.4), 
(3.6), (3.8) for the determination of r,.(t), we obtain the following 


= 
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integral equation 
t t 
ter (t) — or (t) K (t, de — (ter K (t, tor (2) dt = (3.9) 


where 


ac (t, 26 GQ, 
K (t,t) = 3G g(t) = 


Thus, the solution of the problem of relaxation of stresses in the 
torsion of thin-walled prismatic rods of closed section, in the presence 
of transient creep obeying an arbitrary nonlinear law, has been reduced 


to the solution of the nonlinear Volterra integral equation of the second 
kind (3.9). 


Having found the stress r,(t) from (3.9), the relaxation of the 
torque M(t) is determined by (3.8). 


In conclusion, it will be noted that, if the twist @ of the rod is 
not constant but is instead a given function of time @ = @(t), then the 
relaxation problem in so general a formulation leads to the solution of 
the same integral equation (3.9), the only difference being that its 
right-hand side will no longer be constant but a given function of time. 
A method of solution and a study of the equation (3.9) for this general 
case is given in the next section. 


4. Method of solution of the basic integral equation and 
its study. This section gives the solution and study of the basic non- 
linear integral equation (3.9), which may for convenience be written in 


the form: 


t t 


K (t,2) dt K (t,t) de = g(t) (4.1) 


tr(t)=u(t), K(t,*) =36 
(4.2) 


f(u)=uf*(u), g(t) = 


In the integral equation (4.1), 0< t, r < + «, g(t) and K(t, +) are 
continuous functions, a, 8 are numerical parameters and f(u) is an 


analytic function (a bound on which will be established below). 


Let R(t, r, a) be the resolvent of the linear Volterra integral equa- 
tion with Kernel K(t, +), when the equation (4.1) may be replaced by an 
equivalent equation of the form 
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t 
u(t) = h(t) + B\H (t,2) de 
0 


Here 


t 
h(t) = g(t) +a) R(t, dr 


t 


H (t,t) = K (t,*) + 0) K de 


The solution of (4.3)will be assumed to be analytic in A, and an 
attempt will be made to solve it by expanding it in a Taylor series in 
powers of Let 


(4.5) 


u(t, 6) = 


where obviously 


a*u (t, 8) a*® (t, B) 
ry, (t) = ‘ ®, = 4.7) 
i Substituting (4.5) in (4.3), taking (4.4) into consideration and com- 
My paring coefficients of the same powers of f, one finds 
(t) = (n+ 1)\H (t, t) D, (t) dz, (t) = A(t) (4.8) 


0 


Using a known forma for the n-th derivative of a complex function, 
it may be proved that 


(4.9) 
ry ty re ts n (t) tn 


where the sum extends over all integral nonnegative solutions of the 


equation 1, + 21, + 31, + ... + mi, =n. 


1 
Substituting (4.9) into (4.8), we obtain 
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(' ) f +ist (h de 
0 


n 
n 


(nm = + +. 


, 
+ nt.) (4.10) 


Formla (4.10) offers the possibility of determining successively al] 
v,(t), whence in particular follows the uniqueness of the solution, 
analytic in f, of the equation (4.3) or (4.1), provided such a solution 
exists. 


In order to prove the existence of such a solution, we must obtain an 
estimate of | v_(t)| which depends on n uniformly with respect to ¢ in 
some interval. Let there be given some fixed interval of time 0 < t < T. 
With 

max|A H, =A,/R, (4.11) 
(O<t, 


infh(t) = a,, suph(t)=by (4.12) 


we obviously have 
H (t,7)|\< Arit—+ (4.13) 


It will now be assumed that f(u) is determined in a7< u < by and it 
has three derivatives of all orders which satisfy the inequalities 


< (p = 0, 1 
where a and K. are constants. Then from the recurrence relations (4.19), 
taking into consideration (4.14), we get: 


+24 
Una, 4 iS 


Letting R, = aK >, it will now be proved that for all n 


Rot 


a 


where A. is a constant which only depends on n. 


in + 
q 
in + 1)! — > iy tis! (t, i! ) 
n 0 
(n = iy + 
n 
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The inequality (4.16) will be proved by mathematical induction. Letting 
n= 0 in (4.10), we obtain 


t 


y(t) =\ H(t, 2) ds 


t 
, KoH,t* 


Rett, 


i.e. the inequality (4.16) is true for n = 1. 


It will next be assumed that the inequality is true for k <n, and it 
will be shown to be then true for k = n+ 1 likewise. Substituting (4. 16) 
into (4.15), we find 


t 
(ty + 2+ +2 )! i, +2te+ +ni 
n 0 


+ +i)! Ae\t 1 
a (2n + 1) (2n + 1! ni } 
@ 1)(2n + 2) ty! tg! 1! \ 2! “\ nl 
n 
(n iy + 2ty 4 + ni,) 


A 


4 (n + 1)! + ig +. + Ay\in Ag\te A,\'n 
(2n + 1) (2n + 2) “int ig! (ar) 


n° 


(m -= ty + 2ig+... ni) (4.17) 


Thus the inequality (4.16) will be true for all n > 1, provided the 
constants A. are determined from the recurrence relations (4.17). It 
will be important for what follows to obtain an estimate of the absolute 
constants A_, determined uniquely by (4.17). 


For the sake of convenience, let B, = A,/k! when (4.17) gives 


= 
Hence 
= 
or 
A, = 2 
1.e. 
where 
- 
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(iy + io + 


(2n 1) (2n + 2) iy! 


(4.18) 


which is again a recurrence relation, uniquely determining all the 
constants B,(k > 1). Obviously all B, > 9, and if we were to replace in 
(4.18) B, by C, > B,(k = l, 2, ..., m), or to increase the coefficients 
of B,°%B,", -»+, Bo‘, this would only increase the value of B 


It will now be proved that one may select positive constants A and a, 
such that for all k > 1 


By < (4.19) 


Let it be assumed that A and a, are such that the inequality (4.19) is 
fulfilled for all k <n. It then follows from (4.18) that 


(ty + te + + bin 
on at Xo 

iy! ty 


or 


\! mi! f n + + nin \ 
Batt S \ main tint... +i, )420) 


m=O a n 


The second sum in (4.20) extends over all nonnegative solutions of 
the system of equations 


by > + +... (4.21) 
(4.22) 


The inequality (4.20) will be increased if the equation (4.21) is dis- 
regarded, the second summation extended over al! nonnegative solutions 
of the equations (4.22) and the result then divided by the number of all 
possible rearrangements of n elements, i.e. by n', since the omitted 
equation made such permtations impossible in the same way as equation 
(4.22) made them possible. Thus 


n 
1 m! ao” 
ni “itis! (nA)™ 
gitg:... 


42 


B 
mtn (2n+ 1) (2a + 2) 


(2n+1)(2n+2)al 


" 


0 


where use has been made of the fact that 


a 
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ist. (m= iy is 4 cee + i,,) 
n 
is known to represent the sum of the coefficients in the expansion (a, + 


a, +... + and to be equal to 


Hence we arrive at the inequality 


4 


(nA—i)a_ an! (2n4 
If we were to find that the selected A and a, was such that for all 
natural n the inequality 


— 4 


4.24) 
ao (nA — 1) an! (2n + 1) (2n + 2) 


was fulfilled, it would follow from (4.23) that for such A and a, the in- 
equality (4.19) was also satisfied for k= n+ 1, i.e. for all natural n. 


It will now be shown that for the inequality (4.24) to hold true, the 
constants A and a, must satisfy the inequalities eA < | and 2a,A >1. 
In fact, the latter is obtained immediately from (4.24) for n= 0. 


To prove the inequality eA < 1, use will be made of Stirling's asymp- 
totic formula 


n! ~ V e~"n" 


from which for large values of n there fol lows 


1) 1) Qn +2) ~ Ge Qn 4 1) Qn 42) 


4 { (e A)” 


It follows from (4.25) that for Ae > 1, the imequality (4.24) may not 
be satisfied for sufficiently large n, while for such n as Ae < | this 
relation is O(n~°/?), Obviously the best choice of A anda, is A= e~?, 
a. = 1/2 e. Finally, it will be proved that for this choice of the 
constants A and a, checked for n = 9, and sufficiently large n, the in- 
equality (4.24) holds true for all n without exception. For n= 1, 2, the 
inequality is easily verified direct. It remains to be proved that for 


alln >3 
n+1 


(n/e) im § 
Filan S! (4.26) 
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4 
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a, (nA —1) nl (2n + 1) + 2) a, V (2n + 1) (2n + 2) 
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By a known approximation [10] for n! we have 
nl = + wl <1 


; V 2nn 


Hence we find (n+ 1)! > 4 1)" for n> 3, and therefore 


(nje)"t!—1 n® tl 


(n+ 1)! (2n + 1) (n7e + 1) (n— e) 


<T702 <! 


The inequality (4.26) is thus true for all natural n, and it follows 
from these inequalities by virtue of the above statements that the in- 
equality (4.24), and therefore also (4.19), hold true for all n, provided 
we put inA< e?, a, > e/2. 


It has now been proved that for all natural n 


1 /e\" 97) 
B, e (4.27) 

whence, recalling the notation A, = n'B_, the inequality (4.26) may be 
written in its final form 
| nn! n,2n 
It follows from the estimate (4.28) that the series (4.5) for 0< t < 

T is maximized by a series with positive terms 


k 
Si 1B!) (4.29) 
ae \ 2 = 

k=0 

which obviously converges as a geometric sequence, so long as the para- 


meter 8 satisfies the inequality 


(4.30) 


Thus, if condition (4.27) is satisfied, the series (4.5) converges 
absolutely and uniformly inside the circle (4.27), uniformly with respect 
to t in the above stated interval, and represents the solution of the 
basic nonlinear integral equation (4.1). 


In conclusion, it will be noted that from a practical point of view a 
peculiarity of the above method of solution consists in the fact that 
for its construction we may take the solution of the corresponding | inear 
creep problem as the first approximation, just as in the known solutions 
[11, 12, 13] of the problem of nonlinear creep theory by the method of 
successive approximations, the solution of the corresponding elastic 
problem may be used as the first approximation. In fact, thanks to this 
feature, the rate of convergence of the successive approximations is con- 
siderably increased. 
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5. Relaxation of torque in a thin-walled rod of tubular 
cross-section. Let the thin-walled rod of tubular cross-section 
(Fig. 1) at some instant t = r, be twisted through the angle 


= 


which will remain unchanged in what follows. Let the creep property of 
the material of the rod be characterized by [ 2 | 


C(t, =) yit 


where d(r) is some monotonically decreasing function characterizing the 
creep of the material as a function of its ager, andy is a constant 
parameter. Then, by (4.2), the right-hand side and the kernel of the 
integral equation (4.1) will be 


The resolvent R(t, r, a) of the linear Volterra integral equation with 
the kernel K(t, r) is determined by [ 2 ] 


R(t, t, a) = — (t) + (2) — \e (5.3) 


(7) 1\ |! + 3Ga¢q dt 
As has been shown in [2], one may write 
= (<) (5.5) 


where A, and C. are constants, characterizing the change in the amount 
of creep of the material in its early and late stages respectively. 


Further, let the nonlinear dependence between the strains and stresses 
in (4.1) be expressed by the power law 


Then, if in the general solution (4.8) of the basic nonlinear integral 
equation (4.1) we restrict ourselves to the first two approximations, 
using (4.4), (4.5), (4.8) and (5.6), we get 


/ 


M (11) 


(5A) 

54 

where 

# 
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PP 


[D(rt, (rt,, p)| 


H(t, = 1 — 3ayGs (=) 


H, (t, =) \ A (t, =) [Ho d= (5.8; 


and the incomplete Gamma function has been tabulated. 


It should be noted that the first term H,(t, r,) in (5.7) represents 
the so-called influence function, characterizing the law of decay in time 
of the initial elastic stresses in the twisted rod, owing to the influence 
of linear creep, while the second term of this expression accounts, with- 
in a quantity of order A*, for the influence of the nonlinear creep on 
the law of decay of these stresses. 


Substituting the expression for the stresses r,.(t) from (5.7) in 
(3.5), we find a formula for the determination of the relaxation of the 


torque: M(t) 


+{ R(t, 2) A, ds] + 0(8%) (5.9) 


t 


Similarly, if in the general equation (4.8) we limit ourselves to 
three approximations, for the relaxation of the twisting moment we find 
the following formula: 


Mit) _ +8 I" | +) de] + 


R(t, 2) dz] + O(%") (5.10) 


where 
(0.11) 


As an application, consider the problem of the relaxation of the 
torque in a thin-walled concrete rod of box-shaped cross-section (Fig. 2) 


q 
a 
4 
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for the following initial conditions: 
2 


a 1D ce h 2 ce 220 ce 


R2.10- 0.9.40 0.026 


2-1 kg ca ke 


For these conditions, consider the four cases corresponding to the 
following values of the nonlinearity parameter: 8 = 9, A = 0.001, B= 
0.01, 0.05, 


Obviously, the value 8 = © corresponds to the relaxation problem of 
torsion in the presence of linear creep and it has been considered in 
[1], while the remaining values of f correspond to relaxation problems 
for transient creep with quadratic nonlinearity. 


The ratio M(t)/M(r,) will be called the decay coefficient of the 
torque. The value of this coefficient has been tabulated here for diffe- 
rent values of time t and the nonlinearity parameter f. It can be seen 
from this Table that the relaxation process for the torsion of thin-walled 
rods of closed section in the presence of transient creep is strongly 
activated by the presence of nonlinearity (for example; for 8 = 9.5, the 
decay coefficient of the torque is two-thirds of that in the case of 
linear creep). 


TABLE 1. 


Values of the decay coefficient M(t)/M(r ) 


Second approximation Third approximation 


B 0,001 B= 0. | B = 0.05 == 0.001 B= 0.01 | B = 0.05 


().4838 | 0.454 0.3251 0.4555 0.3274 
0.3001 2909 0), 2499 3001 0.2421 0.2532 
0.2999 . 2906 0.2495 0.2913 0.2528 
0.2998 .2905 0.2493 0.2912 . 2526 


days 
— 2 
| 
| vol 
22 
Fig. 2. 
First 
approxi. 
mation 
ae 45 | 0.484 | 
90 0.301 | 
180 0.301 
360 0.301 
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It also follows from this Table that for variations of the non] inear- 
ity parameter in the interval 0 < A ¢ 0.01 (which comprises the range of 
variation of 8 in the experimental creep curves of concrete) we may re- 
strict consideration in the general solution (4.8) of the basic equation 
to two approximations, since we obtain sufficient accuracy thereby. 


BIBLIOGRAPHY 


Arutiunian, N.Kh. and Chobanian, K.S., O kruchenii prismaticheskikh 
strezhnei sostavlennykh iz razlichnykh materialov;, s uchetom 
polzuchesti (On the torsion of prismatic rods made of different 
materials exhibiting creep). Izv. Akad. Nauk SSSR Otd. Tekh. N. 
No. 6,, 1956. 


Arutiunian, N.Kh., Nekotorye voprosy teorii polzuchesti (Certain 
Problems of Creep Theory). Gostekhizdat, 1952. 


Vasil’ev, P.I., Nekotorye voprosy plasticheskikh deformatsii betona 
(Certain problems of plastic deformation of concrete). Izv. VNIICG 
Vol. 49, 1953, 


Sogoian, A.S., O nekotorykh zakonomernostiakh polzuchesti drevesiny 
(On certain laws of the creep of wood). Izv. Akad. Nauk Arm. SSR 
Vol. 11, No. 2, 1958. 


Meschian, S.R., Eksperimental’ noe issledovanie zavisimesti mezhdu 
napryazheniyami i deformatsyami polzuchesti sviznykh gruntov (An 
experimental study of the relationships between the creep stresses 
and creep strains in solid soils). Dokl. Arm. SSR Vol. 24, No. 2, 

1957. 


6. Ross, A.D., The Effects of Creep on Instability and Indeterminacy 
Investigated by Plastic Models. 1946, 


Rabotnov, Iu. N., Nekotorye voprosy teorii polzuchesti (Certain 
problems of creep theory). Vest. MGY No, 10, 1948, 


Rozovskii, M.I., Polzuchest’ idlitel’ noe razrushenie materialov 
(Creep and long range destruction of materials). Zhur. tekh. fiz. 
Vol. 21, No, II, 1951, 


Kachanov, L.M., Nekotorye voprosy teorii polruchesti (Certain Prob- 
lems of Creep Theory). Gostekhizdat, 1949. 


10. Goursat, E., Kurs matematicheskogo analiza (A Course in Mathematical 
Analysis). Vol. 1, ONTI, 1936, 


4 
j 
2. 
ay 
q 
4. 
5. 
— 8, 
> 
an 


de 


B.A. Aleksandrian, N.Kh. Arutiunian and M.M. Manukian 


11. Rozovskii, M.I., Polusimvolicheskii sposob resheniia nekotorykh zadach 
teorii polzuchesti (A semi-symbolic method of solution of certain 
problems of creep theory). Izv. Akad. Nauk Arm. SSR Seria fiz-aat. 
nauk No. 5, 1956. 


. Rozovskii, M.I., O nelineinykh integral’nykh uravneniikh polzuchesti 
betonnoi tsilindricheskoi obolochki, nakhodiashcheisia pod vneshnim 
davieniem (On the nonlinear integral equations of the creep of 
cylindrical concrete shells under the influence of external press- 
ure). Izv. Akad. Nauk SSSR OTN, No. 9, 1958. 


Arutiunian, N.Kh. and Manukian, M.M., Polzuchest’ sostavnykh tsilind- 
richeskikh trub (Creep of composite cylindrical tubes ). Izv. Akad. 
Nauk Ara. SSR Seria fiz-mat. nauk, Vol. 10, No. 6, 1957. 


Translated by J.R.M.R. 


dud 
/ 
2 
= 
. 
ij 


NONLINEAR CONICAL FLOW OF A GAS 
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In the paper by Giese and Cohn [1] the hodograph equations of irrota- 
tional steady conical flow of a gas are reduced to a canonical system of 
three equations for the velocity components u, v, w#, the highest deriva- 
tives of which are in Laplacian form. The position of the ray, & = z/z, 
y/z, corresponding to the velocity u, v, vw, is determined by deriva- 
tives of u, v, », with respect to independent variables introduced by the 
authors. In using their equations to find approximate solutions, a number 
of difficulties appear. In the first place, it is not clear how the 
linearized theory will appear in their variables: secondly, & must be de- 
termined by derivatives of the approximate solution; thirdly, it is not 
clear whether every conical flow will be single-sheeted in the uw, wv plane. 
For these reasons, another method is proposed here. The quasi-linear 
differential equation of second order, AFe + 2BFy + CF = D, where A, 


B, C, D are arbitrary functions depending on é, n, F, Fe, Fy» AC - B* > 0, 
is reduced to the canonical system of equations 


AE=@®,, Av=, Aw = 9, 


A= + 


u=Fe, v=Fa, w= F —Eu—nr 


Here the functions ¢ depend on é, v, uw, v, w and their first deriva- 
tives with respect top, ~. 


A method is given for obtaining the second approximation in the non- 
linear theory of irrotational steady conical flow of a gas. A check on 
the accuracy of the method is given for the example of axisymmetric flow 
over a circular cone. 


1. The differential equation for the irrotetional nonlinear flow of a 
gas has the form 


AF + 2BF + CF = 0 (1.1) 


a 
= 
JOLe 
22 
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4 7 
where 
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A =a?(1 + &) —(u— Ew)’ 
a? = a,* — — (x —1) (u® + v* + w* — W,,*) (u = 


B = (a® — w*) Ey + (uy + vi) w —ur (w = F — Eu — nu) 
C =a? (i + —(v — (v = F,) 


a is the velocity of sound, « is the ratio of specific heats, a,, W. are 
respectively the velocity of sound and velocity at a certain point of the 
flow, u, v, w are the velocity components, the quantities €, 7 correspond 
to the coordinates x and y of points in the plane z = | of the xyz field. 


If the projection of the velocity on the plane perpendicular to the 
radius-vector of the point in the xyz field is less than the velocity of 
sound, then equations (1.1) are of elliptic type. The coefficients A, B, 
C in (1.1) depend on the unknown function F, which makes it impossible 

to reduce equations (1.1) to a system of two first-order equations, and 
subsequently to canonical form according to Khristianovich’s method [2]. 
In the following, a method is developed for reducing equations of type 
(1.1) to a canonical system. It appears that this had not been done for 
the general case (cf. for instance [3 ]). These results supplement 
Khristianovich’s results. 


Let us examine the equation 


+ 2BF:, #CF,, =D (1.2) 


where A, B, C, D are arbitrary functions of €, n, F, Fe, F: Equation 
(1.2) is equivalent to the system 


Aus + Blu, + ee) + Cr, =D dF = + vdy, (1.:3) 


_ Here we make the substitution w = F ~ €u — nv (all that follows below 
can also be carried through without this substitution, with no essential 


changes). We obtain 


Ine + Blu, + ez) +r, du + ydv + Edu = 0 (1.4) 


We introduce new independent variables p, o defined by the relations 


\ BE, + Vie — R = Ay, Ke, — he =") 


The quantities u, v, w, €, 7 are now considered to be functions of p, 
o. The variables p, o are the same as occur in Courant and Hilbert [3], 
but in the relations for €, 7 there given, the present author has 
succeeded in separating the factors N and R, which are linear in the de- 
rivatives. We note that p, o have the meaning of "complex characteristics" 
[2]. That is, if we formally write the equation of the characteristics 


: 
4 
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of (1.2) in the form 


— i V AC—B*) =0 


and go over fromr =p + io, fr =p — io top, o, then, after separating 
real and imaginary parts, we will obtain (1.5). It is easy to prove that 
equations (1.5) are invariant with respect to conformal transformation 
of the plane of the independent variables, p + io = f(p* + io*), where f 
is an analytic function, p* and o* are new variables. From (1.5) it 
follows that the Jacobian is 


VAC—P 
= — (¢,* + (1.6) 


and can become zero only at isolated points. Going over to the variables 
p, @ in equation (1.4) and using (1.5) as well as the relations 


— R = Ch, — Br, — VAC—B%, = 0 


5 R=Ct,—By, + VAC—By=0 (1.7) 


we obtain a system equivalent to (1.2): 


K == + Enlls Mel's + — — = 0 


L = w, + WW, + Gu, = 0, N = An, — B:, + VY AC — Bt, = 0 


M = we + 7. + tu. = 0, R = An, — B?,-- V AC — B*t, =0 
We form the relations 
S=L, + M, = Aw + yAr + + + + Net's + Nos = 
(1.9) 


T = L, — My, = — + Net's — Note = 


The relations S = T = 0 will be equivalent to L = M= 0, if it is required 
that the condition Ldp + Mdo = dw + ndv + du = 0 be fulfilled on the 
boundary of the region in which the solution is required. 


In (1.8) we replace L = M= 0 by S= T= 0, and in S = 0 we replace 
the terms with first derivatives by the term which contains D in K = 9. 
Then we obtain the system 4.40) 


D 
( — atic) 


Using (1.6) we form the combinations 


1111 
X=——|N 
AC — Rt 
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(1.11) 
A +iT = ( + (Up — ite) + (Np + tha) is) (Eo — = O 


NV +iR = + ine) —(B +i VAC —B?) + i.) = 0 (1.12) 


If in relation (1.11) we replace the quantity (n, + ing)/(E, + i€,) 
by (B + iVAB-B*)/A from (1.12) and separate real and imaginary parts 
in the resulting relation, we obtain two equations: P= 0, Q= 0, 
equivalent to K = 0, T= 0. With the remaining equations of (1.10) we 
have 


P = Au, + Bv, + VY AC — B*v, — Di, = 0 


Q = Au, + Br, — V AC — B*v, — Dz, = 0 (1.13) 
N = Ay, — Bi, + VY AC — B%, = 0, R = Ay, — Bt, — VY AC — Bt, = 0 
S = Aw + + + — = 0 


V AC —B 


plus the boundary condition dw + ndv + &du = 9. 


From the system (1.13) it is easy to go over to a system with second 
derivatives in Laplacian form. We form the relations 


(1.14) 
P,+ QO, = BAv + AAu — DA?4+---=0, N,+ AR, = AAy— BAE+---=0 
P,—Q, = VY AC — ---=0, N,— R, = V AC— +--- = 0 


The dots denote terms which contain no second derivatives. From (1.14) 
and S = 0, noting that AC - B* 4 0, A¥ 0, we find 


Au=®,, Av-®, Aw=0, Ai=M,, An=®D, (1.15) 


where the ® depend on €, 7, u, v, w and their first derivatives with 
respect top, a. The system (1.15) is equivalent to (1.13), if it is re- 
quired that on the boundary the conditions 


Pdo + Qde = Adu + Bdv + Y AU — B? (v.dp — v,de) — Dd? = 0 
Ndp + Rds = Ady — Bd: + Y AC — B? (E,dp — de) = 0 (1.16) 
dw + + fdu = 0 


be satisfied, since equations (1.14) for the functions P+ 1Q, N+ iR 
represent Cauchy-Riemann conditions. 


For the case D = 0, the system (1.14) may be obtained in a more sym- 
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metric form. We will show how this can be done for the case of f, 7. Let 
N’, Y° represent the quantities N, R, X¥, Y[cf. (1.5), (1.7) ] 
divided by ¥ AC - B*. Form the relations 


N.'—R,'=0, +R, +EN'+FR =0 (1.17) 


where E, F are functions which are bounded inside any closed sub-region 
of the region where the solution is required. If it is required for the 
condition N’dp + R’do = 0 to be satisfied on the boundary, then equations 
(1.17) are equivalent to N* = R’ = 0. But N,° - R,’ = Ofé6u4G Ga 
- 0 4 

be OF 


The system (1.15) for D= 0 has the form: 


B B A 


ba = — + — & 
( 


V AC—B AC — B/ AC — B*/e 


B B \ A A \ 
V AC =i), (5 AC — Bo + AC — Ble"? 


Aw = — yAr— 


plus the boundary condition (1.16). This system is invariant with respect 
to conformal transformation of the plane of the independent variables. 


We will note, for later reference, that the system (1.8) is equivalent 
to the system 


S=0, L=M=zN=R=0 (1.19) 


where S = 0 is taken in its form in system (1.10). 


2. We shall apply the method of successive approximations to the equa- 
tion of conical flow of a gas (1.1), transformed to the system (1.8). In 
the right-hand sides of (1.18), and in the coefficients of the derivatives 
in the boundary conditions (1.16), we put the values corresponding to the 
first approximation, for which we use the ordinary linearized theory of 
flow around conical bodies. This gives a system of Poisson equations for 
the second approximation, etc. 


Let us find the solution of (1.18), or the equivalent system (1.13), 
which corresponds to a uniform flowu= v= 0, w= w, (exis Oz is in the 
flow direction). Putting u= v= 0, w= w in (1.13) we find that P= Q= 
S = 0 are satisfied, while the equations N = R = 0 have the solutions 


(1.18) 
1905 
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which are obtained by first transforming to polar coordinates in the 
planes €, and p, o, according to the equations 


YM,2—14=rsin6, »=acosB, s=asinB (2.1) 


0 
where M. is the free stream Mach number 


i+ 


The linearized theory is obtained if, in the right-hand sides of the 
system (1.18), in A, B, C, &, » and their derivatives, we put the values 


22 
= 8, w= W, (2.2) 
The first derivatives of u, v are left in the exact form, since they be- 
long to the functions which are to be found; that is, the equations for 
u, v, corresponding to the linearized theory, contain not only Laplacians 
but also first derivatives of the unknown functions. 


Actually, we shall put the values (2.2) only in A, B, C, in (1.18) as 
well as (1.16). Then, proceeding in a direction opposite to that which 
led to (1.18), that is going from (1.18) to (1.13) ... (1.8), and, 
finally, to (1.19), we can establish that u, 
satisfy (1.19), when A, B, C correspond to 


Since in the linearized theory the outer boundary of the conical flow 
is the Mach cone, we can again take the solutions of the equations N = 0, 
R= 0 to be iy) > 2a/(1+ a‘), 914) = 8, which satisfy those equations. 


Pig. 1. 
In (1.19) we are left with the equations 


S = + + 
L = + Hayle + 


It is easy to prove that the solution of this system is given by three 
harmonic functions, which are related by the equation 
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d [aay + iM] = — 4 + > (2.3) 


where r = a + is] is an analytic function 
ofr, a= VM,’ = Ll. Indeed, is pom since Avis) 
= 0, and + + (5) = 0, which is equivalent 
= M-= 0, appears as the real of equation (2 .3), miltiplied by 
e*P. Since Fes) = "oye Qq) = then if we replace values with 
index (1) by ebhies with ial (0)! erever possible in equations (1.16) 
and (1.18), we find that the linearized theory appears as the solution of 
(1.18) with the specified right-hand side, and the r-plane is the plane 
introduced by Busemann [ 4 } . 


The invariance of (1.18) with respect to conformal transformation (of 
the plane of the independent variables) makes it possible to look for 
solutions in any convenient region of the po-plane. We shall examine 
separately the cases in which the region occupied by the conical flow in 
the €, » plane is singly connected and doubly connected. For the case of 
the singly connected region we shall take the example of flow over the 
upper portion of a plane delta wing with supersonic edges, at angle of 
attack 6 [5]. 


The envelope of the Mach cones with vertices along the leading edge is 
defined by the planes 8-3, 8-3’, and the arc of the Mach cone 3-1-3° 
(Fig. 1). After the straight lines 3-8, 3°-8°, come Prandtl-Meyer fans, 
followed by regions of uniform flow. The region of conical flow is bounded 
by a weak, unbroken shock wave, 7-3-2-3°-7°, and the plane of the wing, 
8-7-7°-8°. This shock lies near the Mach cone 3-1-3", the are of the 
curvilinear characteristics 3-4 and 3?’-4° of the Prandtl-Meyer flow, the 
straight characteristics 4-5, 4°-5°, and the arcs of the Mach cones 5-6 
and 5°-6° of the expanded flow. The author assumes that AC- B*> 0 in 
this region (in those cases for which the angle at the vertex of the wing 
is substantially different from). In the linearized formulation, the 


region of conical flow for & > 0 has the form shown in Fig. 2. 


For the region of the variables po in the exact solution we take the 
plane which is obtained by mapping the £, 7 plane of the linearized 
problem on to the p, o plane according to the equations r = 2a/(1+ a’), 
6 = RB. The second approximation is also sought in that plane. (For the 
actual determination of the second approximation, this region may be 
mapped on to a circle or on to some other region for which Green's function 
is known). In our example, the region in the p, o plane is a quadrant of 
the unit circle. 


For finding the second approximation in the case of a doubly connected 
region (a body entirely enclosed by the shock wave) the region of the 
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linearized problem (Fig. 3) in the &n plane is also transformed into the 
po plane according to the equation r = 2a/(1 + a’), @= 8, and this 
region is transformed into a ring, whose internal radius we will fix. 
Correspondingly the linearized solution is transformed to new variables. 
We will seek the second approximation in a ring whose inner radius co- 
incides with that of the first approximation, while the outer radius, 
which is not at first known, will be found as part of the solution 

of the second approximation. The difference in these radii for a circular 
cone is O(« ), where « is the half-angle of the cone, and is illustrated 
in Fig. 4, where R, is the fixed radius, R, is the radius in the first 
approximation, and R, is the radius in the second approximation. 


Fig. 4. 


The boundary conditions at the shock wave, which express the continuity 
of the velocity component tangent to the shock surface, and the condition 
for the normal component for an oblique shock, have the form 


where (0, O, w) and (u, v, w) are the velocity components before and 
after the shock, €, 7 are coordinates of the shock surface, r = m Ves 
n’, tan 6 =n /€&, « is the adiabatic exponent, m = VM,’ - M, and a, 
are the Mach number and velocity of sound ahead of the shock. 


For bodies which are entirely enclosed by the shock wave, neglecting 
(dr/dt)? and putting r = 1 (Mach cone), for the second approximation we 
obtain 

Wx) — We + M2) = ray 1 + — =0(2.9) 

For bodies which extend through the Mach cone it is also possible to 
make a linearization (2.4) appropriate to the specific problem. The con- 
dition which states that the velocity component normal to the body is 
zero has the form 
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+ Z,(v —1w) = 0 (2.6) 


where Z(£, n) = 0 is the equation of the body contour. This may be 
linearized if all the terms are taken to be a first approximation plus a 
correction, and terms containing squares or higher powers of the correct- 
ions are neglected. 


Pig. 5. 


On the Mach cone, (AC -B? ) 1) becomes zero and its surface becomes 
singular in the determination of the second approximation, though this 
circumstance does not require the introduction of special methods, since 
the author finds that already (AC - B* ) 2) # 0. The author will not 

dwell on the series of technical difficulties that may appear in the work- 


ing out of the second approximation. For example, (AC - B*),.) < 0 on 
3-6 (Fig. 2); this results from the circumstance that the boundary condi- 
tions are taken on the Mach cone of the undisturbed flow. This difficulty 
can be avoided if the boundary conditions are taken on the Mach cone of 
the expanded flow, which may be done without going beyond the limits of 
accuracy of the linearized theory. 


3. To evaluate the accuracy of the second approximation, it was worked 
out for axisymmetric flow over a circular cone. It may be shown that the 
solution for a cone depends only on a [cf. (2.1) }. 


a2 


Fig. 6. 


If the radial velocity component is denoted by A, the system (1.19) 
becomes 
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Putting w’ from the second equation of (3.1) into the first, and using 
the third equation, we find 


The system (3.2) is essentially equivalent to (1.18), since the linear- 
ized solution is obtained if the squared bracket and r in the right-hand 
sides of (3.2) are replaced by their values corresponding to the uniform 


flow, u=v=9, w=, r=2a (14 a’), 


= 
ATi 40 M 
Fig. 7. 


If in the right-hand side of (3.2) we put values corresponding to 
slender body theory rather than the linearized theory, which we do to 
simplify the calculations, 


= w,(e*Ina+1) (3.3) 


then we obtain the system of the second approximation, which can be 
solved by integration. Satisfying the flow condition on the body for 

a= l/2me, = w>) tame, the condition (2.5) at the shock gives for 
a,, determining for the outer radius of the ring, the value 


(3.4) 
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a? In ada 


+ a*) (i — 


(3.5) 


The term containing l takes into account the shock position. On the 
shock, = 1+ In1/2me), which is not correct; but the influence 
of the shock on the velocity components at the body within the present 
theory is Ole® Ine), and it is not necessary to take it into account in 
the solution of other problems. 


The pressure coefficient on the cone surface is given by the expression 


+2\5,-37 )e + 


This expression does not agree with that given by Broderick, [7], 
which is easily explained, since the two solutions have been obtained 
along different lines. Calculations using equation (3.6) show that it 
gives somewhat more accurate results than Broderick’s formula for the 
second approximation. 


Figures 5, 6, 7 for cone angles « = 5, 10, 15° are taken from Broderick 
17]; the curves marked 1 correspond to the numerical solution, curves 2 
are Broderick’s second approximation, curves 3 are the slender body theory; 
the points are the values of C, computed from equation (3.6). 


The author thanks V. Falkovich for his valuable suggestions. 
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PLANE PROBLEM ON OSCILLATION OF A BODY 
UNDER TWO SURFACE-SEPARATING LIQUIDS 


(PLOSKAIA ZADACHA KOLEBANITIAKH TELA POD POVERNOST’ IU 
RAZDELA DVUKH ZHIDKOSTET) 


Vol.22, No.6, 1958, pp. 789-803 


VOITSENIA 
(Rostov-on-Don) 


(Received 14 October 1957) 


The problem on steady oscillations of a body of arbitrary shape under a 
free surface of an infinitely deep liquid has been solved by Kochin [1]. 
The same problem for finite depth has been investigated by Haskind [2], 

using Kochin’s method. 


Here we investigate a plane problem of wave motions induced by oscilla- 
tions of a body under a surface of separation of two liquids, by Kochin's 
method; the layer of the lighter upper liquid of finite thickness has a 

free surface, and the lower liquid has an inifinite depth. 


1. Statement of the problem. Let the body oscillate periodically 
under the boundary of separation (Fig. 1). We will investigate infinitely 
small oscillations of a body, making usual assumptions of linear wave 
theory. We assume that waves propagate on both sides of the body, so that 
the liquid velocities are everywhere bounded and approach zero as y’ +-~. 
The boundary conditions on the free boundary, on the boundary of separa- 
tion, and on the contour of body C, will be transferred on the lines 

y’ = 0, y’ = -d and on the contour C respectively; this last is assumed to 


be stationary. 


Sal 
4 7 
A, 
_— 
GYD 
Fig. 1. 
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i Assuming a potential motion, in this analysis we introduce the velocity 
potentials ®.“(x’, y’, stream functions Cx’, y’, t’) and the 
complex potentials 


(2, + iF; (2, y’, t’) (1.1) 


, 


where z° = x° + ty” and the index j is equal to 1 and 2 for the upper and 
lower liquid respectively. 


By usual means we obtain the condition on the free boundary 


aD,’ uD,’ 
dD, Cc D, 0 


ky 


and two conditions on the boundary of separation 


_ () (1.3) 


oy 


OM,’ Ps -~+2 )| (1.4) 


ou oy 


The equations of the free boundary and of the boundary of separation 
have the form 


1 jan an,’ an.’ 


{ 
6,’ (z’) = —— — Ps 1. 
ot 2 (7) g — 1) [es dt’ Pe Fi 


where 5.°(x°) is measured from the axis x, and 5,°(x") from the line 


yo 

4 Since boundary conditions are linear we may consider only purely har- 
. monic oscillations of the body with frequency k, determined by the formula 
== cos At’ + vy.’ (s’) sin At’ = (s’, t’) 

. where v,“ is the normal velocity component of one of the points of the 

3 . contour C; to that point there corresponds an arc length s° measured from 
: some fixed point on C, 

a Then for function ®,*(x’, y’, t’) we have the condition of streamline 
as flow on C 


vn 


Assuming the oscillations of fluids to be steady, we take 


y', U) = y)coskt’ + py’ (2’, y’)sin kt’ (1.7) 


where big (x’, y’)= Te wig (2°) if m is equal to | and 2, We will then 
have 
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(2’, t') = wy’ (2’) cos kt’ + (2’) sin kt’ (1.8) 


The boundary conditions (1.2), (1.3), (1.4), (1.46) will be rewritten 


as follows: 


Wim = Wjmkd?, 


(1.10) 


g 


° 
= Os, 


Denoting by E, the region occupied by the upper liquid, and by E, the 
region occupied by the lower liquid, we can formulate the problem in the 


following manner. 
It is necessary to determine functions w m (2) and w, °(2), which are 


analytical in regions E. and E, respectively, and which satisfy the con- 


ditions 
(1.11) 


for y 1.13) 


4. On the free boundary and on the boundary of separation the waves 
move out on both sides of the contour of body C. 


5. In regions F, and E, outside the contour C the velocities are 


bounded and approach zero as y + — ~. 


(1.14) 


6°. Unm (8) on 


Using relations (1.7), (1.11), (1.2) and (1.13), the equations of the 
free boundary and of the boundary of separation can be written in a final 


form 


ou oy’ oy’ 
v 
4 0° A (1.9) 
oy Pim } oy’ r2m — 
te We introduce dimensionless quantities, denoting 
fad 
tay. 
_— : for v (1.12) 
oy oy 
q 
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as: 


° 


6, (zr) = | sint — — 


where j is equal to 1 or to 2. 


2. The case of a pulsating vortex and a source. Assume at some 
point ¢ = & + in of the region — 1 > Im z > - « a pulsating vortex of 
intensity T, cos t+ T°, sin t). Then from functions it is 
possible to separate the singularities at point ¢ 


Wjm° (2) = Wim (2) + Fm (2) (2.1) 


where w (2) and w,,(z) are functions, analytical in regions 9 > Im z > 


— 1 and- 1> Im z > — respectively, whereby + and 


(2.2) 


Differentiating equations (1.11) and (1.13) with respect to x, we can 
rewrite the first three boundary conditions from Section | in the form 


(2.3) 


OF 1m 


| (2.4) 


(2.5) 


= Im pat Jem (x) = Im ES + 
(2.6) 
Introducing the expressions for F(z) in formulas (2.6) and using the 
known equations 


0 


we obtain 
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r 


Iim(2) = — v\ cosh (x — dh 


fom = sinh cosh 7.) cos (x — =) dh 


0 


We seek the solution in the form of Fourier integrals 


Wim (2) = \ {{A + iB) + + ED = (2.8) 
0 


(2) = | [E + iG a 


using condition 5 to ensure boundedness of functions dw, /dz. 


Introducing the functions w.. into conditions (2.3), (2.4), (2.5) from 
(2.8) and using relationships { .7), we obtain the equations for determin- 
ation of coefficients, from which we will find 


1 
A(h) = 0, == { 


— =B 


(2.9) 


x 


LQ) 
(TO) 


270) 
vp T (A) 


E (A) = 0, G (2) = 


=—v¥+x (d? sinh? }— cosh? A) 


T (h) = 2v + + — (h — v)] (x = — 1) (2.10) 


It is easy to see that for any v > 0 the equation T(A) = 0 has one 
positive root A = A, and one only. Since the integrands for functions 
dw; ,/dz have two simple poles A = v and A = A,, on the real positive 
semi-axis A, we will take the Cauchy principal values of the integral. 


2. To find the general solution, to the obtained functions w _{2) we 
will add the potentials of the free waves 


‘?¢ | 
a 
@ 
r (2.7) 
= 
where 
7 
a 
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Wem’? (2) = + 


where G,° are constants. Therefore 


@ 
Wim = — In — = + \ 4 
/ 
0 


d). 


The unknown constants will be determined from condition 4°, according 
to which the waves propagate in both directions from the vortex. 


To determine the asymptotic values of functions dw, /dz for x < 0, we 
will write them in the form 


dw L(y) 


Ly 
L 
2iT (Ao) e—tA(z—8) z<0 


(Ag — v) (Ao) 


where L, is the contour in the plane of the complex variable A (Fig. 2), 
and 


(=), de 


Integration by parts shows that the integral along the contour, 


Fig. 2. 


L, approaches 0 as x + — ~, consequently 


du 


(2.11) 
if 
22 
‘ ,Ac 
0 a 
ay 
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(vy) 21 (A) 
Ey Ty)’ Qo — (2.14) 


Utilizing the integral along L_, we similarly obtain 


dw 
lim + iT mG = 0 (2.15) 


Inasmuch as the waves propagate in both directions from the vortex, 
the asymptotic expressions for the full complex velocity can be written 
in the form 


+it 4 + = 0 
Taking formula (1.8) into account, we will have 


(2.17) 


Introducing the expressions (2.13) and (2.15) in the formula (2.17) 
and then comparing it with (2.16), we finally obtain 


Similarly it is possible to find the asymptotic expressions for dW/dz 


lim { [A —iv(z ~~) —it + R 4. = 0 
Xx +—@ 
lim 


— + tt =0 (2.19) 


and also the values of the unknown constants 


(2.20) 
Ap, A,° = — (if, + Te) Ay 


= (if; Bo, = — (iT, By 


= (1, C,° = — (iT, —T,) Cy 


q 
q where 
: 
0 
(2.16) 
dw. dw.,° dw.,° 
dz dz d: 
E° = — iT, = if, 
24 
G°=(1,-')G, ¢°- 
4 
A= 1,2, A 
a 
q 
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L [20 — (Ag — (Ae) 


2L ( 
Ay =) = Ey, By = 


3. For a source of intensity ( Q, cos t + Q, sin t ), situated at the 
point ¢ = & + in, it is possible by the same method to obtain complex 


potentials 
(2) = In (z —C)(z—0C) + On — DeiX2-2)) + 
0 
+ Ame + Br, 4 (2) = In (z—{)(z—C) + 


and the asymptotic expressions of complete complex velocities 


lim — [A, 00 p—iv(2—Z) +it + B, +it + C; =a 0 (2.23) 
lim od, 4 =0 


| dz 


NO p—iv(2— %) +it 4 G, CO = 0) (2.24) 


°=Q, (Q; + iQ.) Ay 
— — iQ:) ¢ 
+ 


(2, + Go 


— (Q; —iQ2) Apo, = —(Q, —iQ,) Eo 
= —(Q,—iQ.) By, =—(Q, —iQ.) Gy 


3. On waves produced by oscillations of the body. 1. We will 
derive the basic formlas for the problem postulated in Section 1, assum- 
ing that the solution of this problem is already known; we will deal with 


1128 
where 
| 
where 
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the actual solution in Section 4. 


We take point z in the region £, and draw two contours C, and C, in 
such a manner that they are located entirely in region £,, and that C, 
encloses the contour of body C but does not contain point z, whereas C_ 
encloses both the contour C, and the point z (Fig. 3). For functions 
single-valued in region E, dw,.°/dz = v>,_(2), the Cauchy formulas are 
applicable 

Yam (2) = — | (3.4) 
Cy Can 
where both contours C, and C_ are traced in the positive direction, and 
the bar over the letter indicates that a complex conjugate expression is 


taken. We designate 


It is evident that V(z) are analytical functions over the entire sur- 
face of the compfex variable z outside the contour C,, which can be drawn 
as close as desired to the contour of body C, and behave as 1/z at infinity. 
The functions U_(z) are analytical within the contour C_, which can be 
taken as close as desired to the line y = - l. 


Therefore, it is possible to consider that the motion of the liquids 
is caused by vortex-sources of densities v,.(¢) distributed on the contour 


C,. 


6 
q 
> \ —— daz 
Vm (2) 2 xi z—¢ 
“we (3.2) 
Ca 
y 
th, C, 
Cw 
4 Pig. 3. 
. 


‘at 
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We will utilize this fact to determine functions v,.(z) = dw /dz and 
also to represent functions U,(z) in a different form. 


Using formulas (2.12) and (2.22), we obtain complex velocities for the 
vortex-source of intensity iQ): 


N N ‘ 
0 0 


— if[vAne + AV + Dol (3.3) 


@ 


0 


= dh 
0 
true for y + 7 > 0, taking in formlas (3.3) and (3.4) N. - v,,(¢)d¢ 
and integrating along the contour C,, we obtain the complex velocities 
in regions E, and E, 
(2) = Vy (2) + (2)[— dh 4 \ Be — 
0 


C1 0 


+ Cy eg (3.6) 


\e dh. + dr) dé 


0 é, 


— Co | (2) 


Zrniz—€ ; = - 
where 2 
A, =—iN,—, A,=iN,2, B,=—iN,," BY = 
= 1 2 2 1 l 2 ’ 2 > 
iN, C. =iN,. = — iN, 
Ay 
a Considering the equality 
Ci 
_ 


Oscillation of a body under two surface-separating liquids 1131 


Ve; (2) = (2) + \ Ver dh + dr} ch 
0 0 


= Vee (6) + Gye 
c 


(2) = Vo(2) + (0) [— dh + 


+ dr} de + 4 (3.7) 
0 Cc, 


We introduce the complex conjugate functions. at real A, 


Hm (h) = \ Vem dl, Ha (h) = Vem (5) (3.8) 
on 


Interchanging the order of integration in (3.4) and (3.7), we obtain 


V1; (2) = V; (2) 4 \ [Ai 


9 


+ B) —H,0 — AH, (v) 


\ 


jg +B) D) dh + 


@ 
0 


AgH,(v) + + BoM, (bo) — CoH, (26) 


ve, (2) = V; + ix) dh — (v) — GH (by) 


0 


0 


where 
(3.10) 


| 


Vi=V,; (2) =\ Hi, +G)dk— iv? (hy) 
0 


V2(2)=\ (1) (— +6)a E.H , vt 4 GOH, (ho) (3.11) 


0 


99 

a 


V.S. Voitsenia 


2. We will determine the waves on the free boundary and on the bound- 


ary of separation at a distance from the body. On the basis of formlas 
(2.16), (2.19), (2.23) and (2.24) we can write the asymptotic expressions 
of the complete complex velocities for a vortex-source of intensity 

N, cos t + N, sin t (where = iQ): 


lim {uy (z) — 4. B 4 — 


xr+—@ 


lim {uy (z)— [A,e ~iv(z—U)+it + iAfz—U)+il + = 0 


lim {u,(z) 4 G = 0 


lim {t.(z) it 4+ — 0) 
Here 
A = (iN,— N.) Ae. A,= — (iN, + N.) Ap, B, = —(iN, N.) By 
B_ (iN, ») By 


C_=(iN,+N.)Cy, Cy, =—(iN, —N.)Co, E, = —(iN, + N,)E, 


G, = — (iN, + N.)G, 


Taking N. = v,_(¢) d¢€, integrating the expressions (3.12) and (3.13) 
along the contour C,, and using formulas (3.8), we obtain 


lim — iAg (v) + i, — [Ay (he) + 


iC [Hy (ho) — ete =0 (3.14) 


+ iC [Hy (ho) + iH = 0 


lim — iE, (Hy (») (vy) — 
— [Hy (ho) + =0 
lim iE, (A, (v) — iH, (v)} 


rota | © 


+ iGo [Hy (ho) — (do) Jet? at ot 


Taking formla (2.17) into account, it is possible from (3.14) and 
(3.15) to find the asymptotic expressions for functions dw °/dz, the 
introduction of which in formulas (1.15) and (1.16) makes it possible to 
determine the wave profiles on the free boundary and on the boundary of 


1132 
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separation at a distance from the body: 


8, (xz) = Im {Ay {H, (v) + iH, 
+ (By + Cy) (do) + 
8, (x) = Im {Ay [H, (v) — iH, + (3.16) 
8, (z) = Im (v) + (v) + + 
+ Gye*[H, (hy) + — 


(3.17) 
8, (2) = ln (v) — + 
+ Gye (hy) — (hy) x 
Denot ing 

| Ag || My (y) 4 = | Bo + Cy (he) + iH, (do) 
=! Ay! (v) — iy = B, + Cy (ho) — if, (d) | 
to = | (v) + Bo | Hy (ho) + (hy) 
Zo, H,(v) — iH, poy = |G, H (ho) — (Xe) 


it is possible to state the following. On the free boundary and on the 
boundary of separation waves are propagated on both sides of the body, 

and their profiles are due to superposition of two wave shapes, waves with 
lengths 27 /v and 27/A.. The amplitudes of waves travelling in the 
direction of decreasing and increasing x are respectively equal to a 

and ai, for waves of length 27 /y and are equal to fi, _ and 8., for waves 
of length 27/A., where j = 1 for the free boundary and j = 2 for the 


boundary of separation. 


Knowing the value 


(Ao) 
O 
we can write the ratio of amplitudes: 


from which it follows that the waves of the first shape are displaced 
primarily along the free boundary, and the waves of the second shape 
along the boundary of separation. 


3. Py X and Y let us denote the projections of the vector of pressure 
forces applied to the contour of body C, and by 4 the moment of these 
pressure forces with respect to the origin of the coordinates. In order 


7 
4q 
a 
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to evaluate the mean values of X, Y and M during one period of oscil la- 
tion we will use Kochin’s formulas [ 1 ] 


cp 


Po [/ \2 
Ven + iXey = — 


- Re ff 
i 


a )t 
(3.20) 


Po 
Mcp = ?, lep 


dw,,\2 
21 \ 22 
a) +(42) ] 
where S is the area bounded by the contour of body C, x, the abscissa of 
the center of gravity of this area, and C, any contour located in region 
~ 1> Im z > — « which includes the contour C,. The first terms on the 
right-hand side obviously depend upon the buoyant force. Since 


dw 


ae Vem (z) = Vn (2) + Um (2) (3.21) 


\ Ven (2) dz = 0, \ Un? (2) dz = 0 


\ (2) Um (2) dz 


From this, taking formlas (3.11) into account and changing the order 
of integration, we will obtain 


\ (a2) 


=2\H, (A) — +6 — 2EoH, (v) Ho (v) — (do) Ha (,) 


(3.22) 


° 


Cy 


= 2\ (0)(— 


4 G)di 4+ 2E (v) Hy (v) + 2GoHs (do) Hy Oo) 


Introducing expressions (3.22) into the first formula (3.20), we find 
@ 


0 


He (d)) 
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We evaluate the moment M in the same manner. Near the point at infinity 
the functions V.(z) have the expansion: 


Vm (2) = ds +... +... 


C 


consequent ly 


Re| (2) -- Rel = | 0) 

2ri 
Cy 


§ 2U m® (z) dz 0 


Cy 


Therefore 


Moy, = 00° Jey — Re { (z) U, (z) + 2V, (z) U, (2)| dz} (3.25) 


or after evaluation 


\ 


« — (dif, , fall, 


(3.26) 


In the absence of the upper layer of fluid it is possible to put «=9. 
In this case formlas (3.19), (3.16), (3.23), (3.24) and (3.24) will 


coincide with the corresponding Kochin [1] formulas. 


For the evaluation of functions HA) which express all the basic 
results of the problem, it is necessary to know the expressions of func- 
tions V,.(z) on the contour of body C. However, in case of comparatively 
large relative depth of immersion, it is possible to obtain fairly good 
approximation by introducing into formulas (3.8) for the functions V>_(2) 
their values v,__(z), which correspond to the oscillation of the body 
in an unbounded liquid. It is possible to investigate a series of examples 
similar to those discussed by Kochin [1 |. 


4. Solution of the problem with the aid of integral equa- 
tions. 1. In accordance with the formulas derived in Section 3 it is 
possible to obtain exact expressions of values to be determined, if the 
solution of the problem given in Section 1 is known. Applying the bound- 
ary condition on the contour of the body C, this problem will be reduced 


to the solution of integral equations. 


4 
Besides 
99 
| — . 
“a 
33 
7 
— He (he) ( —— oe 
a 7 
1 
a 
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Assuming that the contour C is simple and with a continuous curvature, 
we will distribute along C pulsating sources with some density ly, f) 
cos t + y, (a) sin t |], where o is the length of the arc on the contour C, 
which corresponds to point ¢ (oe) of this contour. 


Then the complex potentials w,_°(z) can be found in the form 
2a 


i ¢ 
\ tm (3) In [2 ds + wy, » (3) 


Cc 


where w,.*(z) functions are analytical in the region E,. Utilizing form- 
ulas (2.22), we obtain 


= \ {4m Im (2 + \Ge =| + 
0 


Cc 


+ Em’ (ho) d: 


/ 
(v) = —12(0) Es’ (¥) = 


E (Ao) 
0 (Ao) E, (io) (2) 


’ 
Ao 


Ey’ (ho) = — (2) 


where we have denoted E,(v) = E, and E,(a,) = G,. 
It is obvious that conditions 1°-5° from Section | are thus satisfied. 


Introducing expressions dw,.°/dz from (4.1) into formlas (3.8), we 
obtain 


H m = Ym (2) eds (4.3) 


Taking into account that 


di, = Ge? (2-2) di. — (¥) — (dg) 
0 L— 


(Fig. 2) and utilizing formla (4.3), after evaluation we obtain 


+ Em (vet? Em (bg (4.4) 


where for values v and A,, designated by A, we denote 


3 
find 
1136 
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wa \2) (4.1) 
4 where 
> 
. 


Oscillation of a body under two surface-separating liquids 1137 


E, (A) = (A) —iH, (A), (A) (4.5) 


Functions y_(o) will be found from conditions 6° on the contour of 
body C, which can be written as follows 


dw,,° 
Re| = Tram (5S) (4.6) 


where @ is the angle between the exterior normal to the contour C and the 
x-axis. 


limiting value of the integral of Cauchy 


Applying the formlas for the 
from condition (4.6) an integral equation 


type on the contour C, we obtain 


(s)ds Jf. (s) (4.7) 


| 
A (Ss, 3) Re | 


(s) — 2 Re {E,, (v) e! + EF, 


2. The problem has thus been reduced to the integral equation 


am 


=p) A (s, 3) 7(2) ds f(s) (4.10) 
Cc 
for » = — 1. We will seek the solution for sufficiently small values of 


v. Considering the limit at v + 9, we obtain the equation 


(4.11) 


where 


K,(s, = limA (s, 2) 


By introducing contour C’, which is symmetrical with the C relative to 
the line y = — 1, we will rewrite equation (4.11) in the form 


1(s) (3) ds + fo $) (4.12) 
cic 
considering functions y(s) and f,(s) to have equal values at points sym- 
metrical relative to line y = — l. 


But it is known that equation (4.12) has a simple characteristic 


99 
where 
=u) Ag(s, dz + fy (s) 
4 Cc 
+ cos (n, r) 4 cos (n,r’) 
fy (s) = lim f(s) 
4 
‘ 
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number » = 1, and that all other characteristic numbers Hy, are such that 
|p, | > 1. Because the homogeneous equation conjugate to (4.12) has a 
unique independent solution y(o) = 1 at » = 1, the condition for a solu- 
tion of equation (4.12) to exist at » = 1 will be that the equation 


/.(s)ds = 0 


be satisfied; this is achieved if the contour C is assumed not to deform 
during oscillations. Therefore, the solution of equation (4.12) will be a 
meromorphic function of », where the poles of this function are located 
outside of a circle |u| < 1. But then, for sufficiently small values of 

v the solution of equation (4.10) will have only one characteristic number 
within the circle || < R, where R > 1. We will show that it is equal to 
unity. In fact, we have 


a) ds = ds + Re[ ¢ (2) dz] \ ds=1 (4.13) 
; C 


Tr 
c 


where g(z) is an analytical function in the region £,. Therefore, the 
homogeneous equation conjugate to (4.10) has the solution y(o) = 1, at 
w= 1, i.e. the number p = | is a characteristic number. The condition 
of solution of equation (4.10) at » = 1, having the form 


/(s)ds =0 (4.14) 
Cc 


is achieved, provided that 


\tnm(s)ds =0, Re[ ds] = Re| fe dz] =0 
Cc Cc 


Consequently, for a sufficiently small v, the solution of equation 
(4.10) exists and is a meromorphic function of », and the characteristic 
number » = 1 is not the pole of this function. Since for sufficiently 
small values of v all poles of the function y(s) are situated outside 


circle |p| < 1, the solution of equation (4.10) can be taken in the form 
of series with exponent », which converges in a circle |p| < 1. 


Hence, 


= 
l=0 


For » = — 1 we obtain the solutions of our equations (4.7): 


1m (s) = (—1)'qmi(s) (4.16) 


| 1138 
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Ymo(S) = Jm(s), Imi (s) = K (s, 3) qm. 1—1(3) ds (4.17) 


3. Let us find the constants E tv) and E fa.) through which functions 
f,(s) are expressed, and consequently also the solution (4.16). The last 
can be shown in the form 


1m (5) Ym (s)+ Re [En (s, + Re (ho) ¥ (8, (4.18) 


where y_°(s) and y(s, A) are the solutions of equations 


(s) = — K (s, 2) (2) dz + 2vnm(s) (4.19) 


=— j K (s, 3) (2, Dei 9—idz 


where A assumes values of v and Ay: 


Introducing expressions (4.18) into formlas (4.3) and using the 
obvious equality Re[a.b] + i Re lia.b] = we find that 


(4.21) 
H, (A) + iH, (A) = (A) + (A) + Hy, AVE EL OQ) 


where for values A and A, becoming v and Ay, we denote 


Ha? (A) = iS (s)e AS ds, Hh, A) =i} ds (A 22) 
Cc 


Introducing in formlas (4.5) expressions (4.21) at A= v and A= A), 
we will have to find two equations for E(v) and £,(A,), from which we 
will find 


(4) = — 


a, = Eo(v) Eo (he) (hy, (Oo) — + 
+ (v) [1 + A Oy, — 


= Ey(v) Ey (ho) (v, do) (vy) — ty 4+ 


== By (v) (ho) H (¥, do) (do, ¥) + + [1 + (hy) (do, I 


(4.24) 


4a 
10¢ 
,, Ey (ho) = FF, (ho) 
where 
a 
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Using equations (4.7) and equalities (4.13) and (4.14) it is not 
difficult to prove equalities 


1m (2) d3 = 0 


: Using (4.25) we obtain from (4.22) at v = 0 

= 9, (HO, = 0 

2 from which it follows that for sufficiently small values of v the de- 

P nominator 8 in formlas (4.23) is different from zero. 

Determining the values of and E (A,) from formulas (4.23) we can 

> then find functions y,(s) from (4.18). Introducing the latter into 

| formlas (4.3) we find functions H(A), which permit the determination of 

t the principal values of the problem according to the formlas in Section > 
. 3. Considering the case of a sufficiently smal! length (compared to unity) 195 
t of contour C, it is possible to prove the convergence of the process of 

* successive approximations at any value of parameter v by application of 

@ the principle of transformations of decreasing scale. 
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SUFFICIENT CONDITIONS FOR THE EXISTENCE OF 
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1. In solving the inverse problem of hydromechanics, which consists in 
the determination of an airfoil section (profile) on the basis of the 
distribution of the velocities of the flow of an ideal fluid around the 


airfoil, there arises the question of the uniqueness (single-sheetedness) 


of the profile. Since multiple-sheeted solutions of this problem are 
meaningless, it follows that the conditions of uniqueness are conditions 


for the possibility of solving the problem. 


It is well known that uniqueness of the solution of the problem under 


consideration is equivalent to the uniqueness of the function 


a» 


@ 
ay > vk 


derivative has the form 


dz 1 


d6 | 4 > 4 1) 


where p(?) is expressed in terms of the given distribution of velocities 


along the profile. 


We denote the lower bound of the lengths of smooth arcs lying in a 


given region and joining two points and by Car. 


Lemme. If f(C) is regular in the infinite region CG for which 


in the region 


except at a simple pole, at ¢ = «, and if the set of values of f’(¢) lies 
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within the circle with center at ¢ = a, and of radius | | /A,, then the 
function is unique. 


Proof. We have 


l C2) 
f (G1) f max | (t) —al| = | 


and since 
sup 7 = Ae, if ©) 
it follows that the expression in square brackets is positive, and that 
1f (51) — fe) | > 0 
Remark: For the exterior of the circle, A, = 2/2. 


Theoren 1. If 


p (8) (8) + In { 
(81) — pr (92) | << & | 8; — 
(= 4 — x? sin? 3) 


B = 2k In 24 + ar) 


then the function 2(€), whose derivative is of the form (1), will be 
unique outside the unit circle. 


Proof. From hypotheses 1 and 2 it follows that 


0 
This implies that the values » = f’(<) lie inside the curvilinear 
trapezoid 


exp <<! (0) | exp Pinas 


which on the basis of hypothesis 3 can be shown to lie within some circle 
with center at a> 0, and of radius 2a/m. The truth of the theorem now 
follows from the Lemma and the above remark. 


Making use of this theorem, we can derive the conditions the given 
velocity (as a function of arc length s) must satisfy along the desired 
profile for the profile (airfoil cross-section) to prove unique. For this 
purpose we introduce an auxiliary fluid flow which flows around a unit 
circle Ly with the same velocity at infinity and the same circulation as 
those of the flow around the solution profile L. We put the points of Ly 
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and of L which have equal velocity potentials into a one-to-one corres- 
pondence. The ratio v/v, where Y% is the velocity on the circle Ly. while 
v is the velocity on the profile, can now be expressed as a function of 
the central angle on the circle L,. 


It is known that the z-plane region, occupied by the flow around the 
required profile, can be obtained by mapping the exterior of the unit 
circle in the ¢-plane by means of an analytic function 2(¢) whose deri- 
vative has the form (1) with p(@) = n(v,)/v). Theorem 1 now gives us the 
sufficient conditions for the uniqueness of the solution of the inverse 
problem. It is clear that for the application of Theorem 1 with a= 0, 
it is necessary that v/v be a function of @ which is finite and diffe- 
rent from zero. One can show that these conditions will be fulfilled if 
the velocity vw(s), given on the profile, has the form: v(s) = s(s - 

Sp) v,(s), where v,(s) is different from zero when ¢ =0 and when s = Sp 
(s = 0 is a stagnation point of the flow, and Sp is the convergence point, 
rear edge point). 


It is known [1] that in this case the resulting profile will be 
smooth. On other assumptions with respect to the type of the function 
v(s), the resulting profile can have corner points, and the ratio v_/ 
can take on the value zero. 


Suppose, for example, that we are looking for a profile (airfoil 
section) which is smooth at the stagnation point, while at the rear edge 
point its tangents form an angle 5. In this case the velocity wv can be 
represented in the form 


fo (8) 
where f,(0) is finite and different from zero. 
The function = In(v,/v) takes the form 


In |v = In| 1 


(6) 


where p, (9) is continuous and on certain additional assumptions will 
satisfy the Lipschitz condition. Theorem 1 will give a sufficient con- 
dition for the uniqueness of the resulting profile in this case if 
a-1-6., 


The derived criteria for uniqueness are especially convenient to use, 
if the velocity along the required profile is given not as a function of 
the arc length s of the profile, but as a function of the points on the 
auxiliary circle Lo. as was proposed by Peebles [2 |. 


Let us next consider the problem of improving the properties of the 
given profile while preserving its uniqueness. Thus, let the profile Sy 


>> 
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be given, It is assumed to be smooth, and at the point of convergence 
(rear edge point) B, it has two tangents making an angle an (a + 0). The 
distribution of the velocity v = f,(s) along S, is replaced by a new 
function v = f(s); it is required to determine the conditions that will 
guarantee the uniqueness of the new profile S. The length of the profile 
will be assumed to remain constant, while the functions f,(s) and f(s) 
coincide at the stagnation point s = 0 and the convergence point s = SR. 
Let us assume that the given profile S, lies in the Z-plane and the 
resulting profile S in the z-plane. Let us place the circle [Cl = 1 in 


the ¢-plane. 


Then 
{ = pif 
> 
exp = p (8) 
0 


where p(@) = In | dz/dZ| = 1In(v,/v) is considered as a function of the 
polar (central) angle of the unit circle. Obviously, the resulting profile 
will be unique if the function z = 2(Z) is unique. 


Let us suppose that in the exterior of S, the following inequality is 


valid: 


2, in the region G, 


Then the following theorem holds. 


Theorem 2. If 
1) p (fy) p (92) 6, 


(Ag cos B+ } 
Av 


2) max nin = S| 
(3 = 2k In 2) 
then the function 2(Z) is unique outside S,. 


The proof of this theorem is similar to that of Theorem 1, 


2. The uniqueness of the solution of the inverse problem of the theory 
of filtration[1] is equivalent to the uniqueness of the function 
z= 2(t), which is analytic in the lower half-plane and whose derivative 
has the form 


where the function p(r) is determined by the data given in the statement 
of the problem. 


1144 
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Theorea 3. If 


Pr (71) 


then the function z(t), whose derivative has the form (2), is unique. 


Proof. Using the formula 


1 
3 —£) AES. 


we can show that the oscillation of the contour values of the argument 
of the function dz/dt is less than 7. This, however, is the well-known 
[3 ] condition for the uniqueness of the function :z(t). 


If the given velocity v(s) of the inverse problem has the form 


vr (s) = s™*(1 — s)™ f, (s) (3) 


where fy(s) is different from zero in 0¢ s< lI, then the angles formed 
by the resulting contour with the horizontal at the point s= 0 and s=l1 
will be 


= (4) 


2(1 + m)  2(1-+ ne) 


and the function v(s) can be represented in the form 
v (s) fo (s) [! + sin — sin | "7 


Here fy(s) + 0, and the potential d(s) is found by the following 
formula: 


respectively, 


(7 is the pressure, 
2 (s)- \ rv (s) ds _ k is the coefficient 
of filtration) 


0 


The function which maps the region (of the complex potential plane e#) 
corresponding to the resulting flow upon the lower half-plane, Im é < 0, 
has the form 


Hence, 


du 
d= 


dz 
du 


pit) In In fg — ay) (1 a.) t) 


The condition for uniqueness of the solution of the inverse problem 


ie 

ay 2; - 

“3 
| 
2 (3) 


a 
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of the theory of filtration can be obtained by putting 
de, pr (t) = — In fo [s 


in the hypotheses of Theorem 3. 


This condition can also be written in a somewhat different form if we 
take into account the fact that ¢ = sin [ wd(s)/kA ). 


It is interesting to note the physical meaning of the criterion ob- 
tained for uniqueness. Let us take into consideration an auxiliary flow 
under a planar spillway — 1< t < 1 with the same pressure as in the 


problem under consideration; then p(t) can be considered as the logarithm 
of the ratio of the velocity on the auxiliary planar spillway to the 
velocity on the resultant at corresponding points (here two points on the 
two spillways are said to correspond to each other if the velocity 
potentials are equal at these points). 


With this arrangement, the condition of single-sheetedness in Theorem 
3 can be interpreted as the requirement that the given velocity and the 
velocity on the planar spillway be comparable, in a certain sense, with 
each other. 


Let us now return to the problem of improving the properties of the 
known contour. 


We first introduce some definitions. Let B be a region bounded by a 
stepwise smooth curve. Let Pr be the lower bound of the oscillation 
of the argument dz over all possible smooth curves lying on B and joining 
z, and z,, and let 5p = sup 6 where the upper bound is taken over 


all pairs of points (zy, belohging to B, 


Theorem 4. If the function f(z), which is regular in the region B, 
for which 5p <m, has a derivative in the closed region B, and if the 
oscillation of the argument of this derivative, i.e. A arg f’{t), on the 
boundary of the region satisfies the inequality 

A, (thoe<e 


then f(z) is unique in B, 


Proof. Having selected the path of integration appropriately, we can 


prove that for any pair of points z, and 2, 


1 


(z) dz Im | / (21) — f (22)| +0 (6) 


as was required. 
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Let Ly be a given contour, lying in the plane Z, whose properties are 
to be improved. Let L be the improved contour lying in the plane :z. We 
denote the region occupied by the flow in the Z-plane by B., and designate 
the flow region in the z-plane by B. Moreover, we assume that 5p, < m. 


On the basis of Theorem 4 we can make the following assertion. For the 
uniqueness of the resultant region B it is sufficient for the oscillation 
of the argument of the function dz/dZ to be not greater than 7 — 8 in B,. 


On L. we have 


dz/dZ v/ te 


where v is the velocity on the resultant contour while v, is the velocity 
on the given contour. 


Let us consider dz/dZ as a function of the variable ¢ which varies 
over the lower half-plane Im ¢ < 0, Making use of the Keldysh-Sedov 
formula we obtain 


d: ( d= 
exp y (t) x(t) In 


Let us assume that the change of velocity takes place only at the 
interior points of Lo. while wv and v, are different from zero for all s 
such that 0< s< I; then the function In(v/v)) will be continuous if » 


and v, are continuous. 


Next, let the following inequality be satisfied for the function 


p(t) = In(v/v,) 


p (ty) — p (ts) — 8) ty t, 


We then obtain the following bound on the oscillation of the function 
arg dz/dt = Q(t) 


A.Q(th<r—8 


From the theorem on the maximum of an analytic function it follows 
that this bound also holds in the interior of the region, and thus 
guarantees the uniqueness of the resultant region. 
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In engineering problems if frequently becomes necessary to solve the non- 
homogeneous integral equation 


y= Ky +/ (1) 


when the absolute value of the parameter A is considerably larger than 
the absolute value of the first characteristic value. We will assume that 
the function f can be expanded as a series in terms of the characteristic 
functions of the homogeneous equation: 


f > (c, =(f, y,)= (2) 


ne! 


The characteristic functions y, 8re orthogonalized and normalized with 
a weight function h(x) over the interval (a, 5): 


b 


a 


(n m) 


(n mi) 


In order to obtain the solution of equation (1) in the form of the in- 
finite series 


(3) 


it is necessary to determine a large number of characteristic functions 
Yn and the corresponding characteristic constants A_, which may involve 
considerable difficulties. 


It is for this reason that the methods of successive approximations 
have found wide application. 


ae 
q 
a 
on 
y= = 
n=! 
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The method of simple iteration for the equation (1) will converge only 
when |A| < [A, |. For large values of A it becomes necessary to use more 
complicated iteration processes [1], which, however, cease to be effect- 
ive if |A| >> |A,|, (in practical cases |A| > 10 JA, | ba 


Below is given a method of solution of equation (1) which makes it 
Kt possible to apply a converging method of simple iteration after a certain 
finite number of characteristic functions have been found. * 


For the purpose of explaining the principle of the method,-let us first 
suppose that the parameter A is less than the second characteristic value 
(i.e. [A, |< < ). Im place of equation (1) we consider the trans- 
formed equation {1 ] 


y = + f 
Koy = Ky | = Ky— (Ky, 


a 


We will solve this equation by the method of simple iteration accord- 
ing to the scheme 


Yi) = +f (i= 1,2,. (5) 


Let us suppose that the initial y,,, can be represented in the form 


> 


n=! 


Substituting this expression in equation (5), we obtain 


; * Independently of the author, A.F. Gurov, in his dissertation defended 
in 1957, used a method similar in principle to the one given here, on : 
a problem on the vibration of a shaft. 
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On a aethod of equations with parameters 


As i increases, the approximations converge tc the function 


y = + (7) 


which differs from the exact solution only by the first term. 


The exact solution of equation (1) can now be obtained in the form 


(8) 


yoy 


Taking into account equation (3) we obtain 


yay + 


9) 
a 


When A lies between the characteristic values A jet and A; (i.e. when 


< | ), we solve the equation 


j-1 
(Ky = Ky Dd) (Ky v,)) 


n=! 


by the method of simple iteration. 


If y* is a solution of equation (10), the solution of the origina) 
integral equation takes the form 


b 


a 


In practice, solving the problem should begin with-.the successive de- 
termination of characteristic functions and characteristic values, until 
one finds aA. such that |A.|> /A/. After this equation (10) is solved 
method of iteration. 


by the usual 


The method presented is easily extended to matrix integral equations 


[1] 


for which the condition of orthogonality and normalization takes the form 


(ly, |. lv, 7 \ hide = 


where y,(") and y,'") are r-th-order derivatives of the characteristic 


functions and respectively. 
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(VIBRATSIIA TONKOGO PRIAMOUGOL’ NOGO KRYLA BOL’ SHOGO 
UDLINENITIA V SVERKAZVUKOVOR POTOKE) 


PUM Vol.22, No.6, 1958, pp. 810-819 


G.I. KOPZON 
(Leningrad) 


(Received 9 June 1955) 


1. We shall consider the motion of a rectangular wing of large aspect 
ratio in a supersonic stream, so that the influence of the ends can, to 
a sufficient degree of approximation, be neglected 


Assuming that the wing is thin and that the perturbations, which 
clearly vary with time, are small, we can employ the expression for the 
velocity potential derived in [1]. 


Below we will solve the problem of torsional bending flutter of such 
a wing; in the solution we will not make the usual assumptions concerning 
quasi-steadiness of the stream and the exponential nature of the variation 
with time of the parameters under study. The figure shows the disposition 
of the wing in a system of coordinates fixed to it. 


The equations of torsional bending deformations of the wing portrayed 
in the figure, when placed in a stream, can be written in the following 
dimensionless form: 


Bee 

| 

4 

q 

\ 
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— = €,p(:, t) 


(2, T) 


where 


mobs)” pu?. bt 
12 EI [Loo GI, = i, 


The notation is borrowed from {2 |; moreover, the following dimension- 
less quantities are introduced: 


(the subscript 1 has been dropped in (1.1) and hereafter). 


Evidently [w!] = sec! (the quantity w is defined below). 


Expanding the deflection y(z, t), the angle of torsion @(2z, t) and the 
normal velocity to the wing surface vy(s, z, t) in series with respect to 


z, we obtain 
@ 


i 
y(z, t) = a,(the ™ 


n 


@ 


i jaut 
6(z, t) = b(t) ry (2, 2, t) = > v,, (z, (1.2) 


Here é.* 2mn/l, where | is the span of the wing. Evidently 


vn (2, t) = 4, (t) + (x — 20) b,, (t) — (t) (1.3) 


2. In accordance with the results of [1], in the Laplace transform 
plane we obtain s the expressions for the dimensionless force and moment 
appearing in (1.1). Moreover, for the n-th harmonic of the expansion in 
terms of the span we will] have 
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P,, (s) = [sTo(s) + (s)] A, (8) + 1) To (8) + — 8*T (s)] B,, — 
— [sTo(s) + (s)] a, (0) + [2sTo(s) + (ts — 1) T; (s) — *T2(s)] 6, (0) (2.4) 
M,, (s) = [BsTy (s) + s (Ss — 1) Ti (s) — 8*T2(s)] A, (s) —[3 (Cs +1)To(s)+ (2.2) 


+ (B2s? — fs — 1) (s) — (s) + (s)] B, (s) [3sT) (s) + s (Bs — 1) T, (s) — 
— a, (0) + [32sTo (s) + (35s — 1) T, (s) — s (s — 1) T2(s) + (s)] (0) 


(2.1) and (2.2) are obtained by means of the formulas 


b 


P,, (s) = \ Ap, (z, s) dz, M,, (s) = \(e- ro) Ap, (x, s) dr 
0 
Ap, (z, 8) = —p [-0, (x, 0, s)+u Ar ®, (z, 0, 


The normal velocity on the wing in the expression of the potential 
® (x, 0, s) is taken from formula (1.3) (see also [1 ]). 


In what follows below we will employ the notation: 


x 


1 x 


0 ( 


In addition to the dimensionless quantities already employed in the 
expressions (2.1), (2.2) and (2.3), we have 


(the subscript 1, as before, will be omitted in what follows). 


Moreover, in the course of the analysis it proves to be convenient to 
put w= w/b; also, in formulas (2.1) and (2.2) we have A (es), Bi(s) - 
the transforms of b(t) in the Laplace plane, where @,(0), 6 ,(0) 
are the tnitial values of a,(t), b(t). Applying the Laplace transform 
to the system (1.1) and taking account of formulas (2.1), (2.2), we obtain 
the following system of algebraic equations for the unknown quantities 
A,(s), BL(s): 


[1 + (To + (8) + (-— vias? [Ss + 1) To — B, (8) 
(Ty +t sT;)| a, (0) + (9) { § (fs 1) T; 


— 6, (0) — viest:,, (0) (2.5) 


ay 
& . 
. b i 
22) 
any 
To 
— 
a 
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+ s (8s — 1) 7, A 


n (5) + {1 + + [B (Cs + 1) To + 
+ (Pts? — ts — 1) — + B, (s) (vais? + [B8T'o + 
1) — a, (0) — (0) + + €,,’ + — 1) T1 


m 


s(s — 1) 4+ b,, (0) + va28%,, (0) 


where T, = T,(s) (k= 0, 1, 2, 3): from (2.3) and (2.4) it follows that 
these are holomorphic functions in the s-plane. 


In equations (2.5) and (2.6) the following notation is used: 


G (2.8) 

In order to obtain the required functions a,(t), b(t) it is necessary 
to find from (2.5) and (2.6) the transforms A, (s) and BL(s) and then 
transform back to the original functions using the Riemann-Mellin trans- 
formation formula. 


This operation is rather cumbersome; however, certain qualitative con- 
clusions can be drawn without directly calculating a,(t) and b(t). Thus, 
from consideration of (2.5) and (2.6), it can be concluded that: 


(a) judging by the nature of the dependence of T, upon s, the Riemann- 
Mellin integrals for ¢, and 6. are determined from a single calculation 
(see the characteristic frequency equation below). Consequently, in the 
exact solution the dependence upon time under our restrictions must be of 
an exponential nature; 


(b) 


Py [see (2.7) ] show that the influence of the stream is 
important only for the lower modes. For the higher modes, by virtue of 

the relations « i/n’, 1/n*, the influence of the stream becomes 
negligibly eeei!. It is obviously sufficient to carry out an investigation 
of stability in a stream for the lowest modes of the expansions (1.2) only. 


It is not difficult to write down the equation for the determinant of 
the systems (2.5) and (2.8): 


1156 
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A (s) [1 — ges (To + (1 + ves? + 13 (Ss + 1) + 
— 1) 7, s*T, ¢ | 3sTy s (3s (2.9) 


— vyos* + ge + 1) + — = 0 


where ¢ = Ft In the limiting case « = 0, we obtain 


A (s) = Ag (s) — (1 (1 voos?) 0 (2.10) 


This last equation is obviously the frequency equation in the case of 
vibration of the wing in vacuo. By analogy with it, we shall refer to (2.9) 
as the characteristic frequency equation for vibrations of the wing in a 


supersonic stream, 


3. Equation (2.9) can be re-written in the following form: 


A (s) = Ag (s) + eK, (s) +- 0 (3.1) 


A, (s) = (1 + De (s) — (1 + vags?) (s) + [vey Dg (8) — (s)| 
K2(s) = Ds (s) Dg(s) — Dy (s) Da (s) 

Dy (s) = gs (To + 

Dz (s) = 8 (fs + 1) Tp +- (BEs? — Cs 1) 7, —s*7.+ 

Ds (s) = +s (3s — 1) —s*7, 


D4 (s) g((ts + $s?7, — s?T 2] 


Restricting consideration to the case of practical interest of a very 
? 
rigid wing, i.e. neglecting «“ in comparison with ¢, we obtain the approxi- 


mate frequency equation in the form* 


Ag (s) + eK, (s) UV (3.2) 


If a solution is now sought in the form 


+ es! (j = 1, 2, 3, 4) (3.9 


neglecting terms proportional to «4, for the coefficients °; we ob- 


then, 
tain the formula 


RK, (s; ) 


Here s.° are the frequencies corresponding to the case of vibration 


of the wing in vacuo: An(s5°) = 0. 


* In this paper we do not make an estimate of the values of « for which 
the described method of approximate solution of the problem remains 
valid. 


4 
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2 Carrying out the algebra, we eventually obtain the following express- 
ions: 

9= tio, = ties 

i (a) i {2 (eds) 

1) (@) = (1 — Dy (+ io) — (1 — vee") (4+ i@) — (+ i) — (+ 
Me ; 

= ( gg + + DI) »  D=V — + 

3 = — > 0 (condition for stability) 
4 

Fi In the majority of cases we can restrict consideration merely to the 
study of the solutions so obtained from the point of view of their 

5 stability with respect to time. In so far as the quantities s.° are purely 


imaginary, the conditions of stability in the first approximation 


(e? = 0) take the foram: 


Res,’ = 0 Gj (3.7) 
By means of elementary transformations it is not difficult to deduce 


that (3.7) can in the final analysis be reduced to the following two 
conditions: 


Im + EB(v,,, (iy) + IE 1) + ED Ty (ios) 4 


(Vigo @,) Ts G @,) >0 
Im @2) iB To (— + IC iD @2)] (— 4 


+ E (vy, @2) T2(— — G (v,,, @2) T;3(— iw.)} » 0 


In (3.8) and (3.9) the following notation is used: 


C @) (1 veo") — (Bla? +- 100°) — cof 


Dv @) — (1 — — 


(v¥;,, @) (1 100") (vps — voy) 


It is interesting to observe that the expressions appearing on the 
left of (3.8) and (3.9) contain the mechanical characteristics of the 
structure of the wing (the quantities Vin wo, 2) and the parameters of 
the unperturbed stream (in terms of T,). Accordingly, the conditions 
(3.8) and (3.9) can serve as criteria of the stability of a given wing 
structure in a supersonic stream. In the computations it is convenient 


= 1158 
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to make use of the tables of the functions 


T (a, b) exp (ba) do 


appearing, for example, in [3 iF From these it is easy to calculate the 


functions T, ( i@, >) which are of interest here. 


4. Conditions (3.8) and (3.9) are useful as criteria for the stability 
in the stream of a given wing structure. For variational analysis of the 
structural parameters they appear to be unsuitable in so far as they con- 
tain quantities which are defined in tables. Let us write down approxi 
mate expressions for the functions T,¢ iq@) in explicit analytical fora. 
Por this purpose, we will start from the last of the formulas (2.3) and 
the integral representation of the zero-order Besse! function in the fore 


Ox) 


Substituting (4.1) in (2.3), we eventually obtain 


(s) int \ (v + Asin 6)" dd 


Using the fact that 
\ sin?” 6 


we obtain the following expressions: 


C. (s) 
(in +k + 1)! 


(s) 


The expressions A = A. and vw are given by the formulas (2.4). Sub- 
stituting in (4.3) s = i@w, we obtain 


/ 1) + 


V 


Obviously, we can 


so that 


54 : 
— 
oF 
I= ‘ , % 
r 0 
4 Cc > >0 (44 
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Substituting the last inequality in expression (4.4) and carrying out 
the summation with respect to r, and remembering that all terms of (4.4) 
are positive, we obtain the following estimates: 


\n 
min |C,, (i@)| 


Putting 


C,, (io) = = 


we will have 


@ 
hed (n+ k+ 1)! 


T , (i) {Jie (1 +- — fiw (1— 


In the last formula let us carry out the infinite summarion to obtain 
the final result: 


T, (ia) 


In view of the fact that C.., = ¥2¢,,, = 1.41 Caine We can make use 
of expression (4.6) by putting ~ = 


In view of the fact that the values of k which are of interest to us 
are not large (k= 0, 1, 2, 3), the approximate expressions (4.86) are 
not very cumbersome when used in conditions (3.8) and (3.9). 


After the final choice of all the parameters of the wing it is advis- 
able to evaluate the criterion of stability by means of the tabulated 
values of the functions T, ( i@). 
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We consider the nonlinear two-dimensional problem of steady flow past a 

wing profile with a sharp leading edge in a bounded supersonic stream of 
isentropic gas. The boundaries of the stream are taken to be rectilinear 
and parallel, and the profile is placed unsymmetrically with respect to 

them. 


The solution is based on the use of the Legendre transformation, by 
means of which the eauations of gas motion are transformed into symmetric 
linear equations. Furthermore, a simple approximation is made to the 
Bernoulli integral, and the complete problem is reduced to the solution 
of a finite system of functional equations, the properties of which are 
studied in detail. On the basis of these properties, concrete calcula- 
tions are carried out for the aerodynamic force and moment acting on the 
airfoil. The results obtained indicate a considerable sensitivity of the 
solution to nonlinear effects in a bounded stream even at low angles of 
attack. 


The general equations of steady plane and irrotational motion of an 
isentropic gas have the form 


where w is the velocity of the flow with components u and vw along the 
axes, p - the density of the gas, y - the adiabatic exponent, a - the 
velocity of sound, and the index ~ denotes the properties of the undis- 
turbed flow, in which the pressure is p_. 


54 
= 
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To linearize equations (1) we use the Legendre transformation 


‘ 


e+ y swe (o+ ¥ (z = z + iy, ia — r) (4) 


Here & and Ww are respectively the velocity potential and stream function, 
@ the angle of inclination of the velocity vector to the x-axis, and ® 
Y the functions of the Legendre transformation. 


Substitution of (4) into (1) with consideration of relations (3) leads 
to the following linear symmetrical equations 


K ay kK 


where on the basis of (2) o is a function of WM. 


we assume 


Henceforth 


With such a choice of K the first formula (8) gives an approximate 
expression for equation (2) such that the values of (2) and (8) together 
with their derivatives coincide at the point MW = _ . In Pig. 1 the exact 
and approximate dependence of v on M, determined from (2) and (8) with 

y = 1.405, are shown by the solid and dashed lines respectively. We note 
that the existing ways of approximating the equation of state of the gas 
with the use of different kinds of general transformations [1-6] are 
very accurate, but the transformation to the physical plane is then made 


very complicated and the solution of the given problem encounters great 


difficulty. However, with the case considered here the transformation 
from the 0@ to the sry-plane is determined on the basis of (4), (5) and 
(8) by means of the formulas 


(r cos 8 + ysin cosa = (a (a — 0) 


irsin y cos 0) sine 


where (o + and ®, (0 are arbitrary functions satisfying equa- 


tions (5) with K = const. 
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We now consider the boundary conditions. For x < 0 (Fig. 2) the super- 
sonic stream is undisturbed and consequently 


for y = 0, < 
6=6(z/L) on Cy 
6=0 for y= by, y= — be 


where @(x/L) is a given function on the profile Cy. 


The solution of the problem in the regions above and below the profile 
is carried out separately and in the same way. We therefore limit our- 
selves to consideration of the upper region only. 


From the condition # = 0 at y= 6, we at once find that ®, “(o) = 
®, *(o) + b, sin o. Satisfying conditions (10) completely gives 


2 
COS (ty) — (t9)| — Ty sin (to) — 9 (t,)] j (to) — 9 (to)] 


) 
fy COS (ty) + 8 (ty)| — (201 — ty) sin (to) + 8 (ty)] (to) + 8 (to) 


y(ty) by 
lo ] » / 


where y(t.) is the equation of the upper part of the profile. 


In particular, with Fi = oo in the second equation (11) we find the 
relation 


(lo) + (fo) oy, (12) 


which determines the Prandt]-Meyer solution for an unbounded supersonic 
stream. 
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To solve equation (11) in the general case we introduce the auxiliary 
variable ¢t determined by the condition 


(lo) + 8 (to) — (ty) — 8 (ty) (13) 


Then the function e,° is eliminated from equation (11) and we obtain 


ty = to — (20, — to —- tam [o (to) + 6 T, = To (ty) (14) 


Expressions (13) and (14) are equations for the determination of co. 
The general solution of these equations can be obtained by means of a 
method of successive approximations, using (12) as the zero approximation: 


Gq + (ts) = (to) + 8 (to) = (ti) — (p=1,2,..,) (5 


As a result we obtain 


9 (lo) 


by formula (14), that is 


is related to t 


where 


Let the quantity o be eliminated by joint considerations of (13) and 
(14), i.e. t,(t)) = Gt,, where G is a certain functional operator; then 
from (17) we have that ¢ (t)) = Pr.. Consequently the sequence of values 
satisfies the condition (ty) = since th (ty) = c* ty: 
Sing this and substituting (16) into (17), we find 


We consider the values 0 < (t,) + A(t) <m/2 (k= 0, 1, ...) for 
t, < 1; then from (17) we obtain (a = min tan (o + @) ) 


(20: -— (p =: 2, ) (19) 


The sequence of values t. thus decreases with increasing p. Therefore, 
for p > n we obtain t. < 0 (A(t) = 0) and the series in (16) and (18) are 
transformed into the finite sums* 


* The connection between equations (20) and (21) (determination of direct 
and reflected waves, points of reflection of characteristics, and so 
on) was studied in detail by Khomenko and appliéd to the investigation 

of the motion of a ship in a shallow-water canal. 


a 
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To solve equation (20) we pick a positive integer n, for which we find 
the point of reflection of the characteristic on the profile and the 
interval of the velocities (o_.) corresponding to the given n. Then the 
values t_ are determined from (20) in the form of a sequence, namely 
thy tay Cte. to t, = t)(t,). We determine the pressure distribution on 
the profile from the equation of state 


Poo? = Pe tans, cot” (to) 


and we can thus find the integrated values of aerodynamic force and of 
moment with respect to the leading edge of the profile. In particular, 
for a flat plate placed at an angle of attack @ = const the dimensionless 
coefficients of lift and moment are determined in the form 


0 


where L, is the width of the plate and P and a» the lift and moment. 


| = 
4 


~~ 

28 32 
Pig. 3. 


In the case just considered, of a flat plate, Tr > =— t,) tan @ and use 
of (20)-(23) leads to integrated expressions such that o(t.) is constant 
between two neighboring points of reflection of characteristics and 
undergoes a jump in passing through these points. We compare the results 
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obtained from nonlinear theory with those of linearized theory. In the 
linear case @ and r,) assume small values and equation (20) simplifies. 
We have 


to — tano,, (p= 1, n) (24) 


Simplifying the expression (22) to the first order of small quantities, 
taking account of (21), (3), and (7), we obtain 


P= Po (te) © (ty) (25) 


If we perform the linearization on equations (1) and (2), we obtain 
just the same expressions (24) and (25) (see, for example [7]). 


In Figs. 3-5 is shown the dependence of c., Co and I, = ¢,/¢, on Ww 
for 6 = 0.1 rad, q = 6,/L = 0.3 calculated from formula (23) (solid line) 


and according to linearized theory (dashed line). 


Pig. 4. 


In the example considered, the lower limit for # is represented by the 
dot-dash line in Fig. 1. Beginning with this value, we have good agree- 
ment between formulas (2) and (8). From a comparison of the values in 
Figs. 3-5 it is evident that the solution of the problem possesses a 
strong sensitivity to nonlinear effects in a bounded stream and that the 


values of c_ and Ct. of nonlinear theory significantly exceed the values 


from linearized theory even at small angles of attack. 


This method permits calculation of the aerodynamic characteristics of 


a profile in a supersonic stream near the surface of the earth. 
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(VLITANIE POPERECHNOI KRIVIZNY POVERKANOSTI 
NA KMARAKTERISTIKI OSESINBETRICHNOGO TURBULENTNOGO 
POGRANICHNOGO SLOTA) 


PUM Vol.22, No.6, 1958, pp. 819-825 


GINEVSKII and &.&. SOLODKIN 
(Moscow) 


A. 


(Received 3? January 1956) 


In the calculation of axially-symmetric turbulent boundary layers it is 
usual to neglect the effect of lateral surface curvature on the form of 
the velocity profile and on other characteristics of the layer, inasmuch 
as the thickness 5 of the boundary layer is assumed to be very much 
smaller than the lateral radius of curvature r, for the axially-symmetric 
surface [1,2,3 


This paper propounds an approximate solution for the problem of the 
axially-symmetric turbulent boundary layer on a convex or concave surface, 
taking into account longitudinal pressure gradient and lateral surface 
curvature. In the limiting case 7” the solution obtained goes over 
into the familiar solution for the plane boundary layer on a curvilinear 
surface. In the limiting case of zero longitudinal pressure gradient, we 
obtain the solution of the problem of an axially-symmetric turbulent 
boundary layer on a cylinder (convex surface [4 ]) or in a slightly di- 
verging duct (concave surface [5 ]). 


An investigation of the properties of a boundary layer for zero longi- 
tudinal pressure gradient, and also of the parameters of the layer at a 
point of separation, allows certain conclusions to be drawn as to the 
effect of lateral surface curvature on the form of the velocity profile 
and on the properties of the turbulent boundary layer. In conclusion, 
calculated and experimental values for the drag coefficient of long 
cylinders in axial flow are compared. 


On the basis of the results obtained, a solution may be built up for 
certain turbulent boundary-layer problems, for example, the rotational 
body, the axially-sv~metric diffuser, the initial portion of a circular 
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pipe, and so on. 


1. The velocity profile and the resistance law. We will consider longi- 
tudinal flow of a viscous incompressible fluid about a body of revolution 
or in an axially-symmetric diffuser. We will choose a curvilinear system 
of coordinates. The x-axis is directed along a generator and the y-axis 
along a normal to the surface. In these coordinates the differential 
equations, describing the steady mean flow in a turbulent boundary layer 
on a cylinder or in a duct, have the form 


ip | { (rt) (ru) 


(1.1) 


Or Oy 


where r is the radius of an annular element of the boundary layer, u and 
v are the longitudinal and normal velocity components respectively in the ae 
boundary layer, p is the density of the fluid, p is the pressure, andr 


is the shear stress in the boundary layer. At the same time, r= ra* 

cos 6 for the case of a convex surface and r = r,-- 7 cos 6 for the case 
of a concave surface, where r_ is the cross-sectional radius of the convex 
or concave surface, and @ is the angle between the axis of symmetry and 

a tangent to a meridional generator of the axially-symmetric surface. 
Since cos @ = 1, we may write with a good degree of approximation 


Here and later, the upper sign will refer to a convex and the lower 
to a concave surface. 


To obtain a formula for the velocity distribution in the turbulent 
boundary layer on a convex or concave surface, we will expand the product 
r in the neighborhood of the surface in a Maclaurin series, 


# y? + 
dy*® ly=0 


where ". is the shear stress at the surface. The coefficients of the 
series are found by successive differentiation of the first of equations 
(1.1), taking into account the second equation and the boundary condi- 
tions at the surface, 


(rt) dp (rt) (rt) 


} > } ? {) 
Oy ee dy” 4 for y 


(where » is the coefficient of viscosity and v is the kinematic viscosity 
of the fluid). For not too large distances from the surface, therefore, 
it is correct to terms of third order to put approximately 


dp y \ dp 


dx 
u 
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Thus, the laws for the variation of shear stress in the vicinity of 
convex and concave surfaces are described by the same equation. Only the 
magnitude r entering in equation (1.3) is determined differently for 

convex and concave surfaces. 


According to the mixing-length hypothesis the shear stress in a turbu- 
lent flow is connected with the mean-velocity gradient by the relation- 
ship 


Au 
1.4) 


t= ol 


ay 


where | is the mixing length. Close to the surface, where the condition 
(1.3) is fulfilled, the mixing length may be taken as proportional to the 
distance from the surface, | = ky, where & is a dimensionless quantity to 
be determined experimentally. 


Substituting (1.4), 
rential equation 


(1.2), and |= ky in (1.3), we obtain the diffe- 


Oy kyl i+ 


where v is the friction velocity. Integrating this equation and determin- 
ing the constant of integration from the condition that at the outer edge 
of the layer (y= 8) the longitudinal velocity component in the boundary 
layer is equal to the velocity UV in the outer potential stream in the 

case of external flow (convex surface) or to the velocity U in the core 

of the stream in the case of a duct (concave surface), we obtain an ex- 
pression for the velocity profile 


i 


8) y° +2V (1 + dy | + 


u 
1 + Jin y —In 


j 


where for a convex surface 


A+ + 228°y? + 20 (1 + Ay 


A+ + 228° (1 + +s 


Fy In 


and correspondingly for a concave surface 


1+ ry” \ 
)— sin ~ B+ 


(1 28 


The formulas (1.5) are suitable for arbitrary positive longitudinal 
pressure gradients and for negative pressure gradients which are small in 
absolute magnitude. Indeed, it follows from (1.3) that for A <— 1, the 

tangential stress becomes negative near the outer edge of the layer, with 


: 
¥ 
‘ 
& 
1.9) 


th, 
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the result that formulas (1.5) lose their significance for A < — 1. Thus 
the range of possible values determined for the parameter A, which 
characterizes the effect of longitudinal pressure gradient, is -1<A< o, 
and for the parameter 5°, which characterizes the effect of lateral sur- 
face curvature, is 0 < 8° < « (convex surface) and 0 < 8° < 1 (concave 
surface). 


The formulas (1.5) only apply beyond a certain distance from the sur- 
face, inasmuch as the turbulent fluctuations die out very close to the 
wall and viscous friction becomes important. 


To establish a resistance law connecting A, 2, 5° and R. = Ur iv, we 
will consider the flow in the laminar sublayer immediately adjoining the 
surface. Inside this laminar sublayer the tangential stress is determined 
by the formular = pdu/d y. Substituting this expression in (1.3), the . 55 
resulting differential equation may be integrated and the constant of 
integration determined from the condition that the velotity u vanishes at 


the surface. We obtain 


/ 


To obtain the resistance law it is necessary to equate the velocities 
determined from (1.5) and (1.6) at the outer edge of the laminar sublayer 
(y = §,), where these formulas are equally valid. However, it is first 
necessary to determine the thickness of the laminar sublayer. The thick- 
ness of the laminar sublayer may be determined from the well-known rela- 
tionship of Karman, 5) = av v. However, in contrast to the simplest case 
of the turbulent boundary layer on a flat plate, for which the quantity 
a is constant, in the general case considered here the quantity a will 
depend on the longitudinal pressure gradient and on the lateral curvature 


of the surface. 


Thus, comparing (1.5) and (1.6) for y)° = 6,/6 = a/R, where Rf = 
v 5/v, we obtain the expression for the resistance law 


4+ (2 + 8°) 


| 


} 
it 


in which the quantities F , a/R ) are equal respectively to F, 
and F, with = a/R and = (k/2)8°R. 


The expressions (1.5) for the velocity profile, together with the re- 
sistance law (1.7) and the integral relationship of Karman, 


| +7 

4 

‘ 
Re +2V (1 +Aa/ Hg) (! + 8 a/ Ry) 2 
241+8 L2V (1 + + 8°) R, 

Ry, 8 R, / 4 : R, 
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allow the problem of the axially-symmetric turbulent boundary layer to be 
solved completely, since there are three equations to determine the three 
unknowns 0°, @** ang cy. Here 


are respectively the displacement thickness, the momentus thickness, and 
the full thickness of the boundary layer. At the same time it should be 
noted that the parameters A and : are not independent, since there exists 
between them the relationship 


2. Limiting cases. We will consider a number of special cases. For 
‘» * ~. which corresponds to a plane curvilinear surface (5° = 0, A 4 0), 
the expressions for the velocity profile and the resistance law take the 


form 


For A = 0 the expressions (1.5) and (1.7) are transformed into the 
velocity profile and the resistance law for the axially-symmetric turbu- 
lent boundary layer on &@ cylinder [ 4 ] and in a slightly diverging duct 


[5], 


Finally, for A + 0 and 8° 0 we obtain the well-known expressions for 
the velocity profile and resistance law of a flat plate, 


4 
j / d 
| 
an 
= 
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wali 


{ 
+ —Iny’, ze" (2.3) 


At a separation point of an axially-symmetric turbulent boundary layer 
the parameters A and z become infinite, and formulas (1.5) and (1.7) be- 
come indeterminate. On resolving the indeterminacy in question, we obtain 
formulas for the velocity profile and resistance law at a separation 
point of an axially-symmetric boundary layer on a convex surface 


In fl + 28% V (1 + 8%y’)| dp 8 kV 
Inji + 28°+4 218 “In [t + 289+ 2 V 


and similarly, on a concave surface ae 


kV 3° 


(2.5) 


Fa For 5 + 0 formulas (2.4) and (2.5) become the velocity profile and re- 
4 sistance law at a separation point for a plane turbulent boundary layer: 

dp 8 h 

a In all this it is remarkable that the experimentally determined coeffi- 
a cient k does not enter into the expressions (2.4)-(2.6) for the velocity 
profile at a point of separation in the boundary layer. The second formula 
* for each pair (2.4)-(2.6), like the dimensionless ratios H* = 6*/0@, H** = 
4 6**/8 and H = 6*/6** computed using the first formula, may be considered 
a as a condition for separation of the turbulent boundary layer on a convex, 
© concave, or plane surface. 

: 3. The effect of lateral surface curvature on the form of the velocity 
; profile, on the frictional resistance and on the separation parameters 

= for a turbulent boundary layer. Certain conclusions may be drawn about 

. the effect of lateral curvature of a convex or concave surface on the 

. properties of the turbulent boundary layer by considering the case of 

4 zero longitudinal pressure gradient, corresponding to flow along a cylinder 


or in a slightly diverging duct (diffuser with zero longitudinal pressure 
gradient). In the latter case, since the thickness of the boundary layer 
on the wall of the duct grows more rapidly along the channel than the 
radius, the boundary layers will merge with each other at some distance 
from the channel entrance such that 5 = ro 


Por the case under consideration, 
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w 


For we will have 


u | 2 


(3.2) 


where 5* and 5** are the displacement and momentum thickness respectively 
for the plane boundary layer. 


| 


1 - convex surface 
2- concave surface 
|3- flat plate 


ua Ub LBL 


In the case of zero longitudinal pressure gradient, dp/dz = — pUdU/dx= 
0, the momentum-integral relationship (1.8) is simplified and for a 
convex surface (cylinder) gives 


and for a concave surface (duct) 


9° { 1+ Ae* { Ae 3 4 
w 1+ Ae 3 
Ae? 
3st (1 Ae*)? n(1 Ae | (3.1) 
4 Pig. 1. 
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where ro is the channel radius at the entrance section and ta = Tr. Fo: 
The formulas (3.3) and (3.4), together with the first two of the formulas 
(3.1), allow the problem to be formulated completely for the case of ex- 
ternal flow, as the number of unknowns is equal to the number of equations. 
Por the case of the duct the number of unknowns is greater, since besides 
@**/r 2 and « there is also involved the quantity fai for whose deter- 
mination it is necessary to use the equation of efflux 

= (1— 28 

The initial value z= 2z, in formulas (3.3) and (3.4) is determined by 
the condition that the momentum thickness is equal to zero at z= 0. Be- 
cause then 6 r_* 0, the corresponding magnitude 2, is equal to two, just 
as in the case of the plate (cf. the second formula of (3.2)). Por r,** 
formulas (3.3) and (3.4) become the well-known relationship defining the 
function z= 2(R.) for a plate with a fully turbulent boundary layer, 


R ~ == Cy(2*— 42 + 6) —C; e Cy = (3.5) 


x Vv 


During the integration of (3.3) and (3.4) the quantities k& and a were 
taken as identical with the corresponding constants for a plane turbulent 
boundary layer, k = 0.392 and a = 11.5. The calculations were carried out 
for values of the number A = 10°, 10° and 10°. 


The curves of u/l against y/5 plotted in Fig. 1 for «x 2r, = 10 and 
R_ = 10° and 10° show the nature of the effect of lateral surface curva- 
ture on the form of the velocity profile in a turbulent boundary layer. 
For comparison, the same figure also shows the velocity profile in a 
turbulent boundary layer on a flat plate for the same value of R. as for 


the convex or concave surface: R. = Usz/y = 2k (x d). 


It is seen that the velocity profile in the axially-symmetric turbulent 
boundary layer on a convex surface is more full, and on a concave surface 
is less full, than the velocity profile in the turbulent boundary layer 
on a flat plate. This difference in the velocity profile is particularly 
noticeable at values of x/d sufficiently large so that the thickness of 
the boundary layer becomes comparable to the radius r,. (concave surface) 
or appreciably exceeds it (convex surface) (Fig. 1). 


Prom Fig. 1, and also from equations (3.1), (3.3), and (3.4), it 
follows that the form of the velocity profile in an axially-symmetric 
turbulent boundary layer is determined not only by the Reynolds number R, 
calculated for the length x appropriate for a flat plate, but also by a 
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second parameter R. or by the combination R/R, = 22/d. 
| | age 
Convex 

‘*+ surface 


Convex 
‘surface t 


j\Concayv 
surfac 

i\ \ | 
\ \ 


The change in the form of the velocity profile for an azially-syemetric 
boundary layer, taken together with the altered geometry of the arially- 
symmetric flow, leads to the values of the local and friction coefficients 
c, and cr for convex and concave surfaces which differ from the corres- 
ponding coefficients (c ! and ¢Fpt? for a flat plate at the same value 
of R.. The characteristic variation of the parameters hy = ee! gpl and 
ke - Ol py) OO z/d is presented in Pigs. 2 and 3 for three values of 
R. = 10°, 10° and 10°. The data cited indicate that under certain condi- 
tions the effect of lateral surface curvature on the friction drag may 
prove to be very large. 


U Convex surface 
09 


= 


Concave Conver 
surface 
Fig. 5. 


4 
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An investigation of the effect of lateral surface curvature on the 
properties of the layer at a point of separation is also of interest. 


Figure 4 shows velocity profile computed according to formulas (2.4)- 
(2.6) for a separation point in a turbulent layer, and Fig. 5 shows the 
corresponding dependence of H*, H**, H and f = 1/k V (dp/dx) (8/pU*) on 
8/r 


It follows that at a separation point in an axially-symmetric turbulent 
boundary layer lateral curvature makes the velocity profile more ful! on 
a convex surface, but less full on a concave surface, compared to the 
corresponding profile in a plane turbulent layer. It should be observed 
that the magnitudes H* = 1/3, A** = 1/6 and H = 2 at a separation point 
in a plane turbulent layer are sufficiently close to the corresponding 
experimental values. 


The expressions (1.5) for the velocity profile and (1.7) for the re- 
sistance law in an axially-symmetric turbulent boundary layer, together 
with the quantitative results presented above, point to the existence of 
a certain analogy between the effects of lateral surface curvature and of 
longitudinal pressure gradient. In particular, lateral curvature of a 
convex surface alters the form of the velocity profile and the frictional 
drag coefficients in the same direction as a negative longitudinal 
pressure gradient (effuser effect). On the other hand, lateral curvature 
of a concave surface has an effect on the velocity profile and friction 
drag analogous to the effect of a positive longitudinal pressure gradient 
(diffuser effect). 


Hw f- 


NE 


5-340 


D 


oN 
os 


73 
Fig. 6. 


4. Comparison of theory and experiment. In conclusion, we will compare 
experimental values of the mean friction coefficient for long cylinders 
[6] with the corresponding theoretical coefficients computed according 
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to the method set forth above (Pig. 6). As is seen from Pig. 6, a suffi- 
ciently good agreement between the experimental and computed values of 
the friction coefficient for the cylinders was found. 
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The problem is solved on the basis of linearized theory by the method of 
variation. The solution is obtained for a wing with an arbitrary leading 
edge, the equation of which is given by the power series. 


Let z(x, y) be the equation of the surface of the wing; then the 
volume of the wing is determined by the double integral of this function, 
over the area s, which is a projection of the wing upon the plane z = 0: 


2 \\ sandy (1) 
“3 


The drag of the wing is determined by a summation of the projections 
of pressure forces, p, multiplied by the angle of inclination of the 
surface: 


9 az 
oe — 9 
C. = drdy a ) (2) 
s 


The pressure at any point P(s, y) on the surface of the wing with a 
supersonic leading edge is in turn determined by the double integral [1 |] 


are a (=, n) 


9 3 
\ V (x 5 (9) 
v 


- Be (y n)? 


The area of integration, A, represents the portion of the surface of 
the wing cut out by the forward Mach cone with the apex at point P(s, y). 


Thus the problem reduces to an isoparametric determination of the 
functional (2) for a given value of the functional] (1). This problem can 
be simply solved for the type of surfaces where 


a 


ay? = (Zz) const 
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In that case the wave drag of a wing with a chord 4 can be detersined 
by the formula suggested by Kogan: 


zr n) dn} dz (4) 

Changing the order of integration in (4) and introducing the function 
b 

\ (2) (2 n) dz (5) 


Formula (4) can then be written 


Por a given plan form of the wing, function : = z(z, y) must be such 
that in the plane z= 0 it will generate a given wing profile y = + y(x). 
This condition will be satisfied if the surface of the wing is represented 
by 


f(x) ly2(r) —y (7) 


Then the volume of the wing will be 


\ Tr) Sir) dz (3S) 
According to the method of Lagrangian multipliers for minimizing 

functional (6) for the given equation (8) it is necessary to examine 

Euler’s equation for the function F(x): 


4 


Considering (5), the Euler equation can be written 


Noting that Fy can be expressed as a derivative with respect to x: 


1 


13 


I 


5 ix 
The first integral of (10) is 


/ 


~4 ete. 
iS dy 3 


If the leading edge of the wing passes through the origin (y = 0, 
z= 0), the constant C, becomes zero. Then, after cancellation by y“, 


b x 
— 
b 
i 4 
0 
4 
Fiz a-(z airjo(z fiz z 9) 
4 
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the first integra! (11) reduces to: 
(12) 


Since the plan form of the wing is given, function y is known, In the 
general case, the square of this function can be expressed by the series 


The general solution of (12) is a sum of the particular solution and 
the general solution of the corresponding homogeneous equation. We seek 
the latter as a product of a certain power of xz, # and a power series: 


14) 


The equation for p is 


Solving it, we obtain two values of pe 


The coefficients of series (11), corresponding to these values of p, 
are obtained from the infinite system of equations 


The function is: 


Each equation of the system contains one coefficient more than the 
preceding, and therefore, by assigning an arbitrary value toa,, it is 


possible, in terms of this, to express al] the coefficients Gir sees @ 


The particular solution of (12) is determined by the series 


fon! 
NI 


coefficients of which are determined by the system of equations analogous 
to (16): 


| x 
F.(¢ fio (e—1)+ 10-426 +901 2— 0 
(e+ ! F (2) 
105 (n+ 2) 5(m + 2) (n+ 1) 17) 
s 
, 
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the problem of a wing of a given volume with miniaum wave 


a (1) mG, (0) 


(2) 


(k) 4 a,G, (kh 1) 1 (0) 8, 0 


G,, (k) (hk 1) 10. 2h 9 (2 8) (20) 
tk (k 1) 100 7 2) (n + 1) 


Since A is an arbitrary multiplier, 8. can be considered arbitrary, 
and all the coefficients of the series (16) can be expressed in terms of 
it. The function f(x) sought for is determined by the sum of the series: 


f(x) | 1 > a. a 


The three arbitrary constants (P>) and are determined 
from the conditions: 


1) On the trailing edge of the wing where x = 6 the function must be- 


come zero; 


2) The surface of the wing z must have the boundary at y’ ~ y? (x) < 0; 


3) The volume of the wing has a given value vp,. 


series 


Let us examine a practical case of a delta wing. In this case, 
(14) contains only one member. The leading edge is determined by the 


equation y = + kx, therefore, in the solution of (21) all the coefficients 
a .(p,) = @,(p,) = B, = 0 when s > 1. 


According to condition 2, ay(P,) = 0. The arbitrary constant fi, is 
obtained by satisfying condition 1: 


40 (o,) 


For minimum drag, the equation of the surface of a delta wing of a 


given volume is: 


The constant a,(p,) is determined by the given volume: 


4 
(1) + (90) 8, = 0 (19) . 
ie 
where 
(k) 
+ Gy (P2) (4 + 5 8,\14- 21) 
ae 
F 
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The drag of a delta wing, the surface of which is expressed by (7) will 


be 


For a delta wing with supersonic leading edge (8 = 8 E¥s 


the minimum 
drag is 


The drag of vy 


the same wing with a wedge profile is C. 180 


As seen from the comparison the drag of a delta wing with the found 
surface (2: ; 40 p 


per cent less than that of a delta wine with a wedge 
profile 
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The first and the second boundary value problems 


for the semi-plane y 0 are well explored [11]. The mixed boundary value 


problem is somewhat more dificult: 


Here a(s, t) is a bounded function. 


Por simplicity, the initial conditions are assumed equal to zero 


ju at 


If u(x, y, t) is taken as the displacement potential of an elastic 
fluid, the boundary conditions may have the following meaning: a punch 


of assigned form a(z, t) is pressed into the boundary of a semi-plane in 
the interval — 1< x< 1. The remaining part of the boundary is free of 


pressure. 


The purpose of this paper is a construction of the values of the func- 
tions a(z, t) on the boundary (y = 0) for |x l and w(x, t) for |x/|> 1. 
When these are known, the function u(z, y, t) can be constructed in the 
entire semi-plane y > 0, ¢> 0. 


As known, the functions u(x, t) and w(x, ¢) are related by the ex 


pression [1 | 


NG 
om 
u(z,t for 
when | 
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The domain of integration is shown in Pig. 1. 


Fig. 1. 


The following auxiliary problem is discussed first: 


The function w(x, t) is to be determined, using (3) for xs > 0, ¢> 0, 
under condition that 


w (xz, t) a(zx,t) for 2 u(x, t) 0 for r>0 (4) 


The relationship (3) for the determination of w(x, t) gives for z> 0 


the nonhomogeneous integral equation of the first kind 


A solution is to be found, which would be limited for «> 0, *>0 
and could be integrated with respect to x in every finite interval for 
any ¢. 


Multiply both parts of this equation by e"Pt and integrate with respect 
to t from zero to infinity, taking into account that Re p > 0. This re- 
sults in: 


\ A,(p|z 


0 


where K.(€) is a MacDonald function. 


on (7) 
s(x, wiz, the "dt for v(x, p) \ a(z,the"dt for r<0 
0 


The integral equation (6) is to be solved by Fok’s method [2]. Both 
parts of (6) are multiplied by e **, where Re « > 0, and integrated with 
respect to x from zero to infinity. Calculations analogous to those in 


paper {2 } result in 
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(n, p) dy, 


+ p) (O< Res < Re p) 
(4 — 8) 


@ 


(P(s, p) P(E. phe 


0 


\ 


The function a(x, t) must satisfy the Dirichlet condition. Then Vis, p) 
will be a regular function of a complex variable « for Re,s > 0. Ob- 


viously, then Fis, p) will be also a regular function for Re s > 0. It 
can be expressed by the Cauchy integral 


Expression (8) can be rewritten as 


+ia@ 


ar | 


H (n, p) dr, 


© 


} 


Dis 
H (s. P) 


According to our remarks about the function e(x, t), the function 
(s, p) must be regular for Re s > 0, and must also approach zero as s 
tends to infinity. The function F(s, p) is regular for Re s > 0, as 
mentioned above. Repeating the reasoning of paper [2], we conclude from 
(10) that the function A(s, p) must be regular for Re s < Re p. 


Thus, the following problem leads to the determination of Ms, p): 

Find a function Me, p), regular for Re s > 0 and approaching zero 
as s tends to infinity, such that the function A(s, p) is regular for 
Re s < Re p. 


It is not difficult to verify that a solution of this problem is 
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(12) 


A solution of the equation (5) is obtained after inverse transforma- 


tion 


Substituting the value Ms, p) from (12) into (11) and performing with 
(11) similar transformations in reverse order, we will show that the 
function w(x, t) from (1: is indeed the solution of the integral equa- 

Uniqueness of solution of the equation (5), on our assumptions, 


be shown if we investigate the homogeneous equation in a 


Substituting the value w(x, t) into equation (3), we obtain the ex- 


t) for «z 0. 


auxiliary problem is thus solved. Let us now show how the functions 
wiz, or and u(x, t) for |x! < 1 can be determined for any 
instant of time, using the auxiliary problem, and the formula (3) for the 


boundary conditions (2). Let us investigate the plane (xt). 


In the domains S., and S.. the vanishing initial values give w= 0. 
the domains S,, and S,, the function w(x, t) is known from the solu- 
on of our auxiliary problem, The value of u(x, t) in the domain P,. is 


given by the formula (3), and in the domains P., and P.. by the same 
< 


formula, since the value of w in the domains S,, and S;> is known. In the 


jomains S,, and S,, the function w(x, t) again results from the solution 


of the auxiliary problem, since the value u(x, t) in the domains P 


nn 


P.. and P,. is already known (Fig. 2). 
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The value u(x, t) in the domains Pow P,, and P,> can also be con- 
structed, taking into account the already known values of e(x, t). Con- 
tinuing this process further we can construct the values of w(x, ¢t) for 


|z|> 1 and u(x, t) for |x| < 1 for any instant of time, as required. 
A solution is thus obtained in principle. 


Several remarks are due with regard to the features of this solution. 
Let us study the solution of the auxiliary problem. It follows from the 
formula (13) that for z= t on the front of the propagating wave 

du au 
{) 


at Or 


In the vicinity of the point x= 0 we have for a(x, 


é zr 
w(x, t)= —|eos™! ; 


In the vicinity of «= 0 the function w(x, t) approaches infinity, as 
1/ Vx. It is noteworthy that the function w(x, t) has this property for 
all a(x, t), except those for which 
t 


r,t 


0 


for any t. It is not difficult to verify the fact that the function 
a(z, t) will satisfy the condition (14) if the value of du/dy is taken 
instead of a(x, t) at y = 0 and x < 0, corresponding to 


u(z,t)=b(z,t) for r< 0, u(z,t)=0 forz>0 


b= 0, 
for example, b(x, t) = e(t)s*. This a(x, t) will satisfy condition (14). 


As known [3], an analogous mixed problem for Laplace's equation 
leads to the values of du/dy at y = 0, which have the same features as 
here, at points where the type of boundary conditions changes. There will 
be no singularity if the relationship of type (14) is fulfilled for the 
boundary value. 


The following problem may be investigated analogously: at s = 0 


Ou 


u(z,t)=a(z,t) for |r| <1, j= 0 


Let us investigate the elastic semi-space y > 0. 


If u(x, y, t) is the displacement in transverse oscillations of the 


q 
i 
1 
r r 
4 ah 
q 
(15) 
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elastic semi-space, polarized parallel to the z-axis, then du/dy =r 
where t sy is the shear stress, p is the shear modulus. 


Boundary conditions (15) can be interpreted in this way: displacements 
u= a(x, t) are given at the boundary of the elastic semi-space y > 0, in 
a strip |x| < 1; these displacements are parallel to the z-axis, inde- 
pendent from the z coordinate; the remaining part of the boundary |x| > 1 
is stress free. Then, as known, the problem becomes two-dimensional, and 
the system of equations representing the vibrations of elastic space de- 
generates into one wave equation for the component u, which is parallel 
to the z-axis. 


Zt 


E 


475 
Pig. 3. Fig. 4. 
The solution of the auxiliary problem with the boundary conditions at 


y= © 


u(z,t)=a(z,t) forz>0, 


t) de dz 


(z 


r)- 


and the domains of integration o 


1’ 0», 0; are in Figs. 3 and 4, 


Using the formula which expresses du/dy = w at y = 0 in terms of u at 
y= 0, and which was derived in [1 ], 


3 
; 
| 
2 VOI 
t-z 29 
4 
= 
6, 
Ou 
will be 
1 / \( t)dEdt 
w (z, t) \ art ae \\ 
3, 
x &  \ \( 
w (zx, t) 7 when x >! 
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a u(E, t) dE dt 
=\at — eat) \\ 
a 


by similar transformations it is possible to construct we(x, ¢t) for 
|x| < 1 and u(x, t) for |x|> 1. The domain of integration for o is shown 
in Pig. 1. 


It is important to mention that the two-dimensional case of the mixed 
boundary value problem (a punch without friction) can be investigated in 
a similar way for dynamic equations of theory of elasticity. 
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surface of the jet 


Here AB is an ideal solid wall, 
CO the boundary between the particles of the jet and the flow, 
and GF the symmetry plane of the flow. 


AG is the bounded flow, 


ON A CERTAIN PROBLEM IN THE THEORY OF JETS 


(OB ODNOI ZADACHE TEORII STRUI) 


This paper deals with the impingement of two streams of an ideal 
pressible fluid which move toward each other from infinity in the space 
bounded by solid walls. 


In the case of plane flow a complete solution of the problem is given 
by the use of the theory of functions of a complex variable. 


1. Assume that the planes of symmetry of the jet and the bounded flow 
coincide, the walls are parallel and the space between the walls is filled 
with the flow to infinity. 


Because of the symmetry of such a flow it is necessary to study only a 
portion of the latter, 


| =D c 
Yow 0 Yoo 
! 
! 
| 
2 | 
6° g-0 0 
Pig.1. 


Let us assume that the velocities of the jet and the flow at infinity 
(cross-sections AG and BF) do not vary with time. 


In the case 
formulas which are important for practical 
applications are derived by the use of the law of conservation of momentum 


EF the jet, 
DE the free 


~ 
at 
4 
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Under these conditions the motion of the particles of the fluid will 
be steady with respect to the coordinate system with origin at the point 
0, 


As is known, the solution of such a problem is reduced to finding the 
velocity potential function ¢ which satisfies the Laplace equation A2d 
and the boundary conditions 


19 


on 1B and GF; — == (), 
on Os 


const on DI 

(DE is a free surface), where n and s are respectively directions of the 
principal normal and tangent at an arbitrary point of the boundary. Let 
¥ be a complex potential of the flow: 


W = 0+ id, z=2+iy (1.1) 


where wv is the stream function of the flow. Let us find the solution of 
the given problem by the use of the theory of conformal mapping. 


Let u_ be the velocity of the bounded flow at infinity, prthe density 
of that fluid, H,-the half-distance between the solid walls, Q.-the 
strength of the source producing the bounded flow under consideration at 
infinity, v-the velocity of the jet at infinity, p°-the density of the 
jet fluid, h_-the half-width of the jet at infinity, q,.” the strength of 
the source producing the jet under consideration at infinity. 


Let us assume at first that p = p° = 1. Let us express the boundary 
conditions of the problem in terms of the stream function Ww. Assuming 
us = 0 at the boundary GOF and OC, we have 


y=Q,, on AB, Yy=q, on DE 


By means of function W the region of flow under consideration (Fig. 1) 
of the Z-plane may be mapped conformally into the rectangular region of 
the W-plane shown in Fig. 2. The notations show the location of the bound- 
aries of the region mapped. 


Following N.E, Zhukovskii we introduce an auxiliary function 


X+iY (1.2) 


The quantity dW¥/dz = $. is the complex conjugate of the velocity vector 
of any given point of the flow. 


Separating the real and imaginary parts of Z, we write 


X = Inj1/r,|, Y=@ 


where a is the angle of inclination of the velocity vector with the posi- 
tive direction of the real axis in the Z-plane. Function Z brings about 
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the conformal mapping of the region under consideration into the tri- 
angular region of the Z-plane. 


Fig. 3. 


The configurations of the region under consideration in the planes ¥ 
and Z are bounded by straight lines. 


When introducing the three points on the &-axis which correspond to 
the three vertices of the rectangular region in the W-plane, as shown in 
Fig. 4, in the t-plane, on the basis of Christoffel’s formula, we obtain 


W (t) ex 1)-'(t +a) + by (1.3) 
0 


Integrating and determining the unknown coefficients from the boundary 
conditions of the problem, we write 


> (10) 


Pig. 4. 


From (1.4) follows, that 


dw Q t 
(1.6) 
Analogously, when mapping the upper half-plane (Pig. 4) into the 
triangular region of the Z-plane (Pig. 3), we find 


t 
Z(t) \ + Z, 
Integrating and determining the unknown constants from the boundary 
conditions of the problem, we obtain 
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Q Qa + a (1.5) 
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Z(t) = — 2iten™! Vi— 1 — Inve 4 ix 


Using the relationship between the arctangent and logarithm in the 
complex plane, we transform this expression into the form 


~init+iVe | (1.7) 


Zit In| ve 
ive 1 


Since Z(a) = In a, (Pig. 3) for t= — «a, when substituting this value 
in (1.7) and using (1.5), we obtain 


@ 9 
Pen = { H, (1.8) 


Eliminating Z from equations (1.2) and (1.7), we write 


1+iVi—i 
1.9 
(1.9) 


Dividing (1.9) by (1.6) and integrating the expression obtained with 
limits from 0 to ¢t, we find 


4Va+i in i (4.10) 
i+a 


+ 


If it were possible to eliminate the parameter ¢ from (1.4) and (1.10) 
and then separate the real and imaginary parts of the obtained expression 
for #(2), we would find the desired solution in an explicit form. However, 
it is not possible to eliminate ¢ from equations (1.4) and (1.10). There- 
fore, for their practical use we will find the solution to the problem in 
parasetrical form. We will express complex quantities ¢ + « and 1 — ¢ in 

the following form: 


t+a=re'™", 1—t = 


where Ty+ To» ¥y+ Yp May be taken as bipolar coordinates of the point in 
the ¢t-plane, connected by the obvious relationships 


sin ‘1 
sin (¥; + ¥2) 


SiN Y2 


sin (y; + 


= (a+ 1) 


ry = (a + 1) 


Substituting the expressions for t+ a and 1 — ¢ into (1.4), replacing 
Q,, and q. 0Y their values, and separating the real and imaginary parts of 
the equations obtained, we write 


? 
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Analogously, transforming equation 


stitutions, we find 


(1.10) by the use of the same sub- 


n*)inR 


4 ro 
tan~+| sin | + cos 


On the basis of (1.13) we find the position of the point D on the free 
surface at infinity (Fig. 1). We have 


1/27, and the desired quantity 


= Hh (1.15) 
0 


The above formulas 


(1.12) (1. 13) the 
stream lines w= const and the lines of constant potential const in 


and allow the construction of 
the z-plane of the problem under consideration. Let us determine the 
velocity of an arbitrary fluid particle vw_ by the use of (1.9) and the 
substitution 1-— t = r, exp(iy,) introduced above. 


Denoting the absolute value of the desired quantity by |v | = v_T and 


its argument by are and making the necessary calculations, we 
obtain 


It is assumed above that p = p° = 1. Let us find the condition for 
which the solution obtained is valid for different densities of the jet 
and the bounded flow. We will use the fact that the Bernoulli constant 


C= P, + (f 18) 


for the flow under consideration is constant at all points of the moving 
fluid [1]. This condition is fulfilled for different densities of the 

jet and the bounded flow if, along the boundary separating the two fluids, 
there is a discontinuity in velocity of the magnitude 
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Assuming that the stream velocity at infinity and the geometry of the 
flow do not change, by using the relationships (1.8), (1.18) and (1.19) 
we find the desired condition 


uy h (1.20) 
u p 


a 


where h= 2h. and H= 2H. are respectively the width of the jet and the 
distance between the solid walls, and u, is the jet velocity at infinity, 
for which the exact solution, obtained under the assumption p = p° = l, 
jet and the bounded flow. 


(1.19) 


is valid for any given densities of the 


Consider the motion of the jet and the bounded flow in the coordinate 
system fixed with respect to the solid walls of the system The velocity 
of the jet V at infinity in this coordinate system is obviously deter- 
mined by the equation V = v + %- Also, the velocity u, may be regarded 
as the velocity of penetration of the point O on the boundary separating 
the jet and the bounded flow (Pig. 1). Using this condition, let us trans- 
(1, 20) 


into the form 


form 


21) 


This formula determines the magnitude of the velocity of penetration 
as a function of the absolute jet velocity, the densities of the jet and 
the bounded flow and the geometry of the flow. 


Por v_ we obtain 
oo 


Vo/c 


From (1.20) it follows that the depth of penetration | (the distance 
traversed by the point O in unit of time) is expressed, in terms of the 
distance traversed in the same time by the particle of the jet situated 
at infinity L, 


by the formula: 


{ 23) 
Ve/e 


The distance between the free surfaces of the divergent stream branches 
at infinity hy = 2y1: is determined in this notation by the following 


formula: 


h, =2V Hh—h (1.24) 


Using (1.8), (1.21), (1.22) and the expression for the absolute velo- 
city at any point of the bounded flow lv |. we will find the expression 


@ 
1+m/n  1—2VA/H 
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for the pressure at any point in the jet or the bounded flow. * 


(1 — 7?) 


2 2 (m+ny 


(1.25) 


In particular, at the point O where, in accordance with (1.16), T= 0, 
we get 


eV? 
(1.26) 


Note that if the distance between the solid walls is increased inde- 
finitely, i.e. H, + «, the solution obtained above will become the solu- 
tion obtained by Lavrent’ ev in 1947 (the work has not been published), 
and also independently by Birkhoff [1 l, for penetration of the two- 
dimensional jet into an infinite space filled with incompressible fluid. 


2. Now consider the axially-symmetrical case of impingement of the jet 
and the flow of an ideal weightless fluid in the space bounded by a 


cylindrical solid wall. This wall is to be at rest. Let us denote the 
constants at infinity: the velocity and pressure respectively by i 


p, for the jet and by ua, p, for the bounded flow. 


oo 


Let on be the radius of the jet, t. the radius of the free surface, 
R, the radius of the surface of separation, and R the radius of the solid 
boundary of the region. We denote the densities of the bounded flow and 


the jet by p and p° respectively. 


Let us find the variation of the momentum dK of the volume of fluid N 
which is swept through by the rotation of the region ABCDEFGA (Fig. 5) 
around the z-axis; this volume, in the given coordinate system roz, will 
assume the configuration A,B,C, D,E,F,G,A, after passage of time dt. The 
quantity dK/dt is determined by the motion of the volumes wht) yl 2) yl 3) yl), 
the cross-sections of which are shaded in Fig. 5. For the equilibrium 
process under consideration, this quantity is equal to the sum of hydro- 


dynamic pressures acting on the surface of the volume NW under consideration. 


Fig. 5 
* It is assumed that there is no external pressure and that C = C in 


formula (1.18). 
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Assuming that the cross-sections AH and BC are sufficiently far from 
the origin of the coordinate system O and that the corresponding velocities 
and pressures in these cross-sections are constant and equal to their 
values at infinity, we write 


dK © 


d d d 


where u, is the flow velocity at cross-section AC, the magnitude of which 
is determined, as in the two-dimensional case, by the condition of exist- 
ence of a velocity discontinuity at the boundary of the jet and the bound- 


ed flow. It is given by the equation 


(2.2) 


= uy,” V 


The values of the derivatives of the respective volumes are given by 


(2.3) 


d 
at N®) ro *) a 


Writing the Bernoulli equation for an arbitrary streamline which passes 
through the cross-sections HA and BC, we find 


(2.4) 


Substituting the values of the corresponding quantities (2.2), (2.3) 


and (2.4) in (2.1), and performing the transformations, we obtain 


» — — — 5 


Eliminating R from the equations of continuity for the jet and the 
bounded flow in these cross-sections, 


= —H*,), Uy, = (R,.? — 


and using (2.2), we write 


. 


(2.6) 
rai iz ) 


Eliminating Sun from (2.5) and (2.6), we obtain the relationship 


22 2 
95 
d d 
a, NO = NO) 
Peo — Po = (uo? — u,,.") 
| 
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analogous to (1.20) for the motion in the two-dimensional case. 


Assuming u + u = V in the fixed coordinate system (V is the stream 
velocity, while u is the velocity of motion of the point 0, i.e. the 
velocity of the boundary of separation of the fluids), we find 
” 
us = { = Me 8) 
From (2.7) and (2.8) there follows that the trajectory | of the point 
O is expressed in terms of the trajectory L of the jet cross-section by 
the formula 
n 
i=L— (2.9) 


m 


and (2.7) it follows that 


V 2r,.°R (2.10) 
Assuming that the pressure in the jet at infinity is zero, we find the 
pressure at the point O: 
(2.94) 
(m,-+ 
It should be pointed out that there is at present no exact solution of 
the three-dimensional problem on the motion of an ideal fluid with free 
surfaces. Lavrentev’s work [2 ] notes methods of possible solutions of 
such problems from the mathematical point of view for the case of axial 
symmetry. Southwel! and Vaisey have calculated several cases of motion 


of the streams with axial symmetry employing the numerical! relaxation 
method. 


The relations obtained above permit us, by means of the relaxation 
method, to calculate approximately the stream lines and equipotential 
lines of the velocity field and the pressures for the problem under con- 
sideration. 


In conclusion, let us note that comparison of the analogous expressions 
determining the parameters of the investigated flow, (1.20), (1.23), (1.24), 
(1.26) for the case of plane flow, and (2.7), (2.9), (2.10), (2.11) for 
the case of axial symmetry of motion, shows a substantial difference in 
the quantitative expression of these parameters. 


In (2.7) 
No = (1 2 R Ms } e/e 
‘ 
: 
From (2.6) 
as 
4 
‘ 


Nm 


On a certain problem in the theory of jets 1201 


BIBLIOGRAPHY 


Birkhoff, G., Hydrodynamics, Princeton Univ. Press, 1950 and (Russian 
Trans!.) Izdatel’stvo Inostrannoi Literaturi, 1950. 


Lavrent’ev, M.A., Cumulative charge and the principles of its work, 
Uspekhi Mat. Nauk Yol. 12, No. 4. p. 76, 1957. 


Southwell! and Vaisey., Fluid motions characterized by "free" stream- 
lines. Phil. Trans. Royal Soc., London, ser. A, Vol. 240, 1946, 


a 
225 
3 
3. 
a 
10S 
q 
a 
= 
. 
7 
: 
a 


ON PLANE NOZZLE DESIGN 
(K RASCHETU PLOSKIKE SOPEL) 
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I.M@. IUR’ EV 
(Mosco®) 


(Received 24 April 1958) 


A new particular solution has been obtained for the approximate systems of 


equations of motion of a gas, which is close to the Chaplygin system of 
equations over a large transonic range of variation of velocity. This 
solution can be used for nozzle design. 


The Chaplygin system of equations, in canonical form, can be represented 


where ¢ and Ww are velocity potential and stream function respectively, 
VK and s are known functions of the relative velocity A, and 


(1 


and @ is the angle between the velocity vector and the abscissa in the 
plane of gas flow (x, y). In the neighborhood of A = 1 we have 


x+2 
3(*x—1) 


x+1 

V K = Ags'*, Ag = 7) 

Let us now put system (1) in terms of new independent variables 7, a, 
using the formulas 


2 


=, 
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ay 
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= 
| | 
2 S 
= 
Se 7 
0 as @ 


As a result of some simple transformations we obtain 


ay 2\'h ay ay 
3) da ~ 3) (a) (2 a +e in) 


or we get one equation for the stream function 


da? — 2" + (n+ a*) — — (0+ #956) = (5) 


where 


VR 
F(n) = (6) 
Ag" 


For F = 1, equation (5) has the particular solution t= a, which 
corresponds to Fal’kovich’s result [1]. It should be mentioned that the 
exact function F(A) differs significantly from unity over a wide range of 
velocity variation A in the neighborhood of sonic velocity. To get a more 
accurate result we will look for some particular solution in the form 

0 
where a is an arbitrary constant. By putting expression (7) into equation 
(5) and separating the variables, we obtain 


f (@) F’ (n) + 2a (8) 


= 


4 


(7) 


/ 


af’(a) Fi) 


where n is an arbitrary constant. From this we obtain 


2 
a 5 
Fin) f(a) = co ene’ da 


where A, fo» ¢, are arbitrary constants of integration. 
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that function (9) and its differential coincide at 


corresponding exact values of function (6), we ob- 


figure curve represents the exact function (6), curve ? is 


far ran 10) 0.096. Curve ? represents the 


etween and : When , 0, solution (7) represents ¢ evm- 


isfies the well-known condition of the persist- 


ow within the supersonic region at the line if 
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THERMAL CONVECTION IN A ROTATING CIRCULAR PIPE 
WITH A CONSTANT TEMPERATURE GRADIENT 
(COMPRESSIBLE FLUID) 


(TEPLOVAIA KONVEKTSIIA VO VRASHCHATUSHCHEISIA KRUGLOI 
TRUBE PRI POSTOIANNOM TEMPERATURNOM GRADIENTE 
(SZHIMAEMAIA ZHIDKOST’ )) 


PMM Vol.22, No.6, 1958, pp. 840-841 


V.N. GOLUBENKOV 
(Moscow) 


(Received 27 January 1958) 


In reference [1] it was demonstrated that the equations of thermal con- 
vection for an incompressible fluid in an infinitely long rotating pipe 
become linear when the temperature gradient along the axis of rotation is 
constant. We now deal with thermal convection in a compressible viscous 
fluid within an infinitely long circular rotating tube. We deal with the 
problem in terms of cylindrical coordinates rotating at velocity w, the 
polar axis coinciding with the axis of rotation. The conditions of sym- 
metry imply that there is no dependence on o, and for an infinitely long 
pipe dv. dz= 0, v. = vu,= 0. Finally we assume that the fluid obeys the 
equation of state of an ideal gas. The fluid motion can therefore be 
described by the following system of equations [2 |: 


di 
oP = oP = r eTR (1) 


— 
or 02 . r dr \ dr rr 


We will assume that temperature variation within the fluid is governed 
by the effect of a constant temperature gradient at the walls of the tube. 
Inasmuch as the conditions over a pipe section are similar, we get 


or 


Oz 


= a= const (2) 


When dealing with the case of a compressible fluid, this single con- 
dition for linearizing equation (1) is insufficient, for now it is not 
possible to neglect density change with change in pressure. To be able 
to linearize thermal] convection equations for a compressible fluid we will 
study a case of slow convection. That is, we will assume that the tempe- 
rature variation is small compared to the mean temperature in the fluid, 
and that the velocity of convection which gives rise to this variation 
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and the changes in both pressure and density are all small; i.e. we can 
put 


T’=T+8T, p’=p-+8p, =e+8, 
8T €T, Sp < p, < p, v € wr; (3) 


Here r, is the tube radius and p and p are pressure and density res- 
pectively at some constant mean temperature T of the fluid. In other 
words, we are seeking a solution to system (1) in terms of a power series 
of the gradient a, which is assumed to be small. If we keep only the 
first-order terms, from system (1) it is easy to obtain the following 


Op 08 p mw?r / 87 \ 
Or «Or kT 5p P x 


(4) 
az oz 


For the isothermal case 5T= 0, Sp = 0, w= 0, and the fluid rotates 
as a whole with pressure distribution given by: 


P = °) 


where p, is the pressure at the tube axis. Now we neglect Sp in equation 
(4), and putting in (2) and (5) we obtain an equation for slow convection 


RT dr ar T 


mor a ad an 
PO oxy af (6) 


This equation should be solved with the following boundary conditions 


(1) finiteness of solution for r= 0 


(2) 
(3) 


where Q is the given mass flow of fluid in the tube. 


We now introduce the following variables and definitions 


mor? 


2RT 


Hence equation (6) and boundary conditions (7) become 


du 


ar A 


It is easy now to obtain 


; 
: 
y 
r (ry) () (7) 
on | err dr = 
. 
0 
t= ? u Q (8) 
iby] 
d= au a 
3 ) q (9) 
az- ar az \ 


Thermal convection in a rotating circular pipe 


99) Ji (2) — Ji (b) 
a= I(e — 24] 57. (b) —4J\(b) 


x 
J:(t) = 


Or, finally, 


ars*py — 1)? 
~ 4bnT (2| Ei (2b) — 2 Ei (6) + In yb — In 2] 


E 
bQ 


i — Ei (6) — 


where Ei(x) is a function tabulated in (3). 


This solution is composed of the superposition of two pressures; the 
first term in (11) expresses free convection in the compressible rotating 
fluid, and the second is the forced motion of the compressible fluid in 
the rotating pipe due to the difference in external pressure (similar to 
poiseuille flow of incompressible fluid). 
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APPROXIMATE METHOD OF COMPUTATION OF THE 
NONSTATIONARY TURBULENT BOUNDARY LAYER 
IN AN INCOMPRESSIBLE LIQUID 


(PRIBLIZHENNYI METOD RASCHETA NESTATSIONARNOGO 
TURBULENTNOGO POGRANICHNOGO SLOIA V 
NESZHIMAEMOI ZHIDKOSTI) 


PMM Vol. 22, No.6, 1958, pp. 842-847 


L. A. ROZIN 
(Leningrad) 


(Received 6 May 1957) 


For an approximate computation of the stationary turbulent boundary layer, 
the assumption is sometimes made that the laminar and turbulent boundary 
layers are analogous [1]. This approach to the investigation of the 
turbulent motion of a liquid in the boundary layer permits certain im- 
portant results to be obtained relatively simply. It therefore seems con- 
venient to extend that analogy to the nonstationary boundary layer, 
particularly as the approximate methods of computing the stationary | 2 | 
and nonstationary [3 ] laminar boundary layers have much in common. 


An approximate method of computation is presented, describing the non- 
stationary turbulent boundary layer, based on the assumed analogy between 
laminar and turbulent nonstationary layers. Examples are adduced which 
permit a number of valuable conclusions to be drawn, 


1. Statement of the problem. We consider the mean velocity of the 
liquid in a turbulent boundary layer with the velocity of the external 
current a function of time. We shall assume that the structure of the 
turbulent pulsations and the character of the mean motion of the liquid 
at all times permit the assumption that the usual postulates defining the 
mean, used in the derivation of Reynolds’ equation [ 2 ] are valid. That 
is, for the mean flow of the liquid in a turbulent boundary layer, the 
momentum equation can be written in the following form: 


Here, as usual, 


: 
‘ 
(1.1) 
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@ 
(1-7) ay, (1.2) 


where u(x, y, t) is the longitudinal velocity in the layer, U(x, ¢) is 
the given velocity on the outer boundary of the layer, r is the friction 
shear stress on the surface of the body in the fluid, p is the density of 
the fluid, x and y are the longitudinal and vertical] coordinates respect- 
ively, and ¢ is the time; the infinite limits in the integrals (1.2) 
correspond to the concept of an asymptotic boundary layer. 


Following the procedures of the computation of the stationary turbulent 
layer [14 F we multiply both sides of equation (1.1) by a certain function 
G(R*) of the Reynolds number R* and introduce the symbols 


where v is the kinematic viscosity; equation (1.1) takes the form 


al 
G (Rt) 7 (Re) +5 (4.4) 


Assuming 5°**/S* = h, the two first terms on the left-hand side of equa- 
tion (1.4) can be expressed in the following form: 


Oz U Or U 


Introducing the notation 


G’(R*)R* dlogG(R*) (1.7) 


m (Re) = 
G (R*) dlog 


we write equations (1.5) and (1.6) as: 


1 +, 08° 1 09 1 au 

or @ | {— 18 

U G(R) art 1+m E +7 at (7.8) 
U fake , ah 
Oz 1+m\| dx 7 Or ( ox 


Finally, substituting (1.8) and (1.9) into equation (1.4), we obtain 


at Or 
We now consider the quantities f and ¢€, defined by formulas (1.3). In 
the case of the laminar nonstationary boundary layer (3) the function 
G(R*) was put equa] to R*, and the quantity f was itself the parameter 


A 
is 
\ 4 
+ 
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characterizing the form of the velocity profile in different cross-sections 
of the layer. There, the quantities g and h were functions of that para- 
meter. We assume that in the case of the turbulent layer too the function 
G(R*) may be fixed in such a manner as to permit the use of f as the para- 
meter of the velocity profile; and ¢ and fA are then considered as func- 
tions of f. Further, noticing that in the laminar boundary layer the 
quantity G(R*) = R* is inversely proportional to the local coefficient of 
friction on the plate [2,3], in the turbulent case too we put G(R*) = 

(p U" To )¢e 9° where the value of R* is taken for the body around which 
flow occurs. In making this assumption, we determine the form of the func- 
tion G(R*) with the aid of the familiar power law for velocities and drag, 
which here takes the form 


G(R*) = 144.94 (1.11) 


Thus, taking a(R*) = 1/6, and fixing G(R*) according to formula (1.11) 
we will presume that 4 and A are functions of f or & If we should succeed 
in establishing the form of these functions, equation (1.10) will be the 
differential equation in «©, the solution of which, by means of (1.3), will 
make it possible to determine R* and therefore al] the other basic quan- 
tities which characterize the boundary layer. 


2. Choice of the functions ((f) and h(f). Approximate computation of 
the nonstationary turbulent layer. As in the case of the stationary tur- 
bulent layer [1], in determining the functions C(f), and A(f) we take 
advantage of the assumption of the analogous nature of the laminar and 
turbulent nonstationary layers. For this purpose, we normalize the para- 
meter f in the laminar [3 ] and in the corresponding turbulent nonstation- 
ary layer in such a fashion that at the separation point its value is 
unity. Then 


f 
j 


s 


(2.1) 


where f. is the value of the non-normalized parameter f at the separation 


/ 


point, and © on f signifies the normalized quantity. We further normalize 
the functions ¢ and A in such a manner that where f = f° = 0 they become 
unity; that is 


h 


(2.2) 
(h), 


In carrying out the above analogy, we assume that the functions Lrf?) 
and h°( f°) have similar forms both in laminar and turbulent nonstationary 
boundary layers. 


In computing the nonstationary laminar boundary layer [3], we have 
assumed two different types of functions ¢ and h corresponding to two 
families of profiles of velocity in cross-section of the layer. In one of 
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the velocity profiles, the usual Hartree functions have been used; in the 
other, the first approximation to the exact solution of the problem of 
the growth of the boundary layer having a free stream velocity of the 
form U= ¢t"w(x). Now, the latter family of velocities, being taken from 
the nonstationary problem, leads to a more precise result for the time 

at which separation starts for flow past a circular cylinder. However, 

if we pass over to the normalized functions (°( f°) and A°( f°), the diffe- 
rence between ¢ °. h,° obtained by means of the Hartree functions, and 
Cs. h,° taken from the solution of the indicated nonstationary problem, 
is negligible (Fig. 1). From the figure we see, first, that the functions 
h,° and h,° change very little, and may be taken as A° = h,° = 0.922 
(mean value). In cases where the separation of the boundary layer is de- 
termined, more precise results apparently give h° equal to the separation 
value of h,° = 0.642, Passing to the function (°( f°), we put it in the 


form 
= 1 — f° + (2.3) 


The figure shows the dotted straight line (2.3) for the case « = 0. 
The line falls between the continuous curves for F (above) and ¢, 
(below), so that in the required interval of the values of f° the abso- 
lute magnitude of « (f°?) is small, and in the great majority of cases we 
may assume that €°(f°) is a linear function. 


Having established the form of the normalized functions ¢° and h° for 
the determination of € and h in the turbulent layer, it remains to develop 
the function fy the parameter of the turbulent layer at the point of 
separation, and the magnitude of h for f = 0. The latter quantity is 
taken as equal to (h) =07 0.714 in most papers [2]. As far as Fe is 
concerned, it has not as yet been definitely established, and independent 
experimental determinations are needed to evalue it. Nevertheless, on the 
basis of data at hand[1], it is possible to write the following equa- 
tion at the separation point: 


4 75 log 8)- Z (2 4) 


. 
JOLe 
54 
= | 
Ss 04 aA? 
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which leads to the result f, = 5, with the aid of (1.3) and h = CA) 
% = 0.46, where A° = 0.642 is taken at the separation point. 
; It now remains to write the expression for the functions h and ¢€, which 
a appear in equation (1.10). By use of the mean value of h° derived above, 
. on the basis of the second formula (2.2), we have h(f) = 0.66. On the 
3 other hand, putting the assumption « = 0 into (2.3), and in the turbulent 
: layer assuming ra 9 = 1, from the first formula (2.2), we obtain 


wal 


Substituting the assumed h and ¢ into equation (1.10), we finally write 
it in the form 


OP 4 al/ (6 c = 2.6} 


1 
a=h= 0.66, b = 3h +hm+m+i1+ 7, (1+ m) = 3.02 (2.7) 


| 
2+7 (1+ m) = 1.77 p=1+m=—117 


Differential equation (2.6) is analogous to the corresponding equation 
assumed as the basis of the computation of the taminar nonstationary 
boundary layer [3]. This fact is the consequence of the assumption as to 
the analogous nature of laminar and turbulent nonstationary layers. 


Intergration of equation (2.6) under suitable conditions solves the 
problem of the approximate computation of the nonstationary turbulent 
boundary layer. In practice, if d is known, it can be used to determine 
R*, with the aid of (1.3) and (1.11), according to the formula 


y 
R* = (0.006899 =) (2.8) 
\ 


Thereupon the quantity 5* is derived from R*, and in turn, 5** = Ad*, 


The shear stress on the wetted surface To is expressed in the following 
manner 


U?\"ls 1 . wy 
E 70 \U +a )e| (2.9) 


From this, the condition of separation of the boundary layer r 
is written in the form 


where 
pu? 
G (k*) 
1/,0U a 
eet = 2.10 
U\ at fs (2.10) 
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All the foregoing considerations are readily generalized for the case 
of the axisymmetrical nonstationary turbulent boundary layer. Indeed, 
again using the momentum equation, which would differ from (1.1) only by 
the presence on the left-hand side of the additional term (1/r)(dr/dx)5**, 
we thus obtain the following differential equation for ¢: 


au’ { dr 


r \ at +4 


p (2.11) 


Or r dz 


where q= h(1+ am) = 0.771 and r is the radius of any of the paralle! 
contours of the wetted surface. 


3. Examples. We pass to a consideration of several examples. 


1. Owing to the fact that equation (2.6) and the corresponding equa- 
tion of laminar motion [3] have the same form, classes of problems for 
which (2.6) becomes an ordinary differential equation will be the same 
as in reference [3]. Without writing out all the equations that pertain 
to this problem, we dwell on the particular example of liquid motion at 
the forward part of a blunt obstacle where the velocity at the edge of 
the boundary layer is expressed by the formula 


U = Uok xr, E (3.4) 


where the constants U, and A have the dimensions [a] 
and L and T are the dimensions of length and time. 


In this case it is easy to obtain the following expression for ¢&: 


exp | — \ dE ) exp |b \kdE) d= (3.2) 


where D is a constant of integration. If the motion of the body in the 
liquid starts from rest, from the condition that @ be finite for t = 0 
and k= 0 it follows that D= 0, Por such a motion, the condition of 

separation of the boundary layer is written in the form 


\ as \ 


0 


correct both for laminar and turbulent flow. Equation (3.3) permits the 
conclusion that separation of the boundary layer in the case considered 
takes place at all «x simultaneously. Hence, by comparing the coefficients 
p, 6, ¢ and f, in the turbulent and corresponding laminar layers (for 

the Hartree profile p= 1.12, 6 = 2.422, ¢ = 1.00, PF = — 1.12), we may 
conclude that for similar distributions of pressure the turbulent layer 
will separate considerably later than the laminar layer, since in the 
former case lf, | is almost 4.5 times as large as in the latter. 


4 
22 
| 
4 


L.A. Rozin 


If at a certain moment of time ¢ = & = 0 the boundary layer was lami- 
the constant D in (3.2) will be determined by the following equation: 


exp Ro* G (Ro") (3.4) 


Here the index 0 signifies that the quantity in question is chosen at 
t= €= 0, and by R,* is meant the value of Reynolds’ number US* /v at 
instant t = 0, computed according to the theory of the laminar boundary 
layer. On the other hand, for the same distribution of pressure, but for 
the conditions of turbulent motion only, the quantity D = D, is also ex- 
pressed according to formula (3.4), in which, however, R,° is computed 
according to the theory of the turbulent boundary layer. Since R,* in the 
laminar layer is considerably less than R,* of the turbulent layer, the 


following inequality will be true: D, < D,. On the basis of formulas 
(2.10) and (3.2), this inequality leads to the conclusion that in the 
presence of laminar motion up to some instant of time separation occurs 


later than in its absence. 


2. We assume that at the initial instant of time, ¢t = 0, a semi- 

infinite plate begins to move with relation to the ambient liquid with 
a free stream speed U = U, + o(1- cos wt). We will assume that on the 
background of velocity U. small oscillations are superposed (U, >> o), 
the frequency of which, @, is considerably less than the frequency of the 
turbulent pulsations. This type of problem has been considered for the 
laminar boundary layer [3], and for the parameter f the following ex- 
pressions have been obtained: 

P 73 wt (x < al’ ot), f= p t sin wt (x > al yt) (3.! 

( 0 
where the origin of x is set at the leading edge of the plate. It is 
obvious that in the case of the turbulent boundary layer, the same ex- 
pression for f can be obtained with the coefficients a, p fixed by the 
formula (2.7). Because of the similar nature of the solution of the 
problem, this permits a verification of the difference between laminar 
and turbulent plate flow. From formula (3.5) it follows that two regions 
form on the plate, separated by a moving boundary «x = at. On one side 
of the boundary (x < alU.t), the boundary layer thickens, that is, the 
parameter f, and consequently 5*, depends on x; on the other side of the 
line (x > alt) the influence of the leading edge of the plate no longer 
has any effect, and 5° changes only with time. Little by little the de- 
veloping boundary layer covers the whole plate; the velocity of motion of 
the border of the indicated regions is equal] to aU, and is almost twice 
as great for turbulent as for laminar plate flow] : 


Along with the development of the boundary layer, separation also 
takes place. Actually it is possible to conclude by use of equation (3.5) 
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that separation begins for x > alt at the instant of time ¢,. determined 
by the condition 
1 Us ol \ 


ty® sin to” 6 to” to, No = Ue) (3.6) 
sh ‘ 


Here L is the scale of length, N oh is the Strouha] number, and ff is 
the coefficient equal to 1.0 and 4.27 for laminar and turbulent layers 
respectively. It also follows, other things being equal, that the non- 
stationary turbulent boundary layer separates later than the laminar 


layer. 


Taking into account (3.5) and the expression (2.9), the shear stress 
and the drag F of a plate of length L washed by a current of liquid on 
both sides can be determined. If we designate the wetted surface of the 
plate by S, and introduce the coefficient of drag by using the formula 


F = CS 1/2 p o, for Cy we obtain the following expression: 


C,= (0.00303 + | — — 0.00195 sin (3.7) 


/ 


where R= U,L/v, At the instant ¢° = 1.51 the whole plate of length L 
falls into the region in which the flow depends on x, and from that 
instant the formula for Cy takes the form: 


\ 
C,=k™" 0.0303 +. 0.00496 iv, N sin (3.8) 


In the case o = 0, formula (3.7) corresponds to the development of a 
boundary layer on a plate which begins to move instantaneously from the 
state of rest, with a constant velocity U,. For this case, at the instant 
¢° = 1.51, when steady motion has been estab] ished over the entire plate, 
C, = 0.0303 poi/T which agrees with the usual formula for drag [2]. 
Putting o0 = 0, we evaluate the additional drag force due to the unsteady 
flow. For this purpose we fix the quantity A equal to the impulse of the 
drag force F for the time ¢° = 1.51. Then, considering unsteady motion, 
we have A= 0.0497 » LR°/’, On the other hand, for steady motion, we ob- 
tain A= 0.0461 ¢ LR°’’. It is evident from this that the magnitude of the 
impulse of the force F in unsteady motion is 8 per cent greater than the 
corresponding magnitude for steady motion. For laminar motion {3 ] this 
excess impulse of the force F amounts to almost 33 per cent. 


In conclusion two remarks must be made. 


1. Recently Loitsianskii has surmised that near the point of separa- 
tion C = (R*) const, since here y= 0, and the influence of viscosity 
and thus of the Reynolds number R* vanishes. This assumption has an in- 
significant effect on the coefficients of the equations (1.10) and (2.6), 
and consequently hardly influences f or & At the same time, however, 
the size of the displacement 5* near the separation point is already 
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determined not by formula (2.8), but by another method described in mono- 


graph [2]. 


2. In the case of laminar flow[3], and likewise for turbulent flow, 
in the first approximation for simplification of the computation of the 
boundary layer, it has been assumed that h = 5**/8* = const. Turning to 
the integral relations of impulses (1.1), it is easy to conclude that 
this assumption is more justified when A is less important in equation 
(1.1). This in turn will be the situation when in strongly unsteady flow 
the magnitudes characterizing the boundary layer change with time faster 
than x, and 0U/dx is smal] in comparison with (0 U/dt)/U. Por more 
precise computations, both of laminar and of turbulent boundary layers, 
the assumption of a constant ratio 8**/S* and the approximation that 
h(f) is a linear function is not correct; in that case the differential 
equation involving ¢ is nonlinear. 


My thanks are due to L.G. Loitsianskii for his help in this work and 
his continuous interest. 
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Vol.22, No.6, 1958, pp. 847-849 


V.I. MOSSAKOVSKII and V.L. RVACHEV 
(Dnepropetrovsk-Berdiansk ) 


(Received 29 October 1957) 


The solution of the problem of the horizontal hydrodynamic impact of a 

sphere on a free fluid surface was found by Blokh [1] in the form of a 
series containing spherical (harmonic) functions. This note outlines a 

method by which a solution of this problem may be determined in closed 

form, 


1. Let a spherical bow] be immersed in a fluid which fills the half- 

space z> 0, so that its wetted surface has the equation rt = s* 4 y? + 

1, (The assumption that the radius of the sphere is equal] to unity 
obviously does not affect the generality of the argument. ) 


Now suppose that the sphere suddenly acquires a velocity U. along the 
axis Ox, Then, allowing for the fact that the velocity potential (x, 9; 8) 
of the perturbed fluid motion is a harmonic function within the fluid 
domain, connected with the impulsive pressure p, by the relation p,=- pd, 
where p is the density of the fluid, we arrive at the following conditions: 


when >I! (1.1) 
when 2° (1.2) 


when (1.3) 
It may easily be shown that the function 


(1.4) 


like d(x, y, 2), is a harmonic function. From the conditions (1.1) and 
(1.2) we find that 
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b(z,y,0)=0 when (1.5) 


v(z,y,z)= Ur (2 >0) (1.6) 
¥(z, y, zs) = (z, y, -U, (1.7) 


Then VY (x, y, 2) = 0 when r= 1. It follows from Kelvin’s theorem that 
the function 


(zr, y, 2) = 


will be harmonic in the domain r < 1. It is obvious that PY = Y* = 0 when 


r= and, moreover, we have 


r> Or | 


ar" { 1 a¥ or 
4- ) (1.8) 


or 


Thus the function Y*(x, y, z) proves to be the analytical continuation 
of the function ¥ (xz, y, z) across the sphere r = 1. 


Let F(z, y, z) be the function which equals VY (x, y, 2) when r > 1 and 
W(x, y, z) when r < 1, Then F(x, y, 2) will be a harmonic function in the 
half-space z > 0, satisfying the following boundary conditions on 


U or when <1 


F (z, y, 0) = { 


U 
———,— when z? + y? >! 
(x? + y*) 2 


2. Let F(z, y, 2) = Fy (x, F,(x, y, z), where and F, are 
harmonic functions satisfying the boundary conditions 


when 7274 y2<{ 


Fy (z, y, 0) = 
when >! 


0 when + 1 

Fy, (x, y, = Us 
> r? 21 
(4 when + y* > 


It may easily be shown that 


F.(z, y, z)= 
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~ 

(2.2) 

so that 


Horizontal hydrodynamic impact of a sphere 


F (x, y, 2) = Fy (xz, y, 2) 


We determine the function Fo(x, y, z) by solving the Dirichlet problem 
for the half-space: 


Fy (z, y, z) (2 4) 


Using the formulas (1.4), (1.7), (2.3) and transforming to spherical] 


coordinates 


zr=rsinO cosa, y=rsinOsinw, 


we get 


@ 1/r 


U,sin 8 cos t? dt 
¢ (7,9, @) = —— = ros cos ada dr \ 


0 


2t sin § cos (@—a) + 


In particular, it can be shown that when r 


9, a) = sin 0 cos w cos § cos P (sin 9 cos a) cosada 


P(z) = —— 
(1+:)¥2(1—2z) 
Similarly, it is possible to obtain the solution of the so called 


"internal" problem of the horizontal impact of a spherical bow! half 
filled with fluid. In this problem, for instance, 


(1,9, wo) =U, cosa cos8cosa@\ P* (sin cosa) cosa dz 


1 + 3: 2: 


/ 
P* (2) — > 
Vi 


3. For comparison with the solution given by Blokh, we calculate the 
virtual mass coefficient of the sphere AY given by the formula 


ay: 
4 
1219 
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(3.1) 


where P, is the resultant of the impulsive pressure forces acting on the 
wetted surface of the sphere: 


P, \\ py cos (n, Ox) ds (ds = sin 0 d8 dw) (3.2) 
(s) 


Remembering that p, = - po, we thus have 


= \ cose deo \ sin? Op(1, 6, w) dd (3.3) 
0 


Hence, using the relation (2.6) and evaluating the integrals, we get . oy) 


-1 = 0.27323954 (3.4) 


Similarly for the internal problem, we find that 


= —7/, = 0.39823954 


x 


The following values of the same coefficients are given in the work 
of Blokh: A. = 0. 27322, a = 0.39822. 
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ON THE DEVELOPMENT OF A THEORY OF 
IDEAL PLASTICITY 


(K POSTROENIIU TEORIT IDEAL’ NOI PLASTICHNOSTI) 
PMM Vol.22, No.6, 1958, pp. 850-855 


D. D. IVLEV 
(Moscow) 
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In this work some extremal properties of an ideal plastic flow satisfying 
Tresca’s plasticity condition are considered. These properties distinguish 
Tresca’s plasticity condition from a class of admissible plasticity con- 
ditions defined below. 


The plastic state of a body is determined by its residual strains. 
This concept presupposes an unloading process, and since the occurrence 
of a plastic state is connected with the characteristic deviation of a 
stress-strain diagram from linearity, the analysis of plastic properties 
in its simplest manifestations is contained within an analysis of the 


mechanical changes of materials during the loading process. 


Plastic flow at a point of a rigid-plastic body occurs when a certain 
stress combination at this point reaches its limiting value. Hence, the 
plasticity condition can be written as 


where are principal stresses. 


Possible simplifications of plasticity condition are achieved to a 
considerable degree on the assumption of homogeneity of the material and 
of an ideal and isotropic character of plastic flow. 


The first assumption, in its simplest form, states that plastic flow 
is independent of a series of parameters which characterize changes in 
initial properties of a material. 


The second states that the material is non-strain-hardening, and thus 
(1) is independent of some parameters which characterize some changes of 
the material during the process of plastic flow. 


The third assumption should be divided into two parts: one concerning 
the initial isotropy of the body, and the other concerning the absence of 
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acquired anisotropy. These two properties are,essentially, independent. 
Indeed, one may assume that an initially isotropic body becomes aniso- 
tropic during the process of plastic deformation (this is supported by 
all experimental results), or that an initially anisotropic body retains 
its anisotropic character during the plastic flow. (This is analogous, 
for instance, to the theory of elastic anisotropic bodies.) The greatest 
simplification is evidently achieved on the assumption of the absence of 
any kind of anisotropy. Such an assumption is made in the theory of 
plasticity, which limits itself to the study of the influence of changes 
in the mechanical properties of materials during the process of loading. 


The ideal and isotropic character of plastic flow implies that the 
function f in (1) retains its form during the whole process of plastic 
flow. Moreover, the isotropy conditions require that condition (1) must be 
an invariant under some class of transformations of the arguments, in 
order to secure the equivalent role of these arguments. 


The assumption of an ideal and isotropic character of plastic flow of 
metals is in direct contradiction to the evidence of experimental invest- 
igations. These investigations invariably indicate that metals become 
anisotropic and that a considerable deviation from an ideal character of 
deformations exists during the plastic flow. In constructing the mathe- 
matical theory of plasticity, these properties of real materials are in- 
corporated in subsequent generalisations of the theory which do not allow 
for these phenomena. 


The fact that the plastic properties of materials are independent of 
hydrostatic pressure means that in the space of principal stresses Oy. 
0,5, %, condition (1) is geometrically represented by a cylinder whose 
generators are parallel to the line a, =¢,= 05. To represent the plasti- 
city condition it thus is sufficient to consider a curve which is a cross- 
section of the cylinder representing the yield surface with the plane 
0, #0, +0, = 0, The curve so obtained is called the yield locus and is 


1 2 3 
shown in Fig. 1. 


The simplest necessary properties of a yield locus are: first, it can- 
not pass through the origin; and secondly, any radius drawn from the 
origin cuts it once and once only. The necessary character of these con- 
ditions is obvious and requires no further explanation. 


The isotropic properties of materials require that the yield locus 


must be symmetrical with respect to axes Oy. o>, 0, (Pig. 1). 


A considerable simplification is obtained by assuming that (1) is in- 
dependent of the change of stress sign. The mechanical meaning of this 
fact is that the material behaves similarly in tension and in compression, 
The stress sign’s being independent of the plasticity condition obviously 
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leads to the conclusion that the yield locus is symmetrical with respect 
to axes perpendicular to the Oy. 0, and 0, axes. Hence the yield locus 
consists of twelve similar arcs. 


Thus in establishing a theory of plasticity considering characteristic 
changes in the mechanical properties of a material, the following assump- 
tions are made: 


absence of elastic strains in the body (rigid-plastic behavior): 
homogeneity of properties of the material: 

absence of strain-hardening (ideal flow character); 

absence of initial and acquired anisotropy; 


absence of the influence of hydrostatic pressure on plastic pro- 
perties of the material; 


absence of differentiation between tensile and compressive pro- 
perties of the material. 


Here such factors as influence of temperature, inertia and other body 
forces, etc, are not mentioned. In short, all these assumptions so familiar 
in the theory of elasticity, are absent. 


The assumptions (2)-(6) permit substantial simplification of the yield 
condition (1), relaxation of any of the assumptions (1)-(6) leading to a 
generalization of the theory of plasticity under consideration. 


An indeterminate form of the yield locus, and also of the stress- 
plastic-strain relationship, obviously offers considerable possibilities 
for developing different plasticity theories. It should be clearly borne 
in mind, however, that within a definite set of assumptions regarding the 
idealized properties of materials, the processes described must possess 
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properties of complete definiteness and uniqueness, and be characterized 
by extremal properties in comparison to all possible processes. 


One of the fundamental steps in the establishment of any theory of 
plasticity was made by Mises, who determined extremal properties of 
plastic flow for a plasticity condition represented in the form of a 
plastic potential. The plastic potential is understood to be a function 
of the stresses gto; ) which determined a relationship between the com- 
ponents of plastic strains. In fact it is possible to establish extremal 
properties of plastic flow only for the simplest case of this relation- 
ship, namely g= f. 


Mises’ theory asserts that for the relationship 


ad (df | 2 >> 
(5; 5 ij 


where €;; are components of plastic strain, the work of the stresses on 


the corresponding strain increments attains its maximum. 


If we employ vector notation, then (2) means that the direction of the 
plastic strain increment vector coincides with the direction of a normal 
to the plasticity surface. The law for plastic flow, which is determined 
by (2), is called an "associated" plastic flow rule, 


Koiter’s generalization of Mises’ results is known as the theory of 
genera’ized plastic potential According to this theory the corner points 
of the plasticity surface are interpreted as limiting cases of a smooth 
surface. At the corner points the plastic-strain increment vector may 
thus take any arbitrary direction, provided that it is contained within 
the normal directions to the plasticity surface at the points lying 
arbitrarily close to the corner points. 


The local character of the extremal properties determined by the Mises 
theory should be pointed out. 


Investigations conducted by Hill, Prager, Koiter, Drucker and others 
have demonstrated that the theory of the plastic potential, including the 
generalized potential, permits a formulation of the uniqueness theorems 
and the establishment of an integral variational principle. These invest- 
igations also show that the theory of the plastic potential appears to be 
the only one acceptable for establishing the said properties of uniqueness 
and extremum of plastic flow, and it consequently appears to be a necess- 
ary logical link in developing the simplest theory of plasticity, for it 
follows that the yield locus has to be a convex curve, since otherwise 
the theory means that some solutions are indeterminate. The yield locus 
is said to be convex if it always lies on one side of the tangent at any 
arbitrary point. At the corner points the tangent may take any arbitrary 
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direction between the left-hand ana right-hand tangents at such a point. 
An analytical condition of convexity of a differentiable function (1) is 


of of 


The relationships (2) and (3) and their generalization to the step- 
wise smooth surface permit the following to be established: if on one 
part of the surface of a rigid-ideally plastic body surface tractions, 
and on the other part displacement increments are prescribed, then the 


work of prescribed tractions along the corresponding displacement incre- 


ments attains its minimum for a real strain increment field in comparison 
to all other kinematically admissible strain increment fields. It can 
also be established that the work of the surface tractions along pre- 


scribed displacement increments is maximum for a real stress field in 


comparison to all statically admissible stress fields. 


6, 
4 


Note that a kinematically admissible strain increment field is deter- 


mined by a displacement increment field which satisfies prescribed bound- 


ary conditions and in which the kinematically admissible displacement 


increment discontinuities are possible. A statically admissible stress 


field is one which satisfies prescribed equilibrium equations and the 


plasticity condition, and in which statically admissible stress discon- 


tinuities are possible. 


According to the uniqueness theorems, boundary conditions determine a 


unique plastic state, etc. 


Theoretical considerations permit the construction of two polygons 


A, ‘ee A, and B, -+» B, such that all other symmetrical yield loci lie 
within these two polygons (Pig. 2). Nevertheless, however, there exist 


an infinite number of yield loci permitting the development of a theory 


of rigid-ideally -plastic bodies satisfying the said considerations of 


uniqueness, determinacy and extremum of the processes described. 
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The problem of determining a yield condition is here treated as a 
variational problem of selecting the process of plastic flow possessing 
certain extremum properties in comparison with all other processes deter- 
mined by admissible plasticity conditions. An admissible plasticity con- 
dition is understood to be a condition with a convex symmetrical yield 
locus lying between the hexagons in Fig. 2. 


It is easy to see that the considerations on distinguishing a true 
plasticity condition from al! admissible ones are at bottom analogous to 
the Mises considerations on determinating a true law of plastic flow from 
all the possible laws of such a flow. 


We shall now establish a local theorem permitting the determination 
of a plasticity condition which is the required solution to the problem, 
Let us then accept that a true plasticity condition differs from al] 
possible ones by the fact that its contribution to the work of the 
stresses along prescribed strain increments is a minimum, Let dé,, dé,, 
de, be the prescribed strain increments. The work done by the stresses 
is 


dV o,de, |- 
or in vector notation 


idellalecus o 


where & is the angle between de and o. The magnitude | de | is given, 

and we have to examine only the magnitude |o| cos ¢ Clearly, if a strain 
increment vector has direction OC, noncoincident with OA ;, (Fig. 3), then, 
dropping from A; a perpendicular OD to OC, we obtain that, among all 
possible yield loci for a prescribed plastic strain increments vector 
whose direction coincides with OC, the minimum value of the work is de- 
termined by an expression 


dw OD) 


Obviously, OD, cos G= OD (Fig. 3). 


The minimum work done by the stresses on prescribed strain increments 
is represented by a segment OF, except possibly for the points A;. Con- 
sequently, the yield locus required is a hexagon A,A, wee Ay, which re- 
presents the familiar Tresca plasticity condition, 


max Ge], G3, |} —2k --0 (k — const) 


The equation of an arbitrary line A.A; 
2k. Hence it follows that 


can be written as = 


+ 1 


de, 0, de; 4 de; 0 


After some computations we get 
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dw 2kde, 2kde 
Now consider points Ai. where 


It follows from this that dW¥= 2kde.. Moreover, this expression is 
independent of the curvature of the yield locus at point Ai. This con- 
cludes the proof of the ‘local’ theorem, which establishes the extremal 
properties of the Tresca plasticity condition in comparison with any 
other possible plasticity condition. 


Fig. 3. 


Now consider a theorem which establishes integral extremal properties 
of Tresca’s plasticity condition. We will show that in an rigid-ideally - 
plastic body the effect of the surface forces x on prescribed disp) ace- 
ment increments du ;* is a minimum for the Tresca plasticity condition, 
Then let the stresses o.”, the strains €;° and the surface forces x,* 
correspond to some admissible plasticity condition, and the stresses 0 .. 
the strains €; and the surface forces x; correspond to the Tresca condi- 
tion. It is necessary to show the validity of 

\A X ,du-*ds 
s 

Employing volume integrals, we can show that inequality (5) 

equivalent to the inequality 


\ de,’ dv \ a, de, d 


t 


Some modifications of (6) give 
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\ de,’ dv de, ae - Ide’ de de | | | cos 
v 


v 


= 9 4 Ide’ cos de || cose ae - 0 (7) 


v 


The inequality (7) is valid, since from the 'local’ theorem it follows 
that |o’ | cos d’ > |o| cos d. Moreover, the inequality 


de’|| | cos \ del | cosp di 
t v 


is also valid, since the strain increment field dé; is kinematically 
admissible in relationship to the stress state C; corresponding to the 
Tresca condition. 


A theorem asserting that the work of prescribed surface tractions is 
a minimum for the Tresca condition could be proved analogously. 


The theorems discussed above permit various generalizations, including 
a consideration of rigid regions, strain-hardening, etc. 


In the theory of rigid-ideally -plastic bodies two essential conditions 
are used, namely the Tresca and the Mises. Numerous investigations de- 
monstrated that the Mises condition is in closer agreement with experi- 
mental evidence than the Tresca. 


Without questioning the validity of the experimental results, we may 
state that the closer agreement of the Mises condition than the Tresca 
with the experimental evidence is to be explained by the influence of 
secondary factors bearing no relationship to the theory of rigid-ideally - 
plastic materials, but related to anisotropy, strain hardening, etc. 
Therefore, even if the theory of rigid-ideally -plastic materials based 
on the Mises plasticity condition were in general agreement with the 
evidence in practice, the agreement would be due to the fact that the Mises 
plasticity condition modifies the Tresca condition so that to some extent 
it indirectly allows for factors of nonideal aspects of real materials. 
However, any modification of the Tresca plasticity condition could at 
best claim some practical advantages and no theoretical significance at 
all. Incidentally, this is what Mises himself had in mind when he pro- 
posed his plasticity condition as a convenient mathematical approximation 
to the Tresca condition. In areas of plasticity where it was possible to 
achieve some definite success, however, as in the theory of torsion and 
plane strain, the Mises and Tresca conditions essentially coincide. 


In three-dimensional problems, the Mises plasticity condition led to 
insurmountable difficulties. On the other hand, it has been shown [ 11 | 
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that the application of the Tresca condition and the associated law of 
plastic flow leads to statically determinate problems, and also permits the 
application, with appropriate modifications, of the whole mathematical 

apparatus developed in the theory of torsion and plane problems. 


We will 
free-flowing { granular, pulverulent ] media. The properties of free-flow- 


make a few remarks on the development of the static theory of 


ing media, in the simplest case, are determined by the relationship 


f Gs, Gs) o(a_) (8) 


where 0. is the normal pressure. In the limiting case, for p(o,) = const, 
which is exactly the Tresca condition. 


lead to a rigid-free-flow- 


Theoretical considerations should obviously 
ing medium whose motion is determined by (8). Relationship (8) could be 
considered as a "free-flowing" potential. Moreover, it is clear that the 


relationship (8) must have the form 


Tax (9) 


Any different theory will be determined by some definite form of the 
function d(a,). Obviously, an essential object is to prove the static 


determinacy of a genera! problem described by relationship (9), and when 
a full limiting state exists, corresponding to the maximum freedom of 


motion of a free-flowing body fail. 


The most important problem of any further development of the theory 
of plasticity is the problem of a reasonable determination of strain- 


hardening, which is obviously connected with the strains and, in principle 


at least, can be determined as an invariant which depends in a continuous 


manner on the strains or their increments, etc). Strain-hardening can 


possibly be determined by the amount of plastic work, by the maximum or 


octahedral shear, etc. 


Evidently extremal theorems must exist which determine a true measure 


of strain-hardening and which single it out from the class of al! possible 


measures. 


It is quite possible that at this new stage of development, no theory 
of plasticity can be conceived without bringing in thermodynamic relation- 


ships. Thermodynamic aspects do not appear in the theory of ideally 
plastic materials or in the theory of incompressible fluids in hydro- 


dynamics. 


At a certain stage of development in the theory of plasticity the so- 


called classical approach is incapable of supplying a description of the 


investigated processes. This situation may compe! us to approach the 
problem from the point of view of the microstructure of deformations. 
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AUTOMODEL PROBLEM OF THE PENETRATION OF A 
SOLID BODY INTO THE GROUND 
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PMM Vol.22, No.6, 1958, pp.&56-860 
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Problems of penetration of a solid body into the ground (or about under- 
ground explosions) are solved when certain assumptions as to the pro- 
perties of the investigated medium are made. In this work, such a sche- 
matic medium is an ideal (non viscous) and barotropic gas. The body in 
motion here is a circular cone with a constant velocity of penetration 
(with the angle of attack 0). 


1. Statement of problem. Uniform gas fills an infinite plane at rest 
at initial time ¢ 0: then it is separated by a cylinder whose radius 
increases proportionally with time. Let the velocity of the cylinder (i.e. 
the velocity of its radial increase) be equal to UW. Let ¢ time and r 
distance from a point to the axis of the cone (Euler's coordinate) 
pir, t), p(r, t), afr, t) are respectively the pressure, the density and 
the velocity of the gas. We will designate the initial values of these 
quantities by an index 0. 


Because of cylindrical symmetry, the equation of motion and continuity 
can be written as [1 
Na au 


The third equation (barotropy) which in our case takes the place of 
the energy equation, will have the form 


where n is a dimensionless constant which we will consider to be different 


from zero and unity. 


The first of the equations (1.1) can now be written as 
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The determining dimensional parameters are Pas Po» k. Because 
between these parameters we have the dimensional relation 


this motion is selfsimilar. Let us put a = pi-*" u2, R= U, determining 
parameters with independent dimensions. In the case considered, the only 
non-dimensional] variable combination will be 


A= Utr~' (1.4) 


and for density, velocity and the dimensional constant in (1.3) we have 


1 


-gi-", 1- n*k? — aa? 
where x and y are dimensionless quantities and are therefore functions of 
only one variable: a is a dimensionless constant. Substituting (1.5) into 


(1.3) and into the second equation of (1.1), we have 


dr 


Dividing the first equation by the second we have 


dz 3+(n +1) x) / 2a* —- (1 2)/a* 


dr  2a* 


where we have substituted z = ; ~1. Prom (1.6) we find 
(1.8) 


If we succeed in integrating (1.7), then x(A) and 2(A) are in quadrat- 
ure. But before starting any further investigation of (1.7), we have to 
determine the initial and the boundary conditions with respect to the new 
variables. For the condition of rest (u = 0), variables x and : correspond 
to a straight line x= 0, or the z-axis. For the portions adjoining the 
piston we have r= Ut, u= U, it follows that x= 1. Hence 0 “ 26. oi 


Now we have to consider the relationships for a strong (and a weak) 
discontinuity, considering that the waves are propagating into a gas that 
is in a state of rest. Designating the quantities beyond the jump by the 
index 1 we can write 


2 
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considering that in front of the shock wave, (1.2) is valid where c is 


the velocity of the shock (or the sound) wave. 


In selfsimilar motion c= r/t = const. Substituting cc = r/t and the 


relations (1.5) into (1.9), and remembering that u. = 0 we will find 


=? 
for x, 0 we have t,= a “. As can be seen, this point corresponds to a 


weak shock. In this fashion strong and weak shocks in the variables x and 


z are described by a single curve 


which is analogous to a shock adiabatic curve. When a particle crosses 
the shock wave, then the corresponding point in the plane xz jumps from 


a straight line x = 0 onto curve (1.10) (see [1]). 


we shal] establish that curves z, 2x)*/a‘, 


Referring to (1.8) 

? d 
2, = (l- x)? 2a are boundaries which divide regions of increasing (de- 
creasing) parameter with respect to the increases in x, Above z,(x) and 


below z,(z) quantities x and A increase simultaneously; in the region 


between them, A decreases while x increases. It is easy to establish that 


4 ‘ curves z,(x) and 2z,(xz) have only two common points (at x= 0 and x= 1), 
with the exception of n= — 1 when the two curves coincide. Here z, is 
above 2, for n>-— 1 and z, is below z, for n - 1, 


curves of equation 


We will now study the behavior of the integral 
(1.7) in the plane (x, 2) for O< x«€ 1 and z 0 (for z< 0 the problem 
has no meaning). At the points of intersection of the straight line z= 0 
and parabola 2, > (n+ 1) x(x - 1)/2a* + (1 - z)/e’, the integral curves 
have tangent lines parallel] to the x-axis. At the points of intersection 
of the line z= 0 and parabola z.(x), these tangent lines are parallel to 


the z-axis. Points 


f AN 
010.0), ALO, =), 
a*j n 


R we have a node and 


At points O, 


A, 


are singular points of the equation. 
at C and Da saddle point. 


The integral curves are shaped as shown in Figs. 1 and 2. The arrows 
indicate the direction of increase of parameter A along the integral 
curve which corresponds to the motion towards the center of symmetry. 
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Corresponding to the state of rest are the x = 0 points of the integral 
curve. Point O(A = 0) corresponds to an infinite point of the flow 

(r =o), For the particles adjoining the piston, we have x= 1, r= Ut, 

A = 1 according to (1.4). Hence, with motion in the physical plane from 
the piston to infinity, A decreases continuously from 1 to 0. However, 

as we can see from Fig. 1 for n> — 1, the integral curves under consider- 
ation (the ones crossing line x = 1) cross parabola z5(x) on which A 
reaches a minimum, Hence continuous transition is impossible. It follows 
that in these cases motion from line x= 1 to point O is possible only 
when somewhere between x= 1 and z= 2,(x) a jump takes place, as a result 
of which the describing point lands on line x= 0. On the other hand, it 
has been shown that the points on the z-axis jump on to curve (1.10), 
which at n> — 1 is crossed by the integral] curves. The following picture 
can be drawn: during the motion along the physical plane from the piston 
to infinity, the describing point moves along the integral, curve from the 


line x= 1 to its intersection with curve z, (2) at some point x = Xs 


z= 2z,, after which it jumps on to line x= 0. A shock wave is created. 
Thus for n> — 1, the problem is reduced to integrating the system of 
equations (1.7) and (1.8) at boundary conditions 
r, (1 
for 2 xy for 2 
'e fer sz 


where c is the velocity of the shock wave, which can be expressed by x,. 


We have three conditions to determine two arbitrary constants from the 
integration of two equations of the first order and an unknown constant 
zs i.e. the problem has one solution. In view of A(x,) <A(l)=1, U<C 
i.e. the velocity of the shock wave turns out to be higher than the velo- 
city of the piston. 


Let us now consider the cases with n< — 1. Pigure 2 shows that the 


integral curves crossing line x = 1 do not cross either z, (x) (which 
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describes the jump) or curves z,(*), z, (2) on which A reaches its extreme. 
All integral curves go through point A(O,, a“), which, as has been shown, 
represents a shock wave in the xz-plane. And so, during the motion ina 
physical plane from the piston to infinity, the describing point moves 
along the integral curve from line x= 1] to the z-axis and further along 
the z-axis to point 0. A shock wave propagates throughout the gas. The 
problem now is to integrate the system of equations (1.7) and (1.8) with 
conditions 


A=1 for z=! Co for = (1.12) 


where c is the sound velocity in an undisturbed gas, a quantity which is 
fixed for all integral curves (with n fixed). 


However, there is a limitation on U because A(0) < A(1) = 1, U< e,. 
This condition becomes clear when we are reminded that cases with n é< 1 
are characteristic of the following: the curve of dependence of o = — p 
on 1/p (and therefore of p on deformation « = 1 — p./p) has a concavity 
upward and cannot be continued into the region of large deformations, as 


this curve has to have « = 1 as its vertical asymptote. 


Therefore, if in the choice of n and k (i.e. in the approximation of 
a real curve) and a given velocity U, we get U> cc. (or U< ¢, but of the 
same order) it will mean that the condensation is quite large and (1.2) 
does not hold. The general conclusion of this paragraph agrees with the 
known fact that if curve p(¢) is concave upward, then the discontinuous 
initial conditions cannot lead to a discontinuous solution. If, however, 
p’ (e€) > 0, then the initial conditions of flow of compression create a 
shock wave, 


Let us consider the function 


considering (1.7) and (1.8) we can get 


It is now clear that for our problem " > O for n< 1 and <0 


for n> 1. AS A’(x) > 0, during the motion of the wave toward the piston, 
the density continuously increases. 


Analogously we can show that uy * > 0. Hence it follows that as time 
goes by the velocity and the density of the gas particles continuously 


increase. 


2. Let us now consider the case of n= — 1, which is of practical 
importance as a large number of real media such as clay, sand and metals 
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have this property. Here the dependence p(e ) is linear over a large set 
of values of «. For n= — 1, the family of integral curves of equation 
(1.7) which cross the line x= 1 and satisfy the condition of z> 0, is 
given by a relation 


where 6 is an arbitrary constant of integration. 


For n ~— 1 curve z, (x) (the curve of jumps) has the form 2, * (1 - 
x)“/2a* and coincides with curve z5(x). Together they coincide with the 
integral curve (2.1) for which 6 = 0. And so al! integral] curves which 
cross line xz 1 go above 2z,(xz) and 2z,(xz), which corresponds to the pro- 
pagation of a 30und wave in the physical plane. The form of these integra) 
curves is shown in Fig. 3. The direction of increase of A is shown by 
arrows. Qualitatively this case is identical to the case with n< — 1 of 
the preceding paragraph, and al! remarks made there are also valid here. 
However, the fact that a shock wave cannot arise here is not an expected 
result, as with p” (¢€ ) = 0 initial discontinuities may either lead to a 
shock or to a motion without shock. Let us in fact consider this problem 
not only in cylindrical but also in planar (stroke on a rod) and spherical 
(spherical explosion) conditions, Corresponding to system (1.7) and (1.8), 
we have system 


v) 7] /a* 


via? 


dd 


where v = 0 for the planar case and v = 2 for a spherical case. For v = 
we get from (2.2) and (2.3) 2= b*x* and zx - b, “A. It can be shown that 


Pig. 3. 


in this case a shock wave is created. Between the wave and the piston we 
have a region of constant flow. The problem is solved with conditions 
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(1.11). On the other hand for v = 2 a shock wave cannot be created but 
we have a sound wave, this can be shown by investigating the general 


solution of equation (2.2) at vy = 2: 


The problem is solved for conditions (1.12). Let us now return to the 
problem at hand. Substituting (2.1) into (1.8) we get 


i: V 
In> > \ 
(1 — z)* + 


-dz 


and both conditions (1.12) reduce to one (put A, = Up, 


In 


From this we find b. 


For practical values of U(A, << 0.5) from (2.5) we can get an approxi- 
mate formula 6 = 2 vi - 24,7 fa. Hence we can get a relation from 
(1.4), (1.5), and (2.1) 


It follows that for particles around the piston (x = 1, A = 1) we have 

P,/p = Ayv 6 / ¥ 2. Substituting the approximate formula for 6 here, and 
neglecting all terms above the ihird degree in the exponential expansion 

of Ay. we get that near the piston = 1 p./p 0.5 A,*. 


3. If curve p(« ) is concave downward throughout, i.e. p” («) > 0, 
a shock wave is created and the following method of solution can be 
suggested. Let us assume (Fig. 4) that the dependency p(¢ ) is linear 
starting with some quite large values of « . A shock wave is thus created 
such that the describing point on Fig. 4 heads from zero on to the linear 
part of the diagram. Between the wave and the piston (2.1) and (2.4) will 
be valid; only the boundary conditions will be changed. Let « = ¢. and 
P= P, directly behind the shock wave (Fig. 4). Also let 


Clearly E. = k “Do: Further, for the linear portion of p(e) let 


P— Py le onsl, p k-(s.-! const, 


(obviously F > E.). Then analogously to the derivation of curve (1.10) 
we can derive the equation of the ray OR of Pie. 4 
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Pig. 4. 


Qualitatively this case is identical with cases for n> — 1 (Section 1), 
but here the constant k, is unknown (or E,, a,). 


1 
Using the dependence p, = E,¢,, and taking into account that 
a ut rx, from the original relations (1.9) we can get the following two 
equalities. 
a (where c = velocity of the shock wave). 
. The following boundary conditions can be established 


for z for =z 
(1 


From Fig. 4, we can see that Ey 
Now we can derive the dependence a; 


Using this, we can narrow down the first two conditions (3.1) to one 


In 


The third condition will be 


2be 


(3.3) 
And so with given Ay and «, we have to solve (3.2) and (3.3) simul- 
taneously and substitute the value of 6 into (2.1) and (2.4). It is 
obvious that the constant 6 in this problem (with fixed «,) and the 


problem of Section 2 depend only upon Ay and not upon p,, U or k separat- 
ely. It is interesting to note that for practical] values of UA, << 0.5) 
condition (3.2) can be replaced by an approximation: 
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